18.445 Pset 7

Sergei Bernstein
November 1, 2011
Problem 31a:
We have

Py(t+ At)— Py(t) = P[Ny is odd , Nyja¢ is even] — P[N; is even , Niyay is odd] = Py (t)ag At — Py(t) g At =

0P,

aito = Pl(f,)Oél — Po(t)ao.
Similarly,

OP,

87; = Po(f)ao — Pl(t)al.

Problem 31b:

We have
Py(0) =1, P1(0) = 0.

Using part a, we have

OP,
87;) = Pl(t)ozl — Po(t)Oéo =01 — (O[o + al)PO(t) =
3P0€(a0+al)t
—

= qpel@otart o

Pyeleotont — O elaotan)t 4 ooy
Qo + a1
Py= —YL | ge(eutant
oo + aq
Plugging in the initial condition gives us
Py= M %0 (ot

g + oy ag + o

It follows that
P, = o %0 e~ (@otan)t,

g + a1 g + aq

Problem 32a:

Suppose vet4 = v. Then we have,

Hveth
ot

veMtA =0=

vtA=0=vA=0.

=0=

Now, suppose vA = 0. Let P be an invertible matrix whose first column is v. We have A = P71 XP,
which implies

1 B
vetd = et XP = yp~ e X p =y,



Problem 32b:
The condition that 7 is invariant in time is equivalent to the statement 7e!
this is equivalent to TA = 0, as desired.

A = 7. However, by part a,

Problem 32c:
Pick some distribution 7. For all t; > 0, we have

7el' = (lim me!)ehd = lim me
t—o0 t—o0

(t+t)A _ =

By part a, the desired result follows.

Problem 33a:
We have
PX, =T <s+t|X, =iVo <s] =P[X; =iVT € [s,s+ ]| Xs =1] =

P[X,_s = i¥r € [s,5 +1]|Xo = i] = P[X, = iV < t|Xo = .

Problem 33b:
We have

P[Ty > t+s|Ty > s, Xo = i] = P[X, = iV7 < s+t|X, = iVo < s] = P[X, = iVr < | Xy = i] = P[T} > t|Xo = i.

Problem 33c:

We have f(x +y) = f(z)f(y). Taking g(z) = log f(z), we can turn this into the equation g(x + y) =
g(z) + g(y). However, this is just Cauchy’s functional equation, so assuming a nice condition like the
continuity of g at 0, we get g(x) = kx for some k. It follows that f(x) = e*®.

Problem 33d:
Let f(t) = P[T1 > t|Xo = i]. Using part b, we have

f(t—FS):P[Tl>t—|—8‘X0=’L']=P[T1>t-‘rS|T1>S,X0:Z']P[T1>S‘X0:i]=

P[T1 > t|X0 = Z]P[Tl > S‘Xo = Z] = f(t)f(s)

By part c, it follows that f(t) = e** for some k. However, by definition, we must have 0 < f(¢) < 1 when
t >0, and this can only happen when k < 0. Therefore, f(t) = e~ for some positive .

Problem 33e:
We have
P[Xar = i|Xo =] ~ P[Ty > At] = e M ~ 1 - AAL.

However, we also know

P[Xar = i|Xo =] ~ 1 — a(i)At.
It follows that A = (i), as desired.

Problem 34:
It is sufficient to show that the joint probability distributions of the T; and X; are the correct distributions.
In particular, we must show that for all n, we have

P[T1 S (thtl + Atl), Ty € (tnﬂfn + Atn)7X0 =10,X1 =11,.0., Xp = Zn] =

a<i0)e—o¢(io)t1 ...OK(inil)e—a(infl)(tn—tn—l)Atl...Atnpioil "'pinfﬂr,LP[XO = Z]

For clarity, I will only show this in the case when n = 2. The general case uses similar logic. We have

P[Tl € (tl,tl —|—At1),T2 S (tz,tQ —|—At2),X0 = i,Xl :j,XQ = k] =



P[Xs = k|Ty € (to,ta + Ats), X1 = j,T1 € (t1,t1 + Aty), Xo = i]*
P[T5 € (ta,ta + At2)| X1 = 4, T1 € (t1,t1 + Aty), Xo = @] * P[X1 = j|T1 € (t1,t1 + Aty), Xo = i]*
P[Ty € (t1,t1 + Aty)| Xo = i] % P[Xo = i] =
P[Xi,1at, = k|Vr such that t; + Aty <7 <t9, X, =7 and Vs < t1, X = i]*
P[Xi,1at, # 7 and Vr with ¢ + Aty <r < tg, X, = j| Xt 1Ay =4, Vs < b1, X = i]*
P[Xi a0 = jVs <t1, Xy =] x a(i)e “D AL « P[Xy = i] =
P[Xt,1at, = k| Xy, = j]*
P[Xi, 1AL, # 7 and Vr with ¢ + Aty <1 < t9, X, = j| X, 4a1 = j]*
P[X¢, 4, = | Xy, =] % ali)e DAL« P[Xy = i] =
PXt,—ti+at, # 5, Xy = JVr < by — 11| Xay, = jl*
pirpika(i)e” DAL P[Xo = i] ~

PITy € (ta,ta + Ato)| Xo = j] * pjrpixe(i)e “D" At P[Xy = i] =

pixpira(i)e "D (jle Wt At Aty P[X, = i)
This is the desired value for the joint distribution we wanted to calculate, finishing the proof.

Problem 35:
Let n = min{n|t + At < Ty + ... + Tj,41}. Similarly, let m = min{m|t < Ty + ... + Tj+1}. We have

PXiinr = j{Xs = isVs < t}] =
P[X, =j|Xm =it, Xin—1 =1 4. T _1+--0s X1 =01y, X = 0] = P[Xp = J| Xsn = i¢] =
PXipae = j|1Xe = id].
This gives us the first property of continuous-time Markov chains. Also, noting that n —m € {0, 1}, we have
PXipae=j|1Xe =i = i) = P[Xy = j| X = i] = P[Xp—m = j[Xo = i] =
P[X;: = j|Xo =1i|P[n—m = 1]+ P[Xo = j|Xo = i|P[n —m = 0].
Now, we split into cases depending on wether j =4 or not. If j # 4, the second term is 0, so
PXiint=j|Xe =iz =i =P[X1 =j|X1 =iPn—-m=1] =
pi; P|T, € (8, t + At)|Th—1 =t] ~ pij AAL =
pi; P[T1 < At] = P[Xa¢ = j|Xo =1].

This proves the second and third properties of continuous Markov chains when j # i. A similar argument
will work when j = ¢, and this finished the proof.



