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PREFACE

This book originates with a course MZ taught at UC Berkeley during
the spring semester of 2003, notes for which LCE took in class. In
this presentation we have tried hard to work out the full details for
many proofs only sketched in the original lectures. We have reworked
the order of presentation, added many additional topics, and included
more heuristic commentary. We have as well introduced consistent
notation, recounted in Appendix A. Relevant functional analysis and
other background mathematics have been consolidated into Appendices
B-D.

This version 0.2 represents our latest draft, the clarity of which we
(still) hope greatly to improve in later editions, to be posted on our web-
sites. We are quite aware that many errors remain in our exposition,
and so we ask our readers to please send any comments or corrections
to us at evans@math.berkeley.edu or zworski@math.berkeley.edu.

We should mention that two excellent treatments of mathematical
semiclassical analysis have appeared recently. The book [D-S] by M.
Dimassi and J. Sjostrand starts with the WKB-method, develops the
general semiclassical calculus, and then provides high tech spectral
asymptotics. The presentation of Martinez [M] is based on a systematic
development of FBI (Fourier-Bros-lagolnitzer) transform techniques,
with applications to microlocal exponential estimates and propagation
estimates. These notes are intended as a more elementary and broader
introduction. Except for the general symbol calculus, where we fol-
lowed Chapter 7 of [D-S], there is little overlap with these other two
texts, or with the early and influential book by Robert [R].

We are especially grateful to Hans Christianson, Sean Holmer, and
Stéphane Nonnenmacher for their careful reading of earlier versions
of these notes and for many valuable comments and corrections. Our
thanks to Faye Yeager for typing a first draft and to Jonathan Dorfman
for TeX advice. In his study of semiclassical calculus MZ has been
greatly influenced by his long collaboration with Johannes Sjostrand,
whom he acknowledges with pleasure and gratitude.

LCE is supported in part by NSF grant DMS-0500452 and MZ by
NSF grant DMS-0200732.
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1. INTRODUCTION

1.1 Basic themes
1.2 Classical and quantum mechanics
1.3 Overview

1.1 BASIC THEMES

Our primary goal is understanding the relationships between dynam-
ical systems and the behavior of solutions to various linear PDE and
pseudodifferential equations containing a small positive parameter h.

PDE with small parameters. The principal realm of motivation
is quantum mechanics, in which case we understand h as denoting
Planck’s constant. With this interpretation in mind, we break down
our basic task into these two subquestions:

(i) How and to what extent do classical dynamics determine the
behavior as h — 0 of solutions to Schrodinger’s equation

ihOwu = —h*Au+ Vu

for the potential V' = V(x), and the related eigenvalue equation
~h*Au+Vu=Eu?

The name “semiclassical” comes from this interpretation.

(ii) Conversely, given various mathematical objects associated with
classical mechanics, for instance symplectic transformations, how can
we profitably “quantize” them?

In fact the techniques of semiclassical analysis apply in many other
settings and for many other sorts of PDE. For example we will later
study the damped wave equation

(1.1) Otu + adyu — Au =0

for large times. A rescaling in time will introduce the requisite small
parameter h.

Basic techniques. We will construct in Chapters 2-4 and 9 a wide
variety of mathematical tools to address these issues, among them:

e the apparatus of symplectic geometry (to record succintly the be-
havior of classical dynamical systems);

e the Fourier transform (to display dependence upon both the posi-
tion variables z and the momentum variables &);

e stationary phase (to describe asymptotics as h — 0 of various
expressions involving rescaled Fourier transforms);



5

¢ pseudodifferential operators (to localize or, as is said in the trade,
to microlocalize functional behavior in phase space).

1.2 CLASSICAL AND QUANTUM MECHANICS

In this section we introduce and foreshadow a bit about quantum
and classical correspondences.

Observables. We can think of a given function a : R® x R" — C,
a=a(x,§), as a classical observable on phase space, where as above x
denotes position and & momentum. We will also call a a symbol.

Let h > 0 be given. We will associate with the observable a, a
corresponding quantum observable a™(x, hD), an operator defined by
the formula

a“(xz,hD)u(x) = (27r1h)" /n /n et (T=v:€), (242, €) uly) dedy

for appropriate smooth functions u. This is Weyl’s quantization for-
mula.

We will later learn that if we change variables in a symbol, we pre-
serve the principal symbol up to lower order terms (that is, terms
involving high powers of the small parameter h.)

Equations of evolution. We are concerned as well with the evolution
in time of classical particles and quantum states.

Classical evolution. Our most important example will concern the
symbol

p(@,§) =[] + V(2),

corresponding to the phase space flow

i =26
£=—0V.

We generalize by introducing the arbitrary Hamiltonian p : R” x R” —
R, p = p(x, &), and the corresponding Hamiltonian dynamics

& = Ogp(, €)

It is instructive to change our viewpoint somewhat, by first intro-
ducing some more notation. Let us write

ot = exp(tH,)
for the solution of (1.2), where
Hypq = {p, a} = (Oep, 0:q) — (0up, Ocq)
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is the Poisson bracket. Select a symbol a and set

ar(z,€) = alp(,£)).
Then
(1.3) L g = {p,a:}.
dt
This equation tells us how the symbol evolves in time.

Quantum evolution. We next quantize the foregoing by putting
P =p“(z,hD), A = a"(z,hD) and defining

itP _itP
Ayi=en Ae n.

Then we have the evolution equation
d i
ZA = —
i
an obvious analog of (1.3). Here is a basic principle we will later
work out in some detail: an assertion about Hamiltonian dynamics,
and so the Poisson bracket {-, -}, will involve at the quantum level the

commutator [-, -].

P7At]7

1.3 OVERVIEW

Chapters 2—4 and 9 develop the basic machinery, and the other chap-
ters cover applications to PDE. Here is a quick overview, with some of
the highpoints:

Chapter 2: We start with a quick introduction to symplectic analysis
and geometry and their implications for classical Hamiltonian dynam-
ical systems.

Chapter 3: This chapter provides the basics of the Fourier transform
and derives also important stationary phase asymptotic estimates, of
the sort

I, = (2mh)"2|det (o) |2 TP e 55 o ) + O (nF)

as h — 0, for the oscillatory integral

I, ::/ e*adz.

We assume here that the gradient d¢ vanishes only at the point x.

Chapter 4: Next we introduce the Weyl quantization a"(z, hD) of
the symbol a(zx, ) and work out various properties, chief among them
the composition formula

a“(x,hD) o b (x,hD) = ¢"(x,hD),
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where the symbol ¢ := a#b is computed explictly in terms of a and b.
We will prove as well the sharp Garding inequality, stating that if a is
a nonnegative symbol, then

(a" (@, hD)u, u) > —Chllu|Z.
for all v and sufficiently small A > 0.
Chapter 5: This section introduces semiclassical defect measures, and

uses them to derive decay estimates for the damped wave equation
(1.1), where a > 0, on the flat torus T™.

Chapter 6: In Chapter 6 we begin our study of the eigenvalue problem
P(h)u(h) = E(h)u(h),
for the operator
P(h) :== —h*A + V().
We prove Weyl’s Law for the asymptotic distributions of eigenvalues
as h — 0, stating for all a < b that
#{E(h) | a < E(h) < b}
1

= Gy (0 <1+ V(@) <)+ 0(1))

Chapter 7: Chapter 7 continues the study of eigenfunctions, first
establishing an exponential vanishing theorem in the “classically for-
bidden” region. We derive as well a Carlemann-type inequality

_c
lu(P) |22y > e 7 [[u(h) || L2@ny

where £ C R™. This provides a quantitative estimate for quantum
mechanical tunneling.

Chapter 8: Chapter 8 concerns the quantum implications of ergod-
icity for our underlying dynamical systems. A key assertion is that if
the underlying dynamical system satisfies an appropriate ergodic con-
dition, then

@2rh)™ >

a<E;<b

2

(Auj,uj) —][ o(A)dxdé| — 0
{a<p<b}

as h — 0, for a wide class of pseudodifferential operators A. In this
expression the classical observable o(A) denotes the symbol of A.

Chapter 9: We return in Chapter 9 to the symbol calculus. We intro-
duce the useful formalism of half-densities and use them to illustrate
how changing variables in a symbol affects the Weyl quantization. We
introduce also the notion of the semiclassical wave front set and show
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how a natural localization in phase space leads to pointwise bounds
on approximate solutions. We prove as well a semiclassical version of
Beals’s Theorem, characterizing pseudodifferential operators. As an
application we show how quantization commutes with exponentiation
at the level of order functions.

Chapter 10: The concluding Chapter 10 explains how to quantize
symplectic transformations, with applications including local construc-
tions of propagators, LP bounds on eigenfuctions, and normal forms of
differential operators.

Appendices: Appendix A records our notation in one convenient loca-
tion, and Appendix B is a quick review of differential forms. Appendix
C collects various useful functional analysis theorems (with selected
proofs). Appendix D discusses Fredholm operators within the frame-
work of Grushin problems, and Appendix E discusses general manifolds
and modifications our the symbol calculus to cover pseudodifferential
operators on manifolds.



2. SYMPLECTIC ANALYSIS

2.1 Flows

2.2 Symplectic structure on R?"?
2.3 Changing variables

2.4 Hamiltonian vector fields

Since our task in these notes is understanding some interrelation-
ships between dynamics and PDE, we provide in this chapter a quick
discussion of the symplectric geometric structure on R x R" = R?"
and its interplay with Hamiltonian dynamics.

The reader may wish to first review our basic notation and also the

theory of differential forms, set forth respectively in Appendices A and
B.

2.1 FLOWS

Let V : RY — RY denote a smooth vector field. Fix a point z € RV
and solve the ODE

2(t) = V(z(1)) (t € R)
21) {2(0) = z.

We assume that the solution of the flow (2.1) exists and is unique for
all times t € R.

NOTATION. We define

w2z = z(t)

and sometimes also write
o =: exp(tV).
We call {¢;}ier the exponential map.

The following lemma records some standard assertions from theory
of ordinary differential equations:

LEMMA 2.1 (Properties of flow map).

(1) oz = z.

(i) @irs = @i 0 s for all s,t € R.

(iii) For each time t € R, the mapping ¢; : RN — RY is a diffeomor-
phism, with

(%)71 = Pt
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2.2 SYMPLECTIC STRUCTURE ON R?"

We henceforth specialize to the even-dimensional space RY = R?" =
R™ x R™.

NOTATION. We refine our previous notation and henceforth denote
an element of R?" as

z = ($’€)7

and interpret x € R™ as denoting position, & € R"™ as momentum.
Alternatively, we can think of £ as belonging to 7;R", the cotangent
space of R™ at z. We will likewise write

w = (y,n)
for another typical point of R?".

We let (-,-) denote the usual inner product on R", and then define
this pairing on R?":

DEFINITION. Given z = (z,£), w = (y,n) on R* = R" x R", define
their symplectic product

(2'2) U(sz) = <€ay> - (55777>~
Note that
(2.3) o(z,w) = (Jz,w)

for the 2n x 2n matrix

(2.4) J = (?I é) .

Observe
J2=—1, JFr=—-1J.

We will later in Section 10.2 interpret the transformation J as the
classical analog of the Fourier transform.

LEMMA 2.2 (Properties of o). The bilinear form o is antisym-
metric:

o(z,w) = —o(w, 2)
and nondegenerate:

if o(z,w) =0 for all w, then z = 0.
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These assertions are straightforward to check.

NOTATION. We now bring in the terminology of differential forms,
reviewed in Appendix B. Using the notation discussed above, we intro-
duce for z = (z1,...,2,) and £ = (&1, ..., &,) the 1-forms dx; and d§;
for j =1,...,n. We then can write

(2.5) o=d{Ndr = i d¢; N dx;.
=1
Observe also j
(2.6) o=dw for w:=¢&dx = iﬁjdaz]u
It follows that B
(2.7) do = 0.

2.3 CHANGING VARIABLES.
Suppose next that U,V C R?" are open sets and
k:U—-V

is a smooth mapping. We will write

v(x, &) = (y,n) = (y(z,£),n(z,£)).

DEFINITION. We call v a symplectic mapping, or a symplectomor-
phism, provided

(2.8) Yo =o.

Here the pull-back v*o of the symplectic product o is defined by
(o) (2, w) = o (1:(2), 1 (w)),

v, denoting the push-forward of vectors: see Appendix B.

NOTATION. We will usually write (2.8) in the more suggestive no-
tation

(2.9) dn N\ dy = d¢ N dzx.

EXAMPLE 1: Linear symplectic mappings. Suppose « : R?*" —
R?" is linear:

o) = (¢ p) (£) = o+ Be.Cot DO = ),

where A, B, C, D are n X n matrices.
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THEOREM 2.3 (Symplectic matrices). The linear mapping vy is
symplectic if and only if the matriz

A B
e (2 9)
satisfies

(2.10) MTIM = J.
DEFINITION. We call a 2n x 2n matrix M symplectic if (2.10) holds.
In particular the linear mapping (z,£) — (£, —z) determined by J

is symplectic.

Proof. Let us compute
dnpNdy = (Cdx+ Dd§) A (Adz + BdE)
= ATCdx N dx + BT Ddé A dE + (ATD — CTB)dé A dx
= déNdx
if and only if
(2.11) ATC and B' D are symmetric, A”D — CTB = 1.

Then
T AT
wan = (5 o) (% 0) (@ b)
B (ATC’ —CTA ATD - CTB)
~ \BTC-DTA B'D-D'B
= J
if and only if (2.11) holds. O

EXAMPLE 2: Nonlinear symplectic mappings. Assume next
that x : R?® — R?" is nonlinear:

K(r,§) = (y,m)

for smooth functions y = y(z,§),n = n(z,§). Its linearization is the

2n X 2n matrix
0y O, y)
Ok = Opek = | £
£ (3937] ag’f]

THEOREM 2.4 (Symplectic transformations). The mapping k
is symplectic if and only if the matriz Ok is symplectic at each point.
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Proof. We have
dn N dy = (Cdx + Dd€) N (Adx + BdE)
for
A:=0,y,B =0y, C = 0,n, D := 0en.
Consequently, as in the previous proof, we have dn A dy = d¢ N dx if
and only if (2.11) is valid, which in turn is so if and only if Ok is a
symplectic matrix. 0
EXAMPLE 3: Lifting diffeomorphisms. Let
v:R"—R"
be a diffeomorphism on R”, with nondegenerate Jacobian matrix d,7.
We propose to extend v to a symplectomorphism
K : R*™ — R
having the form

(2.12) r(z,8) = (v(2),n(z,£)) = (y,n),

by “lifting” to the momentum variables.

THEOREM 2.5 (Extending to a symplectic mapping). The
transformation (2.12) is symplectic for

(2.13) n(z,€) == [By(x) "] €.

Proof. Tt turns out to be easier to look for ¢ as a function of x and 7.
We compute

dy=Adx, d6 = FE dx+ F dn,

for
A:=0y, F:=0¢ F:=09¢.
Therefore
dn N dy = dn A (A dx)
and

dé Ndx = (Edx A Fdn) A dx = Edx A dx + dn A FTdz.
We would like to construct & = £(z,n) so that
A=FT and F is symmetric,
the latter condition implying that Edz Adx = 0. To do so, let us define
Ea,n) = (07)" 1.
Then clearly F* = A, and E = ET = ((V4,4,)), as required. O
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INTERPRETATION: This example will prove useful later, when we
quantize symbols in Chapter 4 and learn that the partial differential
operator

P(h) = —h*A
is associated with the symbol p(x, &) = |¢|%. If we change variables y =
v(z), it is natural to ask how P(h) transforms. Now 9, = (9,7)" 9,
and so

P(h) = —h* (2:7)" 9, ((0:)7 9,) .

We will see later that the operator on the right is associated with the
symbol

(@) 1,07 )
All this is consistent with the transformation (2.13).

Here by the way is an instance of another general principle: if we
change variables in a symbol, we preserve the principal symbol, up to
higher order terms. 0

EXAMPLE 4: Generating functions. Our last example demon-
strates that we can, locally at least, build a symplectic transformation
from a real-valued generating function.

Suppose ¢ : R" xR" — R, ¢ = p(x,y), is smooth. Assume also that

(2.14) det (92, (w0, yo)) # 0.
Define
(2.15) £ =0up, = —0yp,

and observe that the Implicit Function Theorem implies (y,n) is a
smooth function of (z, &) near (zg, d,¢(xo, Yo))-

THEOREM 2.6 (Generating functions and symplectic maps).
The mapping v defined by

(2.16) (z,0u0(7,y)) = (y, =0yp(z,9))

is a symplectomorphism near (xq,&p).

Proof. We compute
dnANdy = d(—0yp) Ndy
= [(=0ypdy) A dy] + [(=0;,pdx) A dy]
—(03,)dz A dy,
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since 02 is symmetric. Likewise,
d¢ Ndx = d(0:p) Ndx
= [(07p dx) A da] + [(95,¢ dy) A da]
= (82ygo)dx ANdy =dn A dy.
l

TERMINOLOGY. In Greek, the word “symplectic” means “inter-
twined”, This is consistent with Example 4, since the generating func-
tion ¢ = @(z,y) is a function of a mixture of half of the original
variables (x,&) and half of the new variables (y,n). “Symplectic” can
also be interpreted as “complex”, mathematical usage due to Hermann

Weyl who renamed “line complex group” the “symplectic group”: see
Cannas da Silva [CdS].

APPLICATION: Lagrangian submanifolds. A Lagrangian sub-
manifold A is an n-dimensional submanifold of R?" for which
o | A = 0.
Then
dw| A=0O | A= 0;
and so according to Poincaré’s Theorem B.4, we locally have
w = dyp,

for some smooth function ¢ on A. We will exploit this observation in
Section 10.2. O

2.4 HAMILTONIAN VECTOR FIELDS

DEFINITION. Given f € C*(R?*"), we define the corresponding
Hamiltonian vector field by requiring

(2.17) o(z, Hy) = df (2) for all z = (x,&).

This is well defined, since ¢ is nondegenerate. We can write explicitly
that

(2.18) Hy = (0cf,05) — (0uf, O¢) = Zfsj oy — ey O
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LEMMA 2.7 (Differentials and Hamiltonian vector fields). We
have the relation

(2.19) df = —(Hy o),
for the contraction | defined in Appendiz B.

Proof. We calculate for each z that
(Hydo)(z) = o(Hy,z) = —o(z, Hy) = —df (2).

O
DEFINITION. If f, g € COO(R2"), we define their Poisson bracket
(2.20) {f,9} == Hyg=0c(0f,09).
That is,

(221) {f7 g} = <a£fa amg> - <azf7 a§g> = Zfﬁjng - ijgﬁj‘
j=1

LEMMA 2.8 (Brackets, commutators).
(i) We have Jacobi’s identity
(2.22) {49, 01} +4g.4h, f1} +{h.{f, 93} =0

for all functions f,g,h € C®(R*").
(ii) Furthermore,

(2-23) H{f,g} = [vaHg]'

Proof. 1. A direct calculation verifies assertion (i). For an alternative
proof, note that Lemma B.1 provides the identity

0=do(Hys, Hy, Hy)
(224) = Hpo(H,, Hy) + Hyo(Hy,, Hy) + Hyo(Hy, H,)
— o([Hy, Hy|, Hy) — o([Hy, Hyl, Hy) — o([Hn, Hyl, Hy),
since do = 0. Now (2.20) implies
Hyo(Hg, Hy) = {f,{g,h}}

and
o([Hy, Hyl, Hy) = [Hy, Hylh = HyHoh — HyHh

= {fv {gv h}} - {gv {fv h}}

Similar identities hold for other terms. Substituting into (2.24) gives
Jacobi’s identity.
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2. We observe that
Hpgph = [Hy, Hylh
is a rewriting of (2.22). O

THEOREM 2.9 (Jacobi’s Theorem). If vy is a symplectomorphism,
then

(2.25) Hy =~.(Hyy).

In other words, the pull-back of a Hamiltonian vector field generated
by f,

(2.26) V' Hy = (v )y,
is the Hamiltonian vector field generated by the pull-back of f.

Proof. Using the notation of (2.26),
vV (Hp)do = v (Hy)dy'o =~"(Hy o)
= =7 (df) = =d(v"[)
= Hy,y_lo.
Since o is nondegenerate, (2.25) follows. U

EXAMPLE. Define v = J, so that y(z,£) = (£, —z); and recall v is
a symplectomorphism. We have v*f(x, &) = f(§, —x), and therefore

H’Y*f - <axf(€v —l’), 8x> + <aff(€7 —IE), 85)
Then
'L{*Hf = <aff(€a —ZL’),@&) - <axf(€7 —fL'),a_;,;> = H’Y*f'
]

THEOREM 2.10 (Hamiltonian flows as symplectomorphisms).
If f is smooth, then for each time t, the mapping

<x7£) = Spt(x>€> = eXp<tHf)

15 a symplectomorphism.

Proof. According to Cartan’s formula (Theorem B.3), we have
d
E((got)*a) =Ly,0=d(Hy o)+ (Hy Jdo).
Since do = 0, it follows that

di .y
S(p)'0) = d(—df) = ~d*f = 0.
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Thus (p;)*c = o for all times ¢. O

THEOREM 2.11 (Darboux’s Theorem). Let U be a neighborhood
of (xg, &) and suppose n is a nondegenerate 2-form defined on U, sal-

18fying

dn = 0.
Then near (zo,&) there exists a diffeomorphism ~y such that
(2.27) v =o.

This means that all symplectic structures are identical locally, in the
sense that all are equivalent to that generated by o.

Proof. 1. Let us assume (¢, &y) = (0,0). We first find a linear mapping
L so that

L*n(0,0) = 0(0,0).
This means that we find a basis {ex, fx}7_, of R*" such that

n(fi,er) = O
n(ex,€e) =0
n(fkafl) =0

forall 1 <k, 0 <n. Thenifu=73"", ze;+&ifi, v=">2_"_, yje; +n;fj,
we have

n(u,v) = Z ziyn(es, ;) + &nm(fi, ;) + zmjo(ei ;) + &yjo(fir €5)

ij=1

= (& y) — (z,n) = o((x,§), (y,n)).

2. Next, define 7, :=tn+ (1 —t)o for 0 <t < 1. Our intention is to
find v; so that v;nm; = o near (0,0); then  := 7 solves our problem.
We will construct ~; by solving the flow

(1) =Vi(z(t)) (0<t<1)
(2.28) {Z Oz

and setting v; 1= .
For this to work, we must design the vector fields V; in (2.28) so that
L (v;n) = 0. Let us therefore calculate

d * * d *
a(%m) = K (@m) + 7 Ly,

= % (n—o)+dVidn,) + V;ddn,,
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where we used Cartan’s formula, Theorem B.3. Note that dn, = tdn +
(1 —t)do. Hence & (~;n;) = 0 provided

(2.29) (n—o)+d(Vidn) =0.
According to Poincaré’s Theorem B.4, we can write
n—o=da near (0,0).
So (2.29) will hold, provided
(2.30) Vidn = —« (0<t<1).

Since n = o at (0,0), 7, = o at (0,0). In particular, n, is nondegenerate
for 0 <t < 1in aneighbourhood of (0, 0), and hence we can solve (2.29)
for the vector field V. ]
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3. FOURIER TRANSFORM, STATIONARY PHASE

3.1 Fourier transform on S

3.2 Fourier transform on &'

3.3 Semiclassical Fourier transform

3.4 Stationary phase in one dimension

3.5 Stationary phase in higher dimensions
3.6 Important examples

We discuss in this chapter how to define the Fourier transform F and
its inverse F~! on various classes of smooth functions and nonsmooth
distributions. We introduce also the rescaled semiclassical transforms
Fn, Fy, ! depending on the small parameter h, and develop stationary
phase asymptotics to help us understand various formulas involving Fj,
in the limit as h — 0.

3.1 FOURIER TRANSFORM ON S

We begin by defining and investigating the Fourier transform of
smooth functions that decay rapidly as |z| — oc.

DEFINITIONS (i) The Schwartz space is
S=8R") :=
{p € C*([R") | SI}&lnp |2°0°p| < oo for all multiindices a, 5}.
(ii) We say
p;—¢ inS
provided
supa”9”(; = ¢)| = 0

for all multiindices «, (.
DEFINITION. If ¢ € S, define the Fourier transform

B Fe© =0 [ e o) (R,

n

The reader is warned that many other texts use slightly different
definitions, entailing normalizing factors involving 7.

EXAMPLE: Exponential of a real quadratic form.
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THEOREM 3.1 (Transform of a real exponential). Let () be a
real, symmetric, positive definite n X n matriz. Then

(2m)"/?

—6_%<Q71§7§)
(det @)/ '

(3.2) Fle 2@y =

Proof. Let us calculate

Fle2/Qmo)y = / e~ 3(Qua)=i@8) gy

_ / 6_%<Q(x+iQ‘1£),w+iQ_1£>e—%<Q_1§v§>dg;

We compute the last integral by making an orthogonal change of
variables that converts @) into diagonal form diag(Aq, ..., ;). Then

n [e%S)
" " k=1~

212 /°° 2
-T2 [
1/2
k=1 )\k/ -0
(27’(’)”/2 (27T)n/2

1 A2 (det Q)12

O

The Fourier transform F lets us move from position variables x to
momentum variables &, and we need to catalog how it converts various
algebraic and analytic expressions in z into related expressions in &:

THEOREM 3.2 (Properties of Fourier transform).
(i) The mapping F : S — S is an isomorphism.
(ii) We have the Fourier inversion formula

_ 1
(3.3) Fl= (27r)"R0]:’
where Rf(x) := f(—x). In other words,
(3.4 F ) = g [ 0l de
and therefore
(35 o) = s [ Ol de
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(iii) In addition,

(3.6) D¢ (Fo) = F((—2)%p)
and
(3.7) F(Dgp) =E" Fop.

(iv) Furthermore,

(3.8) F(py) = ?7‘—(@) * F ().

REMARKS. (i) In these formulas we employ the notation from Ap-
pendix A that

(ii)) We will later interpret the Fourier inversion formula (3.4) as saying
that

1 .

(3.9) dgy=ay = m/ e"*=9€) d¢  in the sense of distributions,
)" Rn

0 denoting the Dirac measure. O

Proof. 1. Let us calculate for ¢ € § that

—ilx 1 —i({x e ) O
D?(]—Yp) = D¢ /ne ( ’§><,0(x) dr = — e ¥ ’§>(—zx) o(x) dx

_ /n e @8 (—2) 2 (z) dz = F((—2)%p).

Likewise,
FD) = [ e ODzpds = (-1)F [ (e g
n Rn

= (0 [ g e e ode = (7o)

This proves (iii).
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2. Recall from Appendix A the notation (z) = (1 + |z|%)2. Then for
all multiindices «, 3, we have

SgpléﬁD?@l = Slgplﬁﬁf((—x)aw)l

= sup | F(DI((—z)%0)]

= sup
3

< sup (@) D (—2)p)] / T

[ e L1< ™+ DI(~2)"p) da

Hence F : § — &, and a similar calculation shows that ¢; — ¢ in S
implies F(p;) — F(p).

3. To show F is invertible, note that

RoFoFoD,, = RoFoMgoF

= Ro(=D,,)oFoF

= Dy 0oRoFolF,
where M, denotes multiplication by §;. Thus R o F o F commutes
with D, and it likewise commutes with the multiplication operator
M,. According to Lemma 3.3, stated and proved below, R o F o F is
a multiple of the identity operator:
(3.10) RoFoF =cl.

From the example above, we know that

2
Thus F(e _57) (2m)™2e~ 2. Consequently ¢ = (27)", and hence

1
-1 RoF
~(2m)n e

4. Lastly, since
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we have

v = mm [ e gy
1

= o / et ( / P —¢) dp) 3

= Gt @)

But ¢y = F~1F(p1)), and so assertion (iv) follows. O

LEMMA 3.3 (Commutativity). Let My : g — fg be the multipli-
cation operator. Suppose that L : S — S s linear, and that

(3.11) LoM, =M, oL, LoD, =D, oL
j=1,...,n. Then

L=cl
for some constant ¢, where I denotes the identity operator.

Proof. 1. Choose ¢ € S, fix y € R", and write

n

p(x) — oY) = > (@ — y;)vs(@)

j=1
for

Yi(z) = /0 0u; (y + t(z — y)) dt.

Since typically 1; ¢ S, we select a smooth function x with compact
support such that y = 1 for x near y. Write

) = X)) + - @)l
Then
(3.12) p(x) —oly) = Z(%’ — y;)es(x)

2. We claim next that if p(y) = 0, then Lp(y) = 0. This follows
from (3.12), since

n

Lo(x) =Y (@ —y;)Lgp; =0

j=1
at r = y.
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Therefore Lo(x) = c(x)p(x) for some function c. Taking p(z) =
e~ 17" we deduce that ¢ € C™. Finally, since L commutes with differ-
entiation, we conclude that ¢ must be a constant. O

THEOREM 3.4 (Integral identities). If p, ¢ € S, then

(3.13) [ ovde= [ obdy
and

(3.14) / ot de = <2i)n / ) G de.
In particular,

(3.15) Il = ol ol

Proof. Note first that

/ Jppde = / ) ( /R T g(y) dy) U(@) de

= [ ([ e de) oty ay = [ o an
Replace ¢ by @/:) in (3.13):

| o= [ et an
But ¢ = [, e@O(z) do = (2m)"F~1(¢5) and so ()" = (2r)"p. O

We record next some elementary estimates that we will need later:

LEMMA 3.5 (Useful estimates).
(i) We have the bounds

(3.16) [tz < [luf| L
and

1
(3.17) lullpe <

(27T)n ||a||L1
(ii) There exists a constant C' such that

(3.18) lill <C sup 0ullps.

|| <n+1
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Proof. Estimates (3.16) and (3.17) follow easily from (3.1) and (3.5).
Furthermore,

ol = [al(&)" (€)™t d§ < C'sup(|al(€)"*)
Rn
< C swp [ =C sup (0w <C sup [°ullus.
|a|<n+1 |a|<n+1 || <n+1
This proves (3.18). O

We close this section with an application showing that we can some-
times use the Fourier transform to solve PDE with variable coefficients.

EXAMPLE: Solving a PDE. Consider the initial-value problem
du = xdyu + 02u  on R? x (0, c0)
U = 5(107%) on R? x {t =0}.

Let 4 := Fu denote the Fourier transform of u in the variables z,y
(but not in ¢). Then

(0 +nde)a = —E2.
This is a linear first-order PDE we can solve by the method of charac-
teristics:

w(t,E+tn,n) = 0(0,&,n)e” JE(&+sm)2ds
— (0, g e e
= (0, n)e 2 BEMEM)

2t ¢
B = (t2 2t3/3) '
Furthermore, 4(0,&,7n) = &myo). Taking F~!, we find

U(t, 2,y — t2) = O(n.y) * F (e 2(PeEmLEm))

for

— )2 _ — —)?
_ V3 exp(— (z — z0) N 3(x —w0)(y — %) 3y — v) )
27t t t2 t3
and hence
u(t, z,y)
V3 (x —20)?  3(z—m0)(y+tx—1y) 3(y+te—y)?
=55 eXp(— ; + I - 3 )

l

3.2 FOURIER TRANSFORM ON &'
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Next we extend the Fourier transform to &', the dual space of S. We
will then be able to study the Fourier transforms of various important,
but nonsmooth, expressions.

DEFINITIONS.

(i) We write &' = S'(R") for the space of tempered distributions,
which is the dual of §. That is, u € S’ provided u : S — C is linear
and ¢; — ¢ in S implies u(p;) — u(p).

(ii) We say

u; —u inS
if
uj(p) — u(p) forall peS.

DEFINITION. If u € §’, we define
D%, z%u, Fue S’

by the rules

Du(p) = (=1)l*u(D*y)
(zu)(p) = u(z%p)
(Fu)(p) = u(Fyp)

for p € S.

EXAMPLE 1: Dirac measure. It follows from the definitions that
Go() = 0u() = 90) = [ o

We interpret this calculation as saying that

8051.
O

EXAMPLE 2: Exponential of an imaginary quadratic form.
The signature of a real, symmetric, nonsingular matrix @) is
sgn () := number of positive eigenvalues of ()

(3.19) — number of negative eigenvalues of Q).

THEOREM 3.6 (Transform of an imaginary exponential). Let
Q be a real, symmetric, nonsingular n x n matriz. Then

(27)/2¢ T s&n(@)

6_%<Q71€7£>
|det Q['/ '

(3.20) F (eé<czx,z>> _
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Compare this carefully with the earlier formula (3.2). The extra
phase shift term €7 8" in (3.20) arises from the complex exponential.

Proof. 1. Let € >0, Q. :== Q + €il. Then

F (ett@en) / e Qe a)—itwe) g

B / 0 5(Qe(2-Q1),5-Q1€) .~ H(QT1EE) gy
Rn

_ ieles) / e+ Q) gy

Now change variables, to write @) in the form diag(Aq, ..., \,), with
A, .o, A >0and A\yq,..., A, <0. Then

n o0
R n k—=1Y —©

2. If 1 <k <r, then \; > 0 and we set z = (e —i\z)"/?w, and we
take the branch of the square root so that Im(e —i\;)'/2 < 0. Then

> Liag—e)w? dw = 1 / _22 d
2 = —_— 2
/_Ooe w EWIE er 2z,

for the contour I', as drawn.
. _z2 y?—a? . .
Since ez = e 2 ¥ and 22 > y? on I'y, we can deform I}, into

the real axis.
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6 T T
~ —— Contour T for positive xk -
— Contour I', for negative A, P

> —- Contours Rez=-ImzandRez=Imz

— — xaxis

Thus

T

! 1/, 1
| | 5\ —€ w2 s

/ e3(Ax—aw® g, (27) /2 l | m
k=1~ — WA

k=1
Also for 1 <k <r:
. 1 1 e
im = =

since we take the branch of the square root with (—i)'/2 = e=7/4,

3. Similarly for 7 + 1 < k < n, we set 2 = (e — i\;)"?w, but now
take the branch of square root with Im(e —i)\;)/? > 0. Hence

- OO Liiag—e)w? _ st - 1 -
11 /oo w1 =i
k=r+1 k=r+1
and forr+1<k<n
y 1 1 e T
im = =
e—0t (€ —iA)V2  (—iNg)V2 M|V
since we take the branch of the square root with i'/2 = T
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4. Combining the foregoing calculations gives us

F(¢4609) =t (c05)

e—0

(27)/2eF (r=(n=r))

Mo |12
Q- teg (2m)" e o
|det Q'/2

o 3(Q7IE8)

2
—= (& 2

3.3 SEMICLASSICAL FOURIER TRANSFORM

DEFINITION. The semiclassical Fourier transform for h > 0 is

(3.21) P = Fiple) = [ e HeOp(z) da

and its inverse is
1 i

(3.2 Fihia) = g | ebe9ui e

Consequently
1 ;
_ 1 {z—y,8) ; /
(3.23) Ofy=a} @y /Rn en d¢ inS'.

This is a rescaled version of (3.9).

We record for future reference some formulas involving the parameter
h:

THEOREM 3.7 (Properties of Fj). We have

(3.24) (hD¢)* Frp = Fin((—z)%p);
(3.25) Fn((hDy)%p) = £ Frp;
and

1
(3.26) ol = WH}—MOHL?;

We present next a scaled version of the uncertainty principle, which
in its various guises limits the extent to which we can simultaneously
localize our calculations in both the x and £ variables.
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THEOREM 3.8 (Uncertainty principle). We have

h
327) Sl 1Fnfllee < llojfllee & Fnf N2 (5= 1.0+ m).

Proof. To see this, note first that

§Fnf(&) = Fn(hDy, f).
Also, if A, B are self-adjoint opertors, then

tm(Af, Bf) = o (1B, AIf. 1)

Let A= hD, B = x. Therefore

(e, hDIf = Tl(n,0f) — e f)] = inhf

Thus

@i flle2 1§ Fn Sl = llzjfllzz (| Fa(hDa, £l 22
(2h)" ||z f 1|2 |2 Da £ 2
(27h)"?[(h Dy, f, 5 f)]
(2wh)"?| Im(h D, f, x; f)]

(27?]1)"/2

— 5 ’<[xj7hD$j]f7f>’

(27rh)

AVARAY

——hllf 7

= §||f||L2 [ Fnfllz2-

3.4 STATIONARY PHASE IN ONE DIMENSION

Understanding the right hand side of (3.21) in the limit Ah — 0
requires our studying integral expressions with rapidly oscillating inte-
grands. We begin with one dimensional problems.

DEFINITION. Given functions a € C®°(R), ¢ € C*(R), we define
for h > 0 the oscillatory integral

I, = In(a, ) ::/ e adr.

