Exercise 16.1. Explain the root lattices in cases C and D.

L. Cp = sp2r(F), Vo, = {321, aicila; € R},
AC’T = {:I:ei + 6]"1 <i,5<nri 7&]} U {:|:26L.}7
Qc, = {Xi_ aicila; € Z,Y 7 a; € 21},

2. Dy = 502, (F), Vp, = {>_i_; ai€ilai € R},
Ap, = {te £ ej|l <i,j <ri#j},
Qp, = {Xio aieilai € Z, 31, ai € 22}

Exercise 16.2. Complete the proof of the theorem, for (a, 3) = 0 and («, 5) = 1.

Theorem 16.1. Let Q be an even lattice in an Fuclidean space V', and assume the subset A =
{a € Q|(ev, ) =2} spans V' over R. Then (V,A) is a root system.

Exercise 16.3. Show that

1. Ap, = {a € Eg|(a,a) = 2} = {&e; L ¢j|i # jIU{3(Ler... £ €s)|even number of minus signs},
2. |Ap,| = 240,
3. RAp, = V.

Exercise 16.4. Consider the following subsystem of the root system of type Egs, (Vig, Agy).

Take P = (%7'“7%)7 and let AE? = {Od € AES‘(OQP) :O}7 QE7 - {a € QEB‘(%P) :0}7 VE7 -
{v € Vigg|(v,p) = 0}. Show that

1. (Vg,,Ag,) is a root system of rank 7,
2. |Ag,| = 126.

Exercise 16.5. Let AE(; = {a € AE7|(OJ, €7 + €8 = 0}, QEG = {a € QE7’(04,67 + eg = O}, Vi, =
{v € Vg.|(v,e7 + eg = 0}. Show that

1. (Vg,, Ag) is a root system of rank 6,

2. |Ap,| = 72.



