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ABSTRACT. In this paper we construct an invariant weighted Wiener measure associated
to the periodic derivative nonlinear Schrodinger equation in one dimension and establish
global well-posedness for data living in its support. In particular almost surely for data
in a Fourier-Lebesgue space FL>"(T) with s > %, 2<r <4, (s—1)r < —1 and scaling
like H %_G(T), for small € > 0. We also show the invariance of this measure.

1. INTRODUCTION

In the past few years, methods such as those by J. Bourgain (high-low method; e.g.
[5, 6]) on the one hand and by J. Colliander, M. Keel, G. Staffilani, H. Takaoka and T. Tao
(I-method or method of almost conservation laws e.g. [15, 16, 17]) on the other, have been
applied to study the global in time existence of dispersive equations at regularities which
are right below or in between those corresponding to conserved quantities. As it turns out
however, for many dispersive equations and systems there still remains a gap between the
local in time results and those that could be globally achieved. In those cases, it seems
natural to return to one of Bourgain’s early approaches for periodic dispersive equations
(NLS, KdV, mKdV, Zakharov system) [3, 4, 5, 7, 8, 9] where global in time existence was
studied in the almost sure sense via the existence and invariance of the associated Gibbs
measure (cf. Lebowitz, Rose and Speer’s and Zhidkov’s works [30] [48]). More recently this
approach has been used for example by N. Tzvetkov [44, 45] for subquintic radial nonlinear
wave equation on the disc, N. Burq and N. Tzvetkov [12, 13] for subcubic and subquartic
radial nonlinear wave equations on 3d ball, N. Burq, L. Thomann, and N. Tzvetkov [11] for
the nonlinear Schrodinger equation with harmonic potential, and by T. Oh [33, 34, 35, 36]
for the periodic KdV-type coupled systems, Schrodinger-Benjamin-Ono system and white
noise for the KdV equation.

Failure to show global existence by Bourgain’s high-low method or the I-method might
come from certain ‘exceptional’ initial data set, and the virtue of the Gibbs measure is
that it does not see that exceptional set. At the same time, the invariance of the Gibbs
measure, just like the usual conserved quantities, can be used to control the growth in time
of those solutions in its support and extend the local in time solutions to global ones almost
surely. The difficulty in this approach lies in the actual construction of the associated Gibbs
measure and in showing both its invariance under the flow and the almost sure global well-
posedness, since, on the one hand, we need invariance to show global well-posedness and
on the other hand we need globally defined flow to discuss invariance.

! The first author is funded in part by NSF DMS 0803160 and a 2009-2010 Radcliffe Institute for
Advanced Study Fellowship.
3 The third author is funded in part by NSF DMS 0605058.
* The fourth author is funded in part by NSF DMS 0602678 and a 2009-2010 Radcliffe Institute for
Advance Study Fellowship.
1



2 NAHMOD, OH, REY-BELLET, AND STAFFILANI

Our goal in this paper is to construct an invariant weighted Wiener measure associated to
the periodic derivative nonlinear Schrodinger equation DNLS in (2.1) in one dimension and
establish global well-posedness for data living in its support. In particular almost surely
for data in a Fourier-Lebesgue space FL*" defined in (2.2) below (c.f. [27, 21, 14, 22]) and

scaling like H %76(11‘), for small € > 0. The motivation for this paper stems from the fact
that by scaling DNLS should be well posed for data in H?, ¢ > 0 but the results so far
obtained are much weaker.

Local well-posedness is known for ¢ > 1/2 for the nonperiodic [40] and periodic [26]
cases while global well-posednes is known for o > 1/2 for the nonperiodic case (o > 1/2
in [16] and o > 1/2 in [31]) and for o > 1/2 in the periodic case [47]. Furthermore, in
the non periodic case the Cauchy initial value problem for DNLS is ill-posed for data in
H°(R),0o < 1 [40] [2], a strong indication that ill-posedness should also be expected in the
periodic case on that range. Griinrock and Herr [22] have recently established local well
posedness for the periodic DNLS in Fourier-Lebesgue spaces FL*", which for appropriate
choices of (s,r) scale like H(T) for any o > %. Their result is the starting point of this
work (cf. Section 2 for a more detailed discussion).

The measure we construct is based on the energy functional rather than the Hamiltonian.
Hence we simply refer to it as weighted Wiener measure rather than Gibbs measure since the
name ‘Gibbs measure’ has traditionally been reserved for those weighted Wiener measures
constructed using the Hamiltonian. By invariance of a measure p we mean that if ®(¢)
denote the flow map associated to our nonlinear equation then ®(t) is defined for all ¢t € R,
p almost surely and for all f € L'(x) and all t € R,

/ F(@(1)(0)) p(de) = / F(&)u(de).

In general terms our aim is to construct a well defined measure p so that local well
posedness of the periodic DNLS holds in some space B containing the support of . Then
we show almost sure global well posedness as well as the invariance of p via a combination
of the methods of Bourgain and Zhidkov [48] in the context of NLS, KdV, mKdV. In im-
plementing this scheme however we need to overcome two main obstacles due to the need
to gauge the equation to show local well posedness (eg. [40, 26]) and to construct an invari-
ant measure. The symplectic form associated to the periodic gauged derivative nonlinear
Schrodinger equation GDNLS in (2.8) does not commute with Fourier modes truncation
and so the truncated finite-dimensional systems are not necessarily Hamiltonian. The first
(mild) obstacle is to show the conservation of the Lebesgue measure associated to the fi-
nite dimensional approximation to the periodic gauged derivative nonlinear Schrodinger
equation FGDNLS, defined in (3.1) by hand, rather than by using the Hamiltonian struc-
ture. The second obstacle is much more serious and is at the heart of this work. The
energy & defined in (2.16) associated to the gauged periodic DNLS! which we prove to be
conserved in time, ceases to be so when computed on solutions of the finite dimensional
approximation equation; that is %5 (v™) # 0, when vV is a solution to the finite dimen-
sional gauged DNLS (see (4.18)). In other words the finite dimensional weighted Wiener
measure is not invariant any longer and unlike Zhidkov’s work [48] on KdV we do not have
a priori knowledge of global well posedness. We show however that it is almost invariant in
the sense that we can control the growth in time of £(v™V)(¢). This idea is reminiscent of
the I-method. However, while in the I-method one needs to estimate the variation of the
energy of solutions to the infinite dimensional equation at time ¢ smoothly projected onto

lwe emphasize £ is not the Hamiltonian of the gauged DNLS.
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frequencies of size up to NN; here one needs to control the variation of the energy £ of the
solution v to the finite dimensional approximation equation FGDNLS. We note that the
loss in energy conservation for solutions to the finite dimensional equation is principally
due to the manner one chooses to approximate the infinite dimensional gauged equation
by using Fourier projections onto the first Nth frequencies. In [3] Bourgain describes an
alternative approach that relies on using a discrete system of ODE which seems to preserve
the conservation of energy. This approach however entails a number of other difficulties,
for one needs to replace the circle T by the cyclic group Zy and carry out the analysis on
cyclic groups. We choose not to follow this path here.

We expect the ungauged invariant Wiener measure associated to DNLS (2.1) we obtain
in Section 7 to be absolutely continuous with respect to the weighted Wiener measure
constructed by Thomann and Tzvetkov [42]. This question is addressed in a forthcoming
paper [32].

The paper is organized as follows. In Section 2 we present some general background,
notation and results on the derivative nonlinear Schrodinger equation in one dimension. In
Section 3 we discuss FGDNLS. In Section 4 we overcome the first two obstacles mentioned
above. Namely we prove the invariance of the Lebesgue measure associated to FGDNLS
and devote the rest of the section to prove our energy growth estimate Theorem 4.2. In
Section 5 we carry out the construction of the weighted Wiener measure associated to the
GDNLS. In Section 6 we prove the almost sure global well-posedness result for the GDNLS
and the invariance of the measure constructed in section 5. Finally in Section 7 we translate
back our results to the ungauged DNLS equation.

Acknowledgment. Andrea R. Nahmod and Gigliola Staffilani would like to warmly
thank the Radcliffe Institute for Advanced Study at Harvard University for its wonderful
hospitality while part of this work was being carried out. They also thank their fellow
Fellows for the stimulating environment they created.

Notation. Whenever we write a+ for a € R we mean a + ¢ for some € > 0; similarly for
a—. In addition, we write A < B to mean there exist some absolute constant C' > 0 such
that A < CB.

2. THE DERIVATIVE NLS EQUATION IN ONE DIMENSION
The initial value problem for DNLS takes the form:

1) {ut —iuge = M|ul?u),

u‘t:O = Uo,
where either (z,t) € Rx (=T,T) or (z,t) € T x (=T1,T) and A is real. In this paper we will

take A = 1 for convenience. DNLS is a Hamiltonian PDE whose flow conserves also mass
and energy; i.e. the following are conserved quantities of time? (c.f. [28, 25, 26]) :

2In fact, DNLS is completely integrable.
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Mass:  M(u)(t) — / (i, £)[2 da

1
Energy: E(u)(t) = /\ux|2d1:+21m/u2u%dzv+2/|u|6dm.
1
Hamiltonian: H(u)(t) = Im/uua; dx+2/\u|4 dzx.

DNLS was introduced as a model for the propagation of circularly polarized Alfvén waves in
a magnetized plasma with a constant magnetic field (cf. Sulem-Sulem [39]). The equation
is scale invariant for data in L?; d.e. if u(x,t) is a solution then wu,(z,t) = a®u(az,a’t)
is also a solution if and only if o = % Thus a priori one expects some form of existence
and uniqueness results for (2.1) for data in H?,0 > 0. Many results are known for the
Cauchy problem with smooth data, including data in H', such as those by M. Tsutsumi
and I. Fukuda [43], N.Hayashi [23], N. Hayashi and T. Ozawa [24, 25] and T. Ozawa [37]
and others (cf. references therein).

In looking for solutions to (2.1) we face a derivative loss arising from the nonlinear term
(Jul?u); = u?W,; + 2|ul? v, and hence for low regularity data the key is to somehow make
up for this loss.

For the non-periodic case (z € R) Takaoka [40] proved sharp local well-posedness (LWP)

in H? (R) relying on the gauge transformation used by Hayashi and Ozawa [24, 25] and the
so-called Fourier restriction norm method. Then, Colliander-Keel-Staffilani-Takaoka and
Tao [15, 16] established global well-posedness (GWP) in H?(R), o >  of small L? norm
using the so-called I-method on the gauge equivalent equation (see also [41]). Here, small in

L? just means less than an appropriate constant ,/27” which forces the associated ‘energy’

to be positive via Gagliardo-Nirenberg inequality. This result was recently improved by
Miao, Wu and Xu to o > 1/2. The Cauchy initial value problem for DNLS is ill-posed
for data in H” and o < 3 (data map fails to be C3 or uniformly C° [40] [2].) In [21] A.
Griinrock proved that the non-periodic DNLS is locally well posed in the Fourier-Lebesgue
spaces FL*"(R) which for appropriate choices of (s,r) scale like H?(R) for any o > 0 (c.f.
(2.2) below.)

In the periodic setting, S. Herr [26] showed that the Cauchy problem associated to
periodic DNLS is locally well-posed for initial data u(0) € H(T), if o > % in the sense
of local existence, uniqueness and continuity of the flow map. Herr’s proof is based on
an adaptation to the periodic setting of the gauge transformation introduced by Hayashi
[23] Hayashi and Ozawa [24, 25] on R, in conjunction with sharp multilinear estimates for
the gauged equivalent equation in periodic Fourier restriction norm spaces X*? that yield
local well posedness for the gauged equation. Moreover, by use of conservation laws, the
problem is also shown to be globally well-posed for ¢ > 1 and data which is small in L?-as
in [15, 16]- [26]. More recently, Win [47] applied the I-method to prove GWP in H?(T) for
o> 1.

A.ZGriinrock and S. Herr [22] showed that the Cauchy problem associated to (DNLS) is
locally well-posed for initial data wg € FL*"(T) with 2 < r < 4 and s > § where

(2.2) luoll Frsr(my == I (n)® o |lr (z)-

These spaces scale like the Sobolev H?(T) ones where o = s + % - % Their proof is

based on Herr’s adapted periodic gauge transformation and new multilinear estimates for
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the gauged equivalent equation in an appropriate variant of Fourier restriction norm spaces
X2 introduced by Griinrock-Herr [22]°.
For s,b € R, r,qg > 1 we define the space X,fjg as the completion of the Schwartz space
S(T x R) with respect to the norm
2\ b~
[ull s = [1(n)* (7 +n%)"a(n, 7) [l 19
where first we take the L1 norm and then the ¢/ one. We also define the space

b~
lull oo = [l{m)* (7 — n?)’u(n, 7)1y s

and note that u € X5 if and only if w € X"

rg;—"

For ¢ > 0 fixed, we define the restriction space Xf,’é) (0) of all v = w ‘[,575} for some

u € X5} with norm

(2.3) Hv||X;,3(5) = inf{HuHX::}; TS Xﬁjg and v =u|_s4}-

When we take ¢ = 2 we simply write Xf}’g = X5°. Note X;’g = Xt Later we will also
use the space

1
(2.4) Z3(8) = X, 5 (6) N X;1(6).
Some simple embeddings are as follows. For s,b1,b2 € R, r > 1 and by > by + %
XS X and XY C O(R,FL*)

which follow by Cauchy-Schwarz with respect to the L1 norm and by F~'L! C L™ respec-
tively. In particular

Z;(0) € C([-6,0], FL>").
We finally recall the following estimate? heavily used in the proof of Theorem 4.2 below.
Lemma 2.1 (Lemma 5.1 [22]). Let é <b<3ands>3(3—0b). Then

S llullxss ol xsellwl xo

Y

luvw| 12
In particular if b = %—, then
(2.5) vy, < lull oy ol ey lholl oy

for small € > 0; while when b = %—k

(2.6) lwvwllpz, S llull  3- g lloll  5- s w0l o g4

3Note that in our notation the indices (r, q) are the dual of the corresponding ones in Griinrock-Herr [22]
4This is a trilinear refinement of Bourgain’s L°(T) Strichartz estimate [10].
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2.1. The Periodic Gauged Derivative NLS Equation. We first recall S. Herr’s gauge
transformation. For f € L?(T), let

G(f)(x) == exp(=iJ(f)) f(z)

where

2T T
(2.7) @) =5 [ [ 10F = 51 ey dy .

Note G(f) is 2m-periodic since its integrand has zero mean value. Then for u €
C([-T,T); L*(T)) and m(u) := 5= [r|u(z,0)?dz the adapted periodic gauge is defined
as®
G(u)(t,x) := G(u(t))(x — 2t m(u)).
Note the L? norm of G(u)(t,z) is still conserved since the torus is invariant under transla-
tion.
We have that
G: C([-T,T}; H*(T)) — C([-T,T; H*(T))

is a homeomorphism for any o > 0 and locally bi-Lipschitz on subsets of C([-T,T]; H°(T))
with prescribed ||« (0)|z2([26]). Moreover the same is true if we replace H?(T) by FL*"
with s > 1 — 1 when 2 < r < 00 and s > 0 when r = 2 ([22]).

