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1 Bender and Orszag Problem 3.4 (d) (e) (f)

Classify the points at 0 and oo of the following differential equations:
(d) x2y// :el/zy.
(e) (tanz)y =y.

(f) v =yl
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Solution Recall that for the differential equations of the form

Y +pi(2)y +po(x)y =0, (1.1)
a point xg is called

e Ordinary: if and only if both p; and py are analytic in a neighborhood of z.

e Regular singular: if and only if either of p; or py fails to be analytic at zy, but both

(z — 20) p1 () and (x — x0)® po () are analytic in a neighborhood of .

o [rreqular singular: if and only if it is neither an ordinary nor a regular singular point.

(d) For this differential equation, z = 0 is an irregular singular point because e/* /2% has an

essential singularity at x = 0.

Using the transformation t = 1/x we get

. . .2 €
t2y + 2ty = 6ty = Y+ ?y - 7y =0, (12)

from which we conclude that x = oo is a regular singular point.

(e) Here we have

v= (ol Leio(), (13)

 tanz r 3 45

Hence x = 0 is a regular singular point. The transformation ¢t = 1/z gives

dy Y
&9 J 1.4
dt t2tan (1/t)’ (14)

which has an essential singularity at ¢ = 0. Hence = = oo is an irregular singular point.

(f) We can immediately see that = = 0 is an irregular singular point, because of the presence
of the logarithm (with a branch point there). The same applies for oo, because under

the transformation ¢ = 1/z the original differential equation becomes

.2, Int
Y+ 7Y + Y = 0, (1.5)

which also has 0 as an irregular singular point.
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2 Bender and Orszag Problem 3.6

Find the Taylor series valid near =z = 0 for the solution to the initial-value problem
y" =22y’ +8y =0, with y(0)=4 and % (0)=0. (2.1)

Note: write ALL the coefficients in the Taylor expansion explicitly.

Solution The Taylor series valid near = 0 has the form

Y= anz" (2.2)
n=0

where ag = 4 and a; = 0, as required by the initial conditions. Substituting this series in the

equation and equating equal powers of x yields
m+2)(n+1)ay2—2(n—4)a, =0. (2.3)

Since a; = 0, we must have a,, = 0 for n odd. For even n = 2m — 2 (m > 1) we obtain:

2(m—3)
m = ———— (2(m—1)- 2.4
2 m(2m — 1) @2(m-1) (24)
Hence
16

ay = —16, a4 = 3 and as,, =0 for m > 3. (2.5)

The solution is thus
y=4—162% + La*. (2.6)

3 Bender and Orszag Problem 3.22

Given the following differential equation
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(a) Produce a solution in terms of a Taylor series at infinity of the form

y=> az " (3.2)

Compute the coefficients a, explicitly. There is only ONE linearly independent

solution of this form.

(b) A second linearly independent solution of this equation has a leading order be-
havior y ~ x when * — +00. What is the next term in the expansion for x large

and positive?

(c) Place your answers to (a) and (b) in terms of the classification of singular points.

Solution (a) A Taylor expansion at = oo for the solution has the form
y = i anz ", (3.3)
n=0
Substituting into the equation yields
m+1)(n+2)apy =a, for n>0, (3.4)

with ay arbitrary. From this we obtain the convergent series for the solution given by:

o0 x—n
= L 3.5
YT L T 1) (8:5)

This expansion has only one free parameter, hence there must be another solution which

does not have a Taylor expansion series at oco.

(b) From the problem statement we know that we can write the solution in the form
where |¢ (z) | < « when x is large. The equation for ¢ is thus

o =z + 0. (3.7)
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In the limit of large x this can be approximated to
30" ~ . (3.8)

This equation can be solved to give

p~—Inz+c+am, (3.9)

where ¢y and ¢; are constants. However, we must take ¢; = 0, since otherwise |p| < x
for x large fails. We can also take ¢y = 0, since we can always subtract from this solution

a multiple of the solution in (3.3 — 3.5), to set ¢y = 0.

What is the next term? To answer this question we write

y=z—Inz+ ¢ () (3.10)
with | < |Inz| for x> 1. Then
) = —Inx+9 ~—Inx, (3.11)

from which we obtain the leading order approximation

Inx

Y= (3.12)

In solving for ¢, the same argument as above was used to set the constants to zero.

Continuing in this way, it is easy to see that an expansion for the solution involving terms

of the form ™" (for n > —1) and (Inz)z™™ (for m > 0) can be obtained.

We use the transformation x = 1/t to classify the point at co. This gives the differential
equation

ly+2y=uy, (3.13)

from which it follows that ¢ = 0, or equivalently x = oo, is a reqular singular point. Thus

a solution should be provided by a Frobenius series of the form

y=1") ayt". (3.14)
n=0



10.JU9 lVil i, 1 4dll 4UUJ (IVIALFCULIS && [\,Ubd].Ub}. MIovwEls LU T Tvvichit ottt 77+~ 1

Substituting this series into the differential equation (3.13) we get

(n+s)(n+s—1)a,t""* 1 +2> (s+n)a,t"™ " =Y a, " (3.15)

n=0 n=0 n=1

Therefore we must have

s(s+1)ag= 0. (3.16)

n+s)(n+s+1)a,= apq, for n>1 (3.17)

From this we can get only one solution (case s = 0), which will be the same as the one
obtained in part (a). In order to get a second solution we follow the procedure outlined

in Bender and Orszag, and seek a solution with an expansion of the form
bn n
S, — It > e =2 >tz Y (3.18)

To sum up, oo is a regular singular point for the differential equation and therefore
admits a Frobenius series expansion for at least one of the solutions. Series expansions
can be found for the second solution as well, involving Inz. The logarithm appears in
the second solution, because the solutions to the indicial equation in (3.16) differ by an

integer (s =0 and s = —1).

