Exercise 15.1. Show son(F) = {a € gln(F) | a + a’ = 0} where a’ is the transposition of a with
respect to the anti-diagonal.

Proposition 15.1. Assume N > 3, then son(F) is semisimple.

Proof. We show this by the study of the root space decomposition.
Case 1: N =2n+1 (odd)
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Case 2: N = 2n (even)
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In both cases, a; € F, dimbh = n and €y, ...,e, form a basis h*. Note that exi1_j]p = —¢;|p and

e%h, =0 if N is odd.

Next, all eigenvectors for ad b are elements e; ; — ent1—jN+1—; and the root is €; — €.

Hence the set of roots is:

N=2n+1:A,,m =16 — €6, —€i,6i + ¢, —€ — € | i,5 €{1,...,n},i#j}

N =2n: Ay @ =16 — ¢, 6+, —€6—e | 4,5 €{1,...,n},i# j} O
Exercise 15.2. a) Using the root space decomposition, prove that soy(F) is semisimple if N > 3.
b) Show son () is simple if N =3 or N > 5 by showing that A is indecomposable.

Exercise 15.3. Show A, &) = {€1 — €2,e2 — €1} U {€1 + €2, —€1 — €2} is the decomposition into
indecomposables. Deduce that so4(F) is isomorphic to sla(F) @ sla(F).

Exercise 15.4. Repeat the discussion we’ve done for soy(F) in the case spo,(FF). First:

spon(F) = {< CCL 2 > all a,b,c,d n x nsuchthat b=0b",c=c,d=—d



Next, b is the set of all diagonal matrices in spay, (F)

a

Qp

,CLZ‘EF}

—ay
Find all eigenvectors for ad . Show that the set of roots is

Agp..7) = {€i — €5,2€;, —2¢5,¢; + €5, —€; —¢j | 4,5 € {1,...,n},i # j}
Show always indecomposable and deduce that spe, (F) simple for all n > 1.

Exercise 15.5. Let (V,A) be a root system. Then A is indecomposable if and only if there does
not exist non-trivial decomposition (V,;A) = (Vi,A1) @ (Va,Ag) where V = Vi @ Vo, Vi L Vy,
A; C Vi, and A = A; UA,. (Hint: Use String Condition)

Moreover, the decomposition of A =| | A; into indecomposable sets corresponds to decomposition
of the root system in the orthogonal direct sum of indecomposable root systems.