Then if u is a solution to DNLS (2.1) and v := G(u) we have that v solves the gauged
DNLS equation (GDNLS):

(2.8) U — ey = —02Tp + %|v!4v —ith(v)v — im(v)|v[*v

with initial data v(0) = G(u(0)), where
(2.9) m(v)(t) = / lv(z, t)|2da and
(2.10) Y)(t) = —/Tlm(vvz) dx + — /]v\4d:c— m(v)2.

™

Note that m(v) is conserved in time; more premsely m(v)(t) = &= [r [v(z,0)]2dz = m(u)
and that both m(v) and (v) are real.

The initial value problem associated to (2.8) with data in FL*"(T) is locally well-posed
in Z3(6), 2 <r <4, s> 1, for some § > 0. This was proved in Theorem 7.2 of [22].

Remark 2.2. Local well-posedness for (GDNLS) (2.8) implies local existence, uniqueness
and continuity of the flow map for DNLS (2.1) [26, 22]. One cannot however carry back to
solutions to DNLS all the auxiliary estimates coming from the local well posedness result
for GDNLS.

Now we show how the energy E(u) and H(u) transform under the gauge. Let u be the
solution to (DNLS) (2.1) and define

w = e—iJ(u)

Then w solves (GDNLS) (2.8) with the extra m(w)w, term in the linear part of the equation
[26]. So the gauge transform is, properly speaking the transformation w = e~/ (", followed
by the transformation

u.

v(z,t) = w(t,x — 2m(w)t)

5Recall m(u)(t) is conserved under the flow of (2.1).
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But all the terms involved in the conserved quantities we considered are invariant under

this second transformation w — v (the torus is invariant under translation). We also notice

that m(u) = m(w) = m(v), hence below we will be simply using m for this quantity.
Since

we have
Uy = ei‘](w)(wz + iJ(w)w)
with J(w), = |w|> — m.
We have

1
H(u) = Im/uuxdx+/ lu|* dz.
= Im/ Wy — iJ(w);w) dr+ = /]w|4dx

(2.11) = Im/ww$—/\wl4dm+27rm =: H(w)
T 2 Jr

In addition we have
Wiy = (W, + i (w)yw) (@5 — i (1))
= Wl + i (w)a (W — Wwy) + J (w)3w]®
= w,w; — 2ImJ(w),wwy + (|w]® — 2m|w|* + m? [w?)
(2.12) = w,W; — 2Imw*ww; + 2mImww; + (Jw|® - 2mjw|* + m? |w|?)
By the same calculations we also have
(2.13) ity = wrwwg — i|w|® + im |w| .

We now recall that

(2.14) /\ux|2dx—|— Im/u Uy dr + = /|u!6d:):

hence by using (2.14), (2.12), (2.13) we find
E(u) = /wxwwd:v — 2Im/w2wwx dz + 2mIm /wu)xd:[; —5m /|w|4 dx + 27m>.

If we define

(2.15)  &(w) ::/T\wm2d:c ;Im/Twa%dx+41ﬂ</T|w(t)|2dx> (/T |w(t)|4dx>,

then E(u) can be rewritten as
(2.16) E(u) = &(w) + 2m A (w) — 2rm> =: E(w).

Remark 2.3. We observe that H(u)(t) = ¢ (w)(t) and %H(u)(t) = 0 since H is the
Hamiltonian for (DNLS) (2.1), hence it follows that %%(w)(t) = 0. On the other hand,
we also know that %E(u)(t) = 0, hence %é"(w)(t) = 0. By the translation invariance of
integration over T, we have that (2.16) holds with v in place of w and

4 AW =0= L)),
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3. FINITE DIMENSIONAL APPROXIMATION OF (GDNLS)

We denote by Pyf = ZIHIS N f(n)em“” the finite dimensional projection onto the first

2N + 1 modes and Py := I — Py. Then the finite dimensional approximation (FGDNLS)
is:

(31) o = i}, — Pul(@)2l) + ¢ Pa(l"5oN) — () (00" — im(eN) P (o Po)
with initial data

(3.2) vy’ = Py vo,

where m and 1 are as defined in (2.9) and (2.10) respectively.

Lemma 3.1. We have that

d
gm(v : dt2 /|v (z,t)]*dz = 0.
Proof. Indeed for simplicity let us momentarily denote by w := vV a solution to (3.1);

note Pyw = w. Then using that for any F, [ Pn(F(v N)YoNdz = [ F(N )PyuNde =
[ F(vN)vNdx we obtain

i 2mrm(w)) = 2Re [ wyw dx
4 @mm(w) = 2he [

—ome( i [l = [ Pxtwrmawe § [ Puluttorm -

0 [ 0P = im(w)®) [ Py(uPu)
—ope( ~ [wrmyw 5 [0l = ivw) [ 1o = imw) [0l
:—/wzwwx—/wwm :_/a (Jwl*) =0.

Theorem 3.2 (Local well-posedness). Let 2 <r < 4 and s > % Then for every
(33) o € By = {uff € FL(D) ) [ zporr) < B)
and 0 S R™7, for some v > 0, there exists a unique solution
(3.4) oM € Z5(5) € C([-4,6]; FL¥"(T))
of (3.1) and (3.2). Moreover the map
(Br, || - llzLor(r)) — C([=6,6); FL*"(T)) = vf — o™
is real analytic.

Proof. The proof follows the argument in [22], Theorem 7.2 since Py acts on a multilinear
nonlinearity and it is a bounded operator in LP,1 < p < oo and commutes with D?. Also,
although the proof in [22] is presented for s = %, a simple argument of persistence of

regularity gives the result for any s > % O
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The following lemma gives control on how close the finite dimensional approximations
are to the solution of (2.8). Our proof is a variation of Bourgain’s Lemma 2.27 in [3] (see
also [12]).

Lemma 3.3 (Approximation lemma). Let vg € FL*"(T),s > £, 2 < r < 4 be such that
|voll zLsr(my < A, for some A >0, and let N be a large integer. Assume the solution vN of
(3.1) with initial data v} (x) ;== Py(vo) satisfies the bound

(3.5) 1N ()| Frerry < A, for all t € =T, T,

for some given T > 0. Then the IVP (GDNLS) (2.8) with initial data vy is well-posed
on [=T,T] and there exists Cp,C1 > 0, such that its solution v(t) satisfies the following
estimate:

(3.6) lo(t) — o™ ()l 1y < explCo(d + A)OTING*,
forallt € [-T,T),3 < s1 <s.

Proof. We first observe that from the local well-posedness theory ([22] and Theorem 3.2),
(GDNLS) (2.8) with initial data vy and (FGDNLS) (3.1) with initial data v}’ are both
well-posed in [—6,6],8 ~ (1 4+ A)~7. Let w := v — v", then w satisfies the equation

(3.7) Wy — iWey = F(v) — PyF(WN) = Py[F(v) — F(o™)] + (1 — Py)F(v),
where F'(-) is the nonlinearity of (2.8). By the Duhamel principle we have

w(t) = S(t)vo — vy + /Ot St —t)(Py[F(v) = Fu™M))(t') + (1 — Py)F(v)()) dt’,
where S(t) = /2, and from the proof of Theorem 7.2 in [22] we have the bound
lwllgosy S v = o5 lFzsarem + 87 (14 0™l g2 5y + 10l 222 ) 1l 21 5

+ H(l — Py) /Ot St —t)F(v)(t')dt i

(38) S AN (L [0 o sy + [0ll gz 5) Hlwll gz sy + N6 (1 (0]l 258)°

By choosing a smaller ¢ if necessary we obtain from (3.8)

_ 1
lwlizz ) < CANTT2 + Sllwll 71 5,

for some absolute constant C' > 0, from where
(3.9) o(t) = v (#)|| Frorr(r) < 2CAN® 7, for all t € [—4, 4]
and by iteration (3.6) follows. O

4. ANALYSIS OF THE FINITE DIMENSIONAL EQuAaTION (FGDNLS)

Recall that equation (DNLS) is Hamiltonian and hence its gauge equivalent formulation
should stay Hamiltonian (change of coordinates). However, the gauge transformation is not
a ‘canonical map’ and the symplectic form in the new coordinates depends on v; that is we
lose the simple expression the symplectic form (namely 0,) had in the original coordinates.
Two problems arise from the lack of commutativity between the gauged skew-selfadjoint
form J and Py:

(1) The conservation of Lebesgue measure associated to (FGDNLS) is not obvious as before.
We must prove that this is indeed the case; see Subsection 4.1 below.
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and more seriously:

(2) We lose the conservation of the energy £(v'V) for the finite dimensional approximations;

N
that 1is dé(v?)

dimensional weighted Wiener measure. However we have an estimate controlling its growth,
namely Theorem 4.2 below.

# 0. In particular we lose the invariance of upy, the associated finite

4.1. Invariance of the Lebesgue measure. If we rewrite (FGDNLS) (3.1) as a sys-

tem of complex ODE’s for the Fourier coefficients ¢, = v (k) we obtain a set of 2N + 1
complex equations of the form %ck = Fr({cj,¢}), or equivalently 4N + 2 equations
4ax = ReFi({c;,&}), and 4by, = ImFy({c;,¢;}) for the real functions ay = ReF} and
bk = Ika

To show that this set of equations preserves volume we need to verify that the divergence
of the vector field vanishes, i.e.,

Z 8R6Fk OIka -0
Oay, ob,
This is easily shown to be equlvalent to
Z OF}, GF'k _ 0
Ocy, aék -

And indeed we have

Lemma 4.1. The Lebesgue measure HIJ’ISN da;jdb; is invariant under the flow of the system
of ODE’s (4.1).

Proof. The (FGDNLS) (3.1) as a system of complex ODE’s for the Fourier coefficients ¢
takes the form

d L, i
@Ck = —ik Ck +1 E n3cnlcngcn36n1+n2—n3—k

ni,n2,n3

1 o
+ 3 § Cny Cng Cng Cng Cng Ony +na-+ng—na—ns—k
n1,n2,13,14,15

(4.1) _W({C]»CJ})CIC ({6]76]}) Z Cny CnyCngOny +ng—nz—k

ni,n2,n3

with m({c;,¢;}) = 32; |¢j|* and

(4.2) ({C],CJ} = _QZI{;‘CHQ + 5 Z Cny CnyCns CnyOny +ng—ng—ny — Z |Cj|2

n1,n27n3,n4 7
To show that this set equation preserve volume we need to verify

Z OFy aFk

ey, aék =0

(4.3)

The vector field Fj, consists of several terms which we analyze separately.

(1) (1)
(1) FY = —ik2e;. Then 2 4 2 — k2 4 ik? = 0.
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(2) F,gQ) = 1D n, nams T3Cn1 CnaCngOny +ny—ny—k- 1o differentiate we consider the terms with
n1 = k and ny = k and obtain

oF®@
(4.4) ak =12 Z N3CnyCngOng—ng + 127 Z 13Cn, CngOny —ng z47an|cn\
Ck ng,n3 ni,n3
and similarly
aF(Q)
(4.5) k_ — —i47an\cn\2
8Ck -

and thus all the contributions of this term to the divergence disappear.

3 ; _ . : o
(3) F,E ) = 5 2y mangmnams Cn1CnaCngCnaCns Ony +notng—ng—ns—k- Lhis term is treated simi-
larly as (2) and is left to the reader.

(4) F,£4) = Qi(zjj\cj|2)ck. We have

9 (4)
(4.6) (%k = 2ik|cy|? +222]]c]|2
j
and
oF" . .
(4.7) (%kk = —2ik|cy|* — 2i Z]|cj|2

J
and so these terms do not contribute to the divergence.

(5) F\”) = i(3 |ej?)%ck. We have

6F1<(:5) 2 2\2
(43) s = 20Xl lerl? + i ley )

J J

F® | op®
and again we have 86 + ack =0.

p— 1’ C, C
(6) Fk -2 Zn1,n2,n3,n4 Cny Cn20n3cn45n1+n2—n3—”4ck' We have
oF® Loy .
80 — — 5 CTll Cn2 cn3 Cn4 677»1 +nz—n3z—ng
k n1,n2,n3,n4
(4‘9) —Z E CkCTLQ EnS 511,4 5k:+n2—n3—n4
n2,m3,n4
and
— 6 .
oF® i o
oe = + 9 2: Cny Cny s Cng Ony +nz—nz—ny
k n1,n2,n3,14
(4.10) > ChCryCrgCs Ok fny—ng—na-
n2,n3,nqg

The first terms in (4.9) and (4.10) cancel for each k. By summing the second terms in (4.9)
and (4.10) over k, we see that they do not contribute to the divergence.
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7 . _
(7) B = =i 351651 S g €t CnalingOns s g We have
orF" -
(4.11) 6: = Z Cny CnyCns CkOny +ng—nz—k — 2Z(Z ¢517)
k ni,n2,n3 J
and
oF" -
(4.12) 3§ = 1 Z Cn1 Cny Cng ChOny +ny—ng—k + 22(2 lcj]%)°
k n1,n2,n3 J

The second terms add to 0 for each k£ while the first terms cancel if we sum over all k.
O

4.2. Energy growth estimate.

Theorem 4.2. Let vV (t) be a solution to (FGDNLS) (3.1) in [—6,6], and let K > 0 be
such that ||v"|| 2 < K. Then there exists 3 > 0 such that
X

78
0 q
(4.13) EWN(8)) — E@N(0))] = ‘ /0 SeN)(t)dt| 5 C(6)N max(KS, K¥),

Remark 4.3. It is possible that the estimate (4.13) may still hold for a different choice of

1
X2 (6) norm, with s > %, 2 < r < 4 so that local well-posedness holds. On the other hand
the pair (s,r) should also be such that (s — 1) -7 < —1 in order for FL®" to contain the
support of the Wiener measure (c.f. Section 5). Our choice of s = %— and r = 3 allows us

to prove (4.13) while satisfying the conditions for local well-posedness and the support of
the measure. Note that FL5 3 scales like H7~.

4.3. Preparation for the proof of Theorem 4.2. Let v denote the solution of
(FGDNLS) (3.1) which we rewrite as

v = LoV + Py ((v7)?0l) — %Pﬁ(\le“vN) +im(v™) Py ([o™ Po™),

where

(4.14) Lo =il

o — (UN)QUQJCV + §|UN|4’UN - W(UN)UN — zm(vN)|vN|2vN.

We first observe that from (2.16) and Lemma 3.1 we have

d d d
4.1 Loy = Loy + 2my— (0N
(4.15) dtg(v ) dtéa(v )+ mth%(v ),
where my = m(v?).

