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Lecture 15

. Let char F = 0. Show that g over F is semisimple iff § = F @ g is semisimple, where F is the algebraic
closure of F.

. Let B be the n x m matrix with 1s on the diagonal going from top right to bottom left. Then
on.g =s0n(F) = {A|A+ A" = 0}, where A’ is the transpose of A from the other diagonal (going from
top right to bottom left).

(a) Using the root space decomposition, prove that soy (IF) is semisimple if N > 3.
(b) Show that n(IF) is simple if N =3 or N > 5 by showing that A is indecomposable.

. Show that the set of roots of s04(F) is {£(e1 —e2) }U{E(e1+€2)}, a decomposition in indecomposables.
Deduce that s04(F) = sl4(F) @ sl4(F), a direct sum of ideals.

. Let K, be the n x n matrix with 1s on the diagonal going from top right to bottom left. Let B be the

2n x 2n matrix that is { _2( Ig” ] Then 02, 5 = SP2n.

(a) spy,(F) = {[ Z Z } b="V,c=¢c,d=—d'} for a,b,c,d being n x n matrices.
(b) Show that the set of roots is A = {e; — €5, £2¢;, £(¢; +¢€5)|i, 5 € [1,2,...,n],3 # j}.

(¢) Prove that sp,, () is semisimple if 2n > 2, and moreover it is simple.

Lecture 16

. Let (V, A) be aroot system. Then A is indecomposable iff there is no decomposition (V, A) = (V1,A1)®
(Va, Ag), meaning that V = V; @ V5 orthogonal direct sum, A = Ay U Aqg, A; C V;, and both V; # 0.

. For Lie algebras sl 1(F), 502,41 (F), sp,,.(IF), 502, (F), we take vectors spaces V' over R such that sl (F)
is the set of Y a;e; for i going from 1 to r + 1 with }_ a; = 0, and the other three Lie algebra vector
spaces are R", spanned by the ¢;.

Prove that the root system lattices of the four Lie algebras are respectively:

1. > ase; with Y a; =0,¢; € Z;

2. Zaiq with a; € Z;

3. Y aje; with a; € Z and Y a; in 2Z;

and 4. > a;¢; with a; € Z and ) a; in 27Z.

. An integral lattice @ is such that for all o, 8 € Q, (o, 8) € Z. @ is called even if (a, ) € 27Z for all
a €.

For a positive integer r, using (&,€;) = 0, ;,V = > ._, Re;, let

T, = {Zaiei\ either all a; € Z or all a; € Z + 1/2,Zai € 27.
i=1



Show that I',. is an even lattice iff 7 is divisible by 8.

4. Consider the lattice Qp, = I's. Let Ap, = {a € TI's|(e,a) = 2} = {£e ¢} U{i(te L ex £
... £ €g) with an even number of minuses}. Then, (R[s, Ag,) is a root system. Show that Apg, is
indecomposable and has size 240.