[e.o]
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LEMMA 3.9 (Rapid decay). If ¢' # 0 on K :=spt(a), then
(3.28) I, =0(h*™) ash— 0.

NOTATION. As explained in Appendix A, the identity (3.28) means
that for each positive integer N, there exists a constant C'y such that

1| < OxhY forall 0 < h < 1.

Proof. We will integrate by parts N times. For this, observe that the

operator

h 1
L = ——/335
Ly
is defined on K, since ¢’ # 0 there. Notice also that

L (e%) = e%p.

Hence LY (e/h) = /" for N = 1,2,.... Consequently

|| = ‘/ L <e%> a dr| = ‘/ ML )Na da

L* denoting the adjoint of L. Since a is smooth, L*a = —%&E (%) is

of order h. We deduce that |I,| < Cyh". O

Suppose next that ¢’ vanishes at some point within K := spt(a), in
which case the oscillatory integral is no longer of order h*>. We instead
want to expand [, in an asymptotic expansion in powers of h:

THEOREM 3.10 (Stationary phase). Let a € C®(R). Suppose
that ©o € K = spt(a) and

¢'(x0) = 0, ¢"(x0) # 0.
Assume further that @' (x) # 0 on K — {xo}.

(i) There exist for each k = 0,1,... differential operators Asy(x, D), of
order less than or equal to 2k, such that for all N

N-1
Iy, — (Z Ao (z, D)a(a:o)h'”;) en®(@o)

k=0

I

(3.29)
< CyhNt2 Z sup |a™)].

o<m<aN+2 X
(i) In particular,

(3:30) Ag = (2m)1/2|" )| /2 ¥ som o),
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and consequently

(3.31) I, = (27rh)1/2]<p”(x0)|’1/26%Sg““"”(‘”0)ew(§0)a(mo) + O(h3/2)

as h — 0.
NOTATION. We will sometimes write (3.29) in the less precise form

(3.32) I, ~ ei#@) Z Agpe(, D)a(xo)h’”%.

k=0

We present two proofs of this important theorem. The second proof
is more complicated, but provides us with explicit expressions for the
terms of the expansion (3.32): see (3.35).

First proof of Theorem 3.10. 1. We may without loss assume xg = 0,

©(0) = 0. Then ¢(z) = 3¢ (x)a?, for

1
W(z) = 2/ (1 — )" (tz) dt.
0
Notice that (0) = ¢”(0) # 0. We change variables by writing
y = ()|

for x near 0. Thus
Oyr = |"(0)|7? atx=y=0.

Now select a smooth function y : R — Rsuchthat 0 <y <1, x =1
near 0, and sgn¢”(z) = sgny”(0) # 0 on the support of x. Then
Lemma 3.9 implies

I, = / e @My (1)a(z) dx+/ @M1 — y(z))al(z) dx

B / eV u(y) dy + O(h™),

[e.o]

for € :=sgn"(0) = £1, u(y) := x(z(y))a(z(y))| det dyz|.
2. The Fourier transform formula (3.20) tells us that

F <€l€2th) = (27Th)1/267i%6#'

Applying (3.14), we see that consequently
h 1/2 iTE > i€ 2
= <_) / () de + O(h™),

2m 0o
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The advantage is that the small parameter h, and not A~!, occurs in
the exponential.

3. Next, write

J(h,u) = / TS0 de, J(0,u) = 27u(0).

—00

Then ,
ahJ(h,u):/ o (6252 (5)) d¢ = J(h, Pu)

[e.e]

for P := (ie/2) 8. Continuing, we discover

ok J(h,u) = J(h, P*u).

Therefore
N1k LN
J(h,u) = HJ(O PFu) + mRN(h u),
k=0
for the remainder term
n(hu) = N/ NI (th, PN u) dt.

Thus Lemma 3.5 implies
|Ry| < Cnl[PNullpr < Cy > sup |0F(PVu)).
0<k<2
4. Since the definition of J gives
hEJ(0, PPu) = h2P*u(0) = (h/2i)*u®?(0)
and since u = x(z(y))a(x(y))| det d,x|, the expansion follows. O

The second proof of stationary phase asymptotics will employ this

LEMMA 3.11 (More on rapid decay). Suppose that a € CP(R)
and that ¢ € C*(R). For each positive integer m, there exists a con-
stant C,, such that

(3.33) ‘/ e/ dx < C,hm Z sup(|a(k)||g0’|k—2m>‘

0<k<m

This inequality will be useful at points where ¢’ is small, provided
a™ is also small.
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Proof. The proof is an induction on m, the case m = 0 being obvious.
Assume the assertion for m — 1. Then

/OO g de = %/OO (eiw/h>/ﬁd$

()01
h >, ' ho [,
———,/ e'e/h <g/> d:v———,/ e/ d,

a:=(a/¢)".

for

Observe that
¥ =@/ <0 D aDl P
0<j<k+1
The induction hypothesis therefore implies

/°° @y dal < h’/w i@ /s g

[e.9]

< hC,_h™ 1 Z sup(|a®)|| [F-20m=1)
0<k<m-—1
< C,h" Z sup(ja? ||/ ~2™).
o<j<m ®

U

Second proof of Theorem 8.10. 1. As before, we may assume xq = 0,
©(0) = ¢'(0) = 0,¢"(0) # 0. To find the expansion in A of our integral

Ih:/ e#/ha da,

we write

ws(r) := ¢"(0)2%/2 + sg(x)
for 0 < s <1, where

g9(x) = p(x) — ¢"(0)2?/2.
Then ¢ = ¢; and g = O(x?) as x — 0. Furthermore,

Pi(x) = " (0)z + O(?),
and therefore
2| < ["(0)[7! () + O(2?)] < 2|9"(0)] |/ ()]

for sufficiently small x. Consequently, using a cutoff function y as in
the first proof, we may assume that

(3.34)

is bounded on K = spt(a).
@) “
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2.We also write

In(s) ::/ e</ha da.

o
Let us calculate
d2m 0

ds—Qth(S) = (z/h)zm/ e:/Mg®ma da.

—0o0

Lemma 3.11, with 3m replacing m, implies

m C m m —bm
L ()] < o5h®™ 3 sup(l(ag™™) Pl [0,

0<k<3m
Now the amplitude ag?™ vanishes to order 6m at z = 0. Consequently,
for each 0 < k < 3m we recall (3.34) to estimate
(ag™) =" < Claf a0 < €.
Therefore
113 (5)] < Mh™.

It follows that
2m—1

1 1

_ _ @ o 2m—1 7(2m)

Ih —]h(l) = l:EO ]h (0)/l'+—(2m_ 1)'\/0 (1 S) Ih (S)dS
2m—1

=Y 1)(0)/1+ O(h™).

3. It remains to compute the expansions in A of the terms
19(0) = (i/h) / e/ gla dg

for [ =0,...,2m — 1. But this follows as in the first proof, since the
phase ¢o(z) = ¢”(0)x?/2 is purely quadratic. Up to constants, the
terms in the expansion are

h%-&—k—l (gla)(%) (0)

forl <2mand k=0,1,---.

This at first first looks discouraging because of —[ in the power of h.
Recall however that g = O(2%) near 0; so that (¢'a)®®)(0) = 0 unless
2k > 3l. Also, if Kk — [ = j, then

3j=3k—3l>k 2j=2k—20>I

o0

This means that there are at most finitely many values of k£ and [ in
the expansion corresponding to the term h2*4 = p3+k=L. O
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REMARK. This second proof is a one dimensional, variant of that in
Hoérmander [H1, Section 7.7]. It avoids the Morse Lemma (see Theorem
3.14 below), but at some considerable technical expense. But this proof
in fact provides the explicit expansion

/ei‘p/ha dx ~ e'T sen ¢ (20) ( 2mh )
R |#"(0)]
h

— S S L
ZO; (22'4'0//(0)) ﬁﬂd:p%((z/h) g CL)(O).

k

N

(3.35)

3.5 STATIONARY PHASE IN HIGHER DIMENSIONS

We turn next to n-dimensional integrals.

DEFINITION. We call the expression

I =Tfa0) = [ eada,

n

where a € C(R"), ¢ € C*(R") are real-valued.

3.5.1 Quadratic phase function. We begin with the case of a qua-
dratic phase

ola) = 5(Qu,2),

where () is a nonsingular, symmetric matrix.

THEOREM 3.12 (Quadratic phase asymptotics). For each pos-
tive integer N, we have the expansion

(3.36) I =

P e N-1 Bk -1p DY\ *
(27rh)2|‘;et—Q|é (Z o (%) a(0) + O(hN)> .
k=0

Proof. 1. The Fourier transform formulas (3.20) and (3.14) imply
h n/2 %r sgn Q iho 1
h=(5) ooy [ et ag e
Write
Hha)i= [ @ e9a(e) dg
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then

ih

niiha) = [ #0760 (2276 9(e) ) de = (1P

for .
Pi=—5(Q7'D,D).
Therefore
N-—1 hk hN
J(hya) =) 570, Pra) + ~ B (h,a),
k=0

for the remainder term
Ry (h,a) = N/l(l — )NV J(th, PNa) dt.
0
2. Now (3.5) gives
. k
s0.7 = [ (-5@769) ade = errrtao)

Furthermore, Lemma 3.5,(ii) implies

IRy| < COwl|PNal <Oy sup |0
|| <2N+n+1

n

O

3.5.2 General phase function. Assume next that the phase ¢ is a
smooth function.

LEMMA 3.13 (Rapid decay again). If 0p # 0 on K := spt(a),
then

I, = O(h™).

In particular, for each positive integer N
(3.37) In] < CRN ) sup |0°al,

jaj<N

where C' depends upon only K and n.

Proof. Define the operator
_h 1
T ilogl
for x € K, and observe that
L (ew/h) = ¥/,

(0p,0)
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Hence L (e"?/") = e/" and consequently

[In| = / LN (ei‘p/h)adx = / ML YNadz| < ChY.

O

DEFINITION. We say ¢ : R® — R has a nondegenerate critical point
at xg if
(o) =0, det 9*p(z0) # 0.
We also write
sgn 0*p(x0) := number of postive eigenvalues of 9%p(x()

— number of negative eigenvalues of 9%¢(xy).

Next we change variables locally to convert the phase function ¢ into
a quadratic:

THEOREM 3.14 (Morse Lemma). Let ¢ : R* — R be smooth,
with a nondegenerate critical point at xo. Then there exist neighbor-
hoods U of 0 and V' of xy and a diffeomorphism

v:V=U
such that
_ 1
(338)  (poy (@) = (o) + 5zl + - +af —alyy - —27),

where 1 is the number of positive eigenvalues of 0*p(xo).

Proof. 1. As usual, we suppose o = 0, p(0) = 0. After a linear change
of variables, we have

1
plo) = Stk a? =y —ad) + 0ol

and so the problem is to design a further change of variables that
removes the cubic and higher terms.

2. Now

o) = [ (1= DoRe(ta) dt = (o Qa)a).
where

Qv -#v0-(5 7 ).
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In this expression the upper indentity matrix is » x r and the lower
identity matrix is (n —r) x (n —r). We want to find a smooth mapping
A from R"™ to M"*" such that

(3.39) (A(z)z, Q(0)A(x)z) = (z,Q(x)z).
Then

V(z) = Alx)z
is the desired change of variable.

Formula (3.39) will hold provided
(3.40) AT (2)Q(0)A(x) = Q(x).
Let F': M™"™ — S™*" be defined by
F(A) = ATQ(0)A.
We want to find a right inverse G : S™*" — M™ " so that
FoG=1 near Q(0).
Then

will solve (3.40).

3. We will apply a version of the Implicit Function Theorem (Theo-
rem C.2). To do so, it suffices to find A € L(S™*", M"*") such that

OF(I)A=1.
Now
OF(I)(C) = CTQ(0) + Q(0)C.
Define
A(D) = 2Q(0) "D

for D € S™*™. Then
OF()A(D) =

Given now a general phase function ¢, we apply the Morse Lemma to
convert locally to a quadratic phase for which the asymptotics provided
by Theorem 3.12 apply:
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THEOREM 3.15 (Stationary phase asymptotics). Assume that
a € CX(R™). Suppose xp € K :=spt(a) and

dp(wo) = 0, det d*p(w) # 0.
Assume further that Op(x) # 0 on K — {xo}.

(i) Then there exist for k = 0,1, ... differential operators Asy(x, D) of
order less than or equal to 2k, such that for each N

N-1 )
Ih — <Z Agk(x, D)a(mo)h]”g) €W(’10)

(3.41) k=0

< OyhVte Z sup |0%al.
la|<2N4nt1 R

(i) In particular,

(3.42) Ao = (2m)"?|detdp (o) |72 T sen P elan);

and therefore

I, =
(3.43) o(z0)

(27Th)n/2|det3290(930)|_1/26%Tng%(x(’)e ma(xg) + O <h"32>

as h — 0.

Proof. Without loss g = 0, ¢(z9) = dp(zo) = 0. Introducing a cutoff
function y and applying the Morse Lemma, Theorem 3.14, and then
Lemma 3.13, we can write

I, = / e @/hg dy = / 2 @eo)y, dy + O(h™),

1, O
o= (o 1)
and

u(z) = a(k(x))| det O~ ()|, det dx'(0) = det Op(z) .

and
I, O
o= (6 )

Note that sgn @ = sgnd*p(xg) and |detQ] = 1. We invoke Theorem
3.12 to finish the proof. O

where

3.6 IMPORTANT EXAMPLES.



42

In Chapter 4 we will be interested in asymptotics in h of various ex-
pressions involving the Fourier transform. These involve the particular
phase function

o(z,y) = (z,y)
on R™ x R", corresponding to the Fuclidean inner product. We will
also encounter important applications with the phase

o(z,w) = o(z,w) = (Jz,w)

on R?" x R?", corresponding to the symplectic structure. We therefore
record in this section the stationary phase expansions corresponding to
these special cases.

THEOREM 3.16 (Important phase functions).
(i) Assume that a € C>°(R?*"). Then for each postive integer N,

(3.44) //efil(”:’y)a(x,y)dxdy:

(2mh)" (Z_ Z_T <<DZ_Dy>) 2(0,0) + O(hN)>

k=0
as h — 0.
(ii) Assume that a € C°(R*™). Then for each postive integer N,

(3.45) / / e%"(z’w)a(z,w) dzdw =
R2n JR2n
N-1 k
D,,D¢,D,, D
(27Th)2n (2 :% <0'( T §.7 Y 77)) CL(0,0) —I—O(hN)) 7

]
k=0

where z = (z,§), w = (y,n), and
o(D,, D¢, D,, D,) := (D¢, D)) — (D, D).

Proof. 1. We write (z,y) to denote a typical point of R?", and let

o I,
Q- ( o O> .
Then @Q is symmetric, Q7' = Q, |detQ| = 1, sgn(Q) = 0 and Q(z,y) =
(y,2). Consequently 3(Q(z,y), (x,y)) = (z,y).
Furthermore, since D = (D,, D,),
1

S(Q7'D, D) = (D, Dy).

Hence Theorem 3.12 gives (3.44).
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2. We write (z,w) to denote a typical point of R, where z = (z, ),

w = (y,n). Set
o —J
Q = (J ) ) .

Then @ is symmetric, Q7' = @, |detQ| = 1, sgn(Q) = 0 and Q(z,w) =
(—Jw, Jz). Consequently $(Q(z,w), (z,w)) = (Jz,w) = o(z,w).
We have D = (D,, D,,) = (Ds, D¢, Dy, D,), and therefore
1
§<Q71D, D) =o(D,, D¢, Dy, D,)).
Theorem 3.12 now provides us with the expansion (3.45). O
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4. QQUANTIZATION OF SYMBOLS

4.1 Quantization formulas

4.2 Composition, asymptotic expansions
4.3 General symbol classes

4.4 Operators on L2

4.5 Inverses

4.6 Garding inequalities

The Fourier transform and its inverse allow us to move at will be-
tween the position x and momentum ¢ variables, but what we really
want is to deal with both sets of variables simultaneously. This chapter
therefore introduces the quantization of symbols, that is, of appropriate
functions of both x and &. The resulting operators applied to functions
entail information in the full (x, &) phase space, and particular choices
of the symbol will later prove very useful, allowing us for example to
“localize” in phase space.

The plan is to introduce quantization and then to work out the re-
sulting symbol calculus, meaning the systematic rules for manipulating
symbols and their associated operators.

4.1 QUANTIZATION FORMULAS

NOTATION. For this section we take h > 0 and a € S(R*™"), a =
a(x,€&). We hereafter call a a symbol.

To quantize this symbol means to associate with it an h-dependent
linear operator acting on functions u = u(z). There are several stan-
dard ways to do so:

DEFINITIONS.
(i) We define the Weyl quantization to be the operator a%(z, hD)
acting on u € S(R™) by the formula

(4.1) a"(z,hD)u(z) : 27rh /n /neh@ ullg (%52, €) u(y) dyd¢.

(ii) We define also the standard quantization

(4.2) a(x,hD)u(x) : 27rh /n /neh<x P a(x, &)u(y) dyd

foru e S.
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(iii) More generally, for u € S and 0 <t < 1, we set

(43) Op,(a)u(z) ==

(27rlh)n / . / b Sa(te 4 (1 - 1)y, Ou(y) dyd,

Hence
Op%(a) =a"(z,hD), Op,(a) =a(z,hD).

REMARKS. (i) Observe that

a(z, hD)u = F, ' (aFnu).
This simple expression makes most of the subsequent calculations much
easier for the standard quantization, as opposed to the Weyl quanti-
zation. However the later has many better properties and will be our
principal concern.

(ii) We will only rarely be directly interested in the operators Op,
for t # %, 1; but they will prove useful for interpolating between the
Weyl and standard quantizations.

EXAMPLES.
(i) If a(x, &) = €%, then
Op,(a)u = (hD)%u (0<t<1).

(ii) If a(z, &) = V(x), then
Op,(a)u = V(z)u (0<t<1).

(iii) If a(x, &) = (x,&), then
Op,(a)u = (1 —t){(hD,zu) + t(x, hDu) (0<t<1).
(iv) If a(z, &) = 370 j<n @a(x)€* and ¢ = 1, then
a(z,hD) = Y as(z)(hD)u.
jal<N

These formulas follow straightforwardly from the definitions.

THEOREM 4.1 (Schwartz class symbols). Assume a € S.
(i) Then for each 0 <t < 1, Op,(a) can be defined as an operator
mapping S’ to S; and furthermore

Op,(a): 8" — S

18 continuous.
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(ii) We have

(4.4) Op,(a)” = Op,_,(a) (O<t<1)
and in particular the Weyl quantization of a real symbol is self-adjoint:
(4.5) a“(z,hD)" = a"(x,hD) if a is real.

Proof. (i) We have

Op,(a)u(z) = [ Ki(z,y)u(y)dy
Rn
for the kernel
1 ;
Ki(z,y) = Gh) /R et va(te + (1 —t)y, &) dé

= F (altz + (1 =1y, ))(z —y).
Thus K; € S, and so
Op;(a)u(r) = u(Ki(z,-))
maps S’ continuously into S.
(ii) The kernel of Op,(a)* is K (z,y) := K(y,x) = K1_¢(z,y), which
is the kernel of Op,_,(a). O

We next observe that the formulas (4.1)-(4.3) make sense if a is
merely a distribution:

THEOREM 4.2 (Distributional symbols). Ifa € &', then Op,(a)

can be defined as an operator mapping S to §'; and furthermore
Op,(a) : S — & 0<t<1)

15 continuous.

Proof. The formula for the distributional kernel K; of Op,(a) shows
that K; € S'(R™ x R™). Hence Op,(a) is well defined as an operator
from S to §”: if u,v € S then

(Op,(a)u)(v) := Ki(u ®@v).

4.2 COMPOSITION, ASYMPTOTIC EXPANSIONS

We begin now a careful study of the properties of the quantized op-
erators defined above, especially the Weyl quantization. Our particular
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goal in this section is showing that if a and b are symbols, then there
exists a symbol ¢ = a#b such that

a“(x, hD)b" (z,hD) = c*(x, hD).

4.2.1 Linear symbols. We begin with linear symbols of the form
(4.6) (z,§) = (27, z) + (£, )

for(z*,£*) € R*™. To simplify calculations later on, we will often iden-
tify the linear symbol | with the point (x*,£*).

LEMMA 4.3 (Quantizing linear symbols). Let [ be given by (4.6).
Then

Opy(l) = (z",2) + (£, hD)  (0<t<1).
NOTATION. In view of this result, we hereafter write
(4.7) l(x,hD) =1V (x,hD) = (x*,z) + ({*, hD).

Proof. Let u € S and compute the derivative

d

£Opt(l)u = dt/n/n (@= yg ((z",tz + (1 — t)y)
+(€, §))uly) dyd§

er VO (1, 2w — yhu(y) dydg

n

- iy /<x D [ v dy) as

- ﬁ/ﬂdx De(er9a(€) ) de.

Since (&) — 0 rapidly as |£| — oo, the last expression vanishes. There-
fore Op,(l) does not in fact depend upon ¢; and consequently for all
0<t<1,Op(l)u=O0p,(Du=(z* z)u+ (£ hD)u. O

n

Next we compute the Weyl quantization of enl,

THEOREM 4.4 (Quantizing exponentials of linear symbols).
(1) For each linear symbol | we have the identity

l

(4.8) (eh YW(x,hD) =en th)
where

(49) 6%l(whD) (ZE) _eh(z :v)+2h<:v R (I+§)
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(i) If I,m € R*", then

(4_10) l(ac hD)ehm(x,hD) _ €2ha(l,m)€%(l+m)(x,hD).

Proof. 1. Consider for u € S the PDE
ihOw + l(z,hD)v =0 (t e R)
v(0) =u (t=0).
Its unique solution is denoted

v(x,t) = e l@mhD)y,

)

this formula defining the operators enl@hD) for t ¢ R. But we can
check by a direct calculation using (4.7) that

at 2 *
v(x,t) = en @ ETE )y (1 e,
and therefore (4.9) holds.

2. Furthermore,

(e = M //ﬁ )y (y) dyde
ﬂ- n n

et / / % z—y,£) %(fﬂ Y+E*) (y+£*)> dyd¢

x—i—f)

since
1

iy = He-vEge in S
{y==} (27Th)n \/Rneh g m )
according to (3.23). This proves (4.8).

3. Suppose l(z, &) = (27, 2) + (&1, ) and m(z,§) = (23, 2) + (£3,€)-
According to (4.9),

e%m(r,hD)u(af) = 6%<x;,z>+ﬁ<$§’55>u(x +&);

and consequently

€h Iz, hD) m(w hD)U(LU) —

R+ g (16D o W€D+ ) (o 1 €7 4 £3).

3y

Furthermore, (4.9) implies also that

e%(l—&—m)(z,hD)u(x) _ ei(xl-‘rm? )+ 5 (I1+ac2 &5+€3) (x 4 51 + 52)
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Using the formula above, we therefore compute

REM@AD) (1) — o5 (@1.65)~(@3.60) gh1@AD) g hm(@hD) ()

This proves (4.10), since o(l,m) = (&, x3) — (27, &3). O
4.2.2 Exponentials of quadratics. We record in the section some
useful integral representation formulas for the quantization of certain

quadratic exponentials. We will later apply the stationary phase ex-
pansions from Theorems 3.12 and 3.16 to these expressions.

THEOREM 4.5 (Quantizing quadratic exponentials).

(i) Let Q denote a nonsingular, symmetric, n X n matriz. Then if
u e SR,

(4.11) €2 @DDPhy(z) =

|det Q| 2 T sgnQ —5 Q7 'yy)
i) e e u(z +y)dy.

(ii) In particular, if u € S(R*™), u = u(x,y), then

(4.12) eMPnLudy (g y) =

1 1-
(2mh)" / / w4 1,y + ) daydys.

(iii) Suppose that u € S(R*™), u = u(z,w). Then

(413) zhcr(Dz,Dz) (Z

w)
hotem) dz1dwy.
27rh /RQH/RM u(z + z1, w 4+ wq) dzydwy

Proof. 1. Observe first that
1 i
Hw8) o 1(QE8) g Qe
(27rh)”/Rneh ¢ = Fp (en 99 (w)

_1
_ ’deth 26% sgnQe—ﬁ@)’lw,w)'
(27h)2
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Therefore
e%(QD,D)u( ) = e#(QhD.hD),,

7=yl H(QE.8) dud
27rh /n/nh uly) dyds

det@ 2 'L7'rb n i r— z—
’(QWh)’ g Q/ e am (@ (z-y), y)u(y)dy

|det Q|72 i
= ————¢€1

sgn Q e m QYY) y(r + ) dy.
@nh)E / ) (z+y)dy

2. Assertion (4.12) is a special case of (4.11), had by replacing n by

2n and taking
O I,
0= (2 5).

See the proof of Theorem 3.16,(i). It is a useful exercise to give a direct
derivation.

3. Similarly, assertion (4.13) is a special case of (4.11) obtained by
replacing n by 4n and taking

o —-J
@:= (J 0 ) '
See the proof of Theorem 3.16,(ii). O

4.2.3 Composing symbols.

Next we establish the fundamental formula a“b0% = (a#b)", along
with a recipe for computing the new symbol a#b.

THEOREM 4.6 (Composition for Weyl quantization).
(i) Suppose that a,b € S. Then

(4.14) a“(x, hD)b" (z,hD) = (a#b)" (z, hD)
for the symbol
(4.15) a#tb(z,€) = ¢ 27 P PoPeD) (a(, O)bly, m)) |,

=€

(ii) We have the integral representation formula

a#b(z, E) =
(4.16) 7rh /RM /Rgn Hrotwiw) a(z + wy)b(z + wy) dwydws,

where z = (z,§).
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Proof. 1. For | € R?", define

D= [ e i Oaleg) duds

a(z,§) = (27rh)2” /Rzn ot é‘)d(l) dl.
Therefore Theorem 4.4,(i) implies

1 ;
—— [ a(Dert@®hP) g,
(27Th)2n /RQn

then

(4.17) a“(z,hD) =

and likewise

W 1 7 Zm(z
VY (x,hD) = W/]R b(m)en ™D dm,

Theorem 4.4,(ii) lets us next compute

a(z, hD)b" (z, hD)

~ [; (z,hD) L m(z,hD) d dl
27Th /]RQTL /IR;Q’VL a ¢ m
[; spo(lm) %(ler)(m,hD) dld
27Th/ /]RQn /RQn e "

™ R2n
for

1 ~ io(l,m)
4.18 ér::—/ a(l)b(m)e 2r dl.
(4.18) )= G [, A

To get this, we changed variables by setting » = m + [.

2. We will show that ¢ defined by (4.18) is the Fourier transform of
the symbol ¢ defined by the right hand side of (4.15). We first simplify
notation by writing z=(z,§), w=(y,n). Then

c(2) = 27 P=Pu)g(2)b(w)]yes = 3PP (2)b(w)]

and

1 L1(2) A
a(z) = (27Th)2n /]R?n en ( )a(l) dla

1 i
b(w) = O /Qn er™ " h(m) dm.

Furthermore, a direct calculation, the details of which we leave to
the reader, demonstrates that

e2r0(hDzhDw) o7 ((2)+m(w)) _ 7 (U(z)+m(w))+550(lm)
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Consequently

5 0(hD2,hDuw) 1 (I(2)+m(w))

oz e a(l)é(m) dldm

R2n

R
/ en U +m=)+grom)g (z)i)(m)dzclm
]RQn

27Th 4n R2n

The semiclassical Fourier transform of ¢ is therefore

1 ~
(I+m—r) d 5 o(lm) A Db dldm.
g Jo Jo (i [ 002 et i

According to (3.23), the term inside the parentheses is 0y m=p} in S’
Thus the foregoing equals

1 Zo(l,m) 1\ ] o
G / o R = (),
+m=r

in view of (4.18).

3. Formula (4.16) follows from Theorem 4.5,(iii), with % replacing
h. O
4.2.4 Asymptotics. We next apply stationary phase to derive a useful

asymptotic expansion of a#b:

THEOREM 4.7 (Semiclassical expansions). Assume a,b € S.
(i) We have for N =0,1,...,

(4.19) a#b(x, €) =
> (500020060, 2,) ) (ate )

k=0

4 O(hNJrl)

=x
=¢

Y
n
as h — 0, the error taken in S.

(i) In particular,

(4.20) a#tb = ab + %{a, b} + O(h?);
and
(4.21) [a", b"] = %{a, b} + O(h?).

(iii) If spt(a) Nspt(b) = 0, then
a#b = O(h™).
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Proof. 1. To prove (4.19), we apply the stationary phase Theorem
3.16,(ii), with % replacing h and —o replacing o, to the integral formula
(4.16).

2. Next, compute

h
a#b = ab+%U(Dm,Dg,Dy,Dn)a(a:,ﬁ)b(y,n) +O(R?)

y=w
n=¢§

= ab+ %((Dga, D,b) — (D,a, D,b)) +O(h?)

x
13

_ b+ %(@a, 0.5) — (9ua, b)) + O(h?)

Yy
n

= ab+ %{a, b} +O(h?).
Consequently,
@™, bY] = a"bV —bVa" = (a#b — b#a)™
h h o)
= <ab + %{a, b} — (ba + Z{b’ a}) + O(h )>
= ?{a, bIY + O(h?).

3. If spt(a) Nspt(b) = 0, each term in the expansion (4.19) vanishes.
U

4.2.5 Standard quantization. Next we replace Weyl (¢ = 1) by
standard (¢t = 1) quantization in our formulas. The proofs are simpler.

THEOREM 4.8 (Composition for standard quantization).
(i) Let a,b e S. Then

a(x,hD)b(x,hD) = c(z, hD)
for the symbol

(4.22) c(z,€) = e PP (a(x, )b(y, )],

xT
n=¢§

(ii) We have the integral representation formula

(4.23) c(x,€) =

(27rlh>n / / 6_%<I17€1>a($, &+ fl)b(x + x1, é‘) dxqdé;.
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(iii) For each N =0,1,...,

(4.24)  c(z,8) = ZZ, (i{Dg, D))" (a(w, E)b(y,m))|,_, +O(KN*)

y
k=0 n

I
m 8

as h — 0, the error taken in S.

Proof. Let w € §. Then
a(z, hD)b(x hD)u

27rh ///eh (e s=ma(a, n)b(y, €)a(€) dydnde

ez, £)en @)
- o L el e de
= ¢(x, hD)u(x)

for
(0.8) = s [ [ ale bty €) dyar.

Change variables by putting 1 =y — x,& = n — &, to rewrite ¢ in the
form (4.23). Then (4.22) is a consequence of Theorem 4.5,(ii).
Finally, the stationary phase Theorem 3.16,(i) provides the asymp-

totic expansion (4.24) O
THEOREM 4.9 (Adjoints for standard quantization). Ifa € S,
then

a(x,hD)* = b(z, hD),
for
(4.25) b(xz, &) = M P=Pelg(g €).

Proof. 1. We first observe that, as in the proof of Theorem 4.4,
Op, (ﬁl(m)) u(z) = eR @ NHEA=DEENy (4 1 g%,
It follows that
@) Op, (o9 = b0, (oo,
Next we record an interesting conversion formula, namely that if
A = Op,(a) 0<t<1),
then
(4.27) ay(z, &) = elt=IMDaDe) g (4 ),
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To see this, notice that the decomposition formula (4.17) implies
1 . i
Op,(a;) = ) /Rzn a,(1)Op,(er') dl.
We apply (4.26) to derive (4.27).
2. Next recall (4.4):

a(z, hD)" = Op,(a)* = Opy(a).

We now invoke (4.27), to write
Opy(a) = Op, (),

the symbol b defined by (4.25). O

4.3 GENERAL SYMBOL CLASSES

We next extend our calculus to symbols a = a(z, &, h) which depend
on the parameter h and which can grow, along with their derivatives,
as |z|,[§| — oo.

4.3.1 More definitions.

DEFINITION. A function m : R** — (0, 00) is called an order func-
tion if there exist constants C', N such that

(4.28) m(w) < C(z — w)¥m(z)
for all w, z € R".

Observe that if mq, my are order functions, so is myms.
EXAMPLES. Standard examples are m(z) = 1 and m(z) = (z)
(1+ ).

DEFINITIONS.
(i) Given an order function m on R?", we define the corresponding class
of symbols:

S(m) :={a € C* | for each multiindex «

there exists a constant C,, so that |0%a| < C,m}.

oo

(ii) We as well define
S¥(m) = {a € C*™ | |0“a] < Cyh™"m for all multiindices o}
and
SE(m) := {a € C* | 0% < Coh™0=*m for all multiindices a}.

The index £ indicates how singular is the symbol a as h — 0; the index
0 allows for increasing singularity of the higher derivatives. Notice that
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the more negative k is, the more rapidly a and its derivatives vanish as
h — 0.

(iii) Write also
S7°(m) := {a € C* | for each a and N, [0%a|] < Cynh™m}.

So if a is a symbol belonging to S~°°(m), then a and all of its derivatives
are O(h™) as h — 0.

NOTATION. If the order function is the constant function m = 1,
we will usually not write it:

Sk .= Sk(1), SF.= Sk(1).
We will also omit zero superscripts. Thus
S :={a € C°(R*) | |0%| < C, for all multiindices o'}
Ss:={a € C™ | |0%| < C,h~0%1! for all multiindices a}.
REMARKS: rescaling in h.

(i) We will show in the next subsection that if a € Ss, then the
quantization formula

(o hDyu(e) = e [ [ b (52,0 uty)eay
makes sense for u € §. It is often convenient to rescale to the case
h =1, by changing to the new variables
(4.29) Fi=h"im, §i=h2y, = h2¢.

Then

and therefore

(4.30) a“(z,hD)u(x) = a}) (Z, D)u(z),

for

(4.31) (7)== u(z) = u(h2®), an(F,§) = a(z,€) = a(h:F, h2§).
(ii) Observe also that if a € Sy, then

(4.32) 10%y| = 1'3'|0%a] < O, hlI(379)
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for each multiindex «. If § > %, the last term is unbounded as h — 0;
and consequently we will henceforth always assume

0<6<3.
We see also that the case
5=1
is critical, in that we do not then get decay as h — 0 for the terms on
the right hand side of (4.32) when |a| > 0. O

4.3.2 Quantization. Next we discuss the Weyl quantization of sym-
bols in the class Ss(m):

THEOREM 4.10 (Quantizing general symbols). If a € Ss(m),
then

a“(z,hD):S — S.

Proof. 1. We take h = 1 for simplicity; so that
1 .
(o Djula) = o [ e (252.€) ) dy
)" Jrn Jre

for u € S. Observe next that Lie?@ %€ = /@48 where

Ll = 3 .
1+ |z —y|
and Lyet@=v:€) = ¢i@=y:) for
1- 57 D
1+ |¢]

We employ these operators and the usual integration by parts argu-
ment, to show a%(z, D) : S — L.

2. Furthermore,
1 .
z;a" (x, D)u = W/ / (D¢, + y;)e "% qu dydé.

We integrate by parts, to conclude that z*a%(z, D) : S — L* for each
multinomial z®. Also, since

(6—%<D17D5>a> (z, D)u = a™(z, D)u,
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we have

D, a"(x D) D, (e 5(DeDe) >(:c Du

o // “HPuDela(y, €)(~ Dy, e uly) dyde.

Again integrate by parts, to deduce D?a"(z, D) : & — L* for each
partial derivative D?.

Consequently, D’z%a%(x, D) : & — L™, for all multiindices «, 3. It
follows that a“(z,D) : S — S. O

4.3.3 Asymptotic series. Next we consider infinite sums of terms in
various symbol classes.

DEFINITION. Let a € 5¥(m) and a; € Sy’ (), where kjpq < kj,
kj — —oo. We say that a is asymptotic to ) a;, and write

oo
a ~ E a,
J=0

provided for each N =1,2,...

(4.33) a— Z_ a; € Sy~ (m)

INTERPRETATION. Observe that for each i > 0, the series Z;io a;

need not converge in any sense. We are requiring rather in (4.33) that
N-1

for each N, the difference a — ) i=0 @ and its derivatives, vanish at
appropriate rates as h — 0.

Perhaps surprisingly, we can always construct such an asymptotic
sum of symbols:

THEOREM 4.11 (Borel’s Theorem).
(i) Assume a; € S(I;j(m), where ki1 < kj, kj — —oo. Then there exists
a symbol a € S5 (m) such that

00
a ~ E Clj.
Jj=0

(ii) If also a ~ Y72 aj, then
a—ae S (m).
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Proof. 1. Choose a C* function x such that
0<x<1, x=1lonl0,1], x=0on [2,00).