Lemma 4.4. With the above notations we have

d _ _ .
%g(vN)(t) :—2Im/vaNU§CVP]$((vN)2véV)d:U—I—Re/vN'UNUg]CVP]#(]vN4UN) dx

(4.16) - ZmNRe/UNUNUiVPﬁﬂUNFUN) dx + 2mNRe/vaN2P]{,‘((vN)2véV) dx

+ mNIm/vaNZP]#(]vN]%N) dx — 2m?VIm/UNUN2Pﬁ(\UN\2vN) dx,
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d _ _ _
aﬁp(vN)(t) =— 2Re/(vN)2vNP]{[‘((UN)2v£V) dx + Im/ o (vN)? Py (Jo |20 da
T
(4.17) — QmNIm/vN(vN)QPﬁ(\UN\?vN) dx
and
%E(UN)(t) =— 2Im/vaNv£VP]$((v )20 ) dx + Re/v oNolN PR (JoV 2o dz
(4.18) — 2mNRe/UNUNv§CVPﬁ(\UN\2UN) dx — 2mNRe/(UN)2vNP]$((vN)2v£’) dx
T

+ 3mNIm/UN(UN)2P]$(|UN|4vN) dr — 6mNIm/UN(UN)2P]$(|UN|2vN) dz.

Proof. From (2.15) and integration by parts we have that

d —2
@é"(vN)( )= —2Re/ NoN dx — QIm/v N oNyN dz—l—ZmNRe/vathN dx.
Due to the energy conservation for the (GDNLS) (infinite system), one can see that the con-
tribution in (4.19) from Lv” defined in (4.14) is zero. On the other hand by orthogonality

we also have

2R [ (PN PO - SV [Y) + im(o™) P (0¥ o)) d =0,

(4.19)

Hence (4.16) follows. By a similar argument we obtain (4.17) as well. The lemma follows
by substituting (4.16) and (4.17) into (4.15).
g

Remark 4.5. To establish Theorem 4.2 we need to estimate the terms in (4.18). In doing
so we will ignore absolute constants and weather we are looking at the real or imaginary
parts of the terms.

The first term in (4.18) gives a contribution to (4.13) which is essentially:

) I
(4.20) L :/ /UNUNUiVPﬁ;((vN)%fEV) dx dt.
0

This term is the hardest to control since it has two derivatives, so we will treat this one first.

We start by discussing how to absorb the rough time cut-off. Assume ¢ is any function in
1

2 1
X4 % such that
(4.21) Pli-ss =™

Then we write

I = / Xio. (£) P ((0™)20,07) vV N o et
TxR

:/1r . Pr((x0.012™)? x10.019Y) X10.019" X[0.01™ X[o,51 0 ddt
X

and by denoting

(422) w = X[075]¢’ w = PN('LU)7

we will in fact show that
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(423  |n|=

/ Px (w)20,@) wwgdzdt| < C(6)N 7 ||lw||®
TxR X

1_ -
02

@ oo

To go back to vV we use the following lemma:

Lemma 4.6 (Time-Cutoff). Let b < by < 1/2. Then the exists C'(6) > 0 such that

/ ! N
!\wllxﬁ_,b < C'(4) chHX;g_,bl < C'(0) [lv \|X§_,%(5)

where w, ¢ and vV are as above.

Proof. Since the regularity in x does not play any role, without any loss of generality we

ignore the power s = %—. Then,

Iellsge = (;(/ ‘@("77)\2<T+n2)2bd7>g>;’
(4.24) B <Zn:</ \/ﬁ X/[cTa](T—n)cZ(n,ﬁ)dﬁ,z<T+n2>2bd7> )3

Writing 7 + n? = (7 — 71) + (11 + n?) we bound (4.24) by

(4.25) < <2nj(/ |/ﬁ g (T — ) (7 — 71)? Bn, 71) dmy de)é

1

(4.26) + <Zn:</ |/n Xoa) (T — 1) (n, 1) (11 +n2)bd7'1|2d7'>g)3.

We treat the first sum (4.25), the second one (4.26) being similar. If (r — 1) < (71 + n?)
then by Young’s inequality (4.25) can be bounded by

(V1]
=

)

S I

6(, n) (7 + n2)"*=| 2

o S Il 1] o

by Cauchy-Schwarz on the X term provided 8 + ¢ > %, 0 < % and where by ;= b+e < %

On the other hand if (7 — 71) > (11 + n?), then again by Young’s inequality (4.25) can
be bounded by

< Ix.a (M ez |67, m)(r 4+ n?) ~2]| o

i S IXllEeee (11 o

by Cauchy-Schwarz on the $ term provided b + ¢ > %, by < % Finally by taking infimum

1
and using the definition of XS’Q (6) a bound in terms of |jv follows.

NH 0,4
X2 (9)

O
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4.4. Proof of Theorem 4.2. Returning to (4.23) we write

L :/ Px (w8, w0) w wwgdxdt
TxR

/ S (w2m)(n, ) (@wwy) (n, 7)dr

[n|>N

/ > < / > @(n1, 1)@ (nQ,72)(—in3)@<n3,73)dﬁd72>

In[>N =T1+T2—73 n=ni+nz—ngz, |n;|<N

X </ Z @(n4,7'4)@(715,7’5)(—2’716)@(7@6,76)d74d7'5>d7
—T=T4—T5—T¢

—n=n4—ns—ne, [n;| <N

/ > (/T > w(ny, 71)W(n2, 72)(ing)w (n3,73)d71d72>

N<|n|<3N STATATS iy fno s, g | <N

X (/ Z (TL4,T4) (TL5,T5)(ZTL6) (n6,T6)dT4dT5>dT
—T=T4+T5+T6

—n=ng+ns+ne, [nj|<N

/ > (/ > 1/0\1(711,7'1)17)\2(712,72)(in3)17)§(n3773)d7'1d7'2)
T=T1+7T2+73

N<|n|<3N n=ni+na+ns, |n;|<N
X </ Z U/JZ(TM,T4)’U)5<TL5,T5)(in6)tl)6(n6,Tﬁ)d7'4d7'5)d7',
—T=T4+T5+T6 —n=n4+ns+ng, [nj| <N
where wy = wy = wy = w and W3 = Wy = Wg = W.
Remark 4.7. In what follows we always think of N;, N as dyadic; more precisely N; :=
2K N := 2K where K; < K since n; € Z. By a slight abuse of notation we then denote by

N; both |n;| and the dyadic interval [257, 2KiT1) |n;| belongs to when n; # 0. Moreover
we denote by wy; the function such that wn; (n;) = X{jn;|~n,)0j (1)

From the expression above we then have,

(4.27) |nj| <N, N <|n| <3N, n=mn;+ng+ng, and —n=ny+ns+ne,

(428) N ~ HlaX(Nl, NQ, Ng) ~ max(N4, N5,N6),

(4.29) T4+ n? — (11 +n3) — (12 +n3) — (13 —n3) = 2(n —n1)(n —ng)
and

(4.30) T4+ n?+ (14 +n3) + (15 — n2) + (16 — n2) = 2(n + n5)(n + ng).

So if we let 6, 1= 7; + n? and oj:= (1 £ nj2> we have by subtracting (4.29) from (4.30)

6
(4.31) Z n1 +ng + ns + TLG) — ning + Nyng )

This in turn can also be rewritten using ny+no+n3+ns+ns+ng = 0orn = ny+no+ns
and —n = ng + ns + ng as:
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6
(4.32) Z TL3 + n4) + ning — NsNg )

In addition, since 7 + 72 + 73 + 74 + 75 + 76 = 0, adding and subtracting n ,j=1,...,6
in the appropriate fashion, we obtain:

(4.33) Z (n3 +nZ +n2) — (n? +n3 +n?).

Hence we need to estimate

(4.34)
[11] :‘

Z / / Px <wN1 wn, O wN3> WN, WN, Oy WN, dl’dt‘

N;<N;i=1,.

sy /(] > ) i dndn)

N;<N;i=1,..6 |n|>N =T1+72+738 n=ni+notns

(/ Z @ng\;s (ing) UJQN6 d7'4d75> dr

T=T4+T5+7T6 —n=n4+ns+ne

(4.35)

< 22 /(/ > W T sl [T drdn )

N<|n|<3N N;<N;i=1,. STLAT2ATS n=n) +notns

(/ S lawl el ] dradr )

T=TATTEHT6 —n=ns+ns+ne

Remark 4.8. This expression (4.35) will be our point of departure in beginning our esti-

—

- ——
mate. In what follows we will abuse notation and write wy; for |wy;| and Wy, for [wy,]

since at the end we will estimate all functions in the X:** norms which depend solely on
the absolute value of the Fourier transform.

We start by laying out all possible cases and organizing them according to the sizes of
the two derivative terms.

Types:

I. N3~N,Ng~N

II. N3~ N and Ng < N
III.  Ng~ N and N3 < N
IV. N3 < N; Ng <N

Now we subdivide into all subcases in each situation and group them according to how
many low frequencies (ie. N; < N) we have overall taking into account (4.28).

All Cases for each type:
IA. N3~ N, Ng~ N and 4 lows: Ny, Ng, Ny, N5 < N



1B

IC.

ID.

IE.

ITA.

I1B.

IIcC.

IID.

ITTA.

INVARIANT WEIGHTED WIENER MEASURE AND A.S. GWP FOR DNLS

. N3~ N, Ng ~ N and 3 lows
(i) Ni,N2,Ny < N and N5 ~ N
(i) N1, Na, N5 < N and Ny ~ N
(i) Ny, N4y, N5 < N and Ny ~ N
(iv) N2, N4, N5 < N and Ny ~ N
N3 ~ N, Ng ~ N and 2 lows
(i) Ny, Ny < N and Ny, N5 ~ N
(i) N1, Ny < N and Noy N5 ~ N
(i) Ni,N5 < N and Ny, Ny ~ N
(iv) Na,Ny < N and Ny, N5 ~ N
(v) Na,N5 < N and Ny, Ny~ N
(vi) N4y N5 < N and N1, Ny ~ N
N3 ~ N, Ng ~ N and 1 low
(i) N1 < N and N2, Ny, N5 ~ N
(i) Np < N and Ny, Ny, N5 ~ N
(i) Ni< N and Ny, Ny, N ~ N
(iv) Ns; < N and Ny, No, Ny ~ N

N3 NN, N6~Nand Nl,NQ,N4,N5 ~ N

N3 ~ N and Ng < N and 3 lows
(1) Ni,No, Ny < N and N5 ~ N
(ii) Ni,Ng,Ns < N and Ny ~ N

N3 ~ N and Ng < N and 2 lows
(i) Nj,Na < N and Ny, N5 ~ N
(il)  Nj, Ny < N and No, N5 ~ N
(iii)) N1, N5 < N and No, Ny ~ N
(iv) Ng, Ny < N and N1, N5 ~ N
(v) Ng,Ns < N and Ny, Ny~ N

(i) N; < N and No, Ny, N5 ~ N

(i) Nz < N and Ny, Ny, N5 ~ N
(ili) Ny < N and Ny, No, N5 ~ N
(iv)  Ns; < N and Ny, Ny, Ny ~ N

N3 ~ N and Ng < N and Ny, No, Ny, N5 ~ N
Ng ~ N and N3 < N and 3 lows

(i) Na,Nyy N5 < N and Ny ~ N
(ii) Ni,Ns,Ns < N and Ny ~ N

17
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IIIB. Ng¢ ~ N and N3 < N and 2 lows
(i) N4,N5 < N and Nl,Nz ~ N
(i) N1, Ny < N and No, N5 ~ N
(iii) N3, Ns < N and No, Ny ~ N
(iv) Ng, Ny < N and N1, N5 ~ N
(v) Ng,Ns < N and Ny, Ny~ N
IIIC. Ng ~ N and N3 < N and 1 low
(i) N1y < N and No, Ny, N5 ~ N
(i) Nz < N and Ny, Ny, N5 ~ N
(ili) Ny < N and Ny, No, N5 ~ N
(iv) Ny < N and Ny,No, Ny ~ N

IIID. Ng ~ N and N3 < N and Ny, No, Ny, N5 ~ N

IVA. N3 < N, Ng < N and 2 lows
(i) Np;,Ny < N and No, N5 ~ N
(il)  Nj,Ns < N and Ny, Ny ~ N
(iii)) N9, Ny < N and Ny, N5 ~ N
(iv) N2, N5 < N and N1, Ny~ N
IVB. N3 < N,Ng < N and 1 low
(i) N; < N and No, Ny, N5 ~ N
(il) No < N and Ny, Ny, N5 ~ N
(ili)) Ny < N and N1, Ny, N5 ~ N
(iV) N5 < N and Ny, No, Ny ~ N
IVC. N3 < N,Ng < N and Ny, Ny, Ny, N5 ~ N

In what follows we will use the following estimates repeatedly:

Lemma 4.9. Let wy;, be as above. Then

(4.36) lwnllyor3- < A IIwNiIIX?)g_,%_
(4.37) lwnill 310 < HwNiHXs%f,%f

We also have that

(4.38) lwn,llLs, < !!wNi\\X%,%-

If we assume that o; < N7, for any v > 0, then

(4.39) lwn, || < NO*\IwNiIIXg_,%_-

3

Proof. The estimates (4.36) and (4.37) are a consequence of frequency localization and
Holder’s inequality. The estimate (4.39) is a consequence of Sobolev embedding together
with the assumption that o; < N7. O
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Lemma 4.10. Let 0 < < 2, p > 0and § > 0. Let M > 0 and wys be such that
suppwps (-, x) C [=6,6], x € T. Then if we define

—

Jwnr (T,1) = X (|~ My X{ 42| <y War (T, 7)),
we have

(4.40) [ Tswn | xo.r < Cs A(B, M)s M”meMHXo%v

3

where A(M, 3) defined below is bounded by 1+ M5~
Proof. We write

Vswslios = 3 / @i (r )2 (r + n2)2 dr
it T nisars
< M?Pﬂ/< 3 |wAM(T,n)|2> dr
T Nn|~M, [r4n2|<MP
2
3
(4.41) < e [ 3 \@(m)\?’] S(r, M, B)} dr,
T [n|~M,|T+n2|<MPB
where
(4.42) S(r,M,B8):={neZ: |n|~M and |7 +n?| < MP}.

and |S| represents the counting measure of the set.
We will show below that

(4.43) A(M, ) = sup [S(r, M, B)] < 1+ 1P~

Hence (4.41) is less than or equal to

wlr

A(M, )3 M2 / —

> Xgnteary () Xjrsn2j<nroy (7,0) a1 (7, 1) |3] dr

2
dr
3(In|~M)

= Aprphae [

T

‘ {X{IT+TLQISM5}(T’ n)wa (7, ”)}

2
dt
£3(|n|~M)

(s o))+ 7 (@it }nu)

Note that F, 1 < > is still supported on [—d, d] for all n and

~ Ao [

t

72 ({etrsmscan (o} Yo

2

dt.
63(|n|~M)

= aoreiu [4r

t

2 sin(MPt)

(4.44) F (s (o) ) () = 2070 220
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We then continue the chain of inequalities from the expression above with
2

o i Bt — ¢
= AL [ [ st e omt LD gy i
¢l Jr t—t £3(|n|~M)
1 sin(MP(t —t' 2
< a0t [ [ [ a2 Dl | CD ar) a
Let p = 2— and ¢ = 1+, then we compute
. . q 1
sin(MB(t —t)) _ P / sin(MPt) a)’
t—t L r| tMP
NN
s
(4.45) — MPM 4 (/ sin(r) dr)q < MO+,
R T
On the other hand for % = % — %
2 2 2
HX[fJ,é](')H]:n(wM(tv'))(n)HE3(|n|~M)HL§ ISR |’7:n(wM(ta'))(n)Hes(\mNM)‘L3
t
2
< 0 eimen wyr(t, ) (n
< LR T
2
2 itn?
= 07 ||| Fnlwpr(t,-))(n) X
L ll3(|nj~11)
2 itn? ?
S0 |l|e Falwm(t, ) ()| 4
H | 63(|n|~M)

(4.46) = 67 [lwar]® o,
X ’6

3

where we used the Sobolev theorem and the definition of X 3. Finally by Young’s inequality,
(4.45) and (4.46) we have the desired estimate.

