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Problem 46a:
We have

Jim B[X[1n] = Jim > aP[X] =] =
r=N+1
N

Bl X]|] - 1 Pl|X| =2z =0.
11 = i, > 2P| =) =0
Note that we can only do the last few equalities because E[|X]|] < oo.

Problem 46b:
We denote the compliment of A by A¢. We have

P[A] < P[|X| > N] =
P[A,|X]| > N]+ P[A,|X| < N] < P[A,|X| > N] + P[A%|X| > N] =
P[A,|X| < N] < P[A°,|X| > N].

Now, using this we have

Bl X[14)x1<n] £ NE[14x)<n] = NP[A, |X| < N] <

NP[A®|X][> N| = NE[14¢ x>n] < E[|X[L4c x|>N]-
Finally, starting with the inequality we just derived, we have

E[|X[14,x1<n] < E[| X141 x|5>n8] =
Bl X114 xj<n] + Bl X 14 x5>n8] < ElIX[1ac x)5n] + E[|X[14, 1 x58] =
Bl X[14] < E[|X[1x|>nN]-

This is the desired result.

Problem 46¢:

Pick some ¢ > 0. We would like to show that there exists an M such that for all m > M, we have
E[|X[14,,] < e. However, because E[|X|] < oo, there must exist an N; such that E[|X|1x|>n,] < €. Next,
we use the fact that

N—00
to see that there must exist an M such that for m > M, we have
By part b, it follows that for m > M, we have

El[X[1ay] < E[IX[1x5n,] <e



This gives us the desired result.

Problem 46d:
We are given that E[|Mr|] = co. Also, because P[T < o] = 1, we have that

lim P[T > N] = 0.

n—oo

Setting X = My and Ay = {T > N}, we can directly use the result from part ¢ to get that
lim E[|Mr[1lrsy] =0,
N —o00
as desired.

Problem 47a:
We have

EMyia| My = 22 ] = B[Ma|Xo = 2] = (2 +1)° = (n+ 1) + (@~ 1)” ~ (n+1)) =

1
(22° — 2n) = 2% —n = M,.

1
f(x2+2x+1fnf1+x272:c+17n71):5

2
This is the desired result.

Problem 47b:
Because finite random walks are recurrent, it is not hard to see that P[T < oo] = 1.
Before we continute, we prove a small lemma.

Lemma 1.
E[T] < .

Proof. Let p=1/2. At any point during the random walk, there is always a small p?V chance that the next
N steps in the walk will be right. If this happens, we will clearly hit one of the barriers. Therefore, we have
that

PIT >n+N|T>n]<1-p".
In particular, this means that
PIT =4 < (1-pM)™M

This allows us to bound E[T]. In particular, we have

E[T]:itP[T:t]git(l Nyl <
t=0 t=0
= t Lt/N| ¢
N(|=|+1)@a-pY NY Nit+1)(1-pV) =
S (|3 +1) 0= =y v -
2oo — t_ a2 = (1_PN)t
N ;;(1_pzv) - N ;71_(1_73”

The last sum is a geometric series, so it converges to a finite value. Therefore, we must have that E[T] is
finite, as desired. O

Now, we note that |My| < N? + K. Therefore, using the lemma, we have

E[|M7|] < E[N? +T] < E[N?] + E[T] < N* 4 00 = 0.



Therefore, by problem 1, we must have

lim E[|MT|1T>K] =0.
K—oo

Finally, we notice that when T > K, we have |Mg| < |[Mr|+ N2. Therefore, we must have

lim E[|Mg|1rsk] < lim E[(|M7|+ N*)1rsk] =
K—oo K—oo

lim E[(|Mr)1rsk]+ lim N?E[lrsg] =0+0=0.
K—oo K—o00

Thus, we see that all the assumptions of the Optional Sampling Theorem are fulfilled.
Problem 47c:
By the Optional Sampling Theorem, we have

E[Mr] = My = a.
At the same time, we have
E[Mr] = E[X7 — T] = E[X7] — E[T] = N* « P[X7 = N] - E[T] =
aN — E[T].
Combining these equations gives us

E[T]) = a(N — a).

Problem 48:
We prove the claim using induction on n. The base case is easy to check, so we just do the induction
hypothesis. Suppose the claim is true for n = k. Then, we have

a+1
P|M, = =
M1 = =75
a+1 a+1 a+1 a+1 a a
PM = M = P|M, = P|M = — = PIM; = =
[Mp41 k+3|k k+2h<[ k k+2¥+ [Mp41 k+3|k k+2H (M, k+2]
k+2—(a+1)* 1 L, o
k+2 k+1 k+2 k+1
k+1 1 1

k+2 k+l k+2
This is the desired result.

Problem 49a:

We want to show that E[M,,+1|M,] = M,. If X,, has been absorbed into 0 or N, we have that X,,11 =
X, = M,4+1 = M,. Therefore, after X, is absorbed, M,, acts as a martingale. Now, we must just show
that M,, acts as a martingale before X,, is absorbed. We have

E[My11|M,, = <1pp>m] - E[(l"”>xn+1 X, = 2] =

()" euen () () -

This gives us the desired result.

Problem 49b:



Modelling X,, as a Markov chain, we see that the only recurrent states are the absorbing states. It follows
that P[T < oo] = 1. Also, because X,, is bounded, we must also have that M,, is bounded. Combining this
fact with P[T > oo] = 1 gives us the last two conditions of the Optional Sampling Theorem.

Problem 49c:
By the Optional Sampling Theorem, we have that

Bl = My = (=2

On the other hand, we also have

E[|Mr|] = po <1I—)p>0 + (1 —po) <1;p>N.

Setting these equal to each other gives

Problem 49d:
We have

EW,1|W,, = 2+(1-2p)n] = E[W,41|X,, = z] = px((2+1)+(1-2p)(n+1))+(1—p)*((z—1)+(1—-2p)(n+1)) =
r—1=2p)+(1=2p)(n+1) =2+ (1—-2p)n=W,.

Thus, W,, is a martingale, as desired.

Problem 49e:

At every point on the walk, there is a greater than p’¥ chance that the walk will go right until it gets to
a point greater than or equal to N. It follows that P[T < oco] = 1.

By using logic that is similar to the logic of Lemma 1 of problem 47b, we also see that E[T] < oo. From
here, we can just follow the same logic as we used in problem 47b to get the desired result.

Problem 49f:
By the Optional Sampling Theorem, we have

E[Wr] =Wy =a.
At the same time, we have
E[Wr) = E[Xr + (1 — 2p)T) = E[X1] + E[(1 = 2)T] = (1 = po)N + (1 — 2p) E[T].
Here, pg is the value we calculated in part c. Putting these together gives us

E[T] — (1 _pO)N —a
1—-2p
Problem 50a:
First, we note that if n > N, then we have that N,, = N,41 = N, which implies that M, 1 = M,.
Clearly, in this case we have E[M,1|M,] = M,.
Now, say that n < N and n # 0. In this case, N,, =n. We have

E[M 1M, = a(x)] = E[My 41| X, = 7] =



alz+)P[Xpp1 =2+ 11X, =2]+a(z —1)P[Xp1=2—1X,, =z] =
An

A S a(e) = M,

An + fn Tal ))\n + Hn al@)

If n = 0, then similar logic as above will work in showing that E[M;|My] = My. Together, all of the
above statements prove that M,, is a martingale.

a(z+1) Hn

Problem 50b:
We must show that E[|M,]|] is bounded. However, this is not hard to see as 0 < M,, <1 for all n.

Problem 50c:

The ’if’ direction of the theorem is not difficult, so we concentrate on the other direction.

Suppose that X, is recurrent. Because X, is recurrent, we have that N is finite. In particular, this means
that after a certain point, we will always have n > N, which implies that M,, = a(Xy) = 1. In particular,
we see that

E[My] = E[Ms] = 1.

It follows that E[a(X()] = 1. However, because a(n) < 1, this means that a(Xy) is 1 no matter what Xj is.
It follows that a(n) = 1 for all n, as desired.