We define
(4.34) a:= Zajx()\]h)
§=0

where the sequence \; — oo must be selected. Since \; — oo, there
are for each h > 0 at most finitely many nonzero terms in the sum

(4.34).
Now for each multiindex «, with |a| < j, we have
0% (a;x(Mh))l = 1(0%a;)x(A;h)]

< Ciah 7% mx (Ash)

(4.35) = Cjoh™™ hmx()\ h)

J
h*kj*l*5|a|

S Zija/\—jm

S h—kj—1—|a|§2—jm

it \; is selected sufficiently large. We can accomplish this for all j and
multiindices o with |o| < j. We may assume also \j; > A;, for all j.

2. Then

N 00 N
a—> aj= Y apx(\jh) + > a;(x(Ah) — 1).
j=0 j=N+1 J=0

Fix any multiindex a. Then taking N > |«a|, we have

(o $0)

J=0

< Z| “a;)|x(Ah)

j=N+1

+ Z 10%a;|(1 — x(\jh))

= A+ B.

According to estimate (4.35),

(0.)
A< Z pki—1=0lalg—i < kN1 —1=dlal
j=N+1
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Also
N
B <Y Cojh ™7 lm(1 = x(\;h).
§=0

Since x =1on [0,1], B=0if 0 < h < Ay If \y' < h < 1, we have
1 < Anyh and hence

N N
B < mY Coih P <m " Co A ™ hin—olel

j=0 7=0

= mC, yh~v-olel,

if N > |a|. Therefore, for any N

r(o-5)

=0

Thus

< Ca Nhka75|a|m

S C%NhikNi&lalm.

U

4.3.4 Semiclassical expansions in Ss. Next we need to reexamine
some of our earlier asymptotic expansions, deriving improved estimates
on the error terms:

THEOREM 4.12 (Semiclassical expansions in Ss.). Let Q) be
symmetric, nonsingular matric.
(i) If0 <& < 1, then

e’z (@D:D) . Ss(m) — Ss(m).

(i) If 0 < 6 < 3, we furthermore have for each symbol a € Ss(m) the
exTpansion

; gy D, D)\"*
(4.36) e 2@QDD), Z % (z%) a in Ss(m).
k=0

REMARK. Since we can always rescale to the case h = 1, there
cannot exist an expansion like (4.36) for § = 1/2 .
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Proof. 1. First, let 0 < 6 < 1 and a € Ss(m). Recall from Theorem
4.5,(i) that

i det -3 im
67h<QD’D>a(z) = %eﬁg‘@/ e?™a(z 4+ w) dw
R2n

for the quadratic phase

o(w) = —%(Qlw,w>.

Let x : R" — R be a smooth function with y =1 on B(0,1), x =0
on R" — B(0,2). Then

C ip(w)

e%@D’ma(z) = — e oalz—w)dw
hn R2n

= g ew;zw)x(w)a(z —w) dw
hn RQn
C ip(w
+— e >(1 —x(w))a(z — w) dw
hn R2n
= A+ B,

for the constant
1
_ | det Q| 2 e"ngnQ'

C 2n)

2. FEstimate of A. Since x(w)a(z — w) has compact support, the
method of stationary phase, Theorem 4.5, gives

Furthermore, if |w| < 2, we have m(z — w) < Cm(z). Consequently,
|A] < Cm(z); and similarly

0%A| < C sup [0%a| < Ch™1*Pm(z).

0<B<a
Hence A € Ss(m).
3. Estimate of B. Let

(0, hD)
L= ;
0]

then Le™/" = /" Furthermore, since |dp(w)| > ~v|w| for some posi-
tive constant 7, the operator L has smooth coefficients on the support
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of 1 —y and

hM
[(LHM((1 = x)a)| < Crv—7 sup |0%a(z — w)

(w) || <M

Consequently,

C .
|B| = i / (LMe“"/h) (1 —x(w))a(z — w) dw‘
R2n

<
hn

[ ey - e )

< C’hM_”/ (w)y™ sup |0%(z — w)|dw
R2n

|| <M

< C’hM_”_éM/ (wyN Mm(z) dw
R2n

ChM_"_‘SMm(z),

provided M > 2n + N. The number N is from the definition (4.28) of
the order function m.

We similarly check also the higher derivatives, to conclude that B €
S5 °(m).
4. Now assume 0 = 1/2. In this case we can rescale, by setting
W = wh™Y?
Then
eM@DD) g (2) = C/ e g (z — wh'/?) d.

n

We use x to break the integral into two pieces A and B, as above. [

THEOREM 4.13 (Symbol class of a#b).
(i) If a € Ss(my) and b € Ss(my), then
(4.37) a#b € Ss(mymy)
and
a“(x, hD)b" (z, hD) = (a#b)" (z, hD)
in the sense of operators mapping S to S.

(i) Furthermore,

(4.38) a#tb — ab € S (mymy).
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Proof. 1. Clearly
c(w, z) == a(w)b(z) € Ss(my(w)ma(z))
in R*. If we put D = (D,, D¢, D, D,)) and
(@D, D) = o(D., De; Dy, Dy),
for w = (x,€) and z = (y,n), then according to Theorem 4.12, we have
7 QPP e Ss(my(w)ma(2)).
Since (4.16) says
a#b(z) = eﬁ@D’D)c(z? ),
assertion (4.37) follows.
The second statement of assertion (i) follows from the density of S

in Ss(m).

2. We leave the verification of (4.38) as an exercise.
O

Finally we describe how to obtain the symbol from the operator, in
the particularly nice case of the standard quantization:

THEOREM 4.14 (Constructing the symbol from the opera-
tor). Suppose a € Ss(m). Then

(4.39) a(z, ) = e @ q(z, D)(er ).

Proof. For a € § we verify this formula using the inverse Fourier trans-
form:

1
(2mh)"

//a(a:,n)ei<x’"_5>e_2<y’”_5>dyd§:

/ al, mGolé — mer©n dy = a(z, €).

Approximation of a by elements of S concludes the proof. 0

4.4 OPERATORS ON L2.

So far our symbol calculus has built operators acting on either the
Schwartz space S of smooth functions or its dual space S’. But for ap-
plications we would like to handle functions in more convenient spaces,
most notably L2 Our next goal is therefore showing that if a € S; for
some 0 < § < %, then a“(x, hD) extends to become a bounded linear
operator acting upon L2.



64

For the time being, we take

h =1.

Preliminaries. We select y € C>°(R?") such that
0<x<1, x=0 onR*— B(0,2),

Y Xa=1,

agZ2n

and

where o := x(- — ) denotes x shifted by the lattice point o € Z*".
Write

Qo = Xa;
then
i= Y an
a€Zn
We also define
(4.40) bop = Aoftas (o, € Z*").

THEOREM 4.15 (Decay of mixed terms).

(i) For each N and each multiindex -y, we have the estimate

_O‘+6>7N

(@4 |Pbes(2)] < Covla— BN = 2

for z = (x,€) € R*™.

(ii) For each N, there exists a constant C such that
(4.42) 16 (2, D)5z < Ol — )~
for all o, B € 7.

Proof. 1. We can rewrite formula (4.16) to read

1 .
bag(Z) = ﬁ /RZn /R2n eup(’wl,wz)aa<2 - 'Uh)afg(z — 'UJQ) dwldwg,

for p(wy,we) = —20(wy, ws).
Select ¢ : R* — R such that
0<(¢<1, ¢(=1on B(0,1), ¢=0onR" - B(0,2).
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Then
1 4
bap(2) = Tn/ / eC(w)an(z — wr)ag(z — we) dwydwsy
™ R2n RQn
1 .
T / / (1 — ((w))aa(z — wi)ag(z — wy) dwidw,
™ R2n JR2n
= A+ B.

2. Estimate of A. We have
|A| < C’// |Ga (2 — wr)||ag(z — wa)| dwidw,,
{lw|<2}

for w = (wy,ws). The integrand equals
X(z — w1 —a)x(z — w2 — B)la(z — wi)||a(z — w2
and thus vanishes, unless

|z —w; —a| <2and |z —wy — F] < 2.

But then
|Oé—6| §4+|U}1|+|UJ2| §8

and

- O"gﬁ‘ < 4+ [wn| + ws] < 8
Hence

_ a+p, _

41 < Cnfa— g Nz - CEP)
for any N. Similarly, for each multiindex v we can estimate
(4.43) |07A| < Cyqla—B) N (z — OZTW)_N.

3. Estimate of B. We have
|0p(w)] = 2[w]

and Le'¥ = €', for
{0, D)
0¢*
Since the integrand of B vanishes unless |w| > 1, the usual argument
based on integration by parts shows that

|B| < C’M/ / (W) Me, (2 — wy)es(z — wy) dwydw,
R2n JR2n
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for appropriate functions ¢,, cs, with spt ¢, C B(«, 2), sptcg € B(/3, 2).
Thus the integrand vanishes unless

S < o 0), - 250 < oty
Hence
B < Cula— V(- O‘Tww /R /R%<w>2NM dwduoy
< Oula—py (- 220

if M is large enough. Likewise,
o+ 6>7N

(4.44) 07B] < Cyslor— B) Mo = 2

4. Recall next that

w 1 ~ i(x
a (I‘, D) = W /R2n a(l)e {(z,D) dl

and that, owing to (4.9), e®P) is a unitary operator on L?. Conse-
quently
la* (2, D)llpe—re < € | a(l)] dl.
R n
Therefore we can estimate

165(2, D)l2—z2 < Cllbaglizr < CIHE™  bagll 1

< C swp | Dbosli~
Iy <2n+1
< C sup ||D7bagl1
| <2n+1
< C sup |(2)*""Dbugsll 1
Iy <2n41
S C<Od_ﬁ>7N7
according to (4.43), (4.44). O

THEOREM 4.16 (Boundedness on L?). If the symbol a belongs
to Ss for some 0 < § < 1/2, then

a”(z,D) : L*(R") — L*(R")
18 bounded, with the estimate

(4.45) la¥(z, D)|| g2z < C ) sup|0”al.

n
la|<2nt1 ®
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Furthermore,
(4.46) |a™ (x, hD)ul|f212 < C Z h“"|(%_5)s§p]8“a|.

|a| <2n+1

Proof. 1. We have bY,(z, D) = A} A, where A, := a}(z,D). Thus
Theorem 4.15,(ii) asserts

Az Aoz < Cla— B)7Y.
Therefore
sup > A A5]V7 < CY (a—B) NP <G
B 3
and similarly

supz | Az Ag|/? < C.
“ 8

a“(z,D) = Z Ag,

we can apply the Cotlar-Stein Theorem C.5.

Since

2. Estimate (4.46) follows from a rescaling, the details of which for
0 = 0 we will later provide in the proof of Theorem 5.1. U

As a first application, we record the useful

THEOREM 4.17 (Composition and multiplication). Suppose
that a,b € S5 for 0 <9 < %
Then

(447)  ||la¥(x, hD)b" (x, hD) — (ab)™ (z, hD)| 1212 = O(h~2%)

as h — 0.

Proof. 1. In light of (4.38), we have
a#tb —ab € S
Hence Theorem 4.16 implies

a"b" — (ab)™ = (a#tb — ab)” = O(h'"2).

For the borderline case § = %, we have this assertion:
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THEOREM 4.18 (Disjoint supports). Suppose that a,b € S%, and
and
dist(spt(a),spt(b)) > v > 0,

for some constant . Assume also that spt(a) C K where the compact
set K and the constant v are independent of h. Then

(4.48) @™ (2, AD)b" (2, hD)|| z2.12 = O(h*).

Proof. Remember from (4.16) that

1 i
a#tb(z) = W /R% /R% egw(w1,w2)a(z — wy)b(z — wy) dwydw,,

for for z = (z,€) and @(wy,wy) = —20(wy, we).

We proceed as in the proof of Theorem 4.15: |dp| = 2|w| and thus
the operator
_ (99, D)
|0p]
has smooth coefficients on the support of a(z —w;)b(z —w,). From our
assumption that a,b € S 1, we see that

(L) (a(z = w)b(= = wn)) = O(* (w) ™),
The uniform bound on the support shows that a#b € S™°. Its Weyl
quantization is therefore bounded on L? with norm of order O(h*).
O

4.5 INVERSES

At this stage we have constructed in appropriate generality the quan-
tizations a™ (x, hD) of various symbols a. We turn therefore to the prac-
tical problem of understanding how the algebraic and analytic behavior
of the function a dictates properties of the corresponding quantized op-
erators.

In this section we suppose that a : R*® — C is nonvanishing; so that

the function a is pointwise invertible. Can we draw the same conclusion
about a“(z, hD)?

DEFINITION. We say the symbol a is elliptic if there exists a con-
stant v > 0 such that

la] >~v >0 onR*™.
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THEOREM 4.19 (Inverses for elliptic symbols). Assume that
a€ Sy for0 << % and that a is elliptic.
Then for some constant hg > 0,

a”(z,hD)™*

exists as a bounded linear operator on L*(R™), provided 0 < h < hy.

Proof. Let b:=1 b€ Ss5. Then (4.38) gives
a#b=1+ry, withr; € S§5—1.
Likewise
b#a =1+ ry, with 7y € 5525*1.
Hence if A := a¥(z,hD), B := b"(z,hD), Ry := r{(z,hD) and Ry :=

ry(z, hD), we have

AB = I+ R
BA = I+ Ry,
with
Rl 2 r2, | Roll 22 = O(R' ™) < 4
if 0 < h < h.

Thus A = a%(x, hD) has an approximate left inverse and an approx-
imate right inverse. Applying then Theorem C.3, we deduce that A~*
exists. 0

4.6 GARDING INEQUALITIES

We continue studying how properties of the symbol a translate into
properties of the corresponding quantized operators. In this section
we suppose that a is real-valued and nonnegative, and ask the conse-
quences for a¥(z, hD).

THEOREM 4.20 (Easy Garding inequality). Assume a is a real-
valued symbol in S and

(4.49) a>y>0 on R™
Then for each € > 0 there exists hy = ho(e) > 0 such that
(4.50) (@ (z, hD)u,u) > (v =€) ull 72

for all 0 < h < hy, u € L*(R").
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Proof. We will show that
(4.51) (a=N"'lesS ifrx<y—e
Indeed if b := (a — \)™!, then

h
the bracket term vanishing since b is a function of a — A. Therefore
(a%(z,hD) — \b"(z,hD) = I + O(h*)12_ 12,

and so b%(z,hD) is an approximate right inverse of a%(z,hD) — A.
Likewise 0% (z, hD) is an approximate left inverse.

Hence Theorem C.3 implies a%(x, hD) — A is invertible for each A <
v — €. Consequently,

spec(a”(z, hD)) C [y — €, 00).
According then to Theorem C.6,
(a"(z, hD)u, u) > (y — €)[[ull7-
for all v € L?. 0
We next improve the preceding estimate:
THEOREM 4.21 (Sharp Garding inequality). Let a = a(z, ) be
a symbol in S and suppose that
(4.52) a>0 on R*™.
Then there exist constants hg > 0, C' > 0 such that
(4.53) (@™ (x, hD)u,u) > —Chllul3-
for all 0 < h < hg and u € L*(R™).

REMARK. The estimate (4.53) is in fact true for each quantization
Op,(a) (0 <t < 1). And for the Weyl quantization, the stronger
Fefferman—Phong inequality holds:

(a™(x, hD)u,u) > —Ch?||ul|3.
for 0 < h < hy, u € L2

We will need
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LEMMA 4.22 (Gradient estimate). Let f : R”™ — R be C?, with
0°f| < A.
Suppose also f > 0. Then
Of] < (A1)

Proof. By Taylor’s Theorem,

fla+0) = 1)+ @F)0) + [ (1= 0@ + ) i
Let y = —A0f(z), A > 0 to be selected. Then since f > 0, we have
MNof(z)|* < flz)+ >\2/0 (1= t){0° f(x — MOf (2))0f (x), Of (x)) dt
< J@)+ 5 AT

Put A = %, to conclude [0f(z)* < 24f (). O

Proof of Theorem 4.21 1. The primary goal is to show that if

(4.54) A= ph
and g is fixed sufficiently large, then
(4.55) h(a+ )" € Sy (%) ,

with estimates independent of .

To begin the proof of (4.55) we consider for any multiindex o =
(e, ..., qo,) the partial derivative 0% in the variables x and &.

We claim that 9%(a 4+ A)~* has the form
(4.56) 9%(a+A\)"' =

|ex] Kk

CESVRD DD DI | (RSO
e !

for appropriate constants Cg _gr. To see this, observe that when
we compute 9%(a + \)~! a typical term involves k differentiations of
(a + A)~! with the remaining derivatives falling on a. In obtaining
(4.56) we for each k < |a| partition a into multiindices 3%, ..., 3",
each of which corresponds to one derivative falling on (a + A\)~! and
the remaining derivatives falling on a.
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2. Now Lemma 4.22 implies for |3/| = 1 that

(4.57) 0% al(a+ N7 < COXT2

since A'/2|0a| < CA\'/2a'/? < C(X\ + a). Furthermore,

(4.58) 0% al(a+ N < OXT?

if |B;| > 2, since a € S.
Consequently, for each partition o = g% + -+ - + ﬁk and 0 < A < 1t
k

] a
a+ ia| < < -~ _ '

[Tta+n 0% <o [T A ] +° CH)\ — oA %
J=1 1B;1>2 1B;1=1 Jj=1

Therefore

(4.59) 10%(a + )7 < Cala+ N)"IA5

But since A = ph, this implies

(a+ N7 € Sip ()
that is,

Pa+ A€ Sy (1),
with estimates independent of .

3. Since a+ A € 5 C 51, we can define (a+ N)#b, for b= (a+\)~!
Using Taylor’s formula, we compute

(a+ A)#b(2)

= H7PP) (a(2) + A)b(w)

w==z

=1+ /1(1 — )¢z o(DDw) ( 2h (D., Dw))2 (a(z) + A)b(w) = dt
=1+ ro(z),

where we have noted that {a + A, (a + \)™'} = 0.
Now according to (4.59), hb € 5’1/2(1/u) and so h?0%b € S12(1/p)

o(Dz,Dw)

for |a] = 2. An application of e o preserves the symbol class

S1/2(1/p). Consequently,

Q

1
I (o hD)l-z2 < 5 < 5
if 1 is now fixed large enough. Thus bV (z, hD) is an approximate right
inverse of a¥(x, hD) + A, and is similarly an approximate left inverse.
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So (a%(x,hD) + X\)7! exists. Likewise (a%(x, hD) + v + A\)~! exists
for all v > 0. Therefore
spec(a”(z,hD)) C [—, 00).
According then to Theorem C.6,
(@™ (x, hD)u,u) > —\||ul|72
for all w € L?. Since A\ = ph, this inequality finishes the proof. U
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5. SEMICLASSICAL DEFECT MEASURES

5.1 Construction, examples
5.2 Defect measures and PDE
5.3 Application: damped wave equation

One way to understand limits as A — 0 of a collection of functions
{u(h)}o<n<n, bounded in L? is to construct corresponding semiclassical
defect measures 1, which record the limiting behavior of certain qua-
dratic forms acting on u(h). If in addition these functions solve certain
operator equations or PDE, we can deduce various properties of the
measure 4 and thereby indirectly recover information about asympto-
toics as h — 0 of the functions u(h).

5.1 CONSTRUCTION, EXAMPLES
In the first two sections of this chapter, we consider a collection of

functions {u(h)}o<n<n, that is bounded in L*(R™):

(5.1) sup ||u(h)||zz < oo.
0<h<ho

For the time being, we do not assume that u(h) solves any PDE.

THEOREM 5.1 (An operator norm bound). Suppose a € S.
Then

(5.2) |a" (2, hD)||p2—r2 < C'sup |a| + O(h?)
]RQn

as h — 0.

Proof. We showed earlier in Theorem 4.16 that if a € S and h = 1,
then

(5.3) la¥(z, D)||p2—r2 < C sup [0%al.

|| <2n+1

Suppose now a € S and u € S. We rescale by taking
T = h_%x, Y= h_%y, é:: h_%f
and
n n 1
() := htu(z) = htu(h27).
(This is a different rescaling of u from that introduced earlier in (4.31),
the advantage being that u — 4 is now a unitary transformation of L?:

lullz2 = ||l z2)
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Then
a“(x,hD)u(x)
1 / / Tty 7 (z—y,8)
= a (=2, &) ern VS u(y) dydé
(5 4) (27Th)n R™ JRn ( 2 ) ( )
. h™i ity &\ HE-T.E) 5 (5 i
= R He dyd.
(277')” /Rn o ah( 2 75)6 U(y) Y é—
= h™%ay (%, D)u(),
for

an(Z.€) = a(x,€) = (k3T h2E).
Hence, noting that dz = h2d#, we deduce from (5.4) and (5.3) that
la® (2, hD)ull2 = llay(z, D)al|.2
lay |2 2@ 2

<
< C sup |0%pl]|ul 2
|a|<2n+1

C  sup h%|3aa|||u||L2.
|a|<2n+1

This implies (5.2). O

IN

THEOREM 5.2 (Existence of defect measure). There ezists a
Radon measure i on R*™ and a sequence h; — 0 such that

(5.5) (@" (2, hiD)u(h;), u(h;)) — [ alx, &) dp

R2n
for each symbol a € C°(R*™).

DEFINITION. We call i1 a microlocal defect measure associated with
the family {u(h)}o<n<n,-

Proof. 1. Choose {ax}32, C C°(R*") to be dense in C.(R*"). Select a
sequence hj — 0 such that

(af (x, b D)yu(h}), u(h;)) — on.
Choose next a further subsequence {h7} C {h;} such that
(a3 (x, B3 D)u(h3), u(h?)) — a.

Continue, at the k™ step extracting a subsequence {h¥} C {hf’l} such
that
(a) (x, h?D)u(h?), u(hf)) — Q.



76

J

By a standard diagonal argument, we see that the sequence h; := h;

converges to 0, with

(i (, hy D)u(hy), u(h;)) — a
forall k=1,....
2. Define ®(a;) := a;. Owing to Theorem 5.1, we see for each k
that
|[®(ar)| = lax| = lim [{aiu(h;), u(h;))]

hj—00

< Climsup ||ay |22 < Csup |ag].

hj—00 R2n

The mapping ® is bounded, linear and densely defined, and therefore
uniquely extends to a bounded linear functional on C.(R?"), with the
estimate
|®(a)| < C'supla
RQn

for all a € C.(R?*"). The Riesz Representation Theorem therefore im-
plies the existence of a (possibly complex-valued) Radon measure on
R?" such that

ba)= [ ale.)dn
R2n
O
REMARK. Theorem 5.2 is also valid if we replace the Weyl quanti-

zation a¥ = Op; j5(a) by Opy(a) for any 0 < ¢ < 1, since the error is
then O(h). O

THEOREM 5.3 (Positivity). The measure p is real and nonnega-
tive:

(5.6) p > 0.

Proof. We must show that a > 0 implies

/ adp > 0.
R2n

Now when a > 0, the sharp Garding inequality, Theorem 4.21, implies
a“(z,hD) > —Ch;

that is,
(@" (@, hD)u(h),u(h)) > —Chllu(h)]%:
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for sufficiently small A > 0. Let h = h; — 0, to deduce

/R% adp = lim (a“(z,h;D)u(h;),u(h;)) > 0.

hj—00

O

EXAMPLE 1: Coherent states. Fix a point (zg, ) and define the
corresponding coherent state

n

u(h)(z) := (wh)~ et lr—roo)=zple—zol’

where we have normalized so that ||u(h)||pz2 = 1. Then there exists
precisely one associated semiclassical defect measure, namely

1 2= O(ag &)
To confirm this statement, take t = 1 in the quantization and calculate
(a(z, hD)u(h),u

m /// (2, €)et VS u(h) (y)u(h) (z) dydéde

/ / / CEf i ((&=y,€)+(y—z0,60) —(z—20,60))
27Th n n n

e Qh(‘y x0‘2+|$ x0| )dyd€d$

n n n

e~ (=20l Hz=20?) g e 4.
For each fixed x and &, the integral in y is

/ e%(:v Yy:£—€0) o= L ly—ao|? dy = 6;<x—xo,§—€o)/ e — 7 (y:&— €0) o= 3 Y12 dy
R™ n
_ eblrwot—to) & (e—ﬁw) (5%

- (27'('}1)%6%m x0,§— £0>e 2}7,‘5 50‘

where we used formula (3.2) for the last equality. Therefore

{a(z, hD)U(h) u(h))

/ / a(xz,§) e {T=20,6=60) o= 35 (J2—0[*+]€—E0]?) dude
27rh S .

a(xo,go / / o (2=20,6—€0) o= 3 (lr—20[*+]€—¢0l?) dzds + o(1)
= Ca(lﬁo,fo) + o
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for the constant

Co— 2 // (2.6 o= bl HEP) g

Taking @ = 1 and recalhng that ||u(h)||zz = 1, we deduce that C' =
1. U

EXAMPLE 2: Stationary phase and defect measures. For our
next example, take '
u(h)(z) = 5 b(x),

where ¢,b € C* and HbHLz = 1. Then

(a(z,hD)u
/ / / a(z, &)en @ va+eW—e@)p())b(z) dydeda.
27rh n Jrn Jrn
We assume a € C°(R*") and apply stationary phase. For a given value
of z, define
¢(y,€) = (x —y, &) + ¢(y) — »(x).
Then

Oy = 0p(y) =&, 0:p = —y;

and the Hessian matrix of ¢ is

Pp —1

2 b

po (72 )
The signature of a matrix is integer valued, and consequently is invari-
ant if we move along a curve of nonsingular matrices. Since

AN
-1 0)

t0?¢p —1I
sgn | _ g o= 0
for 0 <t < 1; and therefore
sgn(9°¢) =

In addition, |det 9?¢| = 1. Thus as h — 0 the stationary phase asymp-
totic expression (3.43) implies

(@ (x, hD)u(h), u(h)) — a(x73w(x))|b(x)l2d96=/ a(z, §) dp

Rn RQn
for the semiclassical defect measure

= |b(2)*0ge—ap@y L,

it follows that
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L" denoting n-dimensional Lebesgue measure in the z-variables. [

5.2 DEFECT MEASURES AND PDE

We now assume more about the family {u(h)}o<n<n,, namely that
each function u(h) is an approximate solution of a equation involving
the operator P(h) = p“(x,hD) for some real symbol p € S((£)™)
satisfying

(5.7) lp| =A™ if [€l=C
for constants C,y > 0.

First, let us suppose P(h)u(h) vanishes up to an o(1) error term and
see what we can conclude about a corresponding semiclassical defect
measure .

THEOREM 5.4 (Support of defect measure). Suppose that u(h)

{Hp(h)u(h)HL2 =o(1) ash—0,

(58) lu() 2 = 1.

Then if v is any microlocal defect measure associated with {u(h)}o<n<no,

(5.9) spt . C p~'(0).

Interpretation. We sometimes call p~1(0) the characteristic variety
or zero energy surface of the symbol p. We understand (5.9) as saying
that in the semiclassical limit A~ — 0, all of the “mass” of the approxi-
mate solution u(h) coalesces in phase space onto this set.

Proof. Select a € C°(R?*") such that spt(a) N p~'(0) = 0. We must

show
/ adp = 0.
RQn

To do so, first select ¢ € S((£)™) such that spt(a) Nspt(q) = @ and
lp +ig| > 5{()™ >0 on R

for some 6 > 0. We can for instance choose a function ¢ € C*° that is
equal to one on p~1(0), and then modify it near the compact support
of a.

Write Q(h) := ¢¥(z,hD). Then Theorem 4.19 ensures us that for
small enough h the operator (hD)™™(P(h)+iQ(h)) is invertible on L?.
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Next, put A(h) := a"(z, hD). We observe that
ap . aq
— —a= -1 -
p+q p+q
Since a and ¢ have disjoint support, Theorems 4.17 and 4.18 imply
[A(R)(P(h) +iQ(h)) ™ P(h) — A(h)||2—r2 = O(h).
Therefore (5.8) implies
[A(R)u(h)]| L2 = o(1);

and thus
(A(h)u(h),u(h)) — 0.
But also
(A(hyu(hy). u(hy) = (a* (. by Dya(hy), u(hy)) — | adp.

R2n

O

Now we make the stronger assumption that the error term in (5.8)
is o(h).

THEOREM 5.5 (Flow invariance). Assume

|IP(h)u(h)||L2 = o(h) as h — 0,
(>10) {||u<h>||L2 1
Then
(5.11) Rzn{p, a}du =0

for all a € C(R*™).

Interpretation. Let ¢, be the flow generated by the Hamiltonian
vector field H,. Then

d \
o | wadu= / (Hpa)(ee)dp= [ {p,a}dp.
RQn

R2n R2n
Conseqently (5.11) asserts that the semiclassical defect measure  is
flow-invariant.

The proof below illustrates one of the basic principles mentioned in
Chapter 1, that an assertion about Hamiltonian dynamics involving the
Poisson bracket corresponds to a commutator argument at the quantum
level.
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Proof. Since p is real, P(h) = p“(x, hD) is self-adjoint on L?. Select
a as above and write A(h) = a%(z,hD). Recall that A(h) = A(h)*.
Then

([P(h), AlW)]u(h), u(h)) = ((P(h)A(h) = A(h)P(h))u(h), u(h))

= o(h)
as h — 0. On the other hand,

[P(R), A = " {p.a}"(z, D) + O(R) o2
Hence

{[P(h), AlR)]u(h), u(h)) = %<{p> a}*u(h), u(h)) +o(h).
Divide by h > 0 and let h = h; — 0:

{p,a}tdp=0.

R2n
Note that even though p may not have compact support, {p,a} does.
U

We have similar statements if we replace R xR™ by the torus T" xR"™.
We will need this observation for the following application.

5.3 APPLICATION: DAMPED WAVE EQUATION

A damped wave equation. In this section T" denotes the flat n-
dimensional torus. We consider now the initial-value problem

{(3t2+a8t—A)u:0 on T" x {t > 0}

5.12
(5.12) u=0, uy=f onT"x {t =0},

in which the smooth function a = a(z) is nonnegative, and thus repre-
sents a damping mechanism, as we will see.

DEFINITION. The energy at time t is

1
B(t) = 5 /n(atuf + |0pul? dx.

LEMMA 5.6 (Elementary energy estimates).
(i) Ifa=0, t — E(t) is constant.
(ii) If a > 0, t — E(t) is nonincreasing.
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Proof. These assertions follow easily from the calculation

E't)= [ 0wudtu+ (Opu,d%u) dv

Tn

= Ou(0?u — Au) dx = —/ a(Oyu)? dz < 0.

T~

0

Our eventual goal is showing that if the support of the damping
term a is large enough, then we have exponential energy decay for our
solution of the wave equation (5.12). Here is the key assumption:

DYNAMICAL HYPOTHESIS.

There exists a time 7" > 0 such that any
trajectory of the Hamiltonian vector field of
p(z, &) = |€|?, starting at time 0 with |¢] =1,
intersects the set {a > 0} by the time 7.

(5.13)

Equivalently, for each initial point z = (x,&) € T" x R™, with || = 1,
we have

T
@)y = %/0 a(z +1€) dt > 0.

Motivation. Since the damping term a in general depends upon =,
we cannot use Fourier transform (or Fourier series) in z to solve (5.12).
Instead we define u = 0 for t < 0 and take the Fourier transform in ¢:

w(x, 7)== /OOO e "Tu(w,t)dt (1 € R).

Then
Au = / e T Audt = / e " (02u + adyu) dt
0 0
_ / (i7)2 + air)e="u dt — f = (=72 + air)ii — f.
0
Consequently,
(5.14) P(7)t = (=A +ita — )i = f.

Now take 7 to be complex, with Re 7 > 0, and define
(5.15) P(z,h) := —h*A +iy/zha — 2
for the rescaled variable
(5.16) z=T1°h%
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Then (5.14) reads

P(z,h)u = h*f;
and so, if P(z, h) is invertible,
(5.17) i = h?P(z,h)"f.

We therefore need to study the inverse of P(z, h).

THEOREM 5.7 (Resolvent bounds). Under the dynamical as-
sumption (5.13), there exist constants a, Cyhg > 0 such that

_ C
(5.18) 1P(2, )~ [ pepe < N
for
(5.19) Im z| < ah, [z—1] < a, 0<h < hy.

Proof. 1. It is enough to show that there exists a constant C' such that
C
lullze < +[[1P(2, Ryl 2

for all u € L?, provided z and h satisfy (5.19).

We argue by contradiction. If the assertion were false, then for m =
1,2,... there would exist z,, € C, 0 < h,, < 1/m and functions u,, in
L? such that

h 1
[P (Zims R )t || L2 < _m”um”LQ’ [Tm 2, | < —, |zm — 1] < —
m m m

We may assume |[u,,||zz = 1. Then

(5.20) Pz, hin) Uy, = 0(hyy).
Also,
(5.21) Zm — 1, Im(z,) = o(hp).

2. Let p be a microlocal defect measure associated with {u,;,}>_;.
Then Theorem 5.4 implies for the symbol p := |¢[*> — 1 that

spt(p) € p~'(0) = {I¢* = 1}.

But (u,, u,) =1, and so

(5.22) / dp = 1.
Tn xR™

We will derive a contradiction to this.
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3. Hereafter write P, := P (2, hm). Then

P, = —h?nA + i/ Zmhma — Zp,
Pr o= —h2A —i/Zphma — Zp;

and therefore
(5.23) P, — P =i(\Zm + VZn)hma — zp + Zp = 2ihpa + o(hy,),

since (5.21) implies that \/z, + /Zm = 2+ o(1) and that —z,, + Z,, =
—2ilm(z,,) = o(hmp).

Now select b € C®(T" x R™) and set B, := b¥(z, h, D). Then
B, = B,. Using (5.20) and (5.23), we calculate that

0(hpm) = 2i Im(B, Prptiym, Um) = (B P, Um) — (U, By Pti,)
= ((BmPun — P By)tm, Un)
([Brms Pt )
+{((Py, — P) B, )
= h7m<{b>p}wumv Upn)
+2h3((ab) ™ U, U ) + 0(hiy,).

Divide by h,, and let h,, — 0, through a subsequence if necessary, to
discover that

(5.24) / {p,b} + 2abdu = 0.
T xR™
We will build a function b so that {p, b} +2ab > 0 on spt(x). This will
imply [, g di =0, a contradiction to (5.22).
4. For (z,£) € T" x R", with |£| = 1, define

c(x,§) = %/0 (T —t)a(x + &) dt,

where 7' is the time from the dynamical hypothesis (5.13). Hence

o) = 7 | (M=o 0ata+ e a
- %/0 (T—t)%a(m—i—ft)dt

= %/0 a(x + &) dt — a(x)

= (a)r —a.
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Let
b= e“x(p),
where y € C°(R) is equal to 1 near 0. Then
(€, 0:b) = €&, ) x(p) = €“(@)rx(p) — aex(p)
since H,(x(p)) = 0. Consequently
{p,b} + 2ab = 2(&,0,b) + 2ab = 2¢(a)rx(p) >0 on p~1(0),
as desired. N

THEOREM 5.8 (Exponential energy decay). Assume the dy-
namic hypothesis (5.13) and suppose u solves the wave equation with
damping (5.12).

Then there exists constants C, 3 > 0 such that

(5.25) E(t) < Ce™P|f|l2  for all times t > 0.

Motivation. The following calculations are based upon this idea: to
get decay estimates of g on the positive real axis, we estimate ¢ in a
complex strip |Im z| < a. Then if § < «,

6ﬁ/t\g(7) = / eﬁtg(t)e_m dt = / g<t)e_it(T+w) dt = g(t +1if3).

Hence our L? estimate of §(- +i3) will imply exponential decay of g(t)
for t — oo.
Proof. 1. Recall from (5.15), (5.16) that
P(1) = h ?P(z,h) for 7° = h™?z.
First we assert that there exists v > 0 such that
(5.26) |P(7) Yo < C for [Im 7| < 7, |7| > 1/7.

To prove (5.26), we note that provided the inequalities (5.19) hold,
then

IR APz, h) " ull 2 = [|(iv/zha — 2) P(2,h) ™ 'u — |2 < %IIUIIL%
the last inequality holding according to Theorem 5.7. Thus
(5.27) K2 P (2, h) |z < %HUHLQ.

Recall next that z = h%r2. Write 7 = X + iu, for A > 0, and set
h = A~!; so that
z = h* (N — pi?) + i(h*2\p).
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Thus |Im z| < ah and |z — 1| < « provided if |p| < v and [A| > 1/5
for some sufficiently small v, and so the inequalities (5.19) hold. Hence
(5.27) implies

_ C
(5.28) 1P(7) ulle < i llullze

for |u| <~ and |A| > 1/74.
Also
» C
[1P(7)" ul| e < HIIUIILQ-
Interpolating between the last two inequalities demonstrates that
1P(T) " ullm < Cllull 2
for |Im 7| <~ and |7] > 1/7.
This proves (5.26) except for a bounded range of 7’s. To see the
estimate for all 7, outside of a neighborhood of 0, we simply need to
exclude the possibility of a real non-zero 7 satisfying

(5.29) (A -7 +ita)u =0
for some u # 0. Multiplying by u, integrating, and taking the imagi-
nary part shows that

/ alul*dx = 0.

Since a > 0, this implies that u = 0 on spta. Hence (—A — 7%)u = 0.
But this is impossible owing to unique continuation results which we
will prove in Section 7.2, since spta has a nonempty interior. The
Fredholm alternative now guarantees that P(7)~! has no pole on the
real axis.

2. Since P(7)~! is meromorphic, we conclude that in |[Im7| < « the
only possible pole occurs at 7 = 0. In particular for 0 < § < a we have

(5.30) sup [|P(7 +i8) 2 < Cs.
TER

3. Next select y : R — R, x = x(t), such that
0<x<1, x=1lon[l,00),x =0 on (—o0,0).
Then if u; := yu, we have
(5.31) (07 + ady — A)uy = g1,
for

(5.32) g1 := X"u~+ 2x' 0 + a(x)x u.
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Note that ui(t) = 0 for ¢ < 0, and observe also that the support of ¢
lies within T™ x [0, 1]. Furthermore, using energy estimates in Lemma
5.6, we see that

911l L2®:L2)
< C (JJull L2¢0,1):22) + 100l L2((0,10:22)) < CI ]| £2-

Now take the Fourier transform of (5.31) in time:

P(r)in(T) = g1(7)-

(5.33)

Then
(5.34) i1 (1) = P(7) ' (1),
where, in principle, we allow the left hand side to have a pole at 7 = 0.

4. We now deduce exponential decay. Noting that w; is supported
in £ > 0, we use Plancherel’s theorem to compute

le®unll ooy = (2m) HlePtun| oy
= m)72 i+ i) e
= @m) 2 PC+i8) g1+ i) aqgrry
< Cllgi(- +iB) 2y
Since g1 is compactly supported in ¢ we also see that
il +1i6) = g ();
and hence

le”u |l 2wy < Cllonllresre
< Cllgillze@yszey < Ol fll 2

Since u; = yu, it follows that
(5.35) le”ull r2((1,00):1) < CIF 22
5. Finally, fix T' > 2 and
xr = x(t—=T+1),
where Y is as in Step 2. Let us = yru. Then

(5.36) (07 + ady — A)uy = gy,
for
(5.37) G2 = Xpu + 2x10u + axpu.

Therefore sptg C T" x (T — 1,T).
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Define .
Bit) = / (Opu)” + |Oyus]? .

Modifying the calculations in the proof of Lemma 5.6, we use (5.36)
and (5.37) to compute

Eé (t) = / atu28t2u2 + <8x'LL2, 8§tu2) dx

= Opun(0%uy — Auy) do

T

= —/ a(ﬁtuz)Qde+/ Orungs dx

< C |0yus|(|Opu| + |u]) dz

Tn

< CEx(t)+ C/ u® + (Opu)? dz.

n

Since Fo(T—1) = 0 and Ey(T) = E(T), Gronwall’s inequality implies
that

(5.38)  B(T) < C (lulBarosmyn + 100l ) -

6. We need to control the right hand term in (5.38). For this, select
X : R — R, such that
0<x<1,
x=0fort<T—-2andt>T+1,
x=lforT—-1<t<T.

We multiply the wave equation (5.12) by y?u and integrate by parts,
to find

T+1
0 = / X*u(0?u + adyu — Au) dzdt
-2 Jon
T+1
= /‘ﬂﬂ@@kﬂxﬁ@u+fm@u+fWWVMﬁ.
T7—2 JTn

From this identity we derive the estimate
0wl L2((r—1,1);02) < CllullL2(r—2,741);11)-
This, (5.38) and (5.35) therefore imply
E(T) < Cllullizqr—amrinmmy < Ce TN fll 2,

as asserted. O
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Our methods extend with no difficulty if T" is replaced by a general
compact Riemannian manifold: see Appendix E.
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6. EIGENVALUES AND EIGENFUNCTIONS

6.1 The harmonic oscillator

6.2 Symbols and eigenfunctions
6.3 Spectrum and resolvents
6.4 Weyl’s Law

In this chapter we are given the potential V : R™ — R, and investi-
gate how the symbol

(6.1) pla,&) = €7 + V()
provides interesting information about the corresponding operator
(6.2) P(h) := P(z,hD) = —h*A + V.

We will focus mostly upon learning how p controls the aysmptotic
distribution of the eigenvalues of P(h) in the semiclassical limit A — 0.

6.1 THE HARMONIC OSCILLATOR

Our plan is to consider first the simplest case, when the potential is
quadratic; and to simplify even more, we begin in one dimension. So
suppose that n = 1, h = 1 and V(z) = x?. Thus we start with the
one-dimensional quantum harmonic oscillator, meaning the operator

P() = —82+JJ2.

6.1.1 Eigenvalues and eigenfunctions of P,. We can as follows
employ certain auxiliary first-order differential operators to compute
explicitly the eigenvalues and eigenfunctions for F.

NOTATION. Let us write
Ay =D, +ix, A_ =D, —ix,

where D, = %895, and call A, the creation operator and A_ the anni-
hilation operator. (This terminology is from particle physics.)

LEMMA 6.1 (Properties of A1). The creation and annihilation
operators satisfy these identities:

An = A, A = Ay,
P0:A+A_+1:A_A+—1.
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Proof..1t is easy to check that D = D, and (ix)* = —ixz. Furthermore,
AtAuw = (D, +ix)(D, —ix)u

= (1(9:6 + m) <1u$ — mu)
1 )

= Uy — (TU), + 2U, + 27U
= —Uge — U — TUyp + TU,; + z2u
= Pwu—u;

and similarly,

A Au = (D, —iz)(D, +iz)u

= (1830 - zx) (lux + m:u)
i i

Uy + (2U)p — U, + 2
= PByu+ u.

O

We can now use Ay to find all the eigenvalues and eigenfunctions of
P()I

THEOREM 6.2 (Eigenvalues and eigenfunctions).
(i) We have
(Pou, u) > [lull7:
for all u € C*(R™). That is,
P> 1.

(ii) The function
Vg =: 6_72
1s an eigenfunction corresponding to the smallest eigenvalue 1.
(iii) Set
vy, 1= Al vg
form=1,2,.... Then

(6.3) Povn, = (2n + 1)v,.

(iv) Define the normalized eigenfunctions
Un

Uy 1= .
" el
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Then

(6.4) Un(z) = Hy(z)e™ =

where Hy(x) = cpa™ + -+ -+ co (¢, #0) is a polynomial of degree n.
(v) We have

[¥]

and furthermore, the collection of eigenfunctions {u,}>2, is complete
in L?(R™).

The functions H,, mentioned in assertion (iv) are the Hermite poly-
nomaials.

Proof. 1. We note that

1 T U
Dac; = = x — TUr = T,
[D,, x]u Z(mu) - -

and consequently i[D,, z] = 1. Therefore
lullz: = (i[Ds,z]u,u) < 2]zl || Dovl 2
< |lzullzz + [ Doullzz = (Pou,w).
Next, observe
1 2 2
A_vg = = <6_7>I —xe” 2 =0
so that Pyvg = (AL A_ + 1)vy = .
2. We can further calculate that
Py, = (AyA_+1)A v,
= A (A_A;, — Vv g + 240,
= A, Pw, 1+2A v, 4
= (2n—1)Ajv,—1 +2A,v,; (by induction)
= (2n+ 1)v,.
The form (6.4) of v, u, follows by induction.
3. Note also that
[A_JA] = A A, —AA
(Ph+1)—(Ph—1)=2.
Hence if m > n,
(Un, V) = <A7—|Z—U0’ ATU0>
= (ATA%vg,v9)  (since A =A%)
= (A" AL A +2) A7 g, o).
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After finitely many steps, the foregoing equals
<< .. )A_U(), ’U0> = 0,
since A_vy = 0.

4. Lastly, we demonstrate that the collection of eigenfunctions we

have found spans L?. Suppose (u,,g) =0 for n =0,1,2,...; we must
show g = 0.
Now since H,(z) = c,z™ + ..., with ¢, # 0, we have
| ot pta)dn =0

for each polynomial p. Hence

/_OO g(ar:)e’ée’””é de = /OO g(:z:’)e’% i (_Z@k dx;

o0 — k=0

and so F(ge’%) = (0. This implies ge™
g=0. U
6.1.2 Higher dimensions, rescaling. Suppose now n > 1, and write
Py = —A + |z
this is the n-dimensional quantum harmonic oscillator. We define also
Ue () 1= Hu%' (x;) = H H,, (a:j)e_#
j=1 J=1
for each multiindex a = (o, ..., a;). Then
Pottg = (—A + |2]*)ua = (2|a] + n)ug,
for |a] = a;+- - -+a,. Hence u, is an eigenfunction of Py corresponding

to the eigenvalue 2|a| + n.

We next restore the parameter A > 0 by setting
(6.5) Py(h) := —h*A + |z|?,

(6.6) o (h)(z) = h~ ﬁ H,, <ﬁ) 5

j=1

and

(6.7) E.(h) := (2|a] +n)h.
Then
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and upon reindexing, we can write these eigenfunction equations as

(6.8) Py(h)u;(h) = E;(h)u;j(h) (j=1,...).

6.1.3 Asymptotic distribution of eigenvalues. With these explicit
formulas in hand, we can study the behavior in the semiclassical limit
of the eigenvalues F/(h) of the harmonic oscillator:

THEOREM 6.3 (Weyl’s law for harmonic oscillator). Assume
that 0 < a < b< oo. Then

(6.9) #{E(h) | a < E(h) <b}

iy (10 <16+ laf* < B} +0(1))

as h — 0.

Proof. We may assume that a = 0. Since E(h) = (2|a| + n)h for some
multiindex « according to (6.7), we have

h
= #{a|log+---+a, <R},

#EW (o< B0 <) = #{al0<al+ns ]

for R := bg,’?h. Therefore

#{E(h) | 0 < E(h) < b}
=z |z; >0, x1 4+ -+ 1z, < R} + o(R")

1
= gR”nLO(R”) as R — oo

1/ b\" .
—E(ﬁ) +0(h ) as h — 0.

We used in this calculation the fact that the volume of the simplex
{z ]2 >0, 21+ - +x, <1} is (n!)~!. Next we note that |{|¢|* +
|z|> < b}| = a(2n)b", where a(k) := Wg(f‘(g +1))~! is the volume of
the unit ball in R*. Setting k = 2n, we compute that a(2n) = 7" (n!)~1.
Hence

HEW (0B <0 = (5] o™
= G HIER + ol <0} + (™),




95

6.2 SYMBOLS AND EIGENFUNCTIONS

For this section, we return to the general symbol (6.1) and the quan-
tized operator (6.2). We assume that the potential V' : R” — R is
smooth, and satisfies the growth conditions:

(6.10) 107V (2)| < Culx)*, V(z) > Cx)* for |z| > R,
for appropriate constants k,C,C,, R > 0.

Our plan in the next section is to employ our detailed knowledge
about the eigenvalues of the harmonic oscillator (6.5) to estimate the
asymptotics of the eigenvalues of P(h). This section develops some
useful techniques that will aid us in this task.

6.2.1 Concentration in phase space. First, we make the important
observation that in the semiclassical limit the eigenfunctions u(h) “are
concentrated in phase space” on the energy surface {|¢|>+V (z) = E}.

THEOREM 6.4 (h* estimates). Suppose that u(h) € L*(R") solves
(6.11) P(h)u(h) = E(h)u(h).
Assume as well that a € S is a symbol satisfying

{l¢P? + V(z) = E} nspt(a) = 0.

Then if
|E(h) — E| <6
for some sufficiently small 6 > 0, we have the estimate
(6.12) la™(z, hD)u(h)|[r2 = O(h™)[[u(h)]| 2.

Proof. 1. The set K := {|¢|* + V(x) = E} C R*" has compact. Hence
there exists x € C°(R?") such that

0<x<1, x=1lon K, x =0 on spt(a).
Define the symbol
b:=|¢)*+ V(z) — E(h) +ix =p— E(h) +ix
and the order function
m = (&)* + (z)".
Therefore if |E(h) — E| is small enough,
|b] > ym  on R*"

for some constant v > 0. Consequently b € S(m), with b~! € S(m™).
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2. Thus there exist ¢ € S(m™1), ri,ry € S such that
{bw(x, hD)c¥ (2, hD) = I + 1¥(z, hD)
™(x, hD)bY(z,hD) = I + r¥(x,hD).
where Y (z, hD),ry(x, hD) are O(h>). Then
(6.13) a"(z, hD)c" (z, hD)b" (z, hD) = a™ (x, hD) + O(h*>),
and
(6.14) b“(z,hD) = P(h) — E(h) + ix™(x, hD).
Furthermore
a“(z,hD)c"(z, hD)x" (x,hD) = O(h™),
since spt(a) Nspt(x) = 0. Since P(h)u(h) = E(h)u(h), (6.13) and
(6.14) imply that
a"(z,hD)u(h) = a“ (x, hD)c" (x, hD)(P(h)—E(h)+ix")u(h)+O(h>)
= O(h™).
U

For the next result, we temporarily return to the case of the quantum
harmonic oscillator, developing some sharper estimates:

THEOREM 6.5 (Improved estimates for the harmonic oscil-
lator). Suppose that u(h) € L*(R") is an eigenfuction of the harmonic
oscillator:

(6.15) Po(h)yu(h) = BE(R)u(h).

Assume also that a € C°.

Then there exists R > 0, depending only on the support of a, such
that for E(h) > R,

©16 o@Dy =0 (i) ) Il

The precise form of the right hand side of (6.16) will later let us
handle eigenvalues F(h) — cc.

Proof. 1. We rescale the harmonic oscillator so that we can work near
a fixed energy level E. Set
. B

= h:= —_—
y Y E )
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where we choose E so that |E(h) — E| < E/4. Then put
Py(h) := —h*A, + 2%, Po(h) := —h2A, + |yl
whence .
Fy(h) = E(h) = E(P(h) — E(h)).
We next introduce the unitary transformation
Uu(y) := E%u(E%y)
Then )
UPy(h)U™! = EPy(h);
and more generally
Ub" (2, hD)U™" = 5"(y, D), bly, ) := b(Ezy, B*n).
We will denote the symbol classes defined using h by the symbol §5.
2. We now apply Theorem 6.4, to eigenfuctions of Po(ﬁ). If
(Po(h) = E(h))u(h) =0, |E(h) —1| <5,
and g(y, n) € S has its support contained in
{lyl* +[nl* < 1/2},
then B . . . .
167 (y, AD)u(h)|| 2 = O(h>)[[a(h)| 2.
Translated to the original A and = as above, this assertion provides
us with the bound
(6.17) 16¥ (2, hD)u(h)|[> = O((h/ E)*)[Ju(h)]| 2,
for B
bz, &) = b(E~ Y2, E7V%) € S.
Note that spt(b) C {|z|* + |£|* < E/2}.
3. In view of (6.17), we only need to show that for
a € C®(R™), spt(a) C {|a|* +[¢[* < 1/4},
we have
[(a™(z, hD)(1 = b"(z, hD))|| 212 = O((h/E)™),
for E large enough, where b is as in (6.17). That is the same as showing
(6.18) @ (y, hD)(1 = b (y, hD))|| 212 = O(h™),

for
~ 1 1
a(y,n) = a(Ezy, E2n).
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We first observe that E = h/h < 1/h and hence
aesS..
2

Since the support of a is compact, we see that for E large enough,

dist(spt(a),spt(1 —b)) > 1/C > 0,

uniformly in h. The estimate (6.18) is now a consequence of Theorem
4.18. U

6.2.2 Projections. We next study how projections onto the span of
various eigenfunctions of the harmonic oscillator Fy(h) are related to
our symbol calculus.

THEOREM 6.6 (Projections and symbols). Suppose for the sym-
bol a € S that

spt(a) C {|¢]* + [z|* < R}.

Let
I1 := projection in L? onto
span{u(h) | Py(h)u(h) = E(h)u(h) for E(h) < R}.
Then
(6.19) |a™ (x, hD)(I — 10|22 = O(h™)
and
(6.20) (I —ID)a" (z, hD)||L2— 2 = O(h™).

Proof. First of all, observe
(I=1) = > u(h)@u;(h),
E;j(h)>R

meaning that

(I=Mu= Y (u;(h),u)u;(h).

E](h)>R
Therefore
(e D) =) = 3 (@ (@, hDYus(h)) @ u; (h);
Ej(h)>R
and so

N |=

(6.21) [la" (2, AD)(I =) lpampz < | > lla™ (2, hD)uy(h)|[7

Ej(h)>R
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Next, observe that Weyl’s Law for the harmonic oscillator, Theorem
6.3, implies that

Ej(h) > ~jnh
for some constant v > 0. According then to Theorem 6.5, for each
M < N we have

|a™(z, hD)u;(h)|| 2 < Cn (ﬁ)

J

= ont <Ej}(Lh))NM

L N-—M
S OhMj n

Consequently, if we fix N — M > n, the sum on the right hand side of
(6.21) is less than or equal to Ch™. This proves (6.19), and the proof
of (6.20) is similar. O

6.3 SPECTRUM AND RESOLVENTS

We next show that the spectrum of P(h) consists entirely of eigen-
values.

THEOREM 6.7 (Resolvents and spectrum). There ezists a con-
stant hg > 0 such that if 0 < h < hg, then the resolvent

(P(h) —2)~": L*(R") — L*(R")
1s a meromorphic function of z with only simple, real poles.

In particular, the spectrum of P(h) is discrete.

Proof. 1. Let |z| < E, where F is fixed; and as before let Py(h) =
—h?A + |z|? be the harmonic oscillator. As in Theorem 6.6 define

IT := projection in L? onto
span{u | Py(h)u = E(h)u for E(h) < R+ 1}.

Suppose now spt(a) C {|z]* + [£|* < R}. Owing to Theorem 6.6, we
have

|a™ (x,hD) — a" (z, hD)II|| 212 = O(h™).
and

|a™ (x, hD) — Ta™ (x, hD)|| 22 = O(h™).

2. Fix R > 0 so large that
{leP +V(2) < B} C {J2* + [¢]* < R}.



100

Select y € C*(R*") with spt(x) C {|z|* + |¢{|*> < R} so that
(€] + V(z) — 2+ x = ym

for m = (£)? + ()% and all |2|] < E. Then x = IIxII + O(h*>). Recall
that the symbolic calculus guarantees that P(h) — z + x is invertible, if
h is small enough. Consequently, so is P(h) — z + IIxII, since the two
operators differ by an O(h*) term.

3. Now write
P(h) — z = P(h) — z + IIxII — IIxII
Consequently
P(h)—z = (P(h) —z+TIxI)(I — (P(h) — z + IIxIT) Iy I)

Note that IIyII is an operator of finite rank. So Theorem D.4 asserts
that the family of operators

(I = (P(h) — = + TIyIT) " TIxIT)

is meromorphic in z. It follows that (P(h)—z)~! is meromorphic on L.
The poles are the eigenvalues, and the self-adjointness of P(h) implies
these eigenvalues are real and simple. 0

REMARK: Theorem 6.7 can be obtained more directly by using the
Spectral Theorem and compactness of (P(h) + i)~

6.4 WEYL’S LAW

We are now ready for the main result of this chapter:

THEOREM 6.8 (Weyl’s Law). Suppose that V' satisfies the condi-
tions (6.10) and that E(h) are the eigenvalues of P(h) = —h?*A+V (z).

Then for each a < b, we have

(6.22) #{E(h) [ a < E(h) < b}

iy (e < I+ V(@) < B+ 0(1),

as h — 0.

Proof. 1. Let
NQA) = #{E(h) | E(h) < A},
Select x € C°(R?*") so that

X=lon{p<A+e}, x=0o0n{p>\+2¢}.
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Then
a:=p+A+e)x—A>vm,

for m = (£)2 4 (z)™ and some constant 7, > 0. Hence a is elliptic; and
so for small h > 0, a¥(z, hD) is invertible.

2. Claim #1: We have
(6.23) ((P(h) 4+ (A + €)X (2, hD) — N, u) > |72

for some v > 0.

To see this, take b € S(m!/?) so that b = a. Then b* = b#b + 7o,
where 79 € S7'(m). We also recall from Theorem 4.19, or rather its
proof, that o™ (x, hD)™! exists and

b (2, hD) " (2, hD)b™ (2, hD) ™" = O(1) 12 1.
Thus
a“(z,hD) = b"(x,hD)b"(z,hD) + 1y (x, hD)
=b"(z,hD)
(140" (x, hD) 'y (2, hD)b™ (x, hD) 10" (x, hD)
=0"(x,hD)(1 4+ O(h)r2_12)b" (z, hD).
Hence for sufficiently small h > 0,
(P(h) + A+ e)x™ = Mu,u) = {a"(z, hD)u, u)
> 1" (z, hD)ull7>(1 — O(h))
> lullZe,
for some v > 0, since b¥(z, hD)~! exists. This proves (6.23).

3. Claim #2: For each 0 > 0, there exists a bounded linear operator
() such that

(6.24) (@ hD) = Q + O(h*) 11
and
(6.25) rank(Q) < ——({p < A+ 2¢}| + 4).

(2wh)"
To prove this, cover the set {p < A + 2¢} with balls
Bj = B(($j7§j)7rj) (]:177N)

such that
N

Y
DB < Hp <A+ 2 + 5.

j=1
Define the “shifted” harmonic oscillator

Pj(h) :=|hDy — &> + |z — a;]%;
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and set
II := orthogonal projection in L? onto V, the span of
{u]| Pj(h)u = E;(h)u, Ej(h) <r;, j=1,...,N}.
We now claim that
(6.26) (I —ID)x"(z,hD) = O(h™) 2 p2.
To see this, let y = Zjvzl Xj, where sptx; CC B((z;,&;),r;), and put
11

; := orthogonal projection in L? onto the span of

{u| Pi(h)u= Ej(h)u, E;(h) <r;}.

Theorem 6.6 shows that (I — II;)x} (z,hD) = O(h>). We note that
IIII; = II; and hence

Mz

(I =ID)x"(x,hD) = » (I —1)x7 (x,hD)

1

<.
Il

[
WE

(I = IH(I = I1;)xj (, hD)

1

(hOO)LZ_)LQ .

<.
Il

I
S

This proves (6.26).
It now follows that
X" (x,hD) =TIx"(z, hD) + (I — )x"(x,hD) = Q + O(h*™)
for
Q :=TIx"(x,hD).
Clearly @ has finite rank, since
rank Q = dim(image of Q) < dim(image of 1)

Z#{E (h) < rj}

- 27rh <Z|B‘+O )

according to Weyl’s law for the harmonic oscillator, Theorem 6.3. Con-
sequently

IN

(6.27) rank Q <

(Qﬁlh)n <|{p <A+ 26} + g + 0(1)> .

This proves Claim #2.
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4. We next employ Claims #1,2 and Theorem C.8. We have
(P(hyu,u) = (A+N)ullze = (A + ){Qu, u) + (O(h*)u, u)
> Aullz: = (A + €)(Qu,w),

where the rank of @) is bound by (6.27). Theorem C.8,(i) implies then
that

N(\) < (27T1h)n<|{p <A+ 26} + 6+ o(1)).

This holds for all €, > 0, and so

(6.25) N € e (10 < A+ 0(1)
as h — 0.

5. We must prove the opposite inequality.

Claim #3: Suppose B; = B((z;,¢;),7;) C {p < A}. Then if

Py(hyu = Ej(h)u

and E(h) < r;, we have
(6.20) (P(R)u, u) < (A + ¢ + O(h)) ul2

To prove this claim, select a symbol a € C°(R?"), with

a=1on{p <A}, spt(a) C{p < A+¢€}.

Let ¢ := 1—a. Then u—a"(z, hD)u = c¥(z, hD)u = O(h™) according
to Theorem 6.6, since spt(1 — a) N B; = 0.

Define 0™ := P(h)a™(z,hD). Now p € S(m) and a € S(m~?'). Thus
b =pa+ O(h) € S and so b™ is bounded in L?. Observe also that
b< A+, and so

b (2, hD) < X + %.

Therefore
3
(P(h)a" (z,hD)u,u) = (0" (x, hD)u,u) < <)\ + Z€> HU”%Q

Since a¥(z, hD)u = u + O(h>), we deduce
(P(h)u,u) < (A + €+ O(h>)) [lull 7.
This proves Claim #3.

6. Now find disjoint balls B; C {p < A} such that
N

{p <A <) 1Bl +0.

=1
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Let V :=span{u | P;(h)u = E;(h)u, Ej(h) <r;,j=1,...,N}. Owing
to Claim #3,

(Pu,u) < (A+0)]lull7
for all w € V. Also, Theorem 6.3 implies

N
dimV > Y #{E;(h) < rj}
j=1

_ (27T1h)n (Z 1By + o(1>>

—d+o(1)).
According then to Theorem C.8,(ii),

N 2 (e < A} = -+ o(1).

>
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7. EXPONENTIAL ESTIMATES FOR EIGENFUNCTIONS

7.1 Classically forbidden regions
7.2 Tunneling
7.3 Order of vanishing

This chapter continues our study of semiclassical behavior of eigen-
functions:
(7.1) P(h)u(h) = E(h)u(h)
for the operator
P(h) = —h*A + V(x)
and corresponding symbol
p(z,&) = [¢° + V().

We first demonstrate that if E(h) is close to the energy level E, then
u(h) exponentially small within the classically forbidden region

VY E,00) = {z €R" | V(z) > E}.
Then we show, conversely, that in any open set the L? norm of u(h)
is bounded from below by a quantity exponentially small in h. We
conclude with a discussion of the order of vanishing of eigenfunctions
in the semiclassical limit.
7.1 CLASSICALLY FORBIDDEN REGIONS
We begin with some definitions and general facts.

DEFINITION. Let U C R™ be an open set. The semiclassical Sobolev
norms are defined as

gy = | 3 [ 10D uf ds

lo| <k

1/2

forue C*U), k=0,1,....
These differ from the standard Sobolev norms by the introduction of
appropriate powers of h.

LEMMA 7.1 (Semiclassical elliptic estimates). Let W CC U be
open sets. Then there exists a constant C such that

(7.2) [ull 2wy < CUP(R)ull 20) + [l 2@)
for all uw e C>(U).
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Proof. 1. Let x € C*(U), x = 1 on W. We multiply P(h)u by x*u
and integrate by parts:

/Uh2<8(x2ﬂ), ou) + (V — E)|ul*x*dx = /UP(h)uﬂX2 de.

Therefore
h2/ Y2 |oul? dx < C’/ |P(h)ul? + |u|? dx;
U U
and so
h2/ |Ou|? dw < C’/ |P(h)ul? + |u|* dx
W U

2. Similarly, multiply P(h)u by x?*Au and integrate by parts, to
deduce

h4/ |62u|2dx§0/ |P(h)u|? + |u|? dz.
W U
U

Before turning again to eigenfunctions, we present the following gen-
eral estimates. Our primary tool will be properly designed conjugations
of the operator P(h).

DEFINITION Given ¢ € C*(R"), we define the conjugation of P(h)

by e#/:

(7.3) P,(h) := e?/"Pe=¢/h,
LEMMA 7.2 (Symbol of conjugation). We have
(7.4) Py(h) = (p)" + O(h)

for the symbol

(7.5) po(x,€) = |€ +idp(z)|? + V(2).

Proof. We calculate for functions v € C*°(R"™) that

Pob)u = e/ (—h2A + V) (e~ /M)

= —h*Au + 2h(0p, Ou) — |0p|*u + Vu + hApu.
The expression on the right is (p,)"u + O(h)u. O
THEOREM 7.3 (Exponential estimate from above). Suppose
that U is an open set such that

UccV HE, ).
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For each open set W DD U and for each \ near E, there exist
constants hg,0,C > 0, such that
(7.6)  lullew) < Ce™™ull 2wy + ClI(P(R) = Null 22w
foru e CP(R™) and 0 < h < hy.
We call (7.6) an Agmon-type estimate.
Proof. 1. Select ¢, € CX(W) such that 0 < ¢, < 1,49 =1on U,
and ¢ = 1 on spt 1. We may assume as well that W CcC V~!(E, c0).
As in Lemma 7.2, we observe that the symbol of
A(R) == ®/M(P(h) — X)e o¥/"
is
1€+ 60> +V — X+ O(h).
Now for A close to F, x € W and ¢ sufficiently small, we have
(|€ + 00 +V = N2>~ >0

for some positive constant . Then according to the sharp Garding
inequality, Theorem 4.21, we see that provided 6 > 0 is sufficiently
small,

pA(h)*A(h)e > 0** — Opa_p2(h),
for some constant ¢ > 0. Hence if A is small enough, we have

@A(h)*A(h)p > %o%ﬂ

in the sense of operators.
2. This implies that
€2 pul| 2 < CllAR) (™ pu)l|z2 = O] (P(h) = X)pul 12
< Clle*o(P(h) = Nullz2 + C||e*" [P(h), @lul| 2,

for u € C(R™).
Next is the key observation that since ¢ = 1 on spt v, we have 1) = 0
on spt [P(h), plu. Thus Lemma 7.1 implies

1M [P(R), elullzz = [P(h), @lull 2
< C([|hDyul| 2wy + l|ull 2w))
< Cllull 2wy + ClI(P(R) = Aull 2w
Combining these estimates, we conclude that
Ml 2wy < (1€l 2

< Cllullawy + €@ + D)I(P(h) = Nullaqu).
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Specializing to eigenfunctions, we deduce

THEOREM 7.4 (Exponential decay estimates). Suppose that
UccVYFE ), and that u(h) € L*(R") solves

P(h)u(h) = E(h)u(h),

where
E(h) - E ash— 0.

Then there exists a constant 6 > 0 such that

(7.7) lu(m) 2wy < e u(h)l| 2gn)-

7.2 TUNNELING
We continue to assume in this section u = u(h) solves the eigenvalue
problem (7.1).

In the previous section we showed that u(h) is exponentially small
in the physically forbidden region. In this section we will show that it
can never be smaller than this: for small A > 0 and any bounded, open
subset U of R", we have the lower bound

_C
ull 2@y = € * |Jul| 2@ny.-

This is a mathematical version of quantum mechanical “tunneling into
the physically forbidden region”.

DEFINITION. Hormander’s hypoellipticity condition is the require-
ment for the symbol p,, defined by (7.5), that

(7.8) if p, =0, then i{p,,p,} > 0.

Observe that for any complex function ¢ = ¢(z, &),
i{¢,q} = i{Re ¢+i Im ¢, Re ¢ — i Im ¢} = 2{Re ¢,Im ¢}.

Hence the expression i{p,, Py} is real.

THEOREM 7.5 (L?-estimate for P,(h)). If Hormander’s condi-
tion (7.8) is valid within W CC R", then

(7.9) W2 ull 2wy < Ol Po(h)ull 2wy
for all u € C*(W), provided 0 < h < hg for hg > 0 sufficiently small.
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Proof. We calculate
[P (Rullzs = (Po(h)u, Po(h)u) = (Pj(h)Ppu, w)

(Po(h) B (h)u, ) + ([P (h), Pp(h)]u, u)
= Pz (h)ull2 + {[PZ(h), Po(h)]u, u).

The idea will be to use the positivity of the second term on the right
hand side wherever P7(h) fails to be elliptic. More precisely, for any
M > 1 and h small enough the calculation above gives

1P (R)ullz. > MA||P(h)ullzz + ([P (h), Pp(h)]u, u)
= W{(M|py[* + i{pp, p}) " u 1) — O(R?) [[ul 2,

the last term resulting from estimates of the lower order terms in p,#p,
and the commutator. Hérmander’s hypoellipticity condition (7.8) im-
plies for M large enough that

M|p,(2,8) > + i{py, Do}z, &) > v > 0.

for x € W. Then Theorem 4.20, the easy Garding inequality, and
Lemma 7.1 show us that

|Po(h)ullzz > Chllullz: — O(W*)([[Pp(h)ullz2 + [JullZs)-
O
Next we carefully design a weight ¢, to ensure that P,(h) satisfies
the hypothesis of Theorem 7.5.

LEMMA 7.6 (Constructing a weight). Let 0 <r < R. There ex-
ists a nonincreasing radial function ¢ € C*®°(R™) such that Hérmander’s
hypoellipticity condition (7.8) holds on B(0, R) — B(0,r).

Proof. 1. Recall that
Pp = [E+i00)* +V — E = |€)* + 2i(£,00) — |0p]* +V — E.
So p, = 0 implies both
(7.10) 1€> = 0o +V —E=0
and

(7.11) (&, 0¢) = 0.
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Furthermore,

%{pw»m} = {Re Py, Im pso}
= (Oc(|€]* = 109 +V — E),20,(¢, 09))

= 40%p€, &) + 40700y, Dp) — 2(0V, Dy).
2. Assume now
p=e",
where A > 0 will be selected and ¢ : R® — R is positive and radial,

¥ = 1(|z|). Then
dp = A\ope™?

and
0’0 = (N20Y @ O + NO*)e.
Hence
(00€,€) = (N(00, )" + MO, €))e™ = N, €)™,
since (7.11) implies (0, &) = 0. Also
(0%00p,0p) = X[ + N (DP9, 0™,
and
(OV, dp) = NV, ).
According to (7.12), we have
(e 7} = ANOWE O + X[
+ 4NHO* O, Onp) e — MOV, Onp)e? .

(7.13)

3. Now take
Y= — |‘T|v
for a constant p so large that ¢» > 1 on B(0, R). Then ¢ is radial and
nonincreasing. Furthermore

0y =1, |0%¢| < C  on B(0,R) — B(0,r).
Owing to (7.10) we have
]2 < C +|0p)> < C +CN2e®  on B(0,R) — B(0,r).
Plugging these estimates into (7.13), we compute
%{p@’p_w} > 2\ OV O > 1,

in B(0, R) — B(0,r), if X is selected large enough.
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Lastly, we modify ¢ within B(0,r) to obtain a smooth fuction on
B(0, R). 0

THEOREM 7.7 (Exponential estimate from below). Let a < b
and suppose U C R™ is an open set. There exist constants C, hg > 0
such that if u(h) solves

P(h)u = E(h)u(h) inR"
for E(h) € [a,b] and 0 < h < hy, then

_c
(7.14) ()| 2oy > € (b z2cer.
We call (7.14) a Carleman-type estimate.

Proof. 1. We may assume without loss that U = B(0, 3r) for some
0<r< % Select R > 1 so large that

p(e, &) = A =€+ V(x) = A = g + ()"

for |z] > R and a < A\ < b. Since p — E(h) is therefore elliptic on
R™ — B(0, R), we have the estimate

(7.15) vl 2r—Be0,R)) < CI(P(h) — E(h))v|2@n—B(0,R))
for all v € C°(R™ — B(0, R)).

2. Select two radial functions y1, x2 : R” — R such that 0 < x; <1
and

X1 =0 on B(O,T),
x1 =1 on B(0,R+2)— B(0,2r),
x1 =0 onR* — B(0, R + 3);

and 0 < xo, <1,

x2=0 on B(0,R)
x2=1 onR?™— B(0,R+1).

Applying (7.15) to v = xou gives

Ixaullz: < CI(P(R) = E(h))(x2u)ll> = ClI[P(h), xa]ul| 2.
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Now [P(h), x2Ju = —h*uAxa—2h?(xs, Ou), and consequently [P(h), ya|u
is supported within B(0, R + 1) — B(0, R). Hence Lemma 7.1 implies
1[P(h), xolullz> < Ch”“”H;(B(O,RH)—B(O,R))
< CYh(||P(h)u||L2(B(U,R+2)—B(0,R-1))
+ [|ull 22 (B0, R+2)-B(0,R-1)))

< Chl|ul|L2((0,r+2)-B(0,R-1))

< Chlxullr2
Therefore
(7.16) Ixzullze < Chl[xaul|r:.