It remains to show (4.43). We use an argument similar to [18]. For fixed 7 let S :=
S(7, M, 3) # 0, then there exists ng € S and hence
(4.47)
S| < 1+|{l € Z/| no+1| ~ M, |7+ (no+1)%| < MPY| < 1+|{l € Z/ |I] < M, |2nol+1?| < MP}|.

(4.48)
12n0l 4+ 12| = |(I+no)? —n2| < MP  if and only if —CMP +n2 < (I+ng)? <n2+CMP

Hence we need || < M to satisfy

—\/nd+ CMP < (I+ng) < \/m,
(I+mng) > \/nd—CMP or (I+mng) < —y/n3—CMP5.

In other words we need to know the size of

[—y/nd + CMPB, —\/nd — CMP) U [y/nd — CMB, \/n? + C MO
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which is of the order of %. Hence since |ng| ~ M we have that
(4.49) S| <14 MP!
which implies (4.43) by taking sup,.
O
In what follows we are under the assumption that o; < N Tforall j=1,...,6. Towards

the end of the proof we remove this assumption. We begin by treating all cases with at
least two high frequencies in the non derivative terms. All cases in [IC], [ID] [IE] [IIB] [IIC]
[IID] [IIIB] [IIIC] [IIID] [IVA] [IVB] [IVC] follow from the following lemma applied with
the exponent ¢ appearing below set equal to 0.

Lemma 4.11. Assume there are i,j € {1,2,4,5} such that N; > N'=% for 0 <o < % and

Nj ~ N then (4.35) can be estimated by N-12t% H?:l le'”X;,b.

Proof. By Plancherel we have that (4.35) is less than or equal to
(4.50) Z / / N3N6 WN, WNy WN3 WN, WN5 WNg dz dt.
Nj~N;N;>N1=o; N <N,1<k<6” K /T
Let 0 < 8 < 1 to be determined below. Assume

(4.51) o3 < NY.

By Cauchy-Schwarz’s inequality, grouping the first three functions in (4.50) in L2, and the
last three in L2, and using (2.5) we have that (4.50) is less than or equal to

6
(4.52) 3 N3 No [ ] llww |

NjNN;NiZleo;NkSN 1=1

Xz~

Note now that by (4.51) wy, is equal to Jawp, as defined in Lemma 4.10 above. Then
we have

56+
(4.53) lonsll ey~ < Cs Ng™ llwnsll o3+
3

Hence by (4.36), (4.53) we have that (4.52) is less than or equal to

(4.54)
6
1 1 1 2 1 1 1
—3t a3t araBt a5zt Azt Ar 3t
2 2 2 3 2 2 2
E N3 NeNy * Ny * Nz N3 °N, * Ny * Ng <H HwNing,%)
Nj~N;N; >N1=0; Ny <N i=1 3
3T Akt 142 -
32 5 - 5
(4.55) S ) Ny TETNEENTIE (] lwnill 33— )-
N;j~N;N;>N1=; N, <N i=1 3

From here we apply Holder’s inequality with r = 3,7’ = % to sum in Nj, N;, Nj, (multiply
and divide by NV j*e with a loss of N€ for each term). For example,

(4.56) S Mo lyee = D2 |0} ir + 0D @, (7,m5) 12

N;<N N;<N

e
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Set Yy, (nj) := [[{(n;)*(1T — n2>b W, (T,m5)||12, then the expression in (4.56) equals
— —§E g g
> NNl < v X N ( > 1)
N;<N N;j<N N;<N
1
3
(457 < V(X Mt asal; )

N;EN [njl~N;

~ Nl

Note then that all in all we get at worst a factor of N A Ak ad
Now assume that
(4.58) o3 > NJ.
Then rewrite (4 50) as
1
(4.59) / / N3 N6‘03| U)N1 WNy |O’3’§7w]\[3 WN, WN5 WNg dz dt.

NNNN>N1‘7N<N

We do Hélder by placing |02 N, N, in L2 ,, the product of Wy, with the two largest among

WN,, WN,, WN,, WN, in L2, while the remaining ones in L3%. Then by (4.36) and (4.39),
we bound (4.59) by

x,t

N \

1B 1
-1 24 Rl VU BTN WY )
< > b d (H ol gy )
Nj~N;N;>N1=7; Ny <N X3

1 84 1
N > N3 2T NI H lonll 53~ )-
Nj~N;N;>N1=7; Ny <N i=1 X3
We want that 3 > ¢ to conclude by Hoélder the desired inequality with a decay in N. We
now impose that

whence G = 6 and provided 0 < 0 < 1 the lemma follows. ]

It remains then to treat cases [IA], [IB], [IIA] and [IIIA]. Before starting we note the
following support condition that will be used throughout in what follows.

Support Condition. By (4.27) and (4.28) the triplet (wn,,wn,, Wn;) satisfies n = n; +
ng +ns, [nj| < N, N <|n| <3N and N ~ max(Ni, N2, N3).

Suppose that -say- max(Ny, No) < N? for some 0 < 6 < 1. Without any loss of generality
assume n > 0. Then, we have that N < n < (n1+n2)+n3 < 2N?+ N and hence n = N +k
where 0 < k < 2N?. Next observe that n3 = n — (ny + n2) = N + k — (ny + no) with
|k — (ny + n2)| < 4N?, whence n3 = N + O(N?). In other words, we have that whenever
max (N1, Ny) < N the support of @y, is of size O(N?). Note that we could have just as
well said that the support of UJQN?, is of size O(max(Ny, Np)) in lieu of O(N?).

When we are in this situation we say we have the support condition on wy,. This
argument is symmetric with respect to wpy,,wn, or wy,. The exact same analysis
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holds for (wn,,Wn,,Wn,). By abuse of notation we still write for example, @(ng) for
Wn, (n3)x15(n3), where I3(ns3) is the support of Wy, when the support condition holds.

Remark 4.12. As a consequence of the support condition, estimate (4.36) can be improved.
For example if we have the support condition on wy;, then

[ |

1
xor3- S slellwnall o

3

Case [IITA]. Note that (i) and (ii) are symmetric with respect to j =1 and j = 2. So we
only consider (i). Observe also that a priori there is no help from a large ;. Let 0,0 be
two positive constants to be determined later but such that 1 — o > 4.

Subcase 1: Assume No, Ny, N5 < N'=7, N3 < N% and N; ~ N ~ Ng in (4.35). Then we
have the support condition on wy, and Wy,. Let us denote by >, the sum over the set of
N; < N,1 < j <6 such that Ny, N¢ ~ N, N; < N'77 for j = 2,4,5 and N3 < N%. By
Cauchy—Schwarz (2.5), Lemma 4.9 and Remark 4.12 we then have that (4.35) is less than
or equal to

ZNg,N@ max(Ng,N3)6N1 Ny TN RN,

x max(Ny, N5)& N, it <H |wn, || g,;)
=1 3

1 1 _1 6
S 8w, gty N (T ol 5y )
e
* i=1 3

_ly o 1
since IV, 2+N5 2t max(Vy, N5)% is bounded. On the other hand the latter expression is
worst possible when max(Na, N3) ~ N3; hence if 6 < % we conclude by Hélder as before

with a decay of N-5N39,

Subcase 2: Assume Ny, Ny, N5 < N7 N3 > N® and Ny ~ N ~ Ny in (4.35). We
further subdivide as follows:

Subcase 2a) Assume Ny, Ny, N5 < N°, N3 > N® and Ny ~ N ~ Ng in (4.35). Then from
(4.32) there exists o 2 N9 Denote by 3, the sum over the set of N; <N,1<j5<6
such that Ny, Ng ~ N, N; < N? for j = 2,4,5 and N3 > N°.

e Suppose j = 2,4 or 5; j = 2 or 4 are symmetric. So we treat first j = 2 and then j = 5.
By Plancherel we have that (4.35) is less than or equal to

E //NgNGUQ ’U)N102 wNQwN3wN4wN5wN6d:cdt

< Z NN, : N, : TNOT NOF (H |wn, | 35,%>

=1

1
by Cauchy Schwarz placing wy, Wy, Wy, in L?, o5 WN, in L? and wWN,WnN; in L>. From
(2.5) and Lemma 4.9 we obtain the desired estimate with decay N -3 50 long as § > 0.

If j = 5 we proceed as above with same grouping in L? but exchanging the roles of w,
and wy; for the other L? and one of the L> bounds.
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e Suppose j = 3,6 or 1; j = 3 or 6 are symmetric. So we treat first j = 3 and then j = 1.
Proceeding as above from (4.35) we now have

1 1
_,_l'_ = —
E //N3N60'32 WN, WN,03 WN,WN,WN;WN, drdt

< ZN2+N2+N““N N0+ NN <H wn, H )
=1

1_
by Cauchy Schwarz placing wy, wn, Wy, in L?, 0f Wn; in L? and wy, wn, in L>. We thus

obtain the desired estimate as before with decay N ~% so long as § > 0.

1_
If j = 1 then we group Wy, wN,WN, in L?, of wy, in L? and the other two on L* to
reach the same estimate.

Subcase 2b) Suppose there exists i € {2,4,5} such that N; > N? and N; < N9 for j # 1,
and i, € {2,4,5} while still N3 > N® and Ny ~ N ~ Ng in (4.35).

e Suppose i = 2 first. Then we further split the sum over this set into three sums, 57, S
and S3 according to whether N? < Ny <« N3; Ny~ N3 or Ny > Nj respectively. When
considering the sums over S; or over S3 we have that from (4.32) there exists o; > N1+
and hence the estimates for S; and S3 follow exactly as those in Subcase 2a).

We treat then Sy. Since Ny ~ N3 and Ny < N'79, we also have N3 < N!77: while
Ny, N5 < N°. Thus we have the support condition in wy, and @Wx;. Then from (4.35)
by Cauchy-Schwarz, (2.5), Lemma 4.9 and Remark 4.12, grouping wy, wy,Wn; in L? and
W, WN,WN, and (4.36) we have

2 1 1 1 1
24 R R

(H sl g4 )
)

3~ N3Ng max(Na, N3)s Ny
Sa

w\m

l —
x max(Ng, N5)s N,

1 —24
< ZN63+max(N2,N3 A (H |lwn, H

Sa

since N, 2 N 2 max(Ny, N5)é is bounded and Ny ~ N3. Summing as usual, we get the
desired estimate with decay N —5t regardless of o > 0.

e Suppose i = 4. Again, we further split the sum over this set into three sums, Sy, So
and S5 according now to whether N? < Ny < N3; Ny~ N3 or Ng>> Nj respectively. For
the sums over S; or over S3, from (4. 32) we have a o; > N'*° and hence the estimates for
S1 and S3 follow exactly as those in Subcase 2a).
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We treat then Sy. Since Ny ~ N3, N3 < N'7% while Ny, N5 < N so once again we

have a support condition in wy, and wy,. Proceeding as before we have

>~ N3Ng max(Na, N3)s N,
Sa

2 1 1 1 1
N R Uit SN BRI S

A

6
3+ _4
3 2+
SN NN (T ol gy ).
Sa =1

Since Ny ~ N3 and N3 < N'~% summing as before we have the desired estimate with decay
N73 so long as o > 0.

e Suppose i = 5. We now split the sum over this set into three sums, S1, 59 and S3
according to whether N < N5 <« N3; N5 ~ N3 or N5 > N respectively. Again for the
sums over Sp or over Sz, from (4.32) we have a 0; 2 N't9 and hence the estimates for S;
and Ss follow exactly as those in Subcase 2a).

We treat then S3. Since N5 ~ N3, N3 < N'=7 while Ny, Ny < N?: we have a support
condition in wy, and wy,. Proceeding as before we have

_2
3" N3Ngmax(Nz, N3)s Ny *' N,

So

6
Loo—24
x max(Ny, N5)© Ny ° <|| Jwa, | %—é—)
i=1 X3

6

1 1 1 1 1 1,1

s+ st arE a2 — 5t A5 T Ar— 5T+

2 3 6 + 2 2 276

< D NJTN§TN§NTETN, PN ETN, <|| ||wNiHX§’%>
So i=1 3

N

A 6

S N (T howd )
XB ’2

Sa =1 3

which summing over So gives the desired estimate with the same N~3 decay as in the
previous case so long as o > 0.

Subcase 2c) Suppose that there exist at least i, j € {2,4,5} (i # j) such that N;, N; > N°
while N3 > N% and N; ~ N ~ Nj in (4.35). Note that Ny, N5 < N'~9 which ensures a
support condition on Wy
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e Suppose (i,7) = (4,5). Proceeding as above and using similar arguments we have

_1
S N3 Ns N, Ny 2N TN TN 2 max(NVy, Ns)S NG 0 <H lonl 53 )
* i=1 3

1 1 _1 _1 6
Z N32+N63+ N_%"F N4 2+N5 2+maX(N4,N5)(1S<H |wNZ||X§_’%_>
* i=1 3

from where using that Ny, N5 > N° and N3 > N? we get the desired bound with decay
N3—6% 5o long as § > %

e Suppose (7,j) = (2,5). Once again proceeding as before and using similar arguments
we have

1

_1 _1 _1
S N3 NeN; PN, NG TN TN * max(Ny, Ns) GNG (H lwn, | §%>
% 3

6
T sl g )
(,L:]_ 5 X33 2

1y 1
using that No > N? and that N, +N 2t max(Ny, N5)é is worse possible When N4 < Nj

but N5 > N? Hence we once again obtain the desired estimate with decay N3—89 50 long
as & >

@\Ow

< ZNQ NI N NENSt

e Suppose (i,7) = (2,4). This is exactly as in the previous case by exchanging the roles
of 4 and 5.

Subcase 3: Assume there exists at least one i € {2,4,5} such that N; > N!=9

~

N2, N4y N5 < N while N3 < N and N; ~ N ~ Ng in (4.35). This case follows from
Lemma 4.11 with 0 < 0 < % as in its statement.

All in all, for Case [IITA] we need 2 < ¢ < § and 0 < o < ¢

Remark 4.13. In the proof of the remaining cases, in order to keep the notation lighter,
we will ignore the +e appearing in the exponent of the N;’s in (4.36). For example we
simply write N; ~3 instead of IV, 2+

Case [IA]. Assume N3 ~ N ~ Ng while Nj, Na, Ny, N5 < N in (4.35) and denote as
before by Y, the sum over this set. Observe that from (4.29)-(4.33) there exists o; > N2.

Subcase 1: Assume in addition Ni, No < N° for some § > 0. We then have the support
condition on wWy;.
e Suppose j = 3 or 6; say j = 3 (j = 6 is similar). Then we rewrite (4.35) as follows:

1

1
2 _—3t P
g /R/TN 03 % WN, WN,03 WN;WN,WN; WN, dxdt
*

1

Ny (H fox.l )

—2
3

3 NANTINDFNST max(Ny, N2)s Ny N,

[N
m\»—A

N5
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1_
by placing o wn, in L2,, wN,WN,WN, in L2, wy,wy, in LY and using the support
condition on wy,. By Holder’s inequality, summing as above, we get the desired estimate
with decay N$7% so long as § < 1.

e Suppose j = 1,2,4 or 5. By symmetry (relative to conjugates) j = 1,2,4 are similar;
so suppose j = 1. We rewrite (4.35) as

1 1
_7+ =
g //N2012 WN,0{ WN, WN,WN,WN; WN, dxdt
RJT
*

< 2 =1 N3 O+ FRE S S| 6
i i=1 3

1_
by placing o wy, in L2,, WxN,wN,WN, in L2,, wn,Wy, in LY and using the support

condition on wy,. Once again, by Holder’s inequality, summing as before we get the
1

desired estimate with decay N 675 s0 long as § < 1.

Ifj=5

1y 1
Z//NQ% > WN, WN,WN,WN, 02 WN;WN, dxdt
— JRJT
2 nr—1 A0+ \TO+ T T S
N Z NZN™ Ny Ny max(Ny, N2)6 Ny * Ny * Ny ? Ny 2 (H ‘wN¢||X§»%>
* i=1 3
1
by placing o2 W, in L2,, Wn,wn,WN, in L2, wy,wy, in LYY and using the support
condition on wy,. Once again, Holder’s inequality, summing as before we get the desired
[
estimate with decay N3 s0 long as 0 < ¢ < 1.
Subcase 2: Assume either N7 or No > N9, Suppose N; > N?; otherwise exchange the

roles of wy, and wy, below. We no longer rely on the support condition but on the lower
bound on N7 as follows.

e Suppose j = 3 or 6; say j = 3 (j = 6 is similar). Then proceeding as before we rewrite
(4.35) as

1 1
_7+ =
E //N20'32 WN; WN,O3 WN;WN,WN;WNg dxdt
— JRJT
2 =1 A7 3 N0+ N T3 AP0+ AT S AT D -
- 2 2 2 2
< ) NENTINGENGTNG NPT, 2N, H”“’Ni”x%‘*%‘

* i=1 3

1
by placing 0 wWn, in L2,, wn, WN,WN, in L2;, wy,wy, in LY . By Hélder’s inequality,
summing as above, we get the desired estimate with decay NV ~3 so long as § > 0.
e Suppose j =1 or 2; say j =1 (j = 2 is similar). We now write

1 1
_7+ = —
g //N2012 WN, 07  WN, WN; WN,WN; WN, dxdt
RJT
*

1 1 1 _1 6
< N?N7'N, 2N, 2Ny > N{TNIT N, 2 lwn, || 2_1_
XS 2
* i=1 3
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1_
by placing 07 wpy, in L2,, wn,WN;WN, in L2, wy, W, in L . Once again, by Holder’s
)
inequality and summing as above, we get the desired estimate with decay N~ 2 so long as
6> 0.

e Suppose j = 4 then proceed as above but place 04%_101\14 in L2,, wyn, WN;WN, in L2,
and wy,WN; in L.
1
e Suppose j = 5 then once again we proceed as above but now place 02 Wy, in L2,
wN, WN;WN, in L2, and wy,wy, in LS9,

Remark 4.14. Matching Subcases 1 and 2 above means —g = % — % which requires § = i

and yields a decay of N -5+,

Case [IIA]. Part (i) will follow similarly to Case [IA] while part (ii) to Case [IIIA].

Part (i) We are under the assumptions N3 ~ N ~ Ny while Ny, No, Ny, Ng¢ < N. It
follows from (4.33), there exists o; > N2. We proceed exactly as in [IA] exchanging in each
instance the roles of wy, and wx;

Part (ii) We are under the assumptions N3 ~ N ~ N4 while Ny, Ny, N5, Ng < N. We
have a priorino help from a large o; at our disposal. We proceed then as in [IIIA] above with
the roles of (N3; Wy, ) switched with that of (Ng; Wx,) and (N1; wy, ) with (Ng; wy,). Hence
for 0,0 > 0 -to be determined- in Subcase 1 we are under the assumption Ny, No, N5 <
N'=? Ng < N and N3 ~ N ~ N;. While in Subcase 2 we assume N, No, N5 < N1
while Ng > N° and N3 ~ N ~ Ny, and further subdivide just as before into Subcase 2a):
N1, Na, N5 < N° while Ng > N° which implies from (4.31) the existence of a o; > N'*9;
Subcase 2b): there exists i € {1,2,5} such that N; > N° and N; < N? for j # i and
i,j € {1,2,5} while still Ng¢ > N° and N3 ~ N ~ Ny in (4.35) and Subcase 2c): that
there exist at least 4,5 € {1,2,5} (i # j) such that N;, N; > N° while Ny > N° and
N3 ~ N ~ Ny in (4.35). Note that N1, Na < N'=9 which ensures a support condition
on wWy,. Subcase 3: Assume there exists at least one i € {1,2,5} such that N; > N!=¢
Ny, N1, N5 < N while Ng < N and N3 ~ N ~ Ny in (4.35). This case follows from Lemma
411 with 0 < o < % as in its statement.

Proceeding then just as in [IITA] we conclude the desired estimate with the same decay
in N as in [IIIA] as long as % <d<iand0<o< % as before.

Case [IB]. We first note that parts (ii), (iii) and (iv) are all symmetric relative to conju-
gation; so we only consider (i) and (ii).

Part (i) We are under the assumptions N3 ~ N5 ~ Ng ~ N while N1, No, Ny < N. It
follows from (4.33), there exists o; > N2.

e Suppose j = 1,2 or 4. By symmetry is enough to consider j = 1 and j = 4. To obtain
decay we need to use the support condition. This we further subdivide into two cases.

Subcase 1: Assume in addition Nj, Ny < N° for some § > 0. We then have the support
condition on wy,. For j =1 we have:
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2
Z//N 012 WN, 07 WN,WN; WN, WN; WN, dedt
6
2N -1 NI N2 N3 S O O+ N2
> NANTIN; 2N, 2Ny SNs NNt N, HHwNiHX%,,%,
* i=1 3

1
by placing o wy, in L2, wn,WN,wN, in L2, wy,Wx, in L. By Hélder’s inequality,
[
summing as above, we get the desired estimate with decay NV —5+% so long as 0 < 6 < 1.
1

For j = 4, we place o wy, in L2,, wn,WN, W, in L2, and wy,Wy; in L and proceed
similarly.

Subcase 2: Assume either Ny or No > N°. By symmetry suppose Ni > N?; otherwise

exchange the roles of wy, and wy, below. We use then the lower bound on N as follows.
For 5 = 1:

Z://NQU1 2T wn, 08 WN, N WN,WN;WN, drdt
AP SR S SPANTSI gp
< D NANTIND TN, PNy P NJENOTNG (H H'UJNiHXgé>
* L= 3

1_
by placing o wpy, in L2,, wnN,WN,WN, in L2,, wy,Wn; in L. Hence, by Hélder’s

inequality and summing as usual we get the desired estimate with decay N ~3 50 long as
6> 0.

1_
For j = 4, we place 0 wy, in L2,, wn,WN;WN, in L2, and wy, W, in LSZ and proceed
similarly.

Remark 4.15. Note that once again, matching Subcases 1 and 2 above means —g =

ol
=

which requires § = i and yields a decay of N™87

e Suppose j = 3,6 or 5. By symmetry relative to conjugation it’s enough to consider
-say- j = 3. We have

2
g //N 05?2 lewN203 - WN, WN,WNWN, drdt

1

Ny} (H foxil g4 )

by placing 02 Wy, in L%, wn, 0N, 0N, in L2, wy,wy, in LS. Hence, by Holder’s

_1 1
S Y NANTINPTNTNG AN AN

NM—A

inequality, summing as usual we get the desired estimate with decay N~ 2"

Part (ii) We are under the assumptions N3 ~ Ny ~ Ng ~ N while N1, Ny, Ny < N. It
follows from (4.31), there exists o; > N2.
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e Suppose j = 1,2 or 5. Suppose j = 1 then

1 1
5 2 —3t 3-
//N o, % 0f WN,WN, WN;WN,WN; WN, dadt
RJT
*

6
T sl g )
<Z‘1 4 X33 2
1

by placing o wy, in L2,, wn,WN,WN, in L2,, wy,Wn; in L. Hence, by Hélder’s

N

_1 1 1 —
< > N’NTINy PNJTNg PN, 2NJTNg

inequality and summing as usual we get the desired estimate with decay N -3+,
If j = 2,5 we proceed similarly; keeping wy, WN; W, in L2, and exchanging the roles of
either wy, or Wy, with that of wy, above.

e Suppose j = 3,6 or 4. Suppose j = 3 then

1 1
2 _—5+ 5=
E /R/TN o3 % WN,WN, OF WN,;WN,WN;WNg dxdt
*

6
1 1 1 1
2A7—1 A0+ T3 T2 A2 O+ T2
< S e g g (T el s )
* i=1 3
1
by placing o7 wn, in L2,, wn,wN, 0N, in L2, wn,Wx; in LS. Hence, by Hélder’s and
1
summing as usual we get the desired estimate with decay N~ 27.

If j = 6 we proceed similarly exchanging the roles of Wy, and wy, above.
1

If j = 4 we place 0 wy, in L2, and group wy,WN,wWx, in L2, to derive the same
conclusion.

We now remove the assumption we made at the beginning of the proof. Suppose that
there is at least a o; > N7. It follows from (4.31) and (4.32) that there are two indices
1 <y # iy < 6 such that oy,,04, = N7. Then, by (2.6) and (4.37), we have

~

o= > ) /(/ > |@|I@||n3||@\dﬁdﬁ>x
6’7’ T

N<|n|<8N Ni<N;i=l1,... =T1+72473 n=ni+ns+ns

(4.60) ( / S awml o] Inel [ dudﬁ,) ar.

T=TAFTEHT6 —n=ng+ns+ne

DY > Mmool lwn, oo s,

N<|n|<3N N;<N;i=1,..6

_1

Y > Nl g g-lowg leg-g- T leosllgo e

N<|n|<3N N;<N;i=1,...6 iy ,io

) 6
SN T sl 5
X3 ’2
=1 ’

To treat the remaining terms in (4.18) we first note that these are either higher order
with no derivatives or same order as the first but with only one derivative term. We again
start by assuming that o; SNV 9 for all j. Under this assumption their estimate follow from
the following lemma.



INVARIANT WEIGHTED WIENER MEASURE AND A.S. GWP FOR DNLS 31

Lemma 4.16 (Remaining Terms). There exists 3 > 0 such that following estimates hold:

wey Yy /(/ >l ew)

N<|n|<3N N;<Nji=l1,. =T1+72+73 n—=ni+no+ns

6
(f >l el )| 1) dr < 8T sl 5y

T=T4+T5+7T6 _n=ny+ns+ng i=1

we) Yy /(/ P | [T o 1)
1172

N<|n|<3N N;<Nj;i=1,. 5

i=1 "4

8

(/ >l )| 1) dr < 8T sl 3y
—T=Te+T7+78

—n=ng+n7+ng =1
where the multiplier m satisfies: |m(§)| < ().
Proof. Here we will only prove (4.62) since (4.61) is similar but simpler. Without loss of

generality we can assume that Ny ~ N ~ Ng. Fix any 0 < ¢ < 1 and consider the following
cases.

Case 1: Assume that N; < N7, i # 1,8. Then we have the support condition on wy,
and wy,. By Plancherel (4.62) is less than or equal to

(4.63) Z / / Ng WN; WNy WN3 WN, WNs WNgWN; WNg dx dt
N1, Ns~N;N;<Nei#1,8 7 R
N > Nllwn, wn, Wi | 2 1w, Wl zzs, 1wz oz,
N1, Ns~N;N; <N iA18
_2 1 1 2
< 3 NN, 3 max(Ny, N, Ny, N5)s NO* NOT N, 2N, 2N, 3

Nl,Nng‘N'<NU 7,751 8

8
« max(Ng, Ny) é(H ol gy ) <858 (T ol g0 )
i=1 3

Case 2: Assume there exists k # 1,8 such that Ny > N?. Without loss of generality
-say- k = 4. Then we bound (4.63) as follows:

> Nllwn, wny Wi | 2 1w, O]l Lz, 1wz ong |z,
N1,Ng~N;Ns4>N° N;<N;i#1,4,8
1 1 1 1 1 1 8
< AT 2nA 2 ANO+FATO+FATT 2 AT 2 2
~ Z NNy #*Ng *Ny Ny " N5 Ng * Ny * Ny HHwNing-
N1,Ng~N;Ny>N° N;<N;i#1,4,8 i 3
8
_g
< N 2+<H Hwing,%)
=1 3

O

We now remove the assumption we made before the lemma above. Suppose that there
is at least a 0; > NY The term with six factors follows just in (4.60). To estimate
the term with eight factors we first observe that as before there are at least two indices
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1 <4y # iy < 8 such that 0,05 2 N 9. Next we use Holder inequality to bound the left
hand side of (4.62) by

8
4.64) Y oo N sl S0 > NH lowel g8+
N<|n|<3N N;<N;i=1,..8 i=1 N<|n|<3N N;<N;i=1,...8

by (4.38). Using 0;,,0;, > N? we conclude that

(464) < > > N 5+ |wni, | 24+%_H o |l M- I lww, ||X% 34

2
N<|n|<3N N,;<N;i=1,...8 i1 2 3

8
NTET el 5oy
=1 X3

Wto

N

5. CONSTRUCTION OF WEIGHTED WIENER MEASURES

In this section we construct weighted Wiener measures and associated probability spaces
on which we establish well-posedness. To construct these measures we make use of the
conserved quantities £(v) (given in (2.16)) and the L?>-norm. As a motivation we recall a
well known fact in finite dimensional spaces. Suppose we have a well-posed ODE vy, = F(y),
where F' is a divergence-free vector field. Assume G(y) is a constant of motion such that
for reasonable f, f(G(y)) € L'(dy). Then by Liouville’s Theorem, du(y) = Z~1 f(G(y))dy
is, for suitable normalization constant Z, an invariant probability measure for flow map for
the ODE.

To construct the measures on infinite dimensional spaces we will consider conserved
quantities of the form exp(—gé’ (v)). But there is a priori little hope of constructing a finite
measure using this quantity since (a) the nonlinear part of £(v) is not bounded below and
(b) the linear part is only non-negative but not positive definite. To resolve this we use the
conservation of L?-norm and consider instead the conserved quantity

_B _B v v
(5.1) Xl pepye” 2N e [ D

where A (v) is the nonlinear part of the energy, i.e.

(5.2) N@) = —;Im/v%vmdx—l(/ |v|2dx> (/ |v|4dx> +
(/ |v|2dx> <Im/vvxd:n> - 2</ \v|2da:> .

and B is a (suitably small) constant.
By analogy with the finite dimensional case we would like to construct the measure (with

v(z) = u(x) +iw(x))

(53) « dﬂﬁ — Z—IX{”U”L2SB}B—gN(’U)e—gf(‘q)‘2+|vg;‘2)dx H du(x)dw(a:) 9
z€T

This is a purely formal, although suggestive, expression since it is impossible to define
the Lebesgue measure on an infinite-dimensional space as a countably additive measure.
Moreover, it will turn out that [ |u|? = oo, u almost surely.

One uses instead a Gaussian measure as reference measure and the measure p is con-
structed in two steps. First one constructs a Gaussian measure p as the limit of the
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finite-dimensional measures on R*V*2 given by

(5.4) dpn = Zoj}vexp(—g > @+ [nf?) [l ) 11 dandbn

In|<N In|<N

where v, = a, + ib,. The construction of such Gaussian measures is a classical subject,
see e.g. Gross [20] and Kuo [29]. For our purpose we will need to realize this measure as a
measure supported on a suitable Banach space. Once this measure p has been constructed
one constructs the measure p as a measure which is absolutely continuous with respect to
p and whose Radon-Nikodym derivative is

dp ~_ _8

o = £ Xz sy .

For this measure to be normalizable it turns out that one needs B to be sufficiently
small. Also the constant (3 in the measure does not play any role in the analysis ( although
the cutoff B depends on (3) and thus in the sequel we will set § = 1. But note that the
measures for different [ are all invariant and they are all mutually singular [20, 29].

First let us recall some facts on Gaussian measures in Hilbert spaces and Banach spaces.
For details see Zhidkov [48], Gross [20] and Kuo [29]. Let n € N and 7 be a symmetric
positive n X n matrix with real entries. The Borel measure p in R" given by

1 1,71
dp(z) T doi(T) exp (— 5(7 'z, 2)rn) dx
is called a (nondegenerate centered) Gaussian measure in R"™. Note that p(R") = 1.

Now, we consider the analogous definition of the infinite dimensional (centered) Gaussian
measures. Let H be a real separable Hilbert space and 7 : H — H be a linear positive self-
adjoint operator (generally unbounded) with eigenvalues {\,},en and the corresponding
eigenvectors {ey, }nen forming an orthonormal basis of H. We call a set M C H cylindrical
if there exists an integer n > 1 and a Borel set F C R™ such that

(5.5) M={zeH: ((z,ei)n, - ,(z,en)n) € F}.

Given the operator 7, we denote by A the set of all cylindrical subsets of H and one
can easily verify that A is a field. The centered Gaussian measure in H with correlation
operator 7 is defined as the additive (but not countably additive in general) measure p
defined on the field A via

n T 1
(5.6) p(M) = (2 2H)\»2/e EPMERY 7d1:1 -dxy, for M € A asin (5.5).
e F

The following proposition tells us when this Gaussian measure p is countably additive.

Proposition 5.1. The Gaussian measure p defined in (5.6) is countably additive on the
field A if and only if T is an operator of trace class, i.e., Y o A < 00. If the latter holds,
then the minimal o-field M containing the field A of all cylindrical sets is the Borel o-field
on H.

Consider a sequence of the finite dimensional Gaussian measures {p;, }»en as follows. For
fixed n € N, let M,, be the set of all cylindrical sets in H of the form (5.5) with this fixed
n and arbitrary Borel sets F' C R". Clearly, M, is a o-field, and setting

L

Jj=1
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for M € M,, we obtain a countably additive measure p, defined on M,,. Then, one
can extend the measure p, onto the whole Borel o-field M of H by setting p,(A) :=
pn(ANspan{ey,--- ,e,}) for A € M.% Then, we have

Proposition 5.2. Let p in (5.6) be countably additive. Then, {pytnen constructed above
converges weakly to p as n — oo.

For our problem then we consider the Gaussian measure p which is the weak limit of the
finite dimensional Gaussian measures

. 1 _
(5.7) don = Z; exp(— 5>+ |n]2)]vn|2> I dandb,.
[nl<N In <N

Let Jg := (1 — A)*7!, then we have

YA+ ) o = (v, 0)m = (I v, 0)m,

n

The operator J, : Hy — H, has the set of eigenvalues {(1 + |n|?)*"D},cz and the corre-
sponding eigenvectors {(1 + |n|?)~%/2¢"*}, <z form an orthonormal basis of H®. Since J,
is of trace class if and only if s < %, by Proposition 5.1, p is a countably additive measure
on H? for any s < 1/2 (but not for s > 1/2.)

Unfortunately, (2.8) is locally well-posed in H*(T) only for s > 5 [26]. Instead, we
propose to work in the Fourier-Lebesgue space FL*"(T) defined in (2.2) in view of the
local well-posedness result by Griinrock-Herr [22]. Since FL*" is not a Hilbert space, we
need to construct p as a measure supported on a Banach space.

=

N

5.1. General Banach space setting. Let us recall the basic theory of abstract Wiener
spaces [29]. Given a real separable Hilbert space H with norm || - ||, let F denote the
set of finite dimensional orthogonal projections P of H. Then, define a cylinder set F by
E ={zx € H:Px € F} where P € F and F is a Borel subset of PH, and let R denote
the collection of such cylinder sets. Note that R is a field but not a o-field. The Gaussian
measure p on H is defined by

2
_ =l

p(E):(ZW)_g/ e 2 dx

F

for £ € R, where n = dimPH and dx is the Lebesgue measure on PH. It is known that p
is finitely additive but not countably additive in R.

Definition 5.3 (Gross [20]). A seminorm ||| - ||| in H is called measurable if for every
e > 0, there exists P. € F such that

p(|I[Pz]]| > &) <e
for P € F orthogonal to P..

Any measurable seminorm is weaker than the norm of H, and H is not complete with
respect to ||| - ||| unless H is finite dimensional. Let B be the completion of H with respect
to ||| - ||| and denote by i the inclusion map of H into B. The triple (i, H, B) is called an
abstract Wiener space.

6Note a slight abuse of notation. We use p, to denote a Gaussian measure on spanf{ei,--- ,en} as well
as its extension on H. A similar comment applies in the following.
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Now, regarding y € B* as an element of H* = H by restriction, we embed B* in H.
Define the extension of p onto B (which we still denote by p) as follows. For a Borel set
F C R, set

pz e B:((z, 1), (x,yn)) € F}) i= p({z € H: ({z,y1)m, -+ 5 (@, yn) 1) € F}),

where y;’s are in B* and (-, -) denote the natural pairing between B and B*. Let Rp denote
the collection of cylinder sets {z € B: ((x,y1), -+, (z,yn)) € F} in B.

Proposition 5.4 (Gross [20]). p is countably additive in the o-field generated by Rp.

5.2. Back to our setting. In the present context, we will let H = H'(T) and B =
FL5"(T) with 2 <r < oo and (s — 1)r < —1. First we prove the following result.

Proposition 5.5. Let 2 < r < co and assume (s —1)r < —1. Then the seminorm || - || Frs
is measurable. Moreover, we have the following exponential tail estimate: there exists C' > 0
and ¢ > 0 (which both depends on (s,r)) such that, for K > 0,

(5.8) p(|vl|lFLer > K) < Ce K>,

This shows that (i, H,B) = (i, H', FL*") (2 < r < o0) is an abstract Wiener space
if (s —1)r < —1 and thus the Wiener measure p can be realized as a countably additive
measure supported on FL®" for (s — 1)r < —1. This is hardly surprising since this is
equivalent to o = s + % — % < % and FL*" scale as H?.

The second part of Proposition 5.5 is a consequence of Fernique’s theorem [19] (c.f.
Theorem 3.1 of Chapter III in [29]).

Remark 5.6. Proposition 5.5 was essentially proved in [35] in the context of white noise

for the KdV equation. We include here a proof in our DNLS context for completeness’.

It is useful to note that the measure py given in (5.7) can be regarded as the induced
probability measure on C?N*1 = R4N+2 ypder the map

(5.9) W {‘%2} ,

V1) n<n
where g,(w), |n| < N, are independent standard complex Gaussian random variables on
a probability space (Q,F,P) (i.e. v, = —2£2—). In a similar manner, we can view p

\/ 1+|n|?
as the induced probability measure under the map w — {\/ﬁ}"ez’ where g, (w) are

independent standard complex Gaussian random variables.
For the proof of Proposition, 5.5 we first recall the following result.

Lemma 5.7 (Lemma 4.7 [36]). Let {g,} be a sequence of independent standard complex-

valued Gaussian random variables. Then, for M dyadic and § < %, we have
2
Maxj,|~
R o Ll |g”,l
M—o0 2 inj~nt |9nl

Proof of Proposition 5.5. Let 2 < r < oo and (s — 1)r < —1. In view of Definition 5.3, it
suffices to show that for given € > 0, there exists a large My such that

=0 a.s.

(5.10) p(||Pag, vl Frer > €) <,

"Proposition 5.5 also holds for 7 < 2 and (s — 1)r < —1, albeit with a different proof (see [1] for details).
For our purposes 2 < r < oo suffices and so we restrict ourselves to that case.
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where Pj\jois the projection onto the frequencies |n| > My. Note that if P is a finite
dimensional projection such that P L Py, then ||Pv||rrsr < HPﬁovaLs,r.

In view of (5.9), we assume that v is of the form

n inT
(5.11) )= —— e,
— /14 |n|?

where {gn} is as in (5.9).

Let 6 < 3 L to be chosen later. Then, by Lemma 5.7 and Egoroff’s theorem, there exists

aset I/ such that p(E°) < 25 and the convergence in Lemma 5.7 is uniform on E, i.e. we
can choose dyadic My large enough such that

[{gn (@)} nj~nll e
{gn (@) }nj~arllzz
for all w € F and dyadic M > Mj. In the following, we will work only on E and drop ‘NE’
for notational simplicity. However, it should be understood that all the events are under
the intersection with E so that (5.12) holds. ‘

Let {o;j};>1 be a sequence of positive numbers such that ) o; =1, and let M; = M2
dyadic. Note that o; = C27% = CM@MJ-_)‘ for some small A > 0 (to be determined later.)
Then, from (5.11), we have

(5.12) <M,

(5.13) p(I1Pazy0(@)llFzer > €) <> p(I{(m) ™ g (@)Y mjmns, Iy, > 0€).-
By interpolation and (5.12), we have

2 r=2
L) gnmpens, Lz, ~ M5 g0 npons, Iy, < Mjs_lH{gnhn\NMjHi%”{gnhn\NMj”L;’f
r—2

||{gn}n|~M]-||L%°>r s—1-57=2

< M; ||{9 Hnfong; | 22 -
{9n Y pnjor; 1 22 j nJind

< M;1||{gn}|n~M||L%<

Thus, if we have [[{(n)*'gn}jnjons, |2r, > 0je, then we have [[{gn}jnj~ns, 22 2 Rj where
Rj = 0jeM;* with o := —3—1—1—1—5%. With » = 2 4 0, we have a = W > % by
taking ¢ sufficiently close to % since —(s—1)r > 1. Then, by taking A > 0 sufficiently small,

1
Rj = o;eM;* = C’sM&‘Mf“)‘ pe CsM&‘Mj2+. By a direct computation in polar coordinates,
we have

p(”{gn}‘n‘NM] ||L% z R]) ~ / e g‘gn‘Q H dg / e %3282#{|H|NMj}*1dS.
Note that, in the inequality, we have dropped the implicit constant o (S 23 { ||~ M. '}_1) a sur-
face measure of the 2#{|n| ~ M;} — 1 dimensional unit sphere, since ¢(S™) = 277 / INCODS
1. By the change of variable t = M 25 we have s2#{n~M;}=2 < 4M; MQM”

t*M; | Since
t> Mj ZRj = CeMé\M;-H, we have Mj e2MyIn My o ogMit* and ¢4M; < o5 Mit? for My

2#{|n|~Mj} =2 o M;t?

sufficiently large. Thus, we have s =1 for s > R;. Hence, we have

o0
(5.14) p(I{gn} s,z 2 Rj) < C/ e i sds < e °fF = ¢~CPMGPM; T,
R.
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From (5.13) and (5.14), we have

o
Ny
P(HPJ\L@UHfLSJ‘ >e) < Ze—cc2M3+2 Hte 1.
j=1
by choosing M) sufficiently large as long as (s — 1)r < —1. Hence, the seminorm || - || £ps.r
is measurable for (s — 1)r < —1.

The tail estimate (5.8) is a direct consequence of Fernique’s theorem [29, Theorem 3.1].
O

To construct the weighted Wiener measure p let us define
_1
(5.15) R(’U) = X{”U”LQSB}e 2N(U), RN(U) = R(UN)

where N (v) is the nonlinear part of the energy defined in (5.2) and at this stage and for
the remainder of this section v" = Py (v) for some generic function v. In the next section
v will denote the solution to the (FGDNLS) (3.1) as in Section 3. We write

(5.16) Ny @) :=N@N) = Fy() + Gy(v) + Kn(v),
where
(5.17)  Fn(v) = —;Im/(vN)%Nvéde,

T

(518) Gn(v) = —417T</T|UN|2dx> (/TyvNy‘*dx),
(5.19) Kn(v) = i(/T|vN|2dx> (Im/TUN(UJwV)dx) + 471rz</T yv“dg;>3.

We will construct the measure

(5.20) dp=Z'R(v)dp,
for sufficiently small B, as the weak limit of the finite dimensional weighted Wiener measures
pun on R¥W*2 given by
duy = Zy'Ry(v)dpy
(5.21) = 2y aeme = dpy

for suitable normalization Zy.

Lemma 5.8. (a) The sequence F converges in L?(dp) to
1
F(v) = —Im/ v* T, d.
2 Jr

Moreover, for a < %, there exist C,0 > 0 such that for all M > N > 1 and X\ > 0, we have

1
(5.22) p(|Far(v) — Ex(v)] > A) < Ce™ VA2
(b) Let p € [2,00). Then, there exist o, C such that for all M > N > 1 and XA > 0, we have
(5.23) (| Pl oy > A) < Cem
(5.24) (| Parv — Pyol| oy > A) < Ce™ NN
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Proof. Part (a) was proved by Thomann and Tzvetkov in [42] Proposition 3.1. using Propo-
sition 5.10 below. Note that their proof only uses the fact that v is in the support of the
measure and is independent of the function space v is in.

To prove part (b) we first note that for any 2 < p < oo, and N < M,

(5.25) 1Pnollery < ClUPNYI L 2 s,

(5.26) 1Pxe = Paollorry - < OxzllParvll 2y 3o

1
where @« = ——. Then use (5.25) and (5.26) in conjunction with (5.8) to conclude the proof.
p
]
Lemma 5.9. Ky (v) is Cauchy in measure; i.e. for every vy >0 and N < M

yhmpl(| K (v) = Kx(v)] > 27) =0,

and hence Ky converges in measure to

K(v) = jr(/T |v|2dx> (Im/wa> + 471r2</T|v|2dx>3.

Before the proof we need the following Proposition 5.10 (see Thomann and Tzevtkov [42]
for a proof) and Lemma 5.11 which we prove below.

Proposition 5.10. Let d > 1 and c(n1,...,nx) € C. Let {gn}1<n<d € Nc(0,1) be complex
L? normalized independent Gaussians. For k > 1 denote by A(k,d) := {(ni1,...,ng) €
{1,...,d}*, ny <--- <ny} and

(5.27) Sp(w) = > c(nn,..., 1) gn, (@) - . gn, ().

A(k,d)
Then for alld > 1 and p > 2
k
1Skllr@) < VE+1(p — 1) 2([Skl 2 (0)-
Let Xn(v) = [poNol.

Lemma 5.11. For any N < M and € > 0 we have
(5.28) Xn)] < N*["]%

L3
1
(5.29) [Xar(v) = Xn(@)lle & —=-
2
1
(5.30)  Moreover, | Xn(v) = Xn)|lre S clg—1)— for any q > 2.
N2

Proof. To prove (5.28) we use Plancherel and Hoélder inequality to obtain

Xx@)| < 3 Il ()

In|<N

Wl
[N

IN

_ 2_¢”N N
Do ) DD (e N ) | < NN

In|<N In|<N

L%—E,3 :
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To prove (5.29) we start by recalling that v™(w,z) := D in<N 9?7(131)62'711' Then by
Plancherel

w)|? ()2
Xn(v) = —i Z n\g727(1>2) and  Xj(v) — Xny(v) = —i Z n|g (w)] 7
<N N<|n|l<M

and

2 2
w w
G31) X - Xx@)P = S @l OF v v,

2012
N<|na|,|na|<M <n1> <n2>
where
(Ign, (W)]* = 1) (|gns (w)[* — 1)
(5:32) YJ%CM = Z nin2 272
N<nallm|<M (n1)%(n2)
(Igny (@) = 1) 4 (|gny (W)[> — 1)
(5:33) Yiu = Z e 20 \2
N<|nal,|n1|<M (n1)%(n2)
ning
Yiu = Y. T
Nefnatiat<n 1107 (12)
By symmetry Yj‘\g/, o = 0. We now observe that
(5.34) 1 Xar(v) = Xn ()72 S 1Y a7z + 1Y sl 2

We now proceed as in [42], denote by G, (w) := |gn(w)|? — 1 and note that by the indepen-
dence of g, (w) (c.f. (5.9)),

(5.35) E[Gn(w)Gm(w)] =0 for n # m.
Since
Gn, G, Gp.G
Yl 2: N1TMoNamN, nip-ng~nzny
Yl 2 N ICR TN e

N<na|,|nal,Ina|,|na| <M

We compute IE[|YA1,’M]2] and by (5.35) the only contributions come from (n; = ns and
ny = ny), (n1 = ng and ng = ny4) or (n2 = n3 and n; = nyg) . Hence by symmetry and using
that the fourth moment of the Gaussian g,(w) are bounded we have

2,2

1 2 _ 1 2 Z nin 1
(536) |’S/V]\/,]\J|’[/2 - EHYN,M’ ] < C <n1>4<n2>4 S.z N2
N<|nyl,|n2|<M

On the other hand, since

Z (Gm + an)(Gn3 + Gn4)

Y2 2 — ninonan.
YN Ml s )2 (n2)2 (ng) 2 (ny )2

N<|nalynalnsl|na|<M
by symmetry it is enough to consider a single term of the form

G, Gy
Z ram2nsna (n1)2(n2)2(n3)?(n4)?’

N§|n1|7|n2‘7|n3‘7|n4‘<M
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with 1 < j # k < 4, which we set without any loss of generality to be j =1, k = 3. We
then have

n2n2n4
Y2l = E[YR I < C > T2 =0
Nl macns (7177207 (na)

by symmetry. From (5.34) and (5.36) we obtain (5.29) as desired.
To prove (5.30) we use (5.31) to define

— Xur(0) = Xn()]! = g 9 P10 ()
(537)  Suw() = Xa(o) = Xn(v) _Ngm%m 2 R na)?

which fits the framework of (5.27) in Proposition 5.10 with k£ = 4. Then it follows that for
any p > 2

(5.38) [[Sun(@)lle S (0= D*[1Sun@)llz2 = (p = 1)*[ X0 (v) = Xn (0|74 S (p— 1)2i-

N
On the other if we set ¢ = 2p, then by (5.38) we have that
1 1
[ X2 (v) = Xn ()l = [[Sun(0) |70 < (0 — 1)N%’
hence (5.30) for ¢ > 4. Finally, Holder’s inequality gives the (5.30) for 2 < g < 4.
O
Proof of Lemma 5.9. Let us denote My(v) := [, |vy[*dz. Up to absolute constants we
write
(5.39)  p(|Knm(v) = En(v)] >2y) < p(|Xn(v)Mar(v) = Xn(v)My(v)| > 7)
+ p(|Mu(0)? = My (0)°] > 7).
Then
p(I X (v)Mpr(v) = Xn(0)Mn(v)| > ) < p(|Xnm(v) = Xn(v)] Mar(v) > %)
+ p(IMu(v) = My ()| [Xn()] > 3) = L + L.

[\)

Let A > 0 to be determined. Then by (5.28), (5.8) and (5.26) with p = 2, « = $—, we have
that

I < p(IXn(@) > X+ p(1Mar(v) = My (0)] > A7)
o AN N_ M -1
< e + (N = oM > TEAT)
< e—(:)xN*28 _{_e—c%BNl’)\*?

e 1_4e
By setting A = N575 ~ we have that I, < e=¢»B8N3 5
To estimate I; we first note that

(5.40) My (v) < |Joll7. < B*.
Then by (5.30) and Tchebishev’s inequality® we have that

1
(5.41) I < p(1Xar(0) = Xn(0)] > 535) S e PV,

8C.f. Lemma 4.5 in [46].
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To estimate the second term of (5.39), we use (5.40) to obtain

p(IMar(0)? = My (0)°] > ) < p(Mar () = Miv(0)] > e) < e 7N

by arguing as in the estimate for I above.

Lemma 5.12. Ry (v) converges in measure to R(v).
Proof. If ||Pyv||z2 < B for all N € N, then we have ||v||;2 < B. Then, by continuity from
above, we have, for 6 € (0,1),
dim o ({03 Peqgon o<y = Xqol ezl > 9})
= Jim_p(Jv"]z2 < B) = p(||v]|z2 < B)
—00
[ee]
=o( ) {Iw™lze < BY) = p(llvllze < B) =0.
N=1

Thus, X{[[oN|| 2<B} converges to X ||, ,<B} in measure. By Lemma 5.8 (a), Fyy converges
to F' in measure and by Lemma 5.9 K converges to K in measure.

Lastly, we consider Gx(v) and show it is Cauchy in measure provided |[v|;2 < B.
Assume N < M then,

4nGn (v) — 47Gar(v (/ M2 — [N ? dx) (/ |UM|4dx> + (/ |UN|2dx> </ \UM|4—|UN|4dx>
T T
< e 0™ = o2l + 1oV 122 (oM L — o™ ]|
(5.42) < Cy [uvM oV el I+ 3(I0M B+ V) oM vN||L4].

Fix any v > 0; then

p(l4rGar(v) — AnGy ()] > 7)< pllle™ = oG loM 0 > 55-)

b (s + I Bl — o1 > o2 )

To treat the first term we write

v
2Cp

o

< _.N )\1
) < p([o™ = o2 > 5O

U™ = oM pello™ s > 5= )+ oo™ I7a > A)

for some A > 0 to be determined. We use (5.24) with a = %— corresponding to p = 2 and
(5.23) to get that
p(||UM _ UN”L2 > ¢y )\71) < 6*033’72]\71_)\_2
and
1
p(lloM]|pe > M) < e

1_ 2 4
—CBN5 5 5

A decay of e follows by setting A = N%ﬂy .
For the second term write
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g
pl o™ = oMl e (o™ 120 + 1™ 74) >
6Cp

1 1
Jo™ = oNl1 > esyA) + p(lo™ [0 > e AB) + p([o™ ][4 > e2A3)

<
1 2
—cg P N2 A2 —cA3
< e “BY +2e7N7

11
since « = — when p = 4 in (5.24). A decay of e=“2N® 77 follows by setting A = N%_w%.

Thus, G (v) converges to G(v) in measure and hence, by composition and multiplication

of continuous functions, Ry (v) converges to R(v) in measure. O

The following proposition shows that the weight R(v) is indeed integrable with respect
to the Wiener measure p.

Proposition 5.13. (a) For sufficiently small B > 0, we have R(v) € L*(dp). In particular,
the weighted Wiener measure p is a probability measure, absolutely continuous with respect
to the Wiener measure p.

(b) We have the following tail estimate. Let 2 < r < oo and (s — 1)r < —1; then there
ezists a constant c such that

(5.43) (vl Frer > K) < ek

for sufficiently large K > 0.
(c) The finite dimensional weighted Wiener measure un in (5.21) converges weakly to .

Proof. (a) By Holder inequality, we have

v 3
/R%\f(’l))dp(v) < Cp </X{vNL2§B}e3Imf(vN)2vaina:dp(,U)>

ﬂ N |4 dx 3
(J/X%uwwua<8}62”(f' | d)dp“o>

(/X{”UN”LQ<B}6_761'MN(U)Imf(”UN”91cV) dzdp(v)>

It follows from Lemma 3.10 in [3] (see also [30]) that the second factor is finite for any
B > 0, whereas it was shown in [42, Proposition 4.2] that the first factor is finite for
sufficiently small B > 0. For the third factor we proceed as in the proof of [42] Proposition
4.2. In what follows we always implicitly assume that ||vy| ;2 < B. If we define

X

W=

X

§ My (v)Im [ (VoY) da

Ay N =A{X{o¥|,2<B)E ™ >},

then we need to show that
(5.44) /0 7 p(AyN) dv,

is convergent uniformly with respect to N for B > 0 small enough. Let Ny = In~ and
assume first that N < Ny < % In~y, for B small enough. We first observe that

'MN@)Im JIGEats

< CBQHOz(UN)QHLOO(T)-
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‘We also note that

(5.45) o) < o [V [(0¥eE)a

> (C'ln 7)
and combining (5.45) and (5.44) with Proposition 4.1 in [42], we can continue with

—Cn _c
p(Ay ) < p(10: (0N |l oo(r) > CB 2 Iny) Se 82 ™7 = 4752,

and the convergence of (5.44) follows from taking B small enough.
Assume now that N > Ny = In~y then we observe that A, y C B, n UC, ny where

By v o= {[Xng (v)] > Inv},

12B2
Cyv = A{IXN = X (v)] >
We first observe that from the argument above

No\2 —2 < A
P(ByN) < p(||0z(v7°) || oo (ry > CB™*Iny) Sy~ B2,
On the other hand from (5.41) and the fact that N > In~ we have that

12B2 In}

—CpN% _ (+%)
p(C'y,N) S e CpN?2lIny <e Cp(lnvy)~" "2 < CB7L7L7

for any L > 1 and an appropriate constant Cp 1 depending on B and L. From here again
the convergence of (5.44) follows.

Hence we have that Ry(v) € L?(dp) for sufficiently small B > 0, independent of N.
Then, by Lemma 5.12 and Fatou’s lemma, we obtain R(v) € L?(dp).

(b) By Cauchy-Schwarz inequality, we have

M\»—‘

/X{v|mr>K}du < [ R()ll 22(ap) { PVl FLsr > K)}2.

Then, (5.43) follows from (5.8).
(c) Let us define

(5.46) H = U{F,F = G(U_m, -+ ,Un), G bounded and continuous} .
M

Note this is a dense set in L'(FL", u) with 2 < r < oo and (s — 1)r < —1. Fix F € H,
then F' depends on M finitely many modes, for some M. Fix € > 0. Then, for N > M, we

have
’/F(v)duz\/ — /F(v)dﬂ‘ = '/F(v)(RN(v) - R(U))dp‘
'/ﬂRN <) <v>(sz(v>—R(v))dp‘

" FO)(Rx(0) - )|

{1~y (v)~R(v) 22}
1
< esup |F| + sup |F| | Ry (v) = R(v) [l 22(ap) {p(|1 BN (v) = R(v)| > )} 2.

From the proof of Proposition 5.13, we have |[Rn(v) — R(v)|lr2@ap) < [[BN(V)[[L2ap) +
|R(v)||£2(4p) < C < oo for all N. By Lemma 5.12, p(|Ry(v) — R(v)| > ¢) — 0 as n — oo.
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Now, let F' be a general bounded continuous function on FL*" with 2 < r < oo and
(s—1)r < —1. Let Fy; denote its restriction on Eyy, i.e. Fy(v) = F(v™) where vM = Pyv.
By Cauchy-Schwarz inequality, we have

(5.47) [P [ Futis] = | [ (P - F(W))Rw)dp\
< 1RO 2(ap) ( [1P@ - Fe) dp)l

By continuity of F', given € > 0, there exists § > 0 such that
1PyvllFrer = o —oM|Frer <8 = [F(v) = F(0"M)| <e.

Then, the contribution in (5.47) from {v;||Pijv||zrsr < 8} is at most el[R()| £2(ap)-
Without loss of generality, assume § < 2. By the measurability of the FL*"-norm (see
Definition 5.3), the contribution in (5.47) from {v;||Pi;v||zLsr > &} is at most

1
2sup | F|-| R(v) || 12(4p) { P Pigvll 7L5r = 6) }2
1
< 2sup [F| - [|R(v)|L2(4p) 62 < 2sup|F| - [[R(v) | 22(dp) €

for sufficiently large M. A similar argument can be used to show | [ F(v)duy —
J Fy(v)dun| < C(f, R)e, independent of N. Hence, uy converges weakly to pu. O

Remark 5.14. A tail estimate similar to (5.43) holds for the finite dimensional weighted
Wiener measure py; i.e. we have

(5.48) ([0 | FLor > K) < e,

where the constant is independent of N.

Remark 5.15. The measure py is not absolutely continuous with respect to uy but its
restriction on {|[v"V|/;2 < B}, ie., py = Z X{H,UNH ,<B}PN is absolutely continuous with
respect to un and from (5.21), we have that

dPN .

5.49
(5.49) don

- _ 1 N

R ZNIX{||UN||L2§B}€2N(v )

for suitable renormalization Zy. Since N (v"V) does not have a definite sign Lemma 5.8
Lemma 5.12 and part (a) of Proposition 5.13 hold for Ry and its corresponding limit R.
In particular, for sufficiently small B, Ry € L?(dp) for all N with bound independent of
N. The latter fact will be used in the proof of Proposition 6.2 in Section 6.

Remark 5.16. Given any p < oo, one can prove R(v) € LP(dp) for sufficiently small
B < B(p). However, B(p) — 0 as p — oo. i.e. there is no uniform lower bound on the size
of the L?-cutoff. For our purpose, the integrability with p = 2 suffices.
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6. ALMOST SURE WELL-POSEDNESS OF FGDNLS AND INVARIANCE OF THE MEASURE

In order to prove the global well-posedness of p-almost all solution of (FGDNLS) (3.1)
we fix once again s = %— and r = 3 so that we have at our disposal the local well posedness
result in FL*", that the measure is supported on FL*" and also the energy growth estimates
in Theorem 4.2 as explained in Remark 4.3.

We first use the almost invariance of the finite-dimensional measure py under the flow

of the truncated equation (3.1) to control the growth of solutions.

Lemma 6.1. For any given T > 0 and € > 0 there exists an integer No = No(T, ) and
sets Qn = Qn (e, T) € R¥W™*2 such that for N > Ny

(a) un <S~2N> >1—c¢.

(b) For any initial condition v} € Qn, (FGDNLS) (3.1) is well-posed on =T, T) and its
solution v (t) satisfies the bound

1
T 2

sup [ @Ol 5 s < (mg) .

t<T FLs €

Proof. 1t is enough to consider ¢t € [0, 7], the argument is similar for ¢t € [T, 0]. We set

Cn(K,B) = {wN e RANF2 . ||| K, |lwN| e < B} .

Fr3-8 S
If the initial condition v}’ € Cn(K,B) then (FGDNLS) (3.1) is locally well-posed on
the time interval of length 6 ~ K~7 by Theorem 3.2 , where v > 0 is independent of
N. Furthermore, if py is given by (5.21), then for sufficiently large K we have that
un (Cn (K, B)¢) < e “K* for some constant ¢ which is independent of N by (5.48).

Let ®y(t) the flow map of (3.1). We define Qy by

~ T
Qn = {'I}(])V : (I)N(j(s)(’l)év) S CN(K, B) ,J=0,1,--- |:5:| } .
~ T
Note that Q% = U;Ei]() Dy, , where
D = {v)ik =min{j: on(jd)(v)’) € Cn(K,B)}},
k—1
(6.1) = | @n(=§®)Cn (K, B))| N ®n(—kd)(Cn(B,K)°).
§=0
One verifies easily that the sets Dy, satisfy
(6.2) Dy = CN(K,B)C, Dy = CN(K,B)HCI)N(—(S)(Dk,l).

By Lemma 4.1, the Lebesgue measure d,u(])\, = Hlnl <N daydby, is invariant under the flow

Dy (t) (i-e. for any f € L' (dul;) we have [ fo ®n(t)dud, = [ fdu%).
Using the energy growth estimate” in Theorem 4.2 and the invariance of the L? norm
m(v) = 5=||v]|p2 under @y (t) (i.e. mo ®n(t) = m for all ¢; see Remark 3.1) we have for

9Without loss of generality we assume maX(Kﬁ, KS) = K% in Theorem 4.2.
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any set A C RV+2
_ e .
pn(Cn(K,B)NA) = ZNl/X{CN(K,B)mA}X{meB?}@ 25T A

= Z&l/X{cN(K,B)mA} 0 BN (—0) X mearpeye <IN

—
&
w

~—~—

I

l(Eoda (8
/X{‘I’N(5)(CN(K,B)mA)}e 2(E0N(=0)=E) g\

IN

ON TS v (@ (8)(Cn (K, B) N A))
eON TS v (@ (6)(A)) .

Applying (6.3) to (6.2) with A = ®x(—09)(Dg—_1) and iterating in k € {0,[%]}, we
obtain

IN

un(Dk) < ec(é)NiﬁKsﬂN(DK—l) < FeONTIRE —cK?
and thus
] ,
(6-4) un(5) < 37 eRONTIRS g mek? < b}e—d@ ~ TKVe K
k=0
1 ~
for N > No(T, K). By choosing K ~ (10g %)57 we have iy (Q%,) < ¢ as desired,

Finally, by construction, we have ||vN(j5)Hf < K for j = 0,---,[%] and by the

L33
local theory, we have

T§
N
t <2K ~ | log— | .
s IOl < (ogg)

O

Combining Lemma 6.1 with the approximation Lemma 3.3 we can now prove a similar
result for the solution of the initial value problem (GDNLS) (2.8).

Proposition 6.2. For any given T > 0 and € > 0 there exists a set Q(e,T) such that

(a) p(Qe,T)) 2 1-e.

(b) For any initial condition vy € (e, T) the initial value problem (GDNLS) (2.8) is well-
posed on [T, T] with the bound

1

T
S t < [ log —
“E%wmwfﬁ,gw( g5>

Proof. Let Qn = Qn(e,T) be the set given in Lemma 6.1 for N > No(e,T'). This set is
defined in terms of K ~ (10g %)1/ ? and for that same K we define the set

QN = QN<6,T> = {1}0 € fL%_73 : ”’UOH}—L%—,S S K, PNUO € QN}
If vg € Qn then by Lemma 6.1 we have

(6.5) sup ||®n () (Pnvo)|| - 25 < 2K .
t<T

FL3

On the other hand for vy € Qn the local well posedness theorem in [22] gives a § > 0 and
a solution v(t) of (GDNLS) (2.8) for |t| < 4.
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By (3.9) in the proof of the Lemma 3.3, with K in place of A, we obtain that for every
S1 < %—
10(8) = N (B)ll s S KN*I75F,
By choosing a larger Ny if necessary, so that [%] KN*=5% < 1for N > Ny we can repeat
this argument [%] times over the intervals [jo, (j + 1)d],7 =0,1,..., [%} — 1 and obtain

(6.6) lo(50) = vV ()l pore < 1.
Then from (6.5) and (6.6) we conclude

T\ 2
[oOlrzens S @+ 1)~ (10gT )

and since the right hand side is independent of s; < %— we obtained the desired estimate.
To estimate p(€2x) note first that

67) Q€ {weFLI fuoll 5o = KU {vo e FLITP: Pyw € O}
The first set on the right hand side of (6.7) has p measure less than & by the tail bound in
Proposition 5.13. The set Fy = {vo € ]:Lgf’3 s Pynug € Q‘jv} is a cylinder set and we have

FyNEyx = Q5 (recall Ey = span{e™},<y). Thus p(Fx) = pn(Fn) = pn(Q5). On the
other hand, recall that ;1 < p and that, py the restriction of py to the ball {||[v"V| ;2 < B} is
absolutely continuous with respect to puxn (see Remark 5.15). Then using Cauchy-Schwarz

repeatedly we obtain
1 3
9 2
(/R dﬂ) </~ X{|o™l2<B} de>
QN

u(Fy) <
< (/ R%)é (/ R%dwfw(ﬁmi
(6.8) < < / Rde)% ( / RNde>‘1‘ pn (95,)

where Ry is as defined in Remark 5.15 and where in the last inequality we have used that
by definition R%VRN = RN.

By relying on Lemma 5.12, Proposition 5.13 and Remark 5.15 we can bound the first two
terms in (6.8) by a constant independent of N. This combined with Lemma 6.1 allows us to
conclude that there exist a constant d > 0 and Nj(e,T') such that u(Fy) < de for N > Nj.
So for N > max (Ng, N1), any set Q(g,T) := Qn(e, T) satisfies the desired hypothesis. [

Theorem 6.3 (Almost sure global well-posedness). There exists a subset ) of the space

FL53 with w(Q°) = 0 such that for every vy € Q the initial value problem (GDNLS) (2.8)
with tnitial data vy s globally well-posed.

Proof. Fix an arbitrary T and let ¢ = 27%. Using the sets given in Proposition 6.2 we set
(6.9) oT) = e, 1).
i

If vo € QT) then the initial value problem (GDNLS) (2.8) is well-posed up to time 7
Since p(Q(T")) > 1 — 27" for any i € N, the set Q(T") has full measure.
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Finally by taking T := 27 the set
(6.10) 0 =)

has also full measure and if vy € € then the initial value problem (GDNLS) (2.8) is globally
well-posed. ]

Remark 6.4. We note that by slightly modifying the proof of Theorem 6.3 above we could
also derive a logarithmic bound in time on solutions similar to the one in [3] and [12].

Now that we have a well-defined flow on the measure space (F L33, w) we show that
is invariant under the flow ®(¢), following the argument in [38].

Theorem 6.5. The measure u is invariant under the flow ®(t).

Proof. Let us consider the measure space (F L%7’3, u). We need to show that for any mea-
surable A we have p1(A) = pu(®(—t)(A)) for all t € R. Note that by the group property of the
flow without loss of generality we can assume that |¢| < . An equivalent characterization

of invariance is that for all F' € Ll(}"L%‘S, 1) we have

(6.11) /F(‘b(t)(v))d,u = /F(U)du.

By an elementary approximation argument it is enough to show (6.11) for F' in a dense set
in Ll(}"L%_’?’,,u) which we choose as in (5.46) to be

H = U {F :F=G-pm, - ,0nm), G bounded and continuous} .

For F' € 'H let us choose an arbitrary ¢ > 0 and assume N > M. By Proposition 5.13 un
converges weakly to p and thus

(6.12) ‘/qu /quN’ ‘/Fo@ )y — /Fo@(t)duN‘ <e

Let ®y(t) be the flow map for FGDNLS (3.1). For s; < 2—, by the Lemma 3.3, we have
that || ®()(v) — ®n(t)(v)| £rs1.3 converges to 0 uniformly on {U; HU|| 133 < K} Using

the tail estimate m\z(||1)]\7||]__];%773 > K) < e=5* (uniformly in N) and the continuity of F

in FL*® we obtain
(6.13) ‘/F o B()djin — /F 0 @N(t)duN’ < | Fllace K" 4 ¢ < 3¢

for large enough K and N.
Finally using again the tail estimate for uy, the invariance of Lebesgue measure under
@ (t) and the energy estimate given in Theorem 4.2 we obtain

’/Foq)N(t)dﬂN_/Fd,UN

2| F| e + /
{lloll_ 2
FL3

(6.14) < 2+ || F| g (ec(‘”N“’KS - 1) < 3e,

IN

F[ —3(Eon(=0=8) _ 1] gy

<K}

for sufficiently large N. By combining (6.12), (6.13), and (6.14) we obtain invariance. [
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7. THE UNGAUGED DNLS EQUATION

Recall that if u(¢,x) is a solution of DNLS (2.1) then w(t,x) = G(u(t,z)) where
G(f)(z) = exp(—iJ(f)) f(z) (see (2.7)) is a solution of

(7.1) Wy — MWep — 2m(w)wy = —w’W, + %\w|4w — ith(w)w — im(w)|w|*w
with initial data w(0) = G(u(0)). Furthermore v(t,z) = w(t,z — 2tm(w)) is a solution of
(2.8) with initial condition v(0) = w(0). If ®(¢) denotes the flow map for GDNLS (2.8), let

®(t) denote the flow map of (7.1) and let ¥(¢) denote the flow map of (2.1).
Clearly we have the relation

(7.2) U(t) =G tod(t)oG.

To elucidate the relation between ®(t) and ®(t) let 74(s) denote the action of the group
of spatial translations on functions, i.e., (74(s)w)(z) := w(x — as). We define a state
dependent translation

(C(s)w)(@) := (Tam(w) (s)w)(z) = w(x —2sm(w)).
Note the H*, LP and FL*" norms are all invariant under this transformation. Furthermore
we have
v(t,z) = (T(t)w)(t, z).
Since m is preserved under G, T'(s) and both flows ¥(t) and ®(t) we have the relation

(7.3) B(t) = T(HI(t) = BOT(1).

in particular ®(¢) and I'(¢) commute.
Finally if p is a measure on 2 as in Theorem 6.3 and ¢ :  — ) is a measurable map
then we define the measure v = po o~ ! by

v(A) = w1 (A) = nl{z; p(z) € A}).
for all measurable sets A or equivalently by

/qu = /F owpdu
for integrable F'.

Consider the measure defined by
(7.4) v:i=pod.
Since the measure p constructed in Proposition 5.13 is invariant under the flow ®(¢) we

show that the flow W(¢) for DNLS is well defined v almost surely and that v is invariant
under the flow W(¢).

Theorem 7.1 (Almost sure global well-posedness for DNLS). There exists a subset ¥ of

the space FL5 ™3 with v(X€) = 0 such that for every ug € ¥ the IVP (DNLS) (2.1) with
instial data ug s globally well-posed.

Proof. Let Q be the set of full u measure given in Theorem 6.3 and let ¥ = G~1(Q).
Note that ¥ is a set of full v-measure by (7.4). For vy € Q the IVP (GDNLS) (2.8)
with initial data vg is globally well-posed. Hence since the map G : C([-T,T]; FL>") —
C([-T,T); FL*") is a homeomorphism if s > 1 — 1 when 2 < r < oo the IVP (DNLS) (2.1)
with initial data ug = G~1(vg) is also globally well-posed.

O
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Finally we show that the measure v is invariant under the flow map of DNLS (2.1).

Theorem 7.2. The measure v = po G is invariant under the flow ¥ (t).

Proof. First we note that the measure p is invariant under I'(¢). The density of p with
respect to p is R(v), see (5.15), and it is verified easily that RoI'(t) = R. Furthermore one
also verifies easily that the finite-dimensional measures py are also invariant under I'(t).
As a consequence since  is invariant under ®(¢) by Theorem 6.5 then y is also invariant
under ®(t) because of (7.3). Finally v is invariant under W(t) since by (7.2)

/Fo\II(t) dv = /Foc—loé(t)oeduoc = /Foe—loé(t)du = /FoG_ldu = /qu.
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