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Lecture 19

. Using the theorem that semisimple Lie algebras are isomorphic iff their Cartan matrices are equal,
deduce that

sly >~ s03 >~ spy, S04 =~ sly @sly, s05 >sp,, s06 sl

. For g = sl,,,s0,,,5p,,, choosing b to be the diagonal matrices in g, for a choice of function f, show that
Ny = Daca, fo and n_ = Baea_go are the strictly upper triangular and lower triangular matrices in
g, respectively.

. Let e;, fi, h; for 1 < i < r satisfy the relations
(a) [hishi] =0

(b) [hisej] = Aijeg, [hi, f5] = —Aij [

(c) [ei f3] = i sh;

The Lie algebra generated by these relations is g(A). Let n, respectively n_, be the subalgebras
generated by the e;, respectively the f;. Show that

[hi,ni®hdn_]Cnrdhdu_,[fi,ny dhdn_]Cn dhdn_.

. g(A) is obtained by dividing g(A) by its unique proper maximal ideal. Prove that if A = [ 21 _21 } ,
then in g(A), the following relations hold:

(a) [[e1,ea],ea] =0
(b) [le2,e1],e1] =0

and same for the f;s.

Lecture 20

. For a root lattice @ and h = F @z @, with roots A, we can construct a Lie algebra g = h @ (©pcaFE,),
subject to the following rules:

(a) [b,b] =0

[h, Eq] = (o, h)Ey for h € h,a € A
[Eo, E_o] = —aforae A
[

[

Q

E,,Esl=0ifo,0 € A,a+ 5 & AU{0}
Eq, Eg] = e(a, B)Earp if o, B,a 4+ 8 € A, e(a, B) € F\{0}



If e: Q x Q — =1 satisfies

() elor, B +7) = e, B)ela, 7). el + B,7) = el 7)e(8,7)
(b) (@) = (~1))/2

then show that the Jacobi identity [[x,y], z] + [y, 2], z] + [[#, x], y] = 0 is satisfied if one of x,y, z is in
b.

. Check the Jacobi identity in the remaining cases, keeping in mind that the case « + 5+ v ¢ A U {0}
trivially holds.

. For Eg and Dy, we have automorphisms o of order 2 and 3, respectively, of the Dynkin diagrams and
therefore of the indices of e;, f;, h;. Prove that these maps define automorphisms of g(A), and therefore
of g(A).

. For (o3, Eg) the 4 distinct elements %(X, + Xo(i)) where X = E, F, H satisfy all Chevalley relations
for F, and lie in the fixed point set of o.

Also, for (o3, D,), the 2 distinct elements %(Xl + Xo) + Xo2(5)) for X = E, F, H satisfy all Chevalley
relations for G5 and lie in the fixed point set of os.