3. Next apply Theorem 7.5:
W2 et xaull 2 < Clle (P(h) — E(h) (x1w)llze = Clle® [P(R), x1Jul| 2
Now [P(h), x1] is supported within the union of B(0,2r) — B(0,r)
and B(0, R+ 3) — B(0, R + 2). Since ¢ is nonincreasing, we therefore
have

L2 P(R+2)
e [P(h), xa]ullz < Che % ||XQUHH}L(B(O,R+3)—B(O,R+2))))

©(0)

+ Che ||l (80,20

The right hand sides can be estimated by Lemma 7.1. This gives

P (R

@ +2) ©(0)
(717) Jlefxaulze < ORY2e™ 5 |xaullze + CRY2e " ull 20,

4. Select a constant A > 0 so that

¢>A onB(0,R+1)— B(0,R)

¢ <A onB(0,R+3)— B(0,R+2).
Multiply (7.16) by e4/" and add to (7.17):

A
le™ xoull 2 + [le® xul 2
< Chllef xyull g2 + ChY2 |l xaul| 2 + ChY2e 5 |[ul| 2.
Take 0 < h < hyg, for hg sufficiently small, to deduce
A @ 2(0)
le® xoullz2 + [leF xuull 2 < CRY2e 5 [[ul| 2.

Since x1+x2 > 1 on R"— B(0,2r) = R*—U, the Theorem follows. [
7.3 ORDER OF VANISHING

Assume, as usual, that
(7.18) P(h)u(h) = E(h)u(h),
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where E(h) € [a,b]. To simplify notation, we will in this subsection
write u for u(h).

We propose now to give an estimate for the order of vanishing of u,
following a suggestion of N. Burq.

DEFINITION. We say u vanishes to order N at the point xg if
u(z) = O(|x — oY) as x — .

We will consider potentials which are analytic in x and, to avoid tech-
nical difficulties, make a strong assumption on the growth of deriva-
tives:

(7.19) V(z) > (2)™/Co — Co, [0°V (z)] < Cy1allel(z)m
for some m > 0 and all multiindices a.

We note that the second condition holds when V' has a holomorphic
extension bounded by |z|™ into a conic neighbourhood of R™ in C".

THEOREM 7.8 (Semiclassical estimate on vanishing order).
Suppose that u € L? solves (7.18) for a < E(h) < b and that V a real
analytic potential satisfying (7.19). Let K be compact subset of R™.

Then there exists a constant C' such that if u vanishes to order N at
a point xq € K, we have the estimate

(7.20) N <Cht.

We need the following lemma to establish analyticity of the solution
in a semiclassically quantitative way:

LEMMA 7.9 (Semiclassical derivative estimates). If u satisfies
the assumptions of Theorem 7.8, then there exists a constant Cy such
that for any positive integer k:

(7:21) ol gy < CEQL+ BR) ey

Proof. 1. By adding Cj to V' we can assume without loss that V(x) >
(x)™/Cy. The Lemma will follow from the following stronger estimate,
which we will prove by induction:

(7.22) [{z)™2(hD)*u| 12 + ||(hO) (D) 2
' < CFF2(1 4 kR |ul| 2.

for |a| = k.
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2. To prove this inequality, we observe first that our multiplying
(7.18) by w and integrating by parts shows that estimate (7.22) holds
for o] =0

Next, note that

IV 2 (hD)*u|)?2 + [|(hd) (hD)*ul|?2
= ((=h?A +V — E(h))(hD)%u, (hD)%u) + E(h)||(hD)*ul2
= (V=2 [V, (hD)*]u, V= (hD)*u) + E(h)||(hD)*u|2
< 2V HV; (WD)l + SIVERD) ul + B |(RD) w3

Hence

(7.23)
1 L e «
5IIVZ(hD)*ullzz + [|(hD) (hD)*u]l7:
< 2|V RV, (hD)*Jull32 + E(h)||(hD)*ul3.

3. We can now expand the commutator, to deduce from (7.19) (with
V replaced by V + Cj) the inequality:

V=2V, (hD)*ul > <

(7.24) Lo
E Cg_l Yk = 1) sup |[(z)™*(hD) u I2.
l(](l> (h( ) \B\pl“<> (hD) ul

We proceed by induction, and so now assume that (7.22) is valid for
la| < k. Now Stirling’s formula implies

k EF
<(—™——m.
@)—CMMJWJ

Hence, in view of (7.23) and (7.24), it is enough to show that there
exists a constant Cy such that

k—1
kk
D PSR CETOL I) + CE (L RR) < R (L bkt
1=0
This estimate we can rewrite as

Co ; (%‘2’) i (h)"H(1 4 RDY(1 + 1) + Oy (hk)*(1 + hk)F

< (hk)*(1 + hE)*(1 + Rk).
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Since we can choose Cs to be large and since we can estimate the (1+hl)
factor in the sum by (1 + hk), this will follow once we show that for e
small enough,

T
I

oy < ap for ap:= (14 ()™M
I

Il
o

This is true by induction if aj_1/ay is bounded:

N

-1

" la; < 2eap_;.

-~
Il
o

In our case,

a2k1 (1 +1(i(éfh;)1)l)_ ) - (1 + (k)™

1 k—1 i
= (1+(k—1)(1+hk)> (1+ (hk)™)

< 1 Ik <1
e Iy

O

Proof of Theorem 7.8: Assume now that ||u|/z2 = 1 and that u vanishes
to order N at a point xy € K.
Then D%u(zg) = 0 for |a] < N and Taylor’s formula shows that

N

(7.25) lu(z)| < £ sup sup |D%(y)| for |z — x| < e.
N o=N yern

The Sobolev inequality (Lemma 3.5) and Lemma 7.9 allow us to
estimate the derivatives. If say M = N 4+ n and |a| = N, then

sup [D%u(y)| < flullg < B M|ullgpr < R7MOM (14 AM)M.
yeR”

Inserting this into (7.25) and using Stirling’s formula, we deduce that
if for |z — x| < ¢, then

u(z)| < (%)N (%)M (14 hMM < (g)n (%)M (1+ hA)M.
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If we put A := Mh, then for € small enough we have, with K = Ce !
large,

Ah~1
o)l < Ay () @

= (KAL) (1 +1/A)"" " exp(—Ah ' log K).

We can assume that A is large, as otherwise there is nothing to prove.
Hence

Ju()] < exp(—aAh™),
for a > 0 and |z — x| < e. It follows that

/ lu(z)|? de < Cye=204/h,
{|lz—zo|<e}

uniformly in h. But according to Theorem 7.7,

/ lu(z)|? dz > e~ /",
{|lz—=z0|<e}

Consequently A = Mh = (N + n)h is bounded, and this means that
N < Ch™1, as claimed. O

EXAMPLE : Optimal order of vanishing. Theorem 7.8 is optimal
in the semiclassical limit, meaning as regards the dependence on h in
estimate (7.20).

We can see this by considering the harmonic oscillator in dimension
n = 2. In polar coordinates (r,6) the harmonic oscillator for h = 1
takes the form

Po=r=*((rDy)* + Dy +1%).
The eigenspace corresponding to the eigenvalue 2k 4 2 has dimension
k + 1, corresponding to the number of multiindicies o = (o, a2), with
la] = a1 + as = k. Separating variables, we look for eigenfunctions of
the form
U = Upp (r)e™?.
Then
r2((rDy)? +m? + 1t — (2n + D)rH)ug,(r) = 0.

Since the number of linearly independent eigenfunctions is k + 1, there
must be solution for some integer m > k/2. Near r = 0, we have the
asymptotics g, ~ r*™, and the case uy, ~ r~™ is impossible since
u € L?. Therefore v ~ r™ has to vanish to order m.

Rescaling to the semiclassical case, we see that for the eigenvalue

E(h) = (2k 4+ 1)h ~ 1 we have an eigenfunction vanishing to order
~ 1/h. O
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8. QUANTUM ERGODICITY

8.1 Classical ergodicity

8.2 Egorov’s Theorem

8.3 Weyl’s Theorem generalized
8.4 A quantum ergodic theorem

In this chapter we are given a smooth potential V' on a compact
Riemannian manifold (M, ¢g) and write

(8.1) pla,&) = [¢f; + V()
for (z,&) € T*M, the cotangent space of M. As explained in Appendix
E, the associated quantum operator is

(8.2) P(h) = —=h*Ag +V,
and the Hamiltonian flow generated by p is denoted
o =exp(tH,)  (t€R).

We address in this chapter quantum implications of ergodicity for the
classical evolution {¢;}ier. The proofs will rely on various advanced
material presented in Appendix E.

8.1 CLASSICAL ERGODICITY
We hereafter select a < b, and assume that
(8.3) [0p| = 7> 0on {a <p<b}

According then to the Implicit Function Theorem, for each a < ¢ <'b,
the set

Y= p_l(c)
is a smooth, 2n — 1 dimensional hypersurface in the cotangent space
T*M. We can interpret . as an energy surface.

NOTATION. For each ¢ € [a,b], we denote by u Liouville measure
on the hypersurface 3, = p~!(c¢) corresponding to p. This measure is
characterized by the formula

b
// fdxdfz/ fdude
p~1a,b] a JX.

for all a < b and each continuous function f :7T*M — R".

DEFINITION. Let m € ¥, and f : T*M — C. For T' > 0 we define

the time average

84 D= [ Foatmdi= f fopma
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the slash through the second integral denoting an average. Note care-
fully that (f)r = (f)r(m) depends upon the starting point m.

DEFINITION. We say the flow ¢; is ergodic on p~'[a, b] if for each
c € la, b,

(8.5) if £ C 3. is flow invariant, then
' either p(E) =0 or else u(E) = pu(X.).

In other words, we are requiring that each flow invariant subset of the
energy level X, have either zero measure or full measure.

THEOREM 8.1 (Mean Ergodic Theorem). Suppose the flow is
ergodic on 3. := p~'(c). Then for each f € L*(X., 1) we have

(8.6) jim | (<f>T— / Cfdu)Qduzo.

T—o0

REMARK. According to Birkhoff’s Ergodic Theorem,

(v — | fdu asT — oo,
Ec

for p—a.e. point m belonging to 3., But we will only need the weaker
statement of Theorem 8.1. O

Proof. 1. Define
A={f e L*Xc, )| pif = f for all times t},
By:={H,g| g€ C®%.)}, B:=DB,.
We claim that
(8.7) h € By if and only if h € A.
To see this, first let h € A and f = H,g € By. Then

_ _ d -
[ ndu= [ wgau= % [ boigdul
Ec Zc ZC

d d
_ e * hadul,—o = — | hadul,—g = 0:
po Ecsoft g dytli—o o /E g dpli—o = 0;

and consequently h € By
Conversely, suppose h € By. Then for any g € C*, we have

- d S d . —
0=/ h Hyp*ygdp = — g hso*_tgdu:%/E pyhgdp.
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Therefore for all times ¢ and all functions g,

/@Ihﬁduz/ hgdp.
Y c

Hence ¢;h = h, and so h € A.
2. It follows from (8.7) that we have the orthogonal decomposition
L*(S., 1) = A® B.
Thus if we write f = fa + fp, for f4 € A, fp € B, then

<fA>T = fa

for all T'.
Now suppose fp = Hpg € By. We can then compute

<fB>T|2 dp = %/

1/ )

=— [ lerg—gl du

T2 fs, 7T

<4 / lg|*d 0

= 79 g H— VU,
T2 Js,

as T — oo. Since fp € B := By, we have (fg)r — 0 in L*(X,, dpu).

3. The ergodicity hypothesis is equivalent to saying that A consists
of constant functions. Indeed, for any h € A, the set A~ ([a, 00)) is
invariant under the flow, and hence has either full measure or measure
zero. Since the functions in L?*(X,, du) are defined up to sets of measure
zero, h is equivalent to a constant function.

Lastly, observe that the orthogonal projection f +— f4 is just the
space average with respect to p. This proves (8.6). 0

2

T
| o] du
0

|
e

8.2 EGOROV’S THEOREM

We next estimate the difference between the classical and quantum
evolutions governed by our symbol p(z, &) = [£]? + V(z).

NOTATION. (i) We write
(8.8) et (teR)
for the unitary group on L?(M) generated by the self-adjoint operator
P(h).
Note that since P(h)u;(h) = E;(h)u;(h), we have

_itP(h) 22

(8.9) e wuj(h)=e " uj(h) (t € R).
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(i) If A is a symbol in ¥~°°, we also write

itP(h) _itP(h)
h

(8.10) Ayi=e n Ae

(t € R).

THEOREM 8.2 (Weak form of Egorov’s Theorem). Fiz a time
T > 0 and define for 0 <t <T

(8.11) A; == Op(ay),

where

(8.12) ar(z,§) == a(p(z,§)).

Then

(8.13) Ay — Ayl 22 = O(R)  uniformly for 0 <t <T.

Proof. We have

d

%at = {p, a:}.
Recall from Appendix E that o denotes the symbol of an operator.
Then, since o (£[P(h), B]) = {p,o(B)}, it follows that

n
(8.14) d/l—i[P(h)fl]JrE
. dt t — h y 4t ty
with an error term || Fy||;2_ 72 = O(h). Hence
d itP(h) ~ it
< (6_ };»(”Ate Ph<h>>

itP(h) d ~ Z ~ itP(h)

=e h (EA,f - E[P(h),At]) e n

= (%[Pm), A+ Ei %[P(h)’At]) o

itP(h) itP(h)

=e & FEe » =O0(h).

Integrating, we deduce

_itP(h) ~ itP(h)

He h Ate h — AHL2—>L2 = O(h)7
and so
it P(h) __itP(h)

||At — AtHL2~>L2 = ||At —e r Ae T||L2~>L2 = O(h/),
uniformly for 0 <t < T. ]

8.3 WEYL’S THEOREM GENERALIZED
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NOTATION. We hereafter consider the eigenvalue problems
P(hyu(h) = Ey(hyuy(h) (G =1,...).

To simplify notation a bit, we write u; = u;(h) and E; = E;(h). We
assume as well the normalization

The following result generalizes Theorem 6.8, showing that we can
localize the asymptotics using a quantum observable:

THEOREM 8.3 (Weyl’s Theorem generalized). Let B € V(M).
Then

(8.16) ey S (Bug,u) — /{  oBde

a<E;<b

REMARK. If B = I, whence o(B) = 1, (8.16) reads
(2mh)"#{a < E; < b} — Vol({a < p < b}).
This is the usual form of Weyl’s Law, Theorem E.7. U

Proof. 1. We first assume that B € ¥~°°; so that the operator B

L*(M) — L*(M) is of trace class. According to Lidskii’s Theorem C.9
from Appendix B, we have

(817)  tx(B) = ﬁ (/M / o(B) ddé + O(h)) .

2. Fix a small munber ¢ > 0 and write Q. := p~'(a — ¢,a + ¢) U
p1(b—¢€,b+¢). Select . € O, ¢, € C™ so that

WF, (1) C {a < p < b}
WE(pe) C {p <a}U{p>b}
WFh(I — Qe + we) - Qe.

Define
IT := projection onto the span of {u; | a < E; < b}.
We claim that
1= ho°
519 Sl = .+ O(h)
ol = O(h™).

The second assertion follows by an adaptation of the proof of Theorem
E.7.
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To establish the first part, we need to show that ¢ (I —II) = O(h™).
We can find f satisfying the assumptions of Theorem 7.6 and such
that .(z, &)/ f(p(z,€)) is smooth. Using a symbolic construction we
can find 7, € U~>° with WF,(T¢) = WF}(¢).), for which

V(I —11) = Te f(P)(I —1I) + O(h).
The first term on the right hand side can be rewritten as
> fE(h)Tw, @ ;.
Ej(h)<(l,Ej(h)>b

The rough estimate (E.31) and the rapid decay of f show that for
all M we have the bound

F(E;(R)) < Cur(hg)™.

The proof of Theorem 6.4 shows also that T,u; = O(h™), uniformly in
j. Hence

[Tef(PY(I = )2~ 2 = O(h%).

3. We now write

> (Buj,u;) = tr(I1BII)

CLSEj Sb

= tr(IIB(¢e + ¢c + (1 = e — o)1),
Using (8.18) we see that
(2mh)"tr(IIBp 1) = O(h).
The Weyl Law given in Theorem E.7 implies
(@2rh) r(TLB(1 — p, — 6)T1) = O(e),
since 1 — ¢, — ¥, # 0 only on .. Furthermore,

(2mh)"tr(T1 B 1)
= (2rh)™tr(I1BY.) + O(h™)
= (2mh)"tr(((¢e + e
(1= g — TIBY) + O()
= (27h)"tr(¢YBe) + O(h™) + O(e).
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Combining these calculations gives

(2rh)" Y (Bujuy) = (20h)"tr($By) + O(h) + O(e)

a<E;<b

_ / / o ()20 (B) dude + O(h) + O(e)

- / /{ PR

4. Finally, to pass from B € U~ to an arbitrary B € ¥, we
decompose the latter as

as h — 0,e — 0.

B = By + Bx,
with By € ¥~ and
WEF,(By) C {a—2<p<b+2},
WF,(By)N{a—1<p<b+1}=10.
We have Byu; = O(h™) for a < Ej(h) < b; and hence only the By part
contributes to the limit. U
8.4 A QUANTUM ERGODIC THEOREM

Assume now that A € W(M) has the symbol o(A) with the property
that

(8.19) Q= ][ o(A)dp is the same for all ¢ € [a, b],
e

where the slash through the integral denotes the average. In other
words, we are requiring that the averages of the symbol of A over each
level surface p~'(c) are equal.

THEOREM 8.4 (Quantum ergodicity). Assume the ergodic con-
dition (8.5) and that A € W(M) satisfies the condition (8.19).

(i) Then

(8.20) @rh)" )

a<E;<b

(ii) In addition, there exists a family of subsets A(h) C {a < E; < b}
such that

2

— 0.

(Auj, ;) — ][ o (A) dade
{a<p<b}

. #AR)
521 M Ha< B <0y
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and for each A € V(M) satisfying (8.19), we have
(8.22) (Auj, uj) — ][ o(A)dzd§ ash—0
{a<p<b}
for E; € A(h).
Proof. 1. We first show that assertion (i) implies (ii). For this, let

(8.23) B:=A—al,
a defined by (8.19). Then [, _,, 0(B) dzd§ = 0. According to (8.20),

(2wh)" Z (Buj,u;)* =: e(h) — 0.

a<E;<b
Define
L(h) = {a < B, <b| {Buy,u;)? > &(h)):
so that
(27h)" #T(h) < (k).
Next, write

A(h) :={a < E; <b} —T'(h).
Then if E; € A(h),
[(Buy, uj)| < €/ (h);

and so
[(Auy, uz) — af < e/*(R).
Also,
#AB) L #T()
Ha<BE <b = #Ha<E<b}
But according to Weyl’s law,
4T (h) (2mh)" 4T (h)

Ha<F <0}~ Vol <p b)) to) = (W =0

This proves (ii).

2. Next we establish assertion (i). Let B be again given by (8.23);
so that in view of our hypothesis (8.19)

(8.24) / o(B)dup =0 for each ¢ € [a,].

c

Define
d(h) = mh)" Y (Bugu)

a<E;<b

we must show e(h) — 0.
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Now
itE; 1tE . .
Ry Ry _itP(h) _itP(h)
(Buj,uj) = (Be” " uj,e” n u;) = (Be  h uje b ouj

according to (8.9). Consequently

itP(h) _itP(h)

(8.25) (Buj,uj) = (e~ » Be  * wuj,u;) = (Buj,u;)

in the notation of (8.10). This identity is valid for each time ¢t € R.
We can therefore average:

(826)  (Bujuy) = ][ By dtu,u;) = {(B)ru; uj),

for
1 /7 T
(B)r = —/ B, dt :][ B, dt.
T Jy 0

Now since |Ju;|* =1, (8.26) implies
(Buj,u;)* = ((B)ruj,u;)* < |[(B)ru||* = ((B*)r(B)ru;, u;).
Hence

(8.27) e(h) < 27h)™ > ((B*)r(B)ru;,u;)

a<E;<b

3. Theorem 8.2 tells us that

(B)y = (B)r 4+ Or(h), (B)p:= ][OTz%t dt,

where B, € W(M) and o(B,) = pfo(B). Hence

o((B)7) = ][O o(B) o gy dt + Op(h) = (o(B))z + Op(h).

as h — 0.

Since modulo O(h) errors we can replace ¢/t Be=itP(/h by B,
Theorem 8.3 shows that

lim sup ¢(h) < / /{ o)D) e

h—0
_ / /{ oy IPBIDP da

as the symbol map is multiplicative and the symbol of an adjoint is
given by the complex conjugate.

(8.28)

4. We can now apply Theorem 8.1 with f = o(B), to conclude that
| lotB)sidsds o
p~tab]



126

as T'— oo. Since the left hand side of (8.28) is independent of T, this
calculation shows that the limit must in fact be zero. U

APPLICATION. The simplest and most striking application con-
cerns the complete set of eigenfuctions of the Laplacian on a compact
Riemannian manifold:

—Ang :)\juj (j: ]_,...),
normalized so that
[wjllL2(ar) = 1.

THEOREM 8.5 (Equidistribution of eigenfunctions). There ez-
ists a sequence jp — oo of density one,

o A< m)

m— o0 m

such that for any f € C*(M),
(8.29) / |w;, |* f dvol, — / f dvol,.
M M

L,
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9. MORE ON THE SYMBOL CALCULUS

9.1 Wavefront sets, essential support

9.2 Application: L* bounds

9.3 Beals’s Theorem

9.4 Application: exponentiation of operators
9.5 Invariance, half-densities

9.6 Changing variables

9.7 New symbol classes

This chapter collects together various more advanced topics concern-
ing the symbol calculus, discussing in particular a semiclassical version
of Beals’s characterization of pseudodifferential operators and invari-
ance properties under changes of variable. Chapter 10 will provide
further applications.

9.1 WAVEFRONT SETS, ESSENTIAL SUPPORT

We devote this section to a few concepts built around the semiclas-
sical wavefront set of a collection of functions bounded in L?:

DEFINITION. Let u = {u(h)}o<n<n, be a family of functions bounded
in L?(R™). We define the semiclassical wavefront set

WF}L(U)

to the complement of the set of points (xg,&) € R?** for which there
exists a symbol a € S such that

(9.1) a(xo,&) # 0
and
(9.2) |a"(z, hD)u(h)|[2 = O(h™).

The definition of wavefront sets does not depend on the choice of co-
ordinates. We note that this is a local property of the family {u(h)}o<n<n,
in phase space: see Theorem 9.2 below. The meaning of the wavefront
set is elucidated by the following

THEOREM 9.1 (Localization and wavefront sets). Suppose that

(z0,&0) & WEn(u).

Then for any b € C°(R*™) with support sufficiently close to (zg, &),
we have

b* (2, hD)u(h) = Oy2(h).
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Proof. 1. Suppose a € S, a(xg, &) # 0. There exists Y € C*(R*")
supported near (xg, &) such that
Ix(z, &) (al(z,§) — alzo, o)) + alzo,§0)| =7 >0

for (z,£) € R?". Then according to Theorem 4.19 there exists ¢ € S
such that

c(z, hD)(x" (z,hD)a" (x,hD) + a(zo, &) (I — X"V (x,hD))) = 1.

2. Now consider
bY(z, hD)u(h) =b"(z, hD)c" (x, hD)x" (x, hD)a" (z, hD)u(h)
+ 0¥ (x, hD)a(xo,&)(I — x"(x,hD)))u(h).
If we choose a to be the symbol appearing in (9.2), then the first term
on the right hand side is bounded by O(h*) in L2. If the support of

b is sufficiently close to (zg,&) then spt(b) Nspt(1 — x) = 0 and the
second term has the same property, according to Theorem 77777 [

Since compactness of the support is not preserved by changes of
variables or by other operations such as composition, we introduce the
more flexible notion of the essential support.

DEFINITION. Let a = {a(z,&, h)}o<h<n, be an h-dependent family
of symbols in S. The essential support of a is the smallest closed set
K C R"™ x R"™ such that

(9.3) spty N K =0 implies ya = Og(h™)

for each x € S. We write
ess-spt(a)

for the essential support.
Recall that a symbol b = b(x, &, h) satisfies b = Og(h>) if

10°0| < C, v

for all multiindices @ and nonnegative integers .

REMARK. We will see later, in the proof of Theorem 9.12, that this
notion does not depend on the choice of coordinates. In particular, if
7 is a diffeomorphism and Op(a,) = Op((7)*Op(a)y*), then

(94)  essspt(ay) = {(v(2), (07(2)") 7€) | (x,¢) € ess-spt(a)}.
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THEOREM 9.2 (Wavefront sets and pseudodifferential oper-
ators). Suppose that a = {a(x,&,h)}och<n, C S(m) for some order
function m, and that u = {u(h)}ocn<n, is bounded in L?(R").

Then

(9.5) WEF;(a"u) € WFy(u) Ness-spt(a)
for aVu = {a™(x, hD, h)u(h)}o<n<n,-

Proof: 1. We need to show that if (z¢,&) ¢ WFp(u) or if (z,¢) ¢
ess-spt(a), then (z,£) ¢ WF,(a“u).

2. Suppose first that (zg, &) ¢ WEF,(u). Choose b € C°(R?*™), with
b(xo, &) # 0 and b¥(z, hD)u(h) = Op2(h*). The existence of such b
is clear from Theorem 9.1. Now the pseudodifferential calculus shows
that

b (z,hD)a" (z,hD,h) = ¢"(x,hD,h) + r¥(x,hD,h),
where spt ¢ C sptb and r € S™>°(1). Theorem 9.1 implies that
|6 (z, hD)a" (z, hD, h)u(h)| L2 = O(h>).
This shows that (z9,&y) € WFp(a"u).

3. Now assume that (z¢,&) ¢ ess-spt(a) and use the same b as
above. If the support of b is sufficiently close to (xg,&), (9.3) im-
plies that b%(x,hD)a"(z,hD,h) = ¢¥(x,hD,h), where ¢ = Op2(h>).
Consequently

16" (x, hD)a" (z, hD, h)u(h)||L2 = O(h™).
U

REMARK. In view of (9.5) we have an alternative definition of
ess-spt(a), which makes sense on manifolds:

(9.6) (x,&) ¢ ess-spt(a) if and only if (x,&) ¢ WF(aVu)
' for each family u = {u(h)}o<n<n, bounded in L2

Theorem 9.2 also motivates the following

DEFINITION. Let A be an h-dependent family of operators. We
define the wavefront set of A to be

(9.7) WF(A) == WF),(u) N WF,(Au),

the union taken over all families {u(h)}o<p<p, bounded in L2
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In view of (9.6), if A = a", then
WEF;,(A) = ess-spt(a)

and hence is a closed set.
9.2 APPLICATION: L*° BOUNDS

Here we will show how a natural frequency localization condition
on approximate solutions to pseudodifferential equations implies h-
dependent L* bounds. As an application we will provide bounds on
eigenfuction clusters for compact Riemannian manifolds.

We start with the following semiclassical version of the Sobolev in-
equality (Lemma 3.5):

THEOREM 9.3 (Basic L* bounds). Suppose that {u(h)}o<h<n,
is bounded in L*(R") and there exists 1p € C>(R") such that

98) (1 — (hD)ulWl|z2zny = O [u(h) sy . for all k.
Then
(9.9) [u(B) Lo ny < CR™2||u(B) | L2 (gn).
We regard (9.8) as a frequency localization condition.
Proof: 1. We can assume that [|u(h)||zz = 1.

We can also suppose that u(h) is compactly supported. Indeed, if
@ € C(R™), then

(1 =¢(hD))p = (1 = (hD)) + r(z, hD)
with r € S and ess-spt(r) compact. We now choose ¢, € C° for which
(1 - wl)(l - ¢) = (1 - ¢1)> (1 - wl)|ess—spt(r) = 0.
Then
(1 =1 (hD))pu(h) = (1 =1 (hD))Y(1 — P (hD))u(h)
+ (1 =1 (hD))r(x, hD)u(h)
= Or2(h™).
2. The condition (9.8) implies that
(D) u(h) || < B~
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for every k. Hence

[{(hDY* (1 — b (hD))u(h)||7> = @Wu —(€))]|7
1 2k 2
< W”@ Raf| g2 || (1 — (€)@l 2

= [(hD)* u(h)|| 12]|(L — (A D))*u(h)]| 2
Lemma 3.5 then implies
11 = ¢ (hD))u(h)||z = O(h*).

3. It remains to estimate |[)(hD)ul|f~. For this we use the semi-
classical inverse Fourier transform (3.22):

1 1
hD [e’e} < - 2 F 2 = = 2 2.
[ (hD)ul| L~ < (%h)nHQﬁHL [ Fnullr (%h)nﬂWHL [l
O
We will later need the following

LEMMA 9.4 (A simple L? estimate). Suppose that a € S(R™*! x
R™) is real valued, and that

(hDy + a™(z,t,hDy))u = f
u(+,0) = up.
Then

VIt
(9.10) (- 1)l 2@ny < T||f||L2(Ran) + [luol| L2 (gn).-

Proof: Since a¥ (t, x, hD) is family of bounded operators on L?(R"), the
existence of solutions follows from existence theory for (linear) ordinary
differential equations in the variable t.

Suppose first that f = 0. Then

)y = Re(@u(- 1), u(-, 1)) e
:%mmw@¢ﬁDm@ww@wy:o
Thus, if we set E(t)ug := u(t), we have
| E(t)uoll 2y = [[uoll 2®n)-

If f # 0, Duhamel’s formula gives

1&@2E@%+%AE&—QK@M&
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Hence
1 t
(- )l z2@ny < [Juollz2@ny + 5/0 I1f (-, 8) |l 2@y ds.

The estimate (9.10) is an immediate consequence. O

THEOREM 9.5 (L* bounds for approximate solutions). Let
m = m(z,§) an order function. Suppose that p € S(m) is real valued,
and for some compact set K C R" x R",

(9.11) Oeplx,€) # 0 if (2,€) € K, p(x,£) =0.

If u = {u(h) }o<n<n, s bounded in L*(R™) and satisfies the frequency
localization condition (9.8), if

WFy(u) C K,
and if
912) [l (@, hDYu(h) 2y = OB (k) | p2qany,
then
(9.13) ) iy < OB V72| fu(B) | 2.

The point is that if w(h) is an approximate solution in the sense of
satisfying the estimate (9.12), we can improve the earlier L estimate

(9.9) by a factor of hz.

Proof: 1. First we observe that, as in Theorem 9.3, we can assume that
the functions w(h) are uniformly compactly supported. We also note
that the hypothesis on u(h) is local in phase space: if x € C°(T*R")
then, normalizing to ||u(h)|/z2 = 1, we have
P(h)x" (z, hD)u(h) = X" (z, hD)P(h)u(h) + [P(h), x" (z, hD)]u(h)
- OL2(h)
According to Theorem 9.2, WF;,(xVu) C K.

2. Hence it is enough to prove the theorem for w(h) replaced by
X" u(h), where y is supported near a given point in K as a partition of
unity argument will then give the bound on u(h).

Suppose that p # 0 on the support of y. Then we can use Theorem
4.19 as in part 1 of the proof of Lemma 9.1 to see that P(h)x"“u(h) =
Opz2(h) implies that x"Yu(h) = Oz(h). Theorem 9.3 then shows that

X" u(h)| e < Chh™™? < Ch= (=112,
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3. Now suppose that p vanishes in the support of x. By applying
a linear change of variables we can assume that p;, # 0 there. The
Implicit Function Theorem shows that in a neighborhood of spt x, we
have

(9.14) p(x, &) = e(x, §)(& — a(z, &),

where £ = (£1,¢’) and e(z, &) > 0.

We extend e arbitrarily to e € S so that e > v > 0 and extend
a(x,&') to a real valued a(z,£’) € S. The pseudodifferential calculus
shows that

¢"(x,hD)(hDy, — a(x, hDqy))(x u(h)) = P(h)(x"u(h)) 4+ Orz2(h)
= Op2(h).
Since e% is elliptic,
(9.15) (hDy, — a(x,hD.))(x"u(h)) = Orz(h).

4. The proof will be completed once we show

(9.16) 10 w) (21, )| 21y = O(1),

and for that we use (9.15) and Lemma 9.4. We now apply Theorem
9.3 in 2’ variables only, that is with n — 1 replacing n and t replacing
x1. That is allowed since we clearly have

11 = L (D)) x " ulh) (21, ) [ 2@n1y = O(R),
uniformly in . O
REMARK. The bound given in Theorem 9.5 is already optimal in
the simplest case in which the assumptions are satisfied: p(z,€§) = &;.
Indeed, write z = (z1,2’) and let ¢ € C®(R), and x € C®(R"1).
Then
u(h) == h™ "V 2¢(z1)x (2’ /h)
satisfies ||u(h)|| 2 = O(1),
P(h)u(h) = hDy,u(h) = Opz2(h);
and for any non-trivial choices of ¢ and , ||u(h)||ge =~ h~(1/2,

The condition (9.11) is in general necessary as shown by another
simple example. Let p(x, &) = 1, and

u(h) = "2 (@ /h)x(2'/h).
Then [[u(h)]|z> = O(1),
P(h)u(h) = hh™"?(t¢(t))limar ax (2 /1) = Or2(h),
and ||u(h)| g ~ h™"/2. This is the general bound of Lemma 9.3. [
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As an application we present an L> bound on “spectral clusters”,
that is, linear combinations of eigenfunctions for the Laplacian on a
compact manifold. The statement requires the material presented in
Appendix E.3.

THEOREM 9.6 (Bounds on eigenfuction clusters). Suppose that
M is an n-dimensional compact Riemannian manifold and let A, be
its Laplace-Beltrami operator. Assume that

0:)\0<)\1§"')\j—>00
are the eigenvalues of —A, and that
—ADgp; =X, (G=1,...)
are a corresponding orthonormal basis of eigenfunctions.

There exists a constant C such that for any choices of constants
¢; € C, we have the inequality

n—1)/2
(9:17) HZHS\/A_J'SH—&-ICjwj . < CptnV qus\/k_jswlcj% e
In particular,

n—1)/4
(9.18) lgjllz= < OXP )] 2

Proof: Put h =1/p, P(h) := —h?*A, — 1, and
u(h) = ZHS\/)\_J.S#+1CJ'QDJ"

Then the assumption (9.11) holds everywhere. Also

2
PG = ||5 ey s B = D],

= (L mepnrleil 02 = 1725122
< 2hu(h)| 5.

Thus the assumption (9.12) holds. On a compact manifold the fre-
quency localization condition (9.8) follows from

11 = o(=h*Ag))u(h)|| = O(=)|lu(h)]IL

for ¢ € C(R) satisfying ¢(t) = 1 for |t| < 2. But this is a consequence
of the Spectral Theorem. O

=

2

The estimate (9.17) is essentially optimal. On the other hand the
optimality of (9.18) is very rare: see [S-Z] for a recent discussion.

9.3 BEALS’S THEOREM
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We next present a semiclassical version of Beals’s Theorem, a char-
acterization of pseudodifferential operators in terms of h-dependent
bounds on commutators. Beals’s Theorem answers a fundamental ques-
tion: when can a given linear operator be represented using our symbol
calculus?

We start with

THEOREM 9.7 (Estimating a symbol by operator norms).
Take h = 1. There exist constants C, M > 0 such that

(9.19) 1Bl < C Y 11(0°0)" (2, D) || z2— 12,
lal<M

for all b € S'(R*™).

Proof. 1. We will first consider the classical quantization
1 / ,
b(, )e' Vi (8) de,
(2m)" Jgn
where by the integration we mean the Fourier transform in S’.

Then if ¢ = ¢(x),1 = (&) are functions in the Schwartz space S,

we can regard F(bgie€) as a function of the dual variables (z*, £*) €
R?", We have

b(x, D)u(x) =

| (6@1/36’“’5))(0, 0)]

// (2, €)p(2) (€)= dade

|< (l‘ D), )| < |16l L2zl 2 [|¥]| 22

Fix (2*,6*) € R?" and rewrite this inequality with o(z)e®"®) re-
placing () and ¥(£)e "9 replacing (), a procedure which does
not change the L? norms. It follows that

(bppe’ ™) (@, )| < [Ibll o2l @l 210 -

1
(2m)"

(9.20)

1
Gy
2. Now take x € C°(R?"). Select p,1 € S so that
p(r) =1 if (z,§) € sptx
() =1 if (z,£) € sptx.
Write
(9.21) o = ye @8,
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Then ) |
X(,€) = pla, ()i (€)™,
According to (3.18),

1Fxll <C Y 110Xl

|a|<2n+1

and so (9.21) implies

(9.22) IFelle <C Y 10X
|a|<2n+1

Thus (9.20) shows that for any (z*,£*) € R?" we have

IFOD) (@™, )] < || F(pbgihe’ ™) oo
1 n
= Gy )+ Flbpe ) o

1 — 7 iz
I ORI el s

S CHbHL2—>L27

IN

the constant C' depending on ¢, ¥ and x, but not (z*,£*). Hence
(9.23) [F b o < Clbl| 212
with the same constant for any translate of x.