4 Bender and Orszag Problem 3.32

The differential equation y” + 2~ 2¢'/% sin (el/x) y = 0 has an irregular singular point at
z = 0. Show that if we make the exponential substitution y = ¢°, it is not correct to

assume S << (') as & — 0+ . What is the leading behavior of y ()?

NOTE: This problem shows that dominant balance in the usual way does not always work.
EXPLAIN why not.
However: a different dominant balance in the equation for S that results from the substitution

y = e° gives an appropriate expansion for the solutions. SHOW this.
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Solution Let y = ¢ and ¢ = S’. Then

¢+ ¢* + g 2T sinel/® = 0. (4.1)

(COS el/f”),

As x — 0+ the S-independent term oscillates extremely fast, with a very large amplitude.

Assuming ¢’ << ¢?, ¢ can be found approximately by solving:
¢* ~ — (cos el/z), (4.2)

This implies that ¢ switches back and forth from real to imaginary very fast, with a large

amplitude — completely nonsense, not even consistent with the assumption that ¢’ < ¢?.

If, on the other hand, we assume that ¢? < ¢', then we get a consistent expansion

¢ =¢o+ o1+ P2+ ... (4.3)

where ¢, = O (2") as x — 0+. In fact

¢o = c — cose/?, (4.4)

where ¢ is a constant. The next few terms satisfy the differential equations

¢y = —2dod, (4.6)
o = — (67 +26062), (4.7)
In general, ¢, is given by
x (n—1
¢n = _/0 <]§0 ¢j¢n—j—1> dz. (48)

Using (4.8), we can prove by induction that ¢, = O (2™) as x — 0+. This gives one family of

solutions for ¢, hence two for S upon integration.
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5 Bender and Orszag Problem 3.1

We have used the transformation = = 1/t to classify + = oo as an ordinary, regular
singular or irregular singular point. Would the transformations z» = t™", =z = t7¢

(> 0), z=1/sinht also work? Is there any advantage to = = 1/t7

Solution For the purpose of classifying the point at co as ordinary, regular singular, etc., one needs

a transformation x — ¢t — in the complex plane — that

(a) sends x = oo to some finite point, say t = 0,
(b) is analytic in a neighborhood of x = oo, and

(c) is single valued and invertible near x = oc.
From (a-c) the transformation will have a Laurent expansion of the form
t200$_1+01$_2+02$_3+... (51)

with ¢g # 0, which converges for |z| > R, for some R > 0. Alternatively, the inverse function

will have a series of the form
r=cot t4+a;+ast+... (5.2)

converging for 0 < [t| < r, for some r > 0.

Any function with these properties will do (and will give the same answer), but the simplest
one is 1/x. The alternative given in the problem statement z = t~®, « > 0 cannot satisfy
all of (a), (b) and (c¢) above unless & = 1. The transformation z = 1/sinh(¢) will work, but

choosing z = 1/t is a lot simpler.
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6 Bender and Orszag Problem 3.33 (a)

Find the leading behavior, as ©+ — 0+, for the following equation

zty" =y (6.1)

Solution Let y = ¢ and ¢ = S’. Then (6.1) becomes
¢" + 309 +¢* =7 (6.2)
Assume that ¢* dominates on the left. Then
¢~ ox 3 (6.3)

where o is a cubic root of 1 (02 = 1). This yields 3 solutions as needed. We now check the

solution for consistency

o =0 (93_10/3) L PP =0 (x1). (6.4)
68 =0 (z71%) < ¢® =0 (1) (6.5)

The complete expansion for ¢ is then given in powers of z='/3 as follows
¢~ o par 4 b 4 (6.6)
By substituting the form above and collecting equal powers of x we find
1 =gt (qb" + 3¢9’ + qb?’) =+ Ba—-4) 2 +o <3b0 + 3a® + 2—98 - 7a> 23 4. (6.7)
From this we conclude that

a = 4/3, (6.8)
b = 80 1/27, (6.9)

and so on. Therefore, for some constant ¢y,

4 8
S~—3093_1/3+§1nx+60+9—0931/3+... (6.10)

dominant terms small
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It follows that the leading behavior of y as x — 0+ is given by

3 6—3033_1/3

y ~ call : (6.11)

where ¢ is some constant.

Note: To obtain the form for ¢ in equation (6.6), we proceed in the usual way. First write

—4/3

p=ocx " +w (x), (6.12)

where w; = o(z™*?) as * — 04. Then substitute this into equation (6.2), to obtain an

equation for w;. A dominant balance analysis then shows that w; ~ 4/(3 ). Hence write
a3, 4
p=o0x +3—x+w2 (.T), (613)

where wy = o(27!) as x — 0+. Then we substitute this into the equation for ¢, to obtain an

equation for ws, and (again) do a dominant balance analysis. And so on and so forth.

Of course, after you have some experience with doing expansions (meaning: you have done gazil-
lions of them), you will be able to guess the form in equation (6.6) — hence short-cutting the

painful process sketched above.

THE END.