3. Next, we assert that

(9.24)
[F(x) (", &) < C{(™,€)) 7> Y [[(8°)(w, hD) |2 2.

|| <2n+1
To see this, compute

(&) (&) F(xb) (a7, ") = / (%) (") e AT Db, €) ddE

R2n

:/ e*i«x*vI>+<5*’5>)D§‘D§(Xb) dadé.
RQ’VL

Summing absolute values of the left hand side over all (a, 8) with |a| +
18] < 2n + 1 and using the estimate (9.23), we obtain the bound

@, €N Fxb)lle < Co Y (1F(DID(xD) =

|a)+]8|<2n+1
< Cy > (0°b)(x, hD)| pe— .
|a|<2n+1

This gives (9.24).
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Consequently,
Ixbllze < CIFOD) I <C Y [(0%D)(w, AD)| 2.2

|a|<2n+1

4. This implies the desired inequality (9.19), except that we used the
classical (t = 1), and not the Weyl (¢t = 1/2) quantization. To remedy
this, recall from Theorem 7?7 that if

b= hDeDOj

then

b (x, D) = b(x, D)
(8°b)¥(z, D) = (0°b)(z, D).

The continuity statement in Theorem 7?7 shows that

bl < C 3 0B

la|<K

and reduces the argument to the classical quantization.

NOTATION. We henceforth write
adpA = [B, A];
“ad” is called the adjoint action.

Recall also that we identify a pair (z*,¢*) € R?*" with the linear
operator I(z,§) = (2%, z) + (£", &)

THEOREM 9.8 (Semiclassical form of Beals’s Theorem). Let
A:S — 8§ be a continuous linear operator. Then

(i) A=a" for a symbol a € S
if and only if
(ii) for all N =0,1,2,... and all linear functions ly, ..., lx, we have

(925) ||adll(x7hD) ©---0 ale(x7hD)A||L2_>L2 = O(hN)

Proof. 1. That (i) implies (ii) follows from the symbol calculus devel-
oped in Chapter 4. Indeed, ||Al|z2_.2 = O(1) and each commutator
with an operator [;(x, hD) yields a term of order h.
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2. That (ii) implies (i) is harder. First of all, the Schwartz Kernel

Theorem (Theorem C.1) asserts that we can write

(9.26) Au(z) = | Ka(z,y)u(y)dy

R”
for K4 € S'(R™ x R™). We call K4 the kernel of A.

3. We now claim that if we define a € §'(R*") by

(9.27) a(z, &) := / O K 4 (z+%,2-%) du,
then

1 i
(9.28) Ka(z,y) = W /Rn a (%7@ o (T=v:€) de,

where the integrals are a shorthand for the Fourier transforms defined
on S’
To confirm this, we calculate that

since

1
(2mh)"

/ ey ge — 5, (w) inS.

In view of (9.26) and (9.28), we see that A = a%, for a defined by
(9.27).

4. Now we must show that a belongs to the symbol class S; that is,

(9.29) sup |0%a| < C,
R2n

for each multiindex «.
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To do so we will make use of our hypothesis (9.25) with [ = x;,¢;,
that is, with [(z, hD) = x;, hD;. We compute

Op(hDe;a)u(z)

WD, (a (552,€)) ¢ u(y) dédy
= m / L,€) hDe, (7 ) uly) dédy
= 27Th // (242, €) 7 (2 — yy)uly) dédy
— —[z;, AJu = —ad,, Au(z).

Likewise,
Op(hD,,a)u(x)
1 (z—y,
1
e | D+ D) (0 (552))
e T u(y) ddy

— 1 z+y Wz—y,8) y€>
= @) /R/R WDy, (a (55,€)) e 7 uly) dédy
: sy g) L (e
i o o (59 6 - Dyt ey

In summary, for j =1,...,n,
d,. A= —Op(hD:;.
(9.30) o p(hDe,)
adp, A = Op(hD,,a).

5. Next we convert to the case h = 1 by rescaling. For this, define
Upu(z) := h"4u(hY?x)
and check that Uy, : L? — L? is unitary. Then
Una® (z, hD)U, " = a(h'*2, h*2D) = Op(ay)
for

(9.31) an(z, &) = a(hY?x, hY/?€).
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Our hypothesis (9.25) is invariant under conjugation by Uj, and is
consequently equivalent to

(9.32) adll(h1/2x7h1/2D) [ Nel a'lN(hl/Qx,hl/?D)Op(ah) = O(hN)

But since [; is linear, [;(h'/%z, hY/2D) = hY/2l(z, D). Thus (9.32) is
equivalent to

(9.33) ady, () 0+ © Ay (2.0 © Op(az) = O(K?).
Taking ly(x, &) = x; or &, it follows from (9.33) that

(9.34) [Op(@%an)l| < Ch=
for all multiindices £.
6. Finally, we claim that
(9.35) 10%a| < Cohl/? for each multiindex a.

But this follows from Theorem 9.7, owing to estimate (9.34):

lagllz~ < C Y [|Op(0*ap)|re—re < Cohl®l.
|B|<n+1

Recalling (9.31), we rescale to derive the desired inequality (9.29). O

EXAMPLE: resolvents. Suppose a € S is real-valued, so that A =
a%(x, hD) is a self-adjoint operator on L?(R"). The resolvent (A+1)~!
is then a bounded operator on L?(R™). Can we represent (A +14)~! as
a pseudodifferential operator?

Since
ad;B = —B(ad;A)B,

we see that the assumptions of Beals’s Theorem are satisfied, and con-
sequently (A + i)~ = b¥(z, hD) for some symbol b € S. O

9.4 APPLICATION: EXPONENTIATION OF OPERATORS

In this section we will consider one parameter families of operators
which give exponentials of self-adjoint pseudodifferential operators. As
we have seen in Theorem 4.4, quantization of exponentiation commutes
with quantization for linear symbols. This is of course not true for
nonlinear symbols: see Section 10.2 for the subtleties involved in expo-
nention of skew-adjoint pseudodifferential operators.
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THEOREM 9.9 (Exponentials and order functions). Let m =
m(xz, &) be an order function and suppose that g = g(x,&, h) satisfies

(936) g($v€> - logm(x,é’) = O<1)
and
(9.37) 0% € Ss

forla|=1and 0 <6<
Then the equation

1
5

(9.38) {%B (t)zz g% (x, hD)B(t),

has a unique solution B(-). Furthermore, for each t > 0, we have
(9.39) B(t) = b} (x,hD),

for a symbol
bt € S(mt)

Here m! means m raised to the power t.

Theorem 9.9 identifies exp(tg™(x,hD)) as a quantization of an el-
ement of Ss(m'). Thus we are asserting that on the level of order
functions exponentiation commutes with quantization. Here is an ap-
plication. Given an operator P, it is often very useful to consider its
conjugations of the form

P(t) := e~ t9" (x,hD) potg™ (z,hD)

As an application of Theorem 9.9 we observe that if ¢ is as above and
P is bounded on L% then P(t) is bounded on L% To see this, apply
Theorems 4.13 and 4.16.

To prove Theorem 9.9 we start with

LEMMA 9.10 (Inverting exponentials). Consider
U(t) = (exptg)*(z, D)

as a mapping from S(R™) to itself. There exists € = €y(g) > 0 such
that the operator U(t) is invertible for |t| < ey and

Ut)™" =b(x,D)

for a symbol

bt € S(mft).
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Proof: 1. We apply the composition formula given in Theorem 4.13 to
obtain
U(-t)U(t) =1+ e (z,D)
where e, € S.
More explicitly, we write

e(r1,€) = / e MIA(D) (7o ST oy ds
0

S
- / ite‘SA(D)Fe_tg(m’&Htg(m’&)|x2:m1:w,§2:§1:€ ds/Q,
0

where
A(D) = iO—(Dm’ Dfl; Dwza D§2>/27
F= 33519(1'1,51) ’ 3529(902,52) - 3519(171751) : ax29($27§2).

2. It follows that e; = te;, for e; € S. Therefore
e/ (x,D) = Op2_12(1);

this shows that I + e}¥(z, D) is invertible for |¢| small enough. Then
Theorem 9.8 implies

(I +e(z, D)™ =¢'(2,D)
for a symbol ¢, € S. Hence b, = ¢;# exp(—tg(z,§)) € S(m™). O
Proof of Therem 9.9: 1. We first note that we only need to prove the
result in the case h = 1 by using the rescaling given in (4.29).

2. The hypotheses on ¢ in (9.36) are equivalent to the statement
that exp(tg) € S(m') for all t € R. We now observe that

040) (U1 expltg"(z. D)) = V(1) explig"(z, D))
whereV (t) = a}¥(x, D) and a; € S(m™") . In fact, we see that
(9.41) GU(~1) = ~(gexp(~19))"(z, D)

and

(9.42) U(—t)g"(z, D) = (exp(tg)#g)" (z, D).

As before, the composition formula (?7) gives

exp(—tg)#g — gexp(—tg) =

1
/0 exp(sA(D))A(D) exp(—tg(z', £)g(2?, €| p1—ar—ac1—¢2—¢,
A(D) = io(Dy1, Dex; Dy2, De2) /2.
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From the hypothesis on g we see that A(D)exp(tg(x!,£Y))g(x?,€2) is
a sum of terms of the form a(x',&')b(2?, &%) where a € S(m™") and
b € S(1). The continuity of exp(A(D)) on the spaces of symbols in
Theorem ?7 gives (9.40).
3. If we put
Ct):=-VHU(-t) ™,

then by Lemma 9.10, C(t) = ¢} where ¢; € S(1). Symbolic calculus
shows that ¢; depends smoothly on t and

(0 + C(t))(U(—t) exp(tg” (x, D))) = 0.
4. The proof of Theorem 9.9 is now reduced to showing
LEMMA 9.11 (Solving an operator equation). Suppose that
C(t) = ¢ (z, D),

where the symbols ¢, € S depends continuously on t € (—e€g, €).
Assume q € S. Then the solution of

(01 + QD) = 0.
94 { Q(0) = ¢*(z, D)
Q(t) = QZV(%D)a

where q; € S depend continuously on t € (—¢€g, €p).

Proof: 1. The Picard existence theorem for ODE shows that Q(t)
is bounded on L?. Assume now that [;(z,€) are linear functions on
R™ x R". Then

d
—adll(x’D) O---0 ale(LD)Q(t)—F

dt
adll(m,D) ©---0 ale(x’D)(C(t)Q(t)) =0,
ady, (z,p) © + - 0 adiy (2, Q(0) : L*(R™) — L*(R™).
If we show that for any choice of I’s and any N
(9.44) ady, (z,p) © -+ 0 adyy (2,0 Q(1) : L*(R™) — L*(R™),
then Beals’s Theorem concludes the proof.
2. We proceed by induction on N:
ady, (z,p) © - - - 0 adyy (2,0) (C (1) Q(t)) =
C(t)ady, (e,p) © - - - 0 ady (2, 0)Q(t) + R(2),
where R(t) is the sum of terms of the form
Ap(t)ady, (z,p) © ady, (2,0 Q(1)
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for k < N, Ap(t) = ar(t)¥ , and ax(t) € S depend continuously on .
This also follows by an inductive based on the derivation property of
adl:

adl(C'D) = (adlC)D + C(adlD)
Hence by the induction hypothesis R(t) is bounded on L?, and depends
continuously on ¢. Thus

(0, + C(t)) adiys.0) -+ © a0,y @) = R(1)

is bounded on L?. Since (9.44) is valid at ¢t = 0, we obtain it for all
te (—60, 60). O

9.5 INVARIANCE, HALF-DENSITIES

Invariance. We begin with a general discussion concerning the
invariance of various quantities under the change of variables

(9.45) 7= (),
where v : R” — R" is a diffeomorphism.
Functions. We note first that functions transform under (9.45) by

pull-back. This means that we transform v into a function of the new
variables & by the rule

(9.46) (@) = u(y(r)) == u(z),
for x € R™. Observe however that in general the integral of u over a
Borel set E is not then invariant:

/7 . a(7) dt # /E u(z) dz.

Densities. One way to repair this defect is to change our definition
(9.46) to include the Jacobian of the transformation 7. We elegantly
accomplish this by turning our attention to densities, which we denote
symbolically as

We therefore modify our earlier definition (9.46), now to read
(9.47) a(7) = a(y(x)) = ulx)| det(dy(x))| "

Then we have the invariance assertion

“a(7)|dr] = u(w)|dz]”,

A (E)a(j) d7 = /E u(z) dz

for all Borel sets £ C R".

meaning that
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Half-densities. Next recall our general motivation coming from
quantum mechanics. The eigenfunctions u we study are then inter-
preted as wave functions and the squares of their moduli are the prob-
ability densities in the position representation: the probability of “find-
ing our state in the set E” is given by

/E u(z)|? dz.

This probability density should be invariantly defined, and so should
not depend on the choice of coordinates x. As above, this means that it
is not the function u(x) which should be defined invariantly but rather
the density |u(z)|?dz, or up to the phase information, the half-density

u(z)|dz|2.
For half-densities we therefore demand that
“O(F)|dz|z = u(z)|dx|2”,

which means that integrals of the squares should be invariantly defined.
To accomplish this, we once again modify our original definition (9.46),
this time to become

(9.48) (%) = a(y(x)) = u(z)| det(dy(z))| 2.

Then
/ |ﬁ(§;)\2d§c:/|u(m)]2da:.
v(E) E

for all Borel subsets £ C R".

DISCUSSION. The foregoing formalism is at first rather unintuitive,
but turns out later to play a crucial role in the rigorous semiclassical
calculus, in particular in the theory of Fourier integral operators, which
we will touch upon later. Section 9.2 will demonstrate how the half-
density viewpoint fits naturally within the Weyl calculus, and Section
10.2 will explain how half-densities simplify some related calculations
for a propagator.

Our Appendix E provides a more careful foundation of these concepts
in terms of the s-density line bundles over R™, denoted Q°(R™). In this
notation, a density is a smooth section of Q'(R™) and a half-density is
a smooth section of Q2 (R™).

We therefore write

u|dz| € C*(R", Q' (R™))
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for densities, and
uldz|? € C®(R", Q2 (R"))
for half-densities. U

REMARK: Half density operator kernels. Half-densities ele-
gantly appear when we use introduce operator kernels. Suppose that
K € C®(R" x R*; Qz(R" x R™)).

Then K, acting as an integral kernel, defines a map
K : CZ(R"Q:(R") — C®(R",Q:(R"),

in an invariant way, independently of the choice of densities:

Ku(z)|dz]} = / K (2, )\de | dyl bu(y) dy|
(9.49) e
- ( [ K(x,y>u<y>dy) da?.

9.6 CHANGING VARIABLES

In this section we illustrate the usefulness of half-densities in charter-
izing invariance properties of quantization under changes of variables.

When we fix the symplectic form o = dé A dx on R?" = R" x R",
the half-density sections over R™? are identified with functions using
the canononical density

1

n!
In other words, half-densities transform as functions under symplectic
changes of variables, and in particular for symplectic transformations
arising as in Example 1 of Section 2.3:

(9.50) (2,6) = ((2), (07(2)")'€).

We will consider the Weyl quantization of a symbol a € S(R*") as an
operator acting on half-densities. That is done as in (9.49) by defining

Koz, y)|dz|>|dy|>

(9.51) 1 . i {2=v.8) 101
= o L (5.9 ¢ F atlaal

and

(9.52) Op(a)(uldy|?)|dz|* == / K, y)uly) dyldal =
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The arguments of Chapter 4 show that for a € S we obtain a bounded
operator that quantizes a:

Op(a) : LA(R™, Q2 (R")) — L*R",Qz(R")).

Next, let v : R" — R" be a smooth diffeomorphism which for simplic-
ity we assume to be the identity outside a compact set. Take a € S. We
write A = Op(a) for the operator acting on half-densities. As above, if
we write T = 7(z), we define a by

(9.53) W(%)|d7|? = u(z)|dz|?.
Then A = (y~1)*Ay*, acting on half-densities, is given by the rule
(9.54) Au(z) = Au(z),

when acting on functions.

THEOREM 9.12 (Operators and half-densities). Let a € S(R*")
and let A be its quantization acting on half-densities.

(i) Then
(9.55) (v"1)"Ay" = Op(a)
for the symbol
(9.56) a(z,€) = a(y"'(2), 07(2)"€) + Os(h?).
That 1s,
(9.57) a(z,€) = a(y(z), (0y(x)") 7€) + Os(h?).

(ii) Consider A acting on functions and define

Al = (7_1)*"4’7*7

then
Ay = Op(ay),
for the symbol
(9.58) a1(.€) = a(y™(x), 07(2)7) + Os(h).

That 1s,
(9.59) a(z,€) = ar(y(x), (97(x)") 7€) + Os(h).
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INTERPRETATION. A further motivation for half-densities is that
assertion (i) for half-densities (with error term of order Og(h?)) is more
precise than the assertion (ii) for functions (with error term Og(h)).
The notation b = Og(h) means that

1262070 < Coph
for all multiindices a, 3, v: see §A.5. 0
Proof. 1. Since a € S, we have K, € S. Take a € S(R?") for which
(k~1*Ax* = Op(a).
2. Remember that

Au(@)ldal? = | Ku(w,y)ldal*|dyl uly)ldy|
for
Kalong) = (27r1h)" / Ca (g e ag
Likewise
Au(z) = | (2, 9)|di|2|dg|=a(3) |dg]*
for :

) e L o (30 &) eha-id g¢
Ka<x7y) T (271']1)” /Rna< 2 75) en df

Au(z) = [ Ka(z,9)|det dy(y)|2|det dv(x)|2uly) dy.
Rn
Hence
(9.60) Ko (2,y) = Ka(@, §)|det 9v(y)|2|det dy(x)]>.
3. Now
1 =~~~ i~ o~ & ~
K- (55 — = (&4 L(i—3,6)
(@) = o [ @ () eh e g
_ 1 (@) £\ L E v =) 8
= oy /na : £>e dé
We have
(9.61) V() = y(y) = (9(z,y), 2z —v),
where
T+
(9.62) o) = 0r (5 ) + 0l — )
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Also
T+y 2
063 ) eal) =2 (T5) + Olle o)
Let us also write
(9.64) §=(g(z,9)")7'¢.
Substituting above, we deduce that
Kd(ja g)

- G L [ GER). el + O — )

ot (@) =) (g(zy)") 1) dé.

We now use the so-called “Kuranishi trick” to rewrite this expression
as a pseudodifferential operator. First,

(y(z) = (), (g9(z,9)") ') = {g(z,y) ' (v(z) = v(¥)), &) = (z — y, &),

according to (9.61). Remembering also (9.62), we compute
K&(ja g) =

(27r1h)” / [@ (Y(Z22), (9y(Z)T)1€) + O(jz — y[?)] er @ v9dg

= o L o550+ Ol — )] e

Furthermore dé = |det g(z,y)|~'d¢ and
det g(z,y) = det Oy(*2) + O(|z — y|?).
Also, we claim that
ety |2
|det 9y(%52)|" = [det Oy(w)[|det Dv(y)| + O(Jz — y]*).

This identity is clear if we add a term (A(%5), z —y) on the right hand

side. But the symmetry under switching x and y shows that A = 0.

4. Finally we observe that

Hence integrating by parts in the terms with O(]z — y|?) gives us terms
of order O(h?). So
K&(i'7 g) =
1 +y 2
z O(h (z=v.8) 1
i . (a5 + () ekl

[det Oy(x)|~"/?|det Oy(y)| "2,
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This proves (9.60) with a satisfying (9.56).

5. When A acts on functions, then K, has to transform as a density.
In other words, we need to show

(9.66) Ko(7,y) = Ko, (7, 7)|det Oy(y)| + O(h),
instead of (9.60). Since
|det 0y(y)| = |det dv(y)|"*|det Oy(x)|"* + O(lz — y)),

we see from (9.65) that (9.66) follows from (9.60) with a; = a + O(h).
U

9.7 NEW SYMBOL CLASSES
Suppose that
v:R" —-R"
is a diffeomorphism equal to the identity outside of a compact set. In
§9.6 we discussed the operator (y7!)*Op(a)vy* for a € S(R™). We want

now to introduce more general classes of symbols a than those provided
by Chapter 4, and to discuss their invariance under the mapping .

DISCUSSION. To motivate the need for these new classes, let m be
an order function and recall the class S(m) introduced in Chapter 4:
S(m) = {a € C*(R™) | [0%a(, )| < Cam(, &)}

In view of Theorem 9.12, for a symbol a in S(m) to be invariant under
v, we would need

(9.67) 0% (a(v ™ (2),07(2)7€)) | < Cam(z,§).

Since differentiation in x falling on the second set of variables produces
factors of the form

05, (07()"¢),
the bound (9.67) is in general false unless

m(z,€)] < Cn(§)™"

for all N. This requirement is clearly too restrictive, as it would exclude
all differential operators.

An estimate of the type (9.67) would however hold if differentiation
in ¢ improves the decay in . This observation leads us to the following
definition, in which we restrict to the simplest order functions (£)™:

DEFINITIONS. (i) The classical symbols are
(9.68) S™F = {a € C®(R™) | |000¢a| < Cagh™ (€)™},
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(ii) We also write
Uk = {a™ (2, hD) | a € S™F}

to denote the corresponding class of operators obtained by the quanti-
zation procedure described in Theorem 4.10.

Since S™k C S*((€)™) all the results of Chapter 4 are applicable but
due to the improvement under differentiation in £ there are many new
features, important in the study of partial differential equations. We
will only present the improved composition formula and the change of
variables formula.

THEOREM 9.13 (Composition for U™*). Suppose that a € S™*
and b € S™>F2 Then
a“(z,hD) o b (x,hD) = " (z, hD)

where ¢ € S™Tm2RTR 4s given by (77).

Moreover,
o(z,§) =
N k
(9.69) Z% (ﬂa Dx,Dg,Dy,Dn)) a(z, )by, 1)lo=¢ y=n
=0
+ Ogmytmy-N-1k1 445 (AT
where

0(Dy, D¢, Dy, Dy)) := (D¢, Dy) — (Dy, D).

REMARK. Similar statements hold for the usual quantization:
a(z,hD) o b(z, hD) = ¢;(x,hD) = ™ PP a(z, )by, n)|ymsn=s
and

1
oz, =Y aaga(gg,g)(hpg,;)%(gc,5)+05ml+mz_N_I,WQ(hN+1).

lo|<N

Proof: 1. To simplify the notation let us make the harmless assump-
tion that k; = ky = 0. Since S™° C S((£)™) the validity of (?7)
follows from Theorem 4.6. Similarly, (9.69) is valid but with an error
Os(igymatma) (RT1).

2. Now we observe that

ih k o
(2 (Dx’DS’Dy’DW)> a($7€)b(yvn)|r:§7y:n GS 1+m2—k, k7
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and we will show that the remainder satisfies
N

co(z,€) — Z% (%U(Dxa Dy, Dy7Dn)) a(@, §)b(Y, n)|e=¢.y=n

(9.70) £
c SN+1(<§>m1+m2—N—1)'

Since N is arbitrary it follows that
020¢ e(,©)] < Cag)™ eV,

uniformly for 0 < h < 1.

3. To check (9.70) we recall that (??) (and hence (9.69)) was proved
by consider the action of exp A(D), where A is a quadratic form, on
symbol classes — see Theorem ?77. Using Taylor’s formula we write

exp(thA(D)) =

Y (i k 1
% * %/@ (1 — )Y exp(ithA(D))(ihA(D))N*dt.

k=0

In our case we have A(D) = ho(D,, D¢; D, D,)/2, so that

c(x,§) = exp(ihA(D))a(z, £)b(y, n)|e=ym=e;
and the remainder in (9.70) is given by

1

i 0= 07 AN HAD) 0l .

Since a € S™0 and b € S™2°, we see that

N+1

(RA(D)* (alz, )by, m) € Y SMHE™ H ()N 1),

k=0
Theorem ?7 shows that exp(ithA(D)) :
SN (e Mk (N s SN((gm ek
with bounds uniform for 0 <t <1, 0< h < 1. Also,

SN (R%;,g) X R%;L,n)a <§>m1_k<77>m2_N_1+k)|w:y7§:n =
SR, (€N

from which (9.70) follows. O

?

We also record the following useful lemma:
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LEMMA 9.14 (Schwartz kernels of operators in ¥™").

(i) Suppose that a € S™* and that K, € S'(R" x R") is the Schwartz
kernel of Op(a). Then
(9.71) K, (z,y) € C*(R" x R"\ A)

for the diagonal A := {(z,z) : x € R"}. Furthermore, we have the
estimates

(9.72)  |(hD.)*(hD,)  Ku(x,y)| < Cyh ™ (|:c ﬁ y|>

for (z,y) € R" x R"\ A and N > |a| + || + m + n.
(ii) If K, satisfies

(z —y)
for all (z,y) € R" x R™, then K, is the Schwartz kernel of Op(a) for
a € ST,

h N
(0.73) 0200 K ()| < Ciy ( )

The lemma shows one of the many advantages of symbol classes S™*
since we now have smoothness and rapid decay away from the diagonal.

Proof. 1. We can consider either the Weyl quantization, Op, or the
standard quantization, Op,. That follows from Theorem 77 since as in
Part 3 of the proof of Theorem 9.13 we see that

(9.74) exp (i(t — s)h(Dy, De)) : S™F — g™k,

So for simplicity of notation we opt for Op,(a).
2. Suppose first that a € S so that

_ 1 i(0—y,6)/h
KQ(I,y) - (QWh)"/a(x’g)e d£7

and the integral is taken in the usual sense. We note that

(x —y) Ku(z,y) = ﬁ /(—hDé)'Ya(x,f)ei(x—y@/hd&

and hence
(@ — )" Ka(, )] < CyhP €)™ 00all / (&) de.

Observe next that

_N
sup |(z —y)"| = n" =z —y|".
Iv|=N

(It is enough to prove this inequality for y = 0, |z| = 1. It then says
that we can choose v, 41 + -+ -7, = N, so that |z, |7 - - - |z, [n > n~N/2
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for any 27 4 - -- 22 = 1. The last condition implies that there exists m,
1 <m < n such that |z,,| > 1/y/n. We then take v; = ¢;,,N.)
Therefore we obtain

N
) s 6ol

[v[=N

(9.75) [ Koz, y)| < Cn (‘x —

Similarly,
|(RD,)*(hDy)* ((x — y) " Ka(z,y))| <
Chap sup A€ 0al| o,
lpl<lal
and consequently,

’(hD:c)a(hDy>BKa($a y)| <

(9.76) B\
CNas (—) sup H(5>"+1+|°“+|B|8£8ga”m.

[z =yl)  Jpl<lalhi=N

3. If a € S™* we observe that seminorms appearing on the right
hand side of (9.76) are finite and bounded by h=*if N > |a|+|3|+m+n.
Approximation by symbols in & concludes the proof of (77?).

4. The second conclusion follows from applying the inverse Fourier
transform:

a(z,§) = /Ka(m,x — Z)€i<z’€>/hdz'

Since
hN
|8§‘8§Ka(x,x —2)| < C’NW,

we see that @ € S, O

Before restating Theorem 9.12 in this more general setting we will
discuss usual quantization acting on functions. Suppose first that a €
S. Then

(9.77) (") Op, (a)y* = Op,(a,),
where
(9.78) ay(y(z),n) = e~ # 0@ gz hD)er OO,

In fact, Theorem 7?7 shows that
= e H () afa, hD)y"(e7HE),

which is the same as (9.78).
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THEOREM 9.15 (Changing variables I). Suppose that a € S™*
where S™* is defined by (9.68). Then (9.77) defines a, € S™* for
which (9.78) holds. Moreover,

1 i
a,(v(@),m) = 3 —02a(x,0y(x)Tn) (hD,)er =],

(9.79) o<y

+ Ogm-N-1k (hNJrl),
where

pa(y) = v(y) —7(z) — Oy(x)(y — ).

In particular,
(9.50) ay(1(2),m) = alz, 7(2)"n) + Ognri(h).

Proof. 1. We need to show is that a., defined by (9.78) is in S™*. Since
that will imply

(v")"Opy(a)y"u = Opy(a)u, u(x) = exp(i(z,n)/h),
the operator identity (9.77) will follow since exp(i(z,n)/h), n € R", are

dense in S'(R?).
2. We now claim that a7 (v(x),n) =

i((e=y,E)+(v(y) =y (x)m)/h
o ] e e dydg
+ OS oohoo)

(9.81)

where
Xe(y) = x(@ =), xa(€) = x((€ = dv(x)n)/(m)),
X € C(?O(R? [07 1])7 X’[fl,l] =1, X’C[—Q,Q} =0.
In fact, on the support of 1 — x,(y)x,(§) the phase is not stationary:

T=y
dye({(x —y, &) + (k(y) — K(z),n)) = 0 <= < and
§ = Ok(x)™n

Consequently the now standard integration-by-parts argument, which
we leave to the reader, gives (9.81).
3. We rewrite the main part in (9.81) as follows:

= // a,(z, é)xx(y)xn(g)ei(<w*y,£>+<7(y)*7(w)m/<n>>)/hdydé
(2mh)"

ay(2,€) = alz, (M), Xy(€) == xy(EM)). h:=h/{n).

The support of the integrand is contained in a fixed compact set, and

h* (n) “Magx, € S(1),
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uniformly in & and 1. Hence we can apply the method of stationary
phase (Theorem 3.15) to obtain an expansion in powers of h = h/(n).
By computing the leading term we easily check that (9.80) holds.

4. To obtain a formula for terms in the full expansion (9.79) we use
the method which already appeared in the second proof of Theorem
3.10.

Since we will not use (9.79) the argument is only sketched with full
details given in [H2, Theorem 18.1.17]: the integrand in (9.81) can be
rewritten as follows

1 W px h ilz—y,e—0v(x)Tn)/h
W [a(m,f)e {p=(y)m)/ Xx(y)Xn(fﬂ eHz=y.E=0(@) /b
where p,(y) is given by (9.79). If we consider the term in square brack-
ets as the amplitude, and change variables to

zi=a -y, w=E&-0y(x)n,
this becomes the integral in the statement of Theorem ?? (with z and
w playing the roles of z and y there). Since p,(y) vanishes to second
order,
pz(r) =0, dypa(x) =0,
at the critical point x = y, the differentiation of the oscillatory term in
the amplitude combined with the decay of J¢'a shows that the terms in

(9.79) are in S™1el/2k=1l/2 Hence the formal expansion makes sense
but to control the error terms we need arguments similar to those in
second proof of Theorem 3.10. O

We can now give the generalization of Theorem 9.12. The proof given
in §9.6 can be adapted to the present setting using the integration by
parts arguments from the proof of Lemmas 9.14.

THEOREM 9.16 (Changing variables II). Let a € S™*(R*") and
let A be its quantization acting on half-densities.
(i) Consider A acting on half-densities. Then

(9.82) (v™)"Ay* = Op(a)

for

(9.83) a(z,€) == a(y" (2),0v(2)"€) + Ogm-2x (h?).
That 1s,

(9.84) a(z,§) = a(v(z), (9y(x)") 7€) + Ogm-2s (h?).

(ii) When we consider A acting on functions and define
Al — (7_1>*A/7*,
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then
Ay = Op(ay),
for
0.85) (@€ = alr " (x), 99(2)7E) + Ogmri(h).
That 1s,
(9.86) a(z,&) = ai(y(x), (97(x)") 7€) + Ogm-14(h).
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10. QUANTIZING SYMPLECTIC TRANSFORMATIONS

10.1 Deformation and quantization

10.2 Semiclassical analysis of propagators

10.3 Semiclassical Strichartz estimates, LP bounds
10.4 More symplectic geometry

10.5 Normal forms for operators with real symbols
10.6 Normal forms for operators with complex symbols
10.7 Application: semiclassical pseudospectra

This final chapter presents some more advanced topics, mostly con-
cerning how (and why) to quantize symplectic transformations.

10.1 DEFORMATION AND QUANTIZATION

Throughout this chapter, we identify R?*® = R" x R". In this section
v : R?™ — R?" denotes a symplectomorphism:

v'o=0 for o= dej A dz;,

J=1

normalized so that v(0,0) = (0,0). Our goal is to quantize v locally,
meaning to find a unitary operator F': L*(R") — L*(R") such that

F'AF =B  near (0,0)
for A = Op(a), where a € S and B = Op(b) for
b=~"a+ O(h).

This can be useful in practice, since sometimes we can design x so
that k*a is more tractable than a.

The basic strategy will be (i) finding a family {:}o<i<1 of symplec-
tomorphisms so that vy = I and v, = +; (ii) quantizing the functions
q; generating this flow of mappings; and then (iii) solving an associated
operator ODE (10.7).

10.1.1 Deformations. We begin by deforming ~ to the identity map-
ping. So assume U, and U; are simply connected neighborhoods of
(0,0) and v : Uy — U; is a symplectomorphism such that x(0,0) =
(0,0).

THEOREM 10.1 (Deforming symplectomorphisms). There ez-
1sts a continuous, piecewise smooth family

{vt}o<i<a
of local symplectomorphisms v, : Uy — Uy =: 1(Uy) such that
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(i) %#(0,0) =0 (0<t<1)
(i) m =7 =1
(iii) Also,
d
(10.1) 7= (7¢) Hy, (O<t<1)

for a smooth family of functions {q }o<i<1-

REMARK. The statement (10.1) means that for each function a €
C*>(Uy), we have

d * *
(10.2) PR Hg, v a.

In fact,

d * *
%%a = <da, d’Yt/dt> = <da, (%)*Hqt> = Hqﬁt a,

where (-,-) is the pairing of differential 1-forms and vectorfields on
Us. O

Proof. 1. We first consider the case that v is given by a linear sym-
plectomorphism K : R** — R?":
(10.3) K'JK =J

for
0 I
(01

Since K is an invertible matrix, we have the unique polar decompo-
sition
K =QP,
where @ is orthogonal and P is positive definite. From (10.3) we deduce
that
Q*flp*fl — K*fl — JQJflt]PJfl;

whence the uniqueness of () and P implies
Q" t=JQJ ", Pl=gpPJ "
That is, both @) and P are symplectic. Furthermore, we can write
P=expA,
where A = A* and JA+ AJ = 0.

2. We identify R*® = R" x R™ with C", under the relation (z,y) <
x +1y. Since

<ZE + 1y, '+ iy/>C" = <(1‘7 y)’ (lJ, y/)>R” + iO‘((:L‘, y)? (xlv y,))v
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the fact that @ is orthogonal and symplectic implies it is unitary:

Q=Q~ =—-JQJ.

(Similarly, any unitary transformation on C™ gives an orthogonal sym-
plectic transformation in R™ x R™.)
We can now write

Q = expiB,

where B* = B is Hermitian on C". A smooth deformation to the
identity is now clear:

Ky = exp(itB) exp(tA) (0<t<1).
3. For the general case that 7 is nonlinear, set K := 97(0,0). Then
for 1/2 <t <1,
V= Kzilzt o
is a piecewise smooth family of symplectomorphisms satisfying
71 =", 97,2(0,0) = I.
For 0 <t <1/2, we set

1
Ye(m) = 2—t71/2+t(2tm)-

4. Define V, := %%; we must show
Vi = (ki) My,
for some function ¢;. According to Cartan’s formula (Theorem B.3):
Ly,0 =do 1V, +d(o V).

But Ly,0 = %ﬁa = %a = 0, since 7;o = 0. Furthermore, do = 0,

and consequently d(o JV;) = 0. Owing to Poincaré’s Lemma (Theorem
B.4), we have

Vi (o AV;) = dg

for a function ¢;; and this means that V; = (k;).H,,. O

To define our symbol classes, we hereafter consider the order function
m = (1 [of + [€)?

for some positive integer k.
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THEOREM 10.2 (Quantizing one parameter families of sym-
plectomorphisms). Let {v;}o<i<1 be a smooth family of symplecto-
morphisms of R*", such that

d
Yo = ]7 E,yt = (Vt)*qu

where q; € S(m) is a smooth family of real valued symbols.
Then there exists a family of unitary operators

F(t): LAR™) — LA(R")

such that
F(0) =1,
and for all A = Op(a) with a € S, we have
(10.4) F(t) ™o Ao F(t) = B(t) 0<t<1)
for
(10.5) B(t) = Op(h).
where
(10.6) b =v;a+ he
forc, e SNS.

Proof. 1. We define
Q) :=0Op(a): S =S8 (0<t<1),
and recall that
Q)" = Q).
Since Q(t) depends smoothly on ¢ as an operator on S, we can solve
the operator ODE

(10.7) {thF(t) +FH)Q) =

for F(t) :S — S. Then
(10.8) {thF (t)* — Qt)F(t)* =

2. We claim that
F(t) is unitary on L*(R™).
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To confirm this, let us calculate using (10.7) and (10.8):
hD,(F(t)F(t)*) = hDF(t)F(t)" + F(t)hD:F(t)*
= —FOQRQMF(#)" + FO)Q)F({)" =0.
Hence F(t)F(t)* = I. On the other hand,
hD(F @) F(t) = 1) = Q) F(t)"F(t) — F(t)" F(1)Q(t)
= [QQ), F{)"F(t) — 1].

with F/(0)*F(0) — I = 0. Since this equation for F(¢)*F(t) — I is
homogeneous, it follows that F'(¢)*F(t) = 1.

3. Now define
(10.9) B(t) := F(t) "AF(t),
and first show that
(10.10) B(t) : & — 8.

This from a stronger statement showing that for any NV,

(10.11) By(t) := ()" (D )N B(t)(z)Y (hD,)N = O(1) : L* — L?

that is the bound does not depend on h. To see this we note that
By(t) = Fy(t)"' Bn(0)Fx(t),

where Fy(t) is defined in the same way as F'(t) but with Q(¢) replaced

by

Qn(t) = (hD2) ™" (2) =" Q(t)(2)" (h D).
Theorem 4.13 shows that Qx(t) = Op(gn(t)), gn(t) € S(1), and hence
it is bounded on L% The inverse, Fy(t)™' = Gy(t) : S — S, is

obtained by solving
hD,Gy(t) — Qn(t)GN(t) =0 (0<t < 1), Gn(0) = 1.
Since Qn(t) = Qn(t)* + Op2_,2(h), we see that

el = Zm(@u(tGn (. Gu (1)) < ClCx(D)ul?

and hence, by Gronwall’s inequality, G'x(t), and hence Fy(t), are
bounded on L2, uniformly with respect to h.
This concludes the proof of (10.11) since

By (0) = ()N (hD )N Alx)N(hD)N = O(1) : L* — L?

by the assumption that A = Op(a), a € S.
4. We assert that

(10.12) B(t) = Op(by)
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for
(10.13) by =~fa+ O(h), by € SNS(1).
To prove this, define the family of pseudodifferential operators
B(t) := Op(v;a).
We calculate
hD,B(t) = %Op (%ﬁa> = %Op(HmZ‘a)

= op({a.ria)) = Q). BO) + B@),

and the pseudodifferential calculus implies that
IE®)]r2— 12 = O(h?)
where E(t) = Op(e(t)) for a symbol e(t) € S72.

Therefore
hDy(F(t)B(t)F(t)™') = (hD,F(t))B(t)F(t)~ + F(t)(hD,B(t))F(t)~"
+ F(t)E’(t)th(F(t)*l)
= —FO)Qt)B()F ()" + F(1)([Q(t), B(t)]

Integrating and dividing by h gives

(10.14) F(OBHFE) ™ = A+ % / t F(s)E(s)F(s)"ds = A+ O(h),

so that B(t) — B(t) = O(h).
5. We will now construct families of pseudodifferential operators
By(t) so that for each m

(10.15) B(t) = B(t)+By(t)+- - -+ B (t)+Opa_p2(h™), B; € U,
For that let

(1) = (o)’ / (k71 e(s)ds,

and set E(t) = Op(é(t)). We observe that

hDE(t) = [Q(t), E] + % (E(t) + Er(t)),
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where E1(t) = Op(ei(t)), e1(t) € S~ by the pseudodifferential calcu-
lus. Then, as in Step 4 above,

nD: (FOEWMF©)™) = ~FO[QW). BOIF (0

+ F(ORD, (E@®) F(t)!

% (FOEMF@®) ™ + FOE()F(H) ™).

Integrating in ¢ gives

F)E)F(t)™! = /0 F(s)E(s)F(s) 'ds + /0 F(s)Ei(s)F(s) 'ds.

This we now substitute in (10.14) obtaining

B(t) - B(t) = i

E(t)—F@t)™! (E /OtF(s)El(s)F(s)_lds> F(t)

B(t) + Opa_p2(h?).

e

Setting B (t) = iE(t)/h € U~!, and continuing inductively gives By (t)
satisfying (10.15).

6. It remains to show that B(t) is a pseudodifferential operator. To
do so, we invoke Beals’s Theorem 9.8 by showing that for any linear
l1, -+ ,ly, we have the estimate

(10.16) ady,, - -ady, B(t) = Opa_2(h™M).

But this statement is clear from Steps 3 and 5: for any P we can find
a pseudodifferential operator Op(bf), with b € S~1 such that

B(t) = Op(b;) + Rp(t),
()N (WD )Y Rp(t){x)N (WD )N = O(h") : L* — L2
Since
ady,, - --ad, Op(b)') = O(hM),
and, by a trivial estimate,
ady,, - --ad;, Rp(t) = O(h")

(10.16) follows by choosing M > P. O
REMARK. The argument used in Step 2 of the proof shows that if

in Theorem 10.2 we have

a(x, & h) ~ ag(x, &) + hay(x, &) + -+ WNay(x, &) + - - -,
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for a; € S, then
bi(w, & h) ~ v ao(x, &) + hby (2, ) + - hVb (2,6) + -+ .

However, the higher order terms are difficult to compute. O

10.1.2 Locally defined symplectomorphisms. The requirement
that the family of symplectomorphism be global on R?" is very strong
and often invalid in interesting situations. So we now discuss quantiza-
tion of locally defined symplectomorphisms, for which the quantization
formula (10.4) holds only locally.

THEOREM 10.3 (Local quantization). Let v : Uy — U; be a
symplectomorphism fizing (0,0) and defined in a neighbourhood of U.
Then there exists a unitary operator

F: LX(R") — L*(R")
such that for all A = Op(a) with a € S, we have

(10.17) F'AF = B,
where B = Op(b) for a symbol b € S satisfying
(10'18) b|U0 = 7*(a|U1)|U0 + O(h>

Proof. 1. According to Theorem 10.1, there exists a piecewise smooth
family of symplectomorphisms 7, : Uy — U, (0 < t < 1) such that
7= % :Ia and
d
E% = (1)« Hg (0<t<1)
within U, for a smooth family {¢ }o<i<1.

We extend ¢; smoothly to be equal to 0 in R?" — U, and then define a
family of global symplectomorphisms 7; using the now globally defined
functions ¢;. Observe that

%|UO =5 : Uy — Uy

and hence
(10.19) Yi (@), = 1 (alo,) |vy-

2. We now apply Theorem 10.2, to obtain the family of operators
{F(t) }o<t<1. We observe that since the supports of the functions ¢, lie
in a fixed compact set, the proof of Theorem 10.2 shows that (10.4)
holds for a € S. That is,

F(t)"'AF(t) = Op(b(t)) = B(1)
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for
b(t) =47a+ O(h).
We now put
F:=F(Q), B:=B(1).
Then (10.19) shows that formula (10.17) is valid. O

10.1.3 Microlocality. It will prove useful to formulate the theorems
above without reference to the global properties of the operator F.

DEFINITIONS. (i) Let U,V be open, bounded subsets of R*", and

assume
T:S(R") — SR")
is linear.

We say that T is tempered if for each seminorm ||-||; on S(R™), there
exists another seminorm || - |2 and a constant N € R such that
(10.20) ITully = O(h™)[ull2
for all u € S.

(ii) Given two tempered operators 7" and S, we say that
(10.21) T=S microlocally on U xV
if there exist open sets U DU and 14 D V such that
A(T — S)B = O(h™)
as a mapping S — 8§, for all A, B such that
WEFL(A) C V, WF,(B) c U.

(iii) In particular, we say
T =1 microlocally near U x U
if there exists an open set U D U such that
A—TA=A—- AT = O(h™)
as mappings S — S, for all A with WF,(A) c U.

(iv) We will say that T" is microlocally invertible near U x U if there
exists an operator S such that TS = I and ST = I microlocally near
UxU.

When no confusion is likely, we write

S=1"1

and call S a microlocal inverse of T.
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LEMMA 10.4 (Wavefront sets and composition). If
WEL(A)NU =0

and B = Op(b) for b € S, then

(10.22) WF,(BA)NU = 0.

Proof. The symbol of BA is b#a = O(h™) in U. O

LEMMA 10.5 (Tempered unitary transformations). The uni-
tary transformations F(t) given by Theorem 10.2 are tempered.

Proof. Up to powers of h, each seminorm on § is bounded from above
and below by these specific seminorms:

u ||[Ayul| for Ay := (14 |z|* + |RD|*)".

We observe that the operators Ay are invertible and selfadjoint and
that, in the notation of the proof of Theorem 10.2

AnQ(t) AR = Qn(t) = Op(q,"),
for ¢ € S(m) such that ¢¥ — ¢, € S71(m).
We then have

and hence the same arguments as in Step 3 of the proof of Theorem
10.4,

[ANF(#)ull” < CllAvul
Consequently for any seminorm || - ||; on S, there exists a seminorm
Il - ||2 and N such that

IFt)uli < O™ ul>.
The previous two lemmas and Theorem 10.3 give

THEOREM 10.6 (More on local quantization). Let vy : Uy — U,
be a symplectomorphism fizing (0,0) and defined in a neighbourhood of
Uy. Suppose U is open, U CC Uy N Uy.

Then there exists a tempered operator
F: L*(R") — L*(R")
such that F' is microlocally invertible near U x U and for all A = Op(a),
with a € S,
(10.23) F'AF =B microlocally near U x U,
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where B = Op(b) for a symbol b € S satisfying
(10.24) b:=~"a+ O(h).

In (10.24) we do not specify the neighbourhoods, as we did in (10.19),
since the statement needs to make sense only locally near U x U.

The last theorem has the following converse which we include for
completeness:

THEOREM 10.7 (Converse). Suppose that F : L*(R") — L*(R")
is a tempered operator such that for every A = Op(a) with a € S, we
have
AF = FB
microlocally near (0,0), for
B =0p(b), b=~"a+ O(h),

where k : R*™ — R?" is a symplectomorphism, defined locally near U,
with £(0,0) = (0,0).

Then there exists a pseudodifferential operator Fy, elliptic near U,
and a family of self-adjoint pseudodifferential operators Q(t), such that

F =F(1) microlocally near U x U,

where
hD,F(t)+ F(t)Q(t) =0 (0<t<1)
F(0) = Fp.

Proof. 1. From Theorem 10.1 we know that there exists a family of
local symplectomorphisms, 7;, satisfying +,(0,0) = (0,0), 73 = v and
Yo = I. Since we are working locally, there exists a function ¢; so that
V¢ is generated by its Hamiltonian vectorfield H,,.

As in the proof of Theorem 10.3 we extend this function to be zero
outside a compact set. Let us now consider the dynamics

{thFa) =QMWF(t) (0<t<1)
F(1) =CFC,

where C' is a pseudodifferential operator with WF, (I — C)NU = 0.
2. We claim that F'(0) satisfies

(10.25) Op(a)F(0) = F(0)Op(a + ha)
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for a,a € SN S°(1). To establish this, let us introduce V (t) satisfying
hDV (t) +V(t)Q(t) =0 (0<t<1)

V(0) =1.

Then using Theorem 10.3 and the assumption that b = v*a + 0(h), we
deduce that

Putting ¢ = 0 gives (10.25).

3. We now use Beals’s Theorem to conclude that F(0) € ¥° We
verify the hypothesis by induction: suppose we know that

adop(,) - - adopy) F'(0) = O(h™),
for any b; € S°(1). Then by (10.25)
Op(by+1)F(0) = F(0)Op(by+1) = hOp(by-+1) F(0);

and hence

ladop(v,) - - - adop(by)adop(py, ) F(0) [ 212 =
|hadop(,) - - - adop(by) (Op(bn41) F(0))| 22 = O(AN*1),
according to the induction hypothesis and the derivation property
ad4(BC) = B(adsC) + (adaB)C.

Hence Beals’s Theorem applies and shows that F'(0) is a pseudodiffer-
ential operator. By construction, F'(1) = CFC = F near (0,0). O

10.1.4. Quantization of linear symplectic maps.

CHECK DEFINITION OF J Consider first the simple linear sym-
plectic transformation v = J; that is,

on R =R" x R"™.
Then we can take for 0 <t <1,

Y(x, &) = (cos (%) x — sin <%T) &, sin (%) x + cos (%) §> :

so that

dy

% = (P)/t)*H(b
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for -
0= 2 (Jal? +1¢?).

THEOREM 10.8 (J quantized). The operator F associated with
the transformation (10.26) as in Theorem 10.3 is

8721’ i(z,y) eigi
10.27 F = o TR dy = = Fru.
war) )= o [y = o

Proof. 1. To verify this, we first show that for a € &’ we have
(10.28) a“(z,hD)o F' = Foa"(—hD,x);

that is, the conclusion of Theorem 10.2 holds without any error terms.
As in the proof of that theorem, we see that

thAt = %[—h?A + |I‘|2, At}
for
A = F(t) 'a™(x, hD)F(t).

Let I(z,€) be a linear function on R?*" and consider the exponential
symbol

a(z,€) := exp(y;i(z,§)/h)
and its Weyl quantization
a; (z,hD) = exp(v;l(z,hD)/h).
An explicit computation reveals that

hDya,(x, hD) = %[—th + |2[2, ay (2, hD)].

Since any Weyl operator is a superposition of exponentials of I’s (recall
(?77?)), assertion (10.28) follows.

2. Suppose now that F is another unitary operator for which (10.28)
holds. Then F = ¢F for ¢ € C, |¢] = 1, as follows from applying
Lemma 3.3 to L = F*F. Since the Fourier transform satisfies (10.28)
and (27h)~™2F, is unitary, we deduce that

c

=—" A
(2wh)2 "

3. Thus it remains to compute the constant c. For this, let us put
up = exp(—|z|*/2) and consider the ODE

{thu(t) — T(—h2A + [z[2)u(t),
u(0) = uo.



171

Recalling (10.7), we see that u(t) = F(t)*ug. Since ug is the ground
state of the harmonic oscillator with eigenvalue h, we learn that u(t) =
a(t)ug, where a(t) solves the ODE

La(t) = Za(t)
a(0) = L;
that is, a(t) = exp(mit/4). Finally, we note that
e g = F(1)'up = E(?ﬂh)_”/2.7:huo = Cuo;
whence

c = exp(—mi/4).
U

REMARK. The family of canonical transformations v; (0 < ¢ < 1),
used here can be extended to a periodic family of canonical transfor-
mations: v.4 = ¥ (t € R). Extending F'(t) using (10.7), we see that
the argument above gives

F(4k) = (=D)*I, vy =1.
Consequently on the quantum level the deformation produces an ad-
ditional shift in the phase. This shift has an important geometric and

physical interpretation and is related to the Maslov index. For a brief
discussion and references see [?, Sect.7]. O

REMARK: Quantizing linear symplectic mappings. Using Step
1 in the proof of Theorem 10.1, we can in fact quantize any linear
symplectic transformation. So given

A B
. TD2n 2n _
K :R™ R K_<CD>,

where
C*A= A*C, D'B=B*D, D'A—BC =1,
we can construct Fy : L*(R") — L?(R") satisfying
FiFx = FxFj =1, a“(x,hD)o Fyx = Fg o (K*a)"(x,hD).

The operator Fk is unique up to a multiplicative factor; and hence
FK1 9] FK2 = CFK10K27 |C| = 1.

The association K — Fk can in fact be chosen so that ¢ = +1; therefore
it is almost a representation of the group of symplectic transformations.
To make it a representation, one has to move to the double cover of
the symplectic group, the so-called the metaplectic group. Unitary op-
erators quantizing linear symplectic transformations are consequently
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called metaplectic operators: see Dimassi-Sjostrand [D-S, Appendix to
Chapter 7] for a self-contained presentation in the semiclassical spirit,
and Folland [?, Chapter 4] for more and for references. O

EXAMPLE: A invertible. For reasons already apparent in the dis-
cussion of the Fourier transform, there cannot be a general formula for
the kernel F in terms of the entries A, B, C, D of K.

But if det A # 0, we have for u € S the formula

1029)  Fute) = WA [ chtstn-umugy) aya,
where
(10.30)  @(x,n) := —%(C’Alx, z) + (A 2, n) + %(Aan, n).
We will refer to this formula in our next example. U
10.2 SEMICLASSICAL ANALYSIS OF PROPAGATORS

In this section we consider the flow of symplectic transformations

(10.31) v = exp(tH,),

generated by the real-valued symbol p € S(m).
Let P = Op(p). Then in the notation of Theorem 10.2, F(t) =
e P/M solves

FO)u=u

for v € S. In this case, Theorem 10.2 reproduces Egorov’s Theorem
8.2: if a € S, then

{(th +P)F(t)u=0

eitP/hOp(a>€—itP/h _ Op(bt),

for

by = (exptH,)*a + O(h).

A Fourier integral representation formula. Our goal now is to
find for small times ¢y > 0 a microlocal representation of F'(t) as an
oscillatory integral. In other words, we would like to find an operator
U(t) so that for each h dependent family, v € S with WF,(u) CC R?",
we have

(10.32) {hD Y(tut P g E?)Z - (i(h°°> (~to <t < to)

Using Duhamel’s formula, we can then deduce that
F(t)—=U(t) = O(h™).
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THEOREM 10.9 (Oscillatory integral representation). We have
the representation
(10.33)

Utyu(z) = —

i(@(tvzm)_<y7n>)b t . h d d
(2mh)" /n /neh (¢, z,m; h)uly) dydn,

for the phase ¢ and amplitude b as defined below.

The proof will appear after the following constructions of the phase
and amplitude.

Construction of the phase function. We start by finding the phase
function ¢ as a local generating function associated with the symplec-
tomorphisms (10.31). (Recall the discussion in §2.3 of generating func-
tions.)

Let U denote a bounded open set containing (0, 0).

LEMMA 10.10 (Hamilton—Jacobi equation). If ¢ty > 0 is small
enough, there exists a smooth function

v =l z,n)
defined in (—to,to) x U x U, such that

n(y,n) = (x,§)
locally if and only if

(10.34) E=0up(t,x,m), y=0,p(tx,n).

Furthermore, ¢ solves the Hamilton—Jacobi equation

(10.35) Onp(t, x,m) + p(z, Opp(t, z,n)) = 0
©(0,2,n) = (z,n).

Proof. 1. We know that for points (y,7n) lying in a compact subset of
R?" the flow

(10.36) (y:m) — ey, n)

is surjective near (0, 0) for times 0 < ¢ < tg, provided ¢, is small enough.
This is so since vo(y,n) = (y,n).

2. To show the existence of ¢, consider

A= {tp(y.n);w(y.n);y,m)  t €R, (y,n) € R*"},
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This is a surface in R? x R?" x R?", a typical point of which we will
write as (¢,7,xz,&,y,n). Introduce the one-form

V= —Tdt + ijdl‘j + Zy]dnj
j=1 j=1

That 7, is a symplectic implies dV'|, = 0. By Poincaré’s Lemma (The-
orem B.4), there exists a smooth function ¢ such that

de =V.

In view of (10.36) we can use (¢, x,n) as coordinates on AN ((—to, ty) X
U x U); and hence

—rdt+ Y &dr; + Y yidn; = Oupdt + Y 0y pdxy + Y 0y pdn;.
j=1 j=1 j=1 j=1
Comparing the terms on the two sides gives (10.34) and (10.35). O
Construction of the amplitude. The amplitude b in (10.33) must

satisfy
(hDy + p" (w, D)) (=D M0(t, 2,15 b)) = O(h™);
and so
(10.37)  (dyp + hDy + e~ /"% (2, RD)e™/M)b(t, 2, m; h) = O(h™),
for (z,7n) in a neighbourhood of U x U, 0 <t < .
We will build b as an expansion in powers of h:
(10.38)  b(t,x,m; h) ~ bo(t, x,m) + hby(t, x,m) + hPba(t, ) + -+ - .

Once all the terms b; are computed, Borel’s Theorem 4.11 produces
the amplitude b.

LEMMA 10.11 (Calculation of by). We have
(10.39) bolt, 7, 1) = (det O, o (¢, 7, 7))7.

Note that det 85I<p > 0 for 0 < t < ty, if t is sufficiently small.

Proof. 1. We first observe that
e~ W/hpY (2, hD)e¥" = g,(x, hD; h),
where

(10.40) @(z,& h) = p(x, 0.0 + &) + O(h?).
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In fact, writing p(z) — ¢(y) = F(z,y)(z — y), we easily check that
_i“"/hpw(m, hD)ei“"/hu =

[ ( Y ¢+ Pla, y)) o)y () dy e,

Tr+y

where

Flog) =g (T52) + 0l - 01

Hence,
e i#/hp (2, hD)e/hy = / / (al(x + 9)/2,€ + Bopl(x + )/2))
ey, ) — ), (x — g))) =9 () dyde,

where the entries of the matrix valued function e are in .S. Integration

by parts based on (9.65) gives (10.40).

2. Recalling from Lemma 10.10 that Oyp = —p(z,0,p), we then
deduce from (10.37) that
(10.41) (hD; + (2, hD,n))b(t, z,m) = O(h?),

where

fie(@, &) == p(w, 0pp(t, z,m) + &) — p(x, 0pp(t, x,1)),

and where 7 considered as a parameter. So
(2,€.7) 2@8@ z, 0up(t, 2,1)) + O(IE]).

Hence for g = g(t,x,n) € S,
1 n
(@D mg = 53 ((9p)hDs,g + hDs; (95,0 9)) + O(h?),
j=1
in which expression the derivatives of p are evaluated at (x, 0, (¢, ,n)).
Consequently by satisfies:

1 n
thb() + 5 Z(@gjp)thJ bo + thJ (Ogjp bo) =0
j=1
This we rewrite as

1

with

‘/t = Z(@gjp)ﬁxj .
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3. To understand this equation geometrically, we consider by(, -, )
as a function on
Avy = {(x, 0up(t, 7, m)) }-
Then
Vo P Nisy — N,
d

_,y:vtu|8:0 = Hp|At,nu = WU,

ds
for u € C*°. But equation (10.42) can be further rewritten as

d . 1, .
(10.43) b0l ) = =577 (div Vi bo(t, -, ).
We claim next that
_1
(10.44) Yebo(t, z,m) = [0 2,

is the solution of (10.43) satisfying by(0, z,n) = 1. Here - is considered
as a function Ay, — Ay,. In fact,

_1

d d 3
a0 = g0 e kel
d S —3
- %|8%| 297 107sls=0
Lo, -3
=37 div V; [0y 2.

4. To obtain an explicit formula for by, we recall that

vt (x,0u0(t T,m)) — (Onep(t,,m),m).

Hence
0% aw,) = Oppp(t, z,m),
and consequently, from (10.44), we see that (10.39) holds. O

Proof of Theorem 10.9 Using the same argument for the higher order
terms in b, we can find its full expansion with all the equations valid in
(—to,to) x U. That shows that U(t) given by (10.33) satisfies (10.32),
and thereby completes the proof of Theorem 10.9. 0

EXAMPLE. Revisiting example (10.29), we see that for the phase
(10.30) the corresponding amplitude is
bo = (det 02 o, 1)) /? = (det A) V2.
[

REMARK: Amplitudes as half-densities. The somewhat cumber-
some derivation of the formula for by, the leading term of the amplitude
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b in (10.33), becomes much more natural when we use half-densities,
introduced earlier in Section 9.1.

We first make a general observation. If a := u|dz|? is a half-density,

and v, is a family of diffeomorphisms generated by a family of vector-
fields:

d
-Vt = (P)/t)*‘/;fa

dt
then
d
(10.45) Ly,a := Eﬁa = (Viu + (div V;/2)u)|dz|?.
Indeed,

* * 1 1
Yia = v, ul0v|?|dz|2;
and if we define

1ual8) = a7 @), el oo = Vi),

then p ; X
%\3%!% = %!0% 0 Kop|? = 5\6%|%/<§divvt.

This means that if we consider by(t, z,n)|dz|? as a half-density on Ay
then (10.42) becomes

(d/dt)y; (bolda| ) = (@, + Lv) (bot, 2 m)]d|?) = 0.
This is the same as
7 otz n)ld]2 |, ) = |da|?]a,,
It follows that by = |07:| /2, the same conclusion as before.

It is appealing that the amplitude, interpreted as a half-density, is
invariant under the flow. When coordinates change, and in particular
when we move to larger times at which (10.34) and (10.35) are no longer
valid, the statement about the amplitude as a half-density remains
simple. O

REMARK: A more general version of oscillatory integral rep-
resentation.

If we examine the proof of Theorem 10.9 we notice that we did not
use the fact that P = p¥(z, hD) is t independent. That means that we
can consider the solution of a more general problem,

(hD, + P(t))F(t)u = 0
(10.46) { PO — u
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where
P(t) =p"(t,z,hD), p(t,z,§) € CW(Rt,S(RiZ,m)).

For the approximate solution of this problem we still have the same
oscillatory integral representation as the one give in Theorem 10.9. In
particular that means that we have an oscillatory integral representa-
tion of the family of operators defined in Theorem 10.3 for small values
of t there.

For the yet more general problem of p depending on h we refer to [?,
Section 7] and references given there. Here we note that the proof works
for P(t) = p“(t,z,hD) + h?p¥(t,z,hD) and that form of operators
acting on half-densities is invariant (see Theorem 9.12).

10.3 SEMICLASSICAL STRICHARTZ ESTIMATES, LP
BOUNDS

In this section we will use Theorem 10.9 to obtain LP bounds on
approximate solutions to

Let a = a(t,z,&) € C°(R, S(T*R*, m)). We introduce the following
nondegeneracy condition at (¢, x,&):

(10.47) aga(t,x,é’) is non-degenerate .

REMARK. The Hessian, 97 f(&), of a smooth function f(¢) is not
invariantly defined unless 0¢ f (&) = 0. However the statement (10.47)
is invariant if only linear transformations in ¢ are allowed. That is the
case for symbol transformation induced by changes of variables in =z,
see Theorem 9.12.

We consider the problem which essentially the same as (10.46):

{(th + A))F(t,r)u=0

(10.48) F(r,mu=u

where » € R. As discussed in the remark at the end of Section 10.2,
Theorem 10.9 gives a description of F'(¢,r) for small values of ¢.

THEOREM 10.12 (Semiclassical Strichartz estimates). Sup-
pose that a(t) € C°(Ry, S(T*R*,m)), is real valued, x € C®(T*R¥),
and that (10.47) holds in spt(x), t € R. With A(t) :== a“(t,x,hD), let
F(t,r) be the solution of (10.48). Then for ¢ € C(R) with support
sufficiently close to 0, any I CC R, and

Ult,r) =) F(t,r)x"(x,hD) or U(t,r) :=(t)x"(x,hD)F(t,r)
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we have

sup (/ U, r)fIIY, Rk)dt> < Bh~ PHfHL2 (RF)»
(10.49) ol

P q_2’

| /\

p<oo, 1<qg<oo, (pg)#(2,00).
Proof: 1. In view of Theorem C.10 we need to show that
(10.50) Ut ) U(s,7)* fllsexp < ARTF2[t — s| 772 5 € R,

with constants independent of » € I. We can put » = 0 in the argument
and drop the dependence on r in U and F.

2. We use Theorem 10.9. The construction there and the assumption
that x € C2° show that

U(t) = U(t) + E(t),

where

Et)=0(h>*):8 — S,
and the Schwartz kernel of U(t) is

_ 1 _
t.9) = g [, €40t )

be SNOXR™H), (0,2,1) = (x,n),
Owp(t,z,n) + a(t,x, 0xp(t,z,n)) = 0.

(10.51)

3. Hence we only need to prove (10.50) with U replaced by U
and that means that we need an L* bound on the Schwartz kernel
of W(t,s) :=U(t)U(s)*

1 i
W (t - 7 (p(tzm)=¢(59.0=(z1=0) B d2dcd
(t,s,2,y) k) /R% en zd(dn,
where
B = B(t,s,,y,z,1,(;h) € SN CE(R*H).

4. The phase is nondegenerate in (z, () variables and stationary for
¢=mn, z=0cp(s,y,(). Hence we can apply Theorem 3.15 to obtain

1
(2mh)k
where B; € SN C>®(R*™3%). We now rewrite the phase as follows:

¢ =t z,n) —e(s,y,n) = (t = s) (a(0,2,1) + O(|t| + |s]))
+Hx —y,n+sF(s,,y,m), FeC®R™™),

W(t’ S’ aj’) y) g / 6%(‘:9(15@777)—%0(571/»77)) Bl <t7 8, lfL-7 y’ n, h) dTh
RF
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where using (10.51) we wrote
o(s,2,m) = @(s,y,m) = (& —y,n) + (& — y,sF(s,2,y,7)).
5. The phase is stationary when
Onp = (I + 50, F)(x —y) + (t — s)(Oya + O(Jt| + [s])) = 0,
and in particular, for s small, having a stationary point implies
r—y=0(-—s),
as then (I + s0,F) is invertible. The Hessian is given by
Ro=s(0F) (x—y)+ (t—s) (62@ + O([t| + |s]))
= (t—5) (32a+O(lf| + |sI)
where 92a = 02a(0, z, 7).

6. Hence, for t and s sufficiently small, that is for a suitable choice of
the support of ¢ in the definition of U(-), the nondegeneracy assump-
tion (10.47) implies that at the critical point

8295 = (t o SW(% y)
If |t —s| > Mh where M is a large constant we can use the stationary
phase estimate in Theorem 3.15 to see that
(W (t,s,z,y)] < Ch 2|t — s|7/2,
When [t — s| < Mh we see that the crude upper bound on the integral
gives
1
|W(t7 S, T, y)| < W /Rsk |B(t7 5T, Y, 2,1, g? h)|d3d<d7}
< Ch7* <C'R*2|t — 5| 742,

which is what we need to apply Theorem C.10. U

We formulate the following nondegeneracy assumptions at (xg, &) €
T*R™:
(10.52) p(20,%) =0 = Oep(z0, &) # 0.
Consequently, the set
{€ : p(x0,6) =0}
is a smooth hypersurface in R™ near §,. We then assume that the
second fundamental form of this hypersuface is nondegenerate at &.

We can reformulate this as follows. By a linear change of variables
assume that dep(zo, &) = (p,0,---,0), p # 0. Then near (x¢, &),

p(xaf) = 6(%76)(51 - a(x,{’)),
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and our assumption on the curvature becomes

(10.53) dga(xo,&)) is nondegenerate.

THEOREM 10.13 (L? bounds on approximate solutions). Sup-
pose that u(h), ||u(h)|| L2 = 1, satisfies the frequency localization condi-
tion (9.8). Suppose also that (10.53) is satisfied in

W Fy(u), and that

(10.54) pV(z,hD)u(h) = Or2(h).
Then for p=2(n+1)/(n—1), and any K CC R",
(10.55) lu(h)l|zoc) = O(hHP).

REMARK. The first example in the remark after Theorem 9.5 shows
that the curvature condition (10 53) is in general necessary. In fact,
if P(h) = hD,, and u(h) = h=™"Y/2x(z,)x(2'/h) then for p = 2(n +
1/(n 1),

||| o = R DA/p=1/2) — p=(n=1)/(n+1) £ O(h‘l/p).
However for the simplest case in which (10.53) holds,
P, &) =& —& - =&,

the estimate (10.55) is optimal. To see that put

u(h) = A~y () exp(— |’ /2h),
where z = (z1,2'), xo € CP(R). Then

(=h*Dgr + |2/ *)u(h) = (n — D)h u(h),
lu(h)||z2 =~ 1, |2'|**u(h) = Or2(h*). Hence,

p¥(x, hD)u(h) = Oz (h),
and
() ogsny = RO-DEPD/ =108, 9 4 1)(n — 1),
Before proving Theorem 10.13 we prove a lemma which is a conse-

quence of Theorem 10.12

LEMMA 10.14. In the notation of Theorem 10.13 we have
(10.56)

|| / ()L (5 )5 vty < OB [ (50 g ds
R
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Proof: 1. We apply the integral version of Minkowski’s inequality:

t
I [ U115 s
0
<C [ L OV 50t s
INR

<C [ U 5Dy
IRy
2. Now we use the estimate (10.49) with p=¢=2(n+1)/(n — 1):

|U(,8)f(8,7)] Lo, xrE) < Ch_l/p||f(3a$)||L2(RI;),
from which (I is compact) (10.56) follows. O

Proof of Theorem 10.13: 1. We follow the same procedure as in the
proof of Theorem 9.5. As in that case the condition (10.54) is local in
phase space, that is, it implies that for any y € C°(T*R™),

P (z, kD)X (z, hD)u(h) = O(h),
in L2
2. We factorize p(z,§) as in (9.14) and we conclude that for x with

sufficiently small support,

(hD,, — a(x,hD))x" (z, hD)u(h) = Opz2(h).
Let

f(xlv xla h) = (h’Dxl - (I(Z‘, hDI’))(XWu(h))
Since || f]|z2 = O(h), we see

(10.57) / 1f (@1, ) 2@n-nydzy < C| fllL2gny = O(h).
R

3. We now apply Theorem 10.12 with ¢ = x; and z replaced by
¢’ € R"7!, that is k = n — 1. The assumption (10.53) shows that dza
is nondegenerate in the support of y. We can choose ¥ and x in the
definition of U(¢) in the statement of Theorem 10.12 so that

XY (x, hD)u(z1,2', h) = %/Oxl U(t,s)f(s,2")ds + Os(h™).

Let us choose p = ¢, k =n — 1 in (10.49), that is,

Z(n—i-l)'

pP=qg= n—1
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Then, using (10.49), (10.57), and (10.56),
1
X" (z, hD)ul|» < 7 hoY/p /R 1 f(s,-, h)||L2@n-1yds + O(R™)

= O(h™YP).
A partition of unity argument used in the proof of Theorem 9.5 con-

cludes the proof. O

As a corollary we obtain Sogge’s bounds on spectral clusters on Rie-
mannian manifolds:

THEOREM 10.15 (L? bounds on eigenfuctions). Suppose that
M is an n-dimensional compact Riemannian manifold and let A, be
its Laplace-Beltrami operator. If

0:)\0<)\1§"')\j—>00
is the complete set of eigenvalues of —A,, and
—Dg0j = Ajp;
are the corresponding eigenfunctions, then for anyc; € C, j =0,1,---,
I > el <@ > el
p</ A <pt VNS

(10.58) (5-1) for 2<p <Al
o(p) =
nl_m for 2l < p < oo,
In particular
(10.59) loille < CXTP2 5] .

Proof: 1. We argue as in the proof of Theorem 9.6 but now we need
to check is the curvature assumption (10.53): at any point (x¢, &) and
for suitable coordinates

p($07£> - |§|2 - ]-a 50 = (1707 e 70)
The hypersurface p(zo,£) = 0 is the unit sphere in R and it has a
nondegenerate second fundamental form.
2. Complex interpolation [H1, Theorem 7.1.12] between the estimate

in Theorem 9.6, the trivial L? estimate, and the estimate in Theorem
10.13 gives the full result. 0

10.4 MORE SYMPLECTIC GEOMETRY
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To further apply the local theory of quantized symplectic transfor-
mations to the study of semiclassical operators we will need two results
from symplectic geometry. The first is a stronger form of Darboux’s
Theorem 2.11, which we state without proof.

THEOREM 10.16 (Variant of Darboux’s Theorem). Let A and
B be two subsets of {1,--- ,n}, and suppose that

pi(z,§) (j€A), a(x,§) (k€ B)

are smooth, real-valued functions defined in a neighbourhood of (0,0) €
R?" | with linearly independent gradients at (0,0).

If
(10.60) {a::¢;} =0 (i,j € A), {pr,m}=0 (k1€ B),

{pk7Qj} = 5kj (] € A7k € B)>

then there exists a symplectomorphism k, locally defined near (0,0),

such that £(0,0) = (0,0) and
(10.61) K'gj=x; (J€A), v'pp=¢& (ke B).

See Hormander [H2, Theorem 21.1.6] for an elegant exposition.

The next result is less standard and comes from the work of Duis-
termaat and Sjostrand: consult Hormander [H2, Lemma 21.3.4] for the
proof.

THEOREM 10.17 (Symplectic integrating factor). Let p and g
be smooth, real-valued functions defined near (0,0) € R*", satisfying

(10.62) p(0,0) = ¢(0,0) =0, {p,q}(0,0) > 0.
Then there exists a smooth, positive function u for which
(10.63) {up,ug} =1

in a neighborhood of (0,0).

10.5 NORMAL FORMS FOR OPERATORS WITH REAL
SYMBOLS

Operators of real principal type. Recall that we are taking our

order function to be
k
2 .

m = (1+ [z> + [¢]?)
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Set P = p%(xz,hD;h), where

p('T?g? h) ~ p0($7€) + hpl(xag) AR h,NpN(.CC,f) T,
for p; € S(m). We assume that the real-valued principal symbol py
satisfies

and then say that P is an operator of real principal type at (0,0).

THEOREM 10.18 (Normal form for real principal type oper-
ators). Suppose that P = p*“(x, hD;h) is a semiclassical real principal
type operator at (0,0).

Then there exist
(i) a local canonical transformation r defined near (0,0), such that

k(0,0) = (0,0) and
(10.65) K1 = po;

and
(ii) an operator T, quantizing k in the sense of Theorem 10.6, such
that

(10.66) T~' exists microlocally near ((0,0),(0,0))
and
(10.67) TPT ' =hD,, microlocally near ((0,0),(0,0)).

INTERPRETATION. The point is that using this theorem, we can
transplant various mathematical objects related to P to others related
to hD,,, which are much easier to study. A simple example is given by
the following estimate:

C
Jull < S 1Pul,
when u = u(h) € § has WF;,(u) in a small neighbourhood of (0,0). O
Proof. 1. Theorem 10.16 applied with A = () and B = {1}, provides &
satisfying (10.65) near (0,0). Then Theorem 10.1 gives us a family of
symplectic transfomations v; for 0 <t < 1.

Let F(t) be defined using the family v; in Theorem 10.6, and put
To = F(1). Then

ToP — hD,, = E microlocally near (0,0). ,
for E = Op(e),e € S
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2. We now look for a symbol a € S so that a is elliptic at (0,0) and
hD,, +E = AhD,, A~* microlocally near (0,0)
for A := Op(a). This is the same as solving
[hD,,, Al + EA = 0.

Since P = p¥ +hpy +h*py +- - -, the Remark after the proof of Theorem
10.2 shows that

e(x, & h) = heo(x,€) + hPer(2,8) + -+ .
Hence we can find ag € S such that a(0,0) # 0 and

1
;{517 ao} + epap =0

near (0,0).
Define Ay := Op(ay); then

[hDy,, Ao] + EAg = Op(ro)
for a symbol ry € S72.
3. We now inductively find 4; = Op(a;), for a; € S, satisfying
WDy, Ao+ A1+ -+ An] + E(Ag + Ay + -+ - Ax) = Op(ry),
for ry € STV72(1). We then put
A~vAy+ A+ -+ AN+,
which is elliptic near (0,0). Finally, define
T:= A7 'T,.

This operator quantizes x in the sense of Theorem 10.6. U

10.6 NORMAL FORMS FOR OPERATORS WITH COM-
PLEX SYMBOLS

Operators of complex principal type. Assume as before that P =
p¥(x, hD;h) has the symbol

p(x, & h) ~ po(x,&) + hpy (2, &) + -+ + WV py (2, &) + - -

with p; € S(m). We now allow p(z,§) to be complez-valued, and still
say that P is principal type at (0,0) if

p0(0,0) =0, 9pe(0,0) # 0.

Discussion. If 9(Repy) and 9(Impy) are linearly independent, then
the submanifold of R?" where P is not elliptic has codimension two —
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as opposed to codimension one in the real-valued case. The symplectic
form restricted to that submanifold is non-degenerate if

{Repo, Impo} # 0.

Under this assumption a combination of Theorems 10.16 and 10.17
shows that there exists a canonical transformation k, defined near
(0,0), and a smooth positive function u such that

K*(& £ ixq) = upp.

That is, after a multiplication by a function we obtain the symbol of
the creation or annihilation operator for the harmonic oscillator in the
(x1,&1) variables. (Recall the discussion of the harmonic oscillator in
Section 6.1.)

THEOREM 10.19 (Normal form for the complex symplectic
case). Suppose that P = p¥(x,hD;h) is a semiclassical principal type
operator at (0,0), with principal symbol py satisfying
(10.68) 10(0,0) =0, +{Repo, Impy}(0,0) > 0.

Then there exist
(i) a local canonical transformation k defined near (0,0) and a smooth
function u such that £(0,0) = (0,0), u(0,0) > 0, and

K" (1 1) = upo;

and (ii) an operator T, quantizing k in the sense of Theorem 10.6, and
a pseudodifferential operator A, elliptic at (0,0), such that
(10.69) T~' exists microlocally near ((0,0),(0,0))

and

(10.70) TPT ' = A(hD,, +ix;) microlocally near ((0,0),(0,0)).

INTERPRETATION. We can transplant mathematical objects re-
lated to P to others related to A(hD,, =+ iz1), which are clearly much
easier to study. 0

Proof. 1. We start as in the proof of Theorem 10.18. To simplify the
notation, let us assume
{Repo, Impe} > 0.

As noted above, using Theorems 10.16 and 10.17 we can find a smooth
function u, with «(0,0) > 0, and a local canonical transformation x
such that £(0,0) = (0,0) and k*(& + ix1) = upy.
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Quantizing as before, we obtain an operator Tj satisfying
(10.71) ToP = Q(hD,, +ix, + E)Ty,
where @ = Op(q) for a function ¢ satisfying
Y'q=1/u
and E = Op(e) for some e € S

2. We now need to find pseudodifferential operators B and C', elliptic
at (0,0), and such that

(10.72) (hDy, +iz1 + E)B = C(hD,, + iz1),
microlocally near (0,0). As in the proof of Theorem 10.18, we have
E= Op(@), €= heo(x,ﬁ) + h2€1(£[,€) toeee

We will find the symbols of B and C' by computing successive terms in
their expansions:

b~ by+hby+ -+ ANy 4
CNCO+hC1+"‘+hNCN+"'.

3. Let us rewrite (10.72) as
(hD,, + iz1 + E)B — C(hD,, +ixy) = Op(r),
for
r(2,8) = 1o, ) + hra(w,6) + -+ WV rn (@, ) +

with

To = (61 + ZZCl)(bO — Co),

ri = (& +iz1) (b — ¢1) + eobo + {& + iz, bo}/2i — {co, & + imi } /20
Here we used composition formula in Weyl calculus (see Theorem 4.6).

We want to choose b and ¢ so that r; = 0 for all j. For ry = 0 we
simply need by = ¢o. Then to obtain r; = 0 we have to solve

—i(0y, — 10¢, )bo + €obo + (&1 + ix1)(by — ¢1) = 0.
4. We first find by such that
—i(aml — iagl)bo —+ eobo = O(]?‘fo)
bo|zy=0 = 1;

that is, the left hand side vanishes to infinite order at z; = 0, and by = 1
there. The derivatives 9% eg|,,—o determine 9% bo|,,—o. Then Borel’s
Theorem 4.11 produces a smooth function by with these prescribed
derivatives.
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5. With by = ¢y chosen that way we see that
Zfl = (—i(axl — iagl)bo + 60()0)/(51 + ixl)

is a smooth function: the numerator vanishes to infinite order on the
zero set of the denominator. If we put

(10.73) cp=b+14
then vy = 0.
6. Now, using (10.73) the same calculation as before, we see that
rs = (& + ix1)(by — c2) + egby — i{&1 +ix1, b1} + T3,

where 73 depends only on by = cg, t;, and e. Hence 73 is already
determined. We proceed as in Step 4 and first solve

—2(85,;1 - 26&)61 + €0b1 + 773 = O({E?o)
b1|a7:1 =0.
This determines b; (and hence ¢;). We continue in the same way to
determine by (and hence ¢3). An iteration of the argument completes

the construction of b and ¢, for which (10.72) holds microlocally near
0,0).

7. Finally, we put T = B~!T,, where B~! is the microlocal inverse
of B near (0,0), and A = B7'QC, to obtain the statement of the
theorem. 0

10.7 SEMICLASSICAL PSEUDOSPECTRA

We present in this last section an application to the so-called semi-
classical pseudospectrum. Recall from Chapter 6 that if P = P(h) =
—h?A + V(z) and V is real-valued, satisfying
(10.74) V € S(()™), [&*+ V(@) > (L+[¢]* +]z|™)/C for |a| = C,
then the spectrum of P is discrete. (We deduced this from the mero-
morphy of the resolvent of P, R(z) = (P — 2)7%.)

Quasimodes. Because of the Spectral Theorem, which is applicable
as V is real, we also know that approximate location of eigenvalues is
implied by the existence of approximate eigenfunctions, called quasi-
modes. Indeed suppose that

1075) (P — )] = Oh), Ju(h)] = 1.
Then there exist E(h) and v(h) such that
(10.76) (P — E(h))v(h) =0, [lo(h)[| = 1, [E(h) = z(h)| = O(h™).
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In other words, if we can solve (10.75), then the approximate eigenvalue
z(h) is in fact close to a true eigenvalue E(h) (although u(h) need not
be close to a true eigenfunction v(h).)

Nonnormal operators. But it is well known that this is not the case
for nonnormal operators P, for which the commutator [P*, P] does not
vanish. Now if If p = |{|* + V/(z), then the symbol of this commutator
is

1
(10.77) ;{p,p} = 2{Rep, Imp};

and when this is nonzero we are in the situation discussed in Theorem
10.19. This discussion leads us to

THEOREM 10.20 (Quasimodes). Suppose that P = —h*A+V (x)

and that
(10.78) 20 =& + V(xo), Im(&,dV (z)) # 0.

Then there exists a family of functions u(h) € C°(R™) such that
(10.79) (P = zo)u(h)l[L2 = O(h*), |lu(h)|[r2 = 1.
Moreover, we can choose u(h) so that
(10.80) WEL(u(h)) = {(20,80)}, Tm(&, IV (x0)) < 0.

Proof. We first replace V' by a compactly supported potential agreeing
with V' near zp. Our function u(h) will be constructed with support
near .

By changing the sign of &, if necessary, but without changing 2, we
can assume that

{Rep, Imp}(zo, &) = 2Im(&, OV (0)) < 0.
According Theorem 10.19, P — 2 is microlocally conjugate to
A(hD,, —izy) near ((xo,&), (0,0)).
Let
uo(x, h) := exp(—|z|*/2h);
so that
(hDyy —iz1)ug(h) =0, WF(ug(h)) = {(0,0)}.

Following the notation of Theorem 10.19, we define u(h) := T ugy(h).
Then WEy,(u(h)) = {(x0,&)} and

(P — z)u(h) = T A(hD,, — iz1)T(T 'up) = 0.
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REMARK. If p(x,&) = [£]* + V(z), the potential V satisfies (10.74),
and
{p(2,8) : (,6) eR™"} £ C,

then the operator P still has a discrete spectrum. This follows from the
proof of Theorem 6.7, once we have a point at which P — z is elliptic.
Such a point is produced if there exists z not in the set of values of
p(z,€&). However, the hypothesis of Theorem 10.20 holds in a dense
open subset of the interior of the closure of the range of p. U

EXAMPLE. It is also clear that more general operators can be con-
sidered. As a simple one-dimensional example, take

P = (hD,)* +ihD, + z*
with
p(z, &) = +i€ + 2%, {Rep,Imp} = —2u.
Hence there is a quasimode corresponding to any point in the interior

of the range of p, namely {z : Rez > (Im2)?}. On the other hand,
since

1
ex/?hpe—:c/2h _ (hD)2 + ZL'2 + 17

P has the discrete spectrum {1/4 + nh : n € N}. Since the spectrum
lies inside an open set of quasimodes, it is unlikely to have any true
physical meaning. U
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APPENDIX A. NOTATION
A.1 BASIC NOTATION.
Ry = (0,00)
R"™ = n-dimensional Euclidean space
x,y denote typical points in R" : = = (x1,...,2,), ¥y = (Y1, -, Yn)
R?" = R™ x R"
z = (z,§),w = (y,n) denote typical points in R™ x R™ :
2=(T1, Ty &1y 60)s W= (Y1 Yns My - -5 1)
T" = n-dimensional flat torus = R"/Z"
C = complex plane
C™ = n-dimensional complex space
(x,y) = >, x;; = inner product on C"
2| = (z,2)'7?
(@) = (1+ |=*)"/?
M™*" = m X n-matrices
S™ = n x n real symmetric matrices
AT = transpose of the matrix A

I denotes both the identity matrix and the identity mapping.

=% o)

o(z,w) = (Jz,w) = symplectic inner product
#5S = cardinality of the set S
|E| = Lebesgue measure of the set £ C R"

A.2 FUNCTIONS, DIFFERENTIATION.

«n

The support of a function is denoted “spt”, and a subscript “c” on
a space of functions means those with compact support.

e Partial derivatives:
0 1 0
8%, == D, =-—

o ]
i 0x;



e Multiindex notation: A multiindex is a vector @ = (aq, ..., ay),
the entries of which are nonnegative integers. The size of « is

la] == a1 + -+ + ap.

We then write for x € R™:

¥ =™ x, M,
where = (z1,...,2,).
Also
0% =03 ...0
and

1
D* = oo

= la] %o

(WARNING: Our use of the symbols “D” and “D*” differs from that
in the PDE textbook [E].)

If o : R" — R, then we write
00 = (Quys- -, Pz, ) = gradient,

and
Priz1 - Paizn
0% = = Hessian matrix
spafnxl ce SO$7L337L
Also ]
Dy = -0¢.
i
If ¢ depends on both the variables x,y € R", we put
Prizr -+ Priz,
g =
gornml Tt (pmnmn
and
909611/1 s (101‘1971
2 - .
Oy ytp =
Somnyl st Qoznyn
e Jacobians: Let
x>y =y(z)
be a diffeomorphism, y = (y',...,y"). The Jacobian matrix is
yt oyt
ox1 T Oxn
oy oy"

Ox1 7 Oxn/ pxn
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e Poisson bracket: If f,g: R"® — R are C' functions,

Zﬁ@_ﬁ@

e The Schwartz space is
S=SR"):=
{p € C™(R™) | sup |2*0°p| < oo for all multiindices a, 3}.
RTL
We say
p;— ¢ inS
provided
sup2D7(io; = ¢)| = 0
for all multiindices «, 8

We write &’ = §'(R™) for the space of tempered distributions, which
is the dual of S = S(R"). That is, u € &’ provided u : § — C is linear
and ¢; — ¢ in S implies u(p;) — u(yp).

We say
u; —u inS'
provided
uj(p) — u(p) forall p e S.

A.3 ELEMENTARY OPERATORS.
Multiplication operator: My f(z) = Af(z)
Translation operator: T¢ f(z) = f(x — &)
Reflection operator: Rf(x) := f(—x)

A.4 OPERATORS.
A* = adjoint of the operator A
[A, B] = AB — BA = commutator of A and B
0(A) = symbol of the pseudodifferential operator A
spec(A) = spectrum of A.
tr(A) = trace of A.
We say that the operator B is of trace class if
B) = Z \/)\_j < 00,

where the \; > 0 are the eigenvalues of the symmetric matrix B*B.
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e If A: X — Y is a bounded linear operator, we define the operator
norm

[A[]:= sup{[[Aully | [lulx <1},

We will often write this norm as

[Allx—y
when we want to emphasize the spaces between which A maps.

The space of bounded linear operators from X to Y is denoted by
L(X,Y); and the space of bounded linear operators from X to itself is
denoted L(X).

A.5 ESTIMATES.

o We write
f=0(h>) ash—0
if for each positive integer N there exists a constant Cy such that
|f| < CyhY forall0<h <1
e If we want to specify boundedness in the space X, we write
f=0x(h")
to mean
1fllx = O(h™).

e If A is a bounded linear operator between the spaces X,Y, we will
often write

A= Ox_y(RY)
to mean

1Al x—y = O(h™).

A.6. SYMBOL CLASSES.

We record from Chapter 4 the various definitions of classes for sym-
bols a = a(x, &, h).

e Given an order function m on R?", we define the corresponding

class of symbols:

S(m) = {a € C* | for each multiindex «

there exists a constant C, so that |0%| < C,m}.
o We as well define

S*(m) = {a € C*™ | |0“a] < Cyh™"m for all multiindices o}
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and

SE(m) = {a € C* | 0% < Coh™®™=*m for all multiindices a}.
The index k indicates how singular is the symbol a as h — 0; the index
0 allows for increasing singularity of the derivatives of a.

e Write also

S7°°(m) := {a € C* | for each a and N, [0%a|] < Conh™m}.

So if @ is a symbol in S™*°(m), then a and all of its derivatives are

O(h™) as h — 0.

e If the order function is the constant function m = 1, we will usually
not write it:

SF .= Sk(1), SF = S¥(1).

e We will also omit zero superscripts:
S :=8%=5%1)
= {a € C*(R*) | |0“a|] < C, for all multiindices a}.
e We will sometimes write
a = Og(h),
to mean that for all «
10%a| < C,hY.

We use similar notation for other spaces with seminorms.

A.7 PSEUDODIFFERENTIAL OPERATORS.

We cross reference the following terminology from Appendix E. Let
M denote a manifold.

e A linear operator A : C*°(M) — C*®(M) is called a pseudodiffer-
ential operator if there exist integers m, k such that for each coordi-
nate patch U, and there exists a symbol a, € S™" such that for any

e, € C(U,)
pA(u) = py*ay (2, hD)(v™)"(Yu)
for each uw € C*(M).
o We write
A€ U™k (M)
and also put

UH(M) = WOF(M), W(M) := TOOM).
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APPENDIX B. DIFFERENTIAL FORMS

In this section we provide a minimalist review of differential forms
on RY. For more a detailed and fully rigorou)description of differential
forms on manifolds we refer to [W, Chapter 2].

NOTATION.
() Ifx=(z1,...,2,), E = (&, ..., &), then daj, d€; € (R*™)* satisfy
drj(u) = drj(z,§) = x;
dgj(u) = d§;(z,€) = ¢
(i) If o, B € (R?*™)*, then
(a A B)(u,v) = a(u)b(v) — a(v)(u)

for u,v € R*". More generally, for o; € (R*)*, j = 1,--- ,m < 2n,
and u = (uy,- -+, Un), an m-tuple of u;, € R*",
(B.1) (ar A- e Ay ) (u) = det([oy(un)1<jn<on)-

(iii) If f: R™ — R, the differential of f, is the 1-form

(iv) An m-form on R™ is given by
w = Z fil"'im (fﬂ)dfﬂ“ AN dl'im, fil'"im € COO(]Rn)
11 <t <<t
Its action at = on m-tuples of vectors is given using (ii).

(v) The differential of m-form is defined by induction using (iii) and
d(fg) =df N g+ fdg, where f is a function and ¢ is an (m — 1)-form.
It satisfies d? = 0.

THEOREM B.1 (Alternative definition of d ). Suppose w is a
differential 2-form, and v € C°(R™,R?), u = (uy,us, uz) is a 3-tuple
of vectorfields. Then

dw(u) =uq (w(ug, ug)) + ug (w(ug, ur)) + uz (w(ug, us))

(B.2) — w([ug, ugl, uz) — w([ug, us], ur) — w([us, ui], uz).
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1. Both sides of (B.2) are linear in w and trilinear in u.
2. When, say, u; is multiplied by f € C*°(R"), then

dw(fuy,ug,uz) = fdw(u),
and the right hand side of (B.2) is equal to
fur (w(ug, uz)) + ug (fw(us, ur)) + ug (fw(ug, uz))
— w([fur, us), uz) — w([uz, us], fur) — w(lus, fui], ua),

and this is equal to the right hand side of (B.2) multiplied by f. In
fact,

[fur, ue] = fluy, us] — (uaflur,  [us, fus] = flus, ua] + (us fua,
and
up (fw(us,ur)) = fuz (w(us,ur)) + (u2f)w(us, ur),
ug (fw(uy,ug)) = fus (w(uy,ug)) + (usf)w(ug, us).
3. Hence we only need to check this identity for u constant and for

w = wydwy A dws, where wy € C*°, and wy, w3 are coordinate functions
(that is are among x1, - - - x,). Then

dw(u) = det ([ujwili<ij<n)

and the right hand side of (B.2) is given by (remember that now w;w;,
i = 2,3 are constants) by the expansion of this determinant with re-
spect to the first row, (ujwy, ugwy, ugwy). O

DEFINITION. If n is a differential m-form and V' a vector field, then
the contraction of n by V, denoted
vV,
is the (m — 1)-form defined by
(Van)(u) = n(V,u),

where u is an (m — 1)-tuple of vectorfields. We use the consistent
convention that for 0-forms, that is for functions, V _I f = 0.

We note the following property of contraction which can be deduced
from (B.1): if v is a k-form and w is an m-form, then

(B.3) Vi Aw) = (Vi) Aw+ (=D A (V Jw).

DEFINITIONS. Let s : R — R"™ be a smooth mapping.
(i) If V' is a vector field on R™, the push-forward is

ke V = 0k(V).
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(ii) If n is a 1-form on R", the pull-back is
(k") (u) = (k).

THEOREM B.2 (Differentials and pull-backs). Let w be a dif-
ferential m-form. We have

(B.4) d(k*w) = K*(dw).

Proof. 1. We first prove this for functions: d(k*f) = d(k(f)) =
s 6y¢ﬁdxj, Furthermore,

Jj=1 0x; dy;
k*(df) = k" dy; | =
(df) (M o y) 25y,

2. The proof now follows by induction on the order of the differential
form: any m-form can be written as a linear combination of forms fdg
where f is a function, and ¢ is (m — 1)-form. O

K*(dy;).

DEFINITION. If V is a vector field generating the flow ¢, then the
Lie deriwative of w is
d "
Lyw := E((%) w)|i=o-

Here w denotes a function, a vector field or a form. We recall that ; is
generated by a time independent vectorfield, V', ¢, = exp(tV'), means
that

(d/dt)pi(m) = V(pi(m)), @o(m) =m.
EXAMPLE S. (i) If f is a function,
Ly f=V(f)
(ii) If W is a vector field
LyW = [V, W].

Since for differential forms, w, d(¢;)*w = ¢} (dw), we see that Ly
commutes with d:

We also note that Ly is a derivation: for a function f € C* and a
differential form w,

(B.6) Lv(fw) = (Lyflw+ fLyw.
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THEOREM B.3 (Cartan’s formula). If w is a differential form,
(B.7) Lyw =d(V Jw) + (V Jdw).

Proof. 1. We proceed by induction on the order of differential forms.
For O-forms, that is for functions, we have

Lyf=Vf=Vlidf =d(VIf)+ (Vdf),
since by our convention V _I f = 0.

2. Any m-form is a linear combinations of forms fdg where f is a
function and g in an (m — 1)-form. Then, using (B.5), (B.6), d*> = 0,
and the induction hypothesis,

Ly (fdg) = (Lyv f)dg + fLvdg
= (Vf)dg + fd(Lvg)
= (Vf)dg + fd(d(V Jg) +V _dg)
= (Vf)dg + fd(V Jdg).

(B.8)

3. The right hand side of (B.7) for w = fdg is equal to
d(V 1(fdg)) +V I(d(fdg)) =
f(V dg) +df ANV ddg) + V I(df Adg).
Now we can use (B.3) with w = df, v = dg, k = 1, to obtain
V(df Ndg) = (V f)dg —df A (V Ldg).

Inserting this in (B.9) and the comparison with (B.8) gives (B.7) for
w = fdg and hence for all differential m-forms. O

(B.9)

THEOREM B.4 (Poincaré’s Lemma). If « is a k-form defined in
the open ball U = B°(0, R) and if

da =0,
then there exists a (k — 1) form w in U such that

dw = a.

Proof. 1. Let QF(U) denote the space of k-forms on U. We will build
a linear mapping

H:Q"U) — Q1(U)
such that

(B.10) doH+Hod=1.



Then
d(Ha) + Hdo = «
and so dw = « for w := Ha.

2. Define A : QF(U) — QF(U) by

A Ao ne) = ([ e ) i 1

0

Set
X :=(z 6)—im-i
=00 =) wig
7=1
We claim
(B.11) ALx =1 on Q).
and
(B.12) doA=Aod.
Assuming these assertions, define

H:=A0X_l
By Cartan’s formula, Theorem B.3,
Lx=do(X_J)+ X Jod.
Thus

co A,

I=ALy = Aodo(X_ )+ AoX Jod
= d(AoX )+ (AoX_J)od

= doH+ Hod;
and this proves (B.10).

3. To prove (B.11), we compute
A;CX(fdl'“ A A diCm)

=A

! k—1 . k—1 af
:/Okt f(tp)+;t xja—%(tp)

dtd&]zl N

1
d
= /0 E(tk f(tp)) dtdxs, A--- A da;,

(kf + ij%) (dziy A--- A dxik)]
j=1 J

N,

201
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4. To verify (B.12), note

1 n
= / th=1 Z a—f(tp)dxjdt dai, N+ Ndx;,
0 e Ox;

=d ((/0 t’“f(tp)dt> dri, N+ A d:cz-k)
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APPENDIX C. FUNCTIONAL ANALYSIS

THEOREM C.1 (Schwartz Kernel Theorem). Let A : S — &
be a continuous linear operator.
Then there exists a distribution K, € S'(R™ x R"™) such that

(C.1) Au(z) = | Ka(z,y)u(y)dy

R"

forallu € S.
We call K4 the kernel of A.

THEOREM C.2 (Inverse Function Theorem). Let XY denote
Banach spaces and assume

f: X—=Y

is C1. Select a point xg € X and write yo := f(xo).
(i) (Right inverse) If there exists A € L(Y, X) such that

Of(xo)A =1,
then there exists g € CY(Y, X) such that
fog=1 nearyy.
(ii) (Left inverse) If there exists B € L(Y, X)) such that
BOf(xo) =1,
then there exists g € CY(Y, X) such that

gof=1 near xg.

THEOREM C.3 (Approximate inverses). Let X,Y be Banach
spaces and suppose A : X — Y is a bounded linear operator. Suppose
there exist bounded linear operators B, By : Y — X such that

{ABlzf—l—Rl onY

C.2
(€.2) BA=1+Ry; onX,

where
[Ri]] <1, [[Refl < 1.
Then A is invertible.
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Proof. The operator I + R; is invertible, with

[e o]

(I+R)"'=) (-1)'R},

k=0
this series converging since ||R;|| < 1. Hence

ACl =1 for Cl = Bl(I + R1>71

Likewise,
k:O
and

OQA =1 for 02 = (I + RQ)_IBQ.
So A has a left and a right inverse, and is consequently invertible, with

A_1 - Cl == CQ. |:|

THEOREM C.4 (Norms of powers of operators). Let A € L(Hy, Hs),
where Hy, Hy are Hilbert spaces.
(i) Then

1A= sup [(Au,v) |, Al = A7), [A]* =[|A"A].

[[ulllvll=1

(i) If A is self-adjoint, ||A||™ = [|A™|| for all m € N.

Proof. 1. We may assume ||A]| > 0. Note that
| (Au, v) | < [[Aullfjo]] < [JAf{lu]lo]l = [[Al

for any two unit vectors u,v. Thus supy, =1 | (Au, v) | < [|A]].
Now if u & ker(A), we can put v = Au/||Aul|. Consequently,

sup  [(Au,v)| > sup i |(Au, Au)| = sup | Aul| = ||A]];
e Jlol=1 (s | Aw| ety
ul|= ul|l=

and therefore
IA|? = sup [|Aul® = sup [(A"Au, u)|

flull=1 [[ull=1

< sup [(A"Au,v)| = [A%A].

l[ull,[lo]=1
Also, for any u,v with norm one we have
(A" Au, v)| = [(Au, Av)| < || Aull[|Av]| < [JA].
Taking the supremum over u, v gives us the inequality ||A* Al < || A|*.
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2. A simple induction now yields ||A[2" = ||A2"|| for all natural

numbers k. For a general m, find an n such that m + n is a power of
2. Then [[A™™|| = ||A]|*™™, and so

IA[™ A" = ([T =A™ = [ AT A < A" IA]"
Therefore the inequality signs above must be equalities, and this implies

[A™ [ = [lA]™. O

THEOREM C.5 (Cotlar—Stein Theorem). Let Hy, Hy be Hilbert
spaces and A; € L(Hy, Hy) for j =1,.... Assume

Su.pz HA;k'AkHl/Q < C, Supz ||AjAZ||1/2 <C.

T k=1 T k=1
Then the series A = Z;’il A; converges in strong operator topology
and
[Al < C.

Proof. 1. Let us first assume that A; = 0 for j > J so that A is well
defined. Since A*A is self-adjoint, the previous theorem implies

JA[*™ = [ (A" A)™ .

In addition,

oo
(A A) - § , Alejz e ‘Ajzm—1AJ2m - E 3y, jom
j17""j2m:1 jl»"'?ij

Now
@y, gom || < A An AL Al - 1A, Aol

J2m—1

and also
||aj17---7j2m” < ||Aj1 H ||AJ2A;3|| s ||Aj2'm,72A;f2m71 ” HAj2m “
Multiply these estimates and take square roots:
1@ o | < CIAS Ag V21 AL A 12 AT, A, 12

J2m—1
Consequently,
oo
JAP™ = JAA™ < D> Nl
jla---vamzl

<O IARALI 4, A

J2m—1
j17~"’j2m:1

< Jcerm,
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where the J factor came from having 2m sums and only 2m — 1 factors
in the summands.
Hence
2m—+1

|A] < Jon Ot — C as m — oo.

2. To consider the general case, take v € I, and suppose u = Ajv
for some k. Then

S Al = D AAw
j=1 i=1
< D IAAN A AL o]
j=1
< ¥l

Thus > 772, Aju converges for u € ¥ := span{A;(E) | k = 1,...,n}
and so also for u € ¥. If u is orthogonal to 3, then u € ker(4y) for all
k; in which case Y 7%, Aju = 0. O

Henceforth H denotes a complex Hilbert space, with inner product
<'7 >
THEOREM C.6 (Spectrum of self-adjoint operators). Suppose
A: H — H is a bounded self-adjoint operator.

(i) Then (A—X\)"! exists and is a bounded linear operator on H for
A € C — spec(A), where spec(A) C R is the spectrum of A.

(ii) If spec(A) C [a,00), then
(C.3) (Au,u) > allul|®* (u € A).

THEOREM C.7 (Maximin and minimax principles). Suppose
that A : H — H 1is self-adjoint and semibounded, meaning A > —cy.
Assume also that (A + 2co)™' : H — H is a compact operator.

Then the spectrum of A is discrete: Ay < Ay < Ag---; and further-
more

(i)

A
(C.4) Aj = max min< U’U>,
veH eV ||v]|?
codimV <j v#0

(i)
(C.5) A; = min max (Av, v)

VCH eV |jv]]2
dimV'<j v£0
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In these formulas, V' denotes a linear subspace of H.

DEFINITIONS. (i) Let Q : H — H be a bounded linear operator.
We define the rank of @ to be the dimension of the range Q(H).

(ii)If A is an operator with real and discrete spectrum, we set
NQA) = #{N [ A <A

to count the number of eigenvalues less than or equal to .

THEOREM C.8 (Estimating N (X)). Let A satisfy the assump-
tions of Theorem C.7.

(i) If
for each 0 > 0, there exists an operator @),
(C.6) with rank @ < k, such that
(Au,u) > (A = 9)||ul|* — (Qu,u) foru e H,
then
N\ <k.
(i) If
for each d > 0, there exists a subspace V/
(C.7) with dim V' > k, such that
(Au,u) < (A +0)||ul|* for u €V,

N(\) > k.

Proof. 1. Set W := Q(H)". Thus codim W = rank @ < k. Therefore
the maximin formula (C.4) implies

A A
A, = max min< v, v) > minM
veH  wvev  ||lvl]? veW  ||v||?
codimV <k v#0 v#£0

= min()\—é— <Qv,v>) =\—9,

veEW l|v]|?
v#0

since (Qu,v) =0 if v € Q(H)T. Hence A < A\, + 4. This is valid for all
0 >0, and so
NA) =max{j | \; <A} <k.

This proves assertion (i).
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2. The minimax formula (C.5) directly implies that

><)\+5

Hence Ay < A+ 4. This is valid for all 6 > 0, and so
NA) =max{j | \; <A} > k.

This is assertion (ii).
U

THEOREM C.9 (Lidskii’s Theorem). Suppose that B is an oper-
ator of trace class on L*(M,Qz(M)), given by the integral kernel

K € C®(M x M:Q2(M x M)).

Then Ka, the restriction to the diagonal A := {(m,m) :m € M},
has a well-defined density; and

(C.8) trB—/AKA.

We will also use the following general result of Keel-Tao [?]:

THEOREM C.10 (Abstract Strichartz estimates). Let (X, M, )
be a o-finite measure space, and let U € L (R, L(L*(X)) satisfy
IU@OU ()" flloe ey < ARTHE = 877 fllrx s s €R,
where A, o, u > 0 are fived.
The for every pair p,q satisfying

2 2

_+_0:U7 2§p§007 1§Q§007 (p,q>7é(2700),

p q
we have

) ([ WOME) < B E

We should stress that in the application to bounds on approximate
solution (Section 10.3) we only use the “interior” exponent p = g which
does not require the full power of [?] — see [S]. For the reader’s conve-
nience we present the proof of that case.

(C.9)

Proof of the case p = ¢q: 1. A rescaling in time easily reduces the
estimate to the case h = 1.
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2. The estimate we want reads

(C.11) |U@) fll o mexx)y < Bl fllz2(x)

L o
p 2(1+o0)

Let p’ denote the exponent dual to p: 1/p+ 1/p/ = 1. Then, since L*’
is dual to LP, (C.11) is equivalent to

/R . U(t)f(x) G(t,z) du(x)dt < || fllL2x)l|Gll o @xx)s
X
for all G € L (R x X), and that in turn means that

H / (Odtl1206) < ClIG] oy

In other words,

(C.12) ‘ /@/R (U()G(t), U(s) F(s)) dtds

< CHGHLP’(RxX)HFHLP’(RxX)-

3. We now apply the Riesz-Thorin interpolation theorem (see for
instance [H1, Theorem 7.1.12]) to U(t)U(s)* with fixed ¢t,s € R. The
two fized time estimates provided by the hypothesis (C.9) give:

U (8)" | oy < A27 |t — 5| 7CP=0 1 <pf <2,
and in particular,
[(U(t)"G(t), U(s)"F(s))|

(C.13) o)y |-/
< APt — |7 G)| o o) | F ()] o -

4. Finally we invoke the Hardy-Littlewood-Sobolev inequality which
says that if K,(t) = |t|7/* and 1 < a < oo then
[ Ko * ul|prr) < OHU”LP’(R)
C.14 11 1
(©14 -+-=-, 1<p <,
p r a

see [H1, Theorem 4.5.3]. To obtain (C.12) from (C.13) we apply (C.14)

with
1 (2 ) 1 1 1
—=0|—-1 , —+t—-—=—, p=r,
a o p T a

which has a unique solution

This completes the proof. U
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APPENDIX D. FREDHOLM THEORY

In this appendix we will describe the role of the Schur complement
formula in spectral theory, in particular in analytic Fredholm theory.
Our presentation follows [S-Z2].

D.1 Grushin problems

Linear algebra. The Schur complement formula states for two-by-
two systems of matrices that if

P R.\' (E E,
R, Ry “\E. E )

then P is invertible if and only if Ej is invertible, with

(D.1) P'=E-FE,E,'E_, E;' =Ry— R, P'R_.

Generalization. We can generalize to problems of the form

02) (7o )0 )=(0)

where
P:Xi—-X,, R.:Xi—-X,, R_:X_— Xy,

for appropriate Banach spaces X1, Xo, X, X_. We call (D.2) a Grushin
problem. (In practice, we start with an operator P and build a Grushin
problem by choosing R., in which case it is normally sufficient to take
RO - 0)

If the Grushin problem (D.2) is invertible, we call it well-posed and
we write its inverse as follows:

u _( E Ey v
oy ()= (B B
for operators

E:-Xo—-Xy, Fy: X, - X, EF.: X, —-Xy, F :X5—X_.
LEMMA D.1 (The operators in a Grushin problem). If (D.2) is

well-posed, then the operators R, E_ are surjective, and the operators
E., R_ are injective.

D.2 Fredholm operators

DEFINITIONS. (i) A bounded linear operator P : X; — X, is called
a Fredholm operator if the kernel of P,

ker P := {u € X | Pu = 0},
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and the cokernel of P,
coker P := Xy /PX;, where PX; :={Pu|u € X},

are both finite dimensional.
(ii) The indez of a Fredholm operator is

ind P := dim ker P — dim coker P.

EXAMPLE. Many important Fredholm operators have the form
(D.4) P=I+K,

where K a compact operator mapping a Banach space X to itself.
Theorem D.3 below shows that the index does not change under con-

tinuous deformations of Fredholm operators (with respect to operator

norm topology). Hence for operators of the form (D.4) the index is 0:

indP =ind(I+tK)=indI =0 (0<t<1).
O

The connection between Grushin problems and Fredholm operators
is this:

THEOREM D.2 (Grushin problem for Fredholm operators).
(i) Suppose that P : X1 — X5 is a Fredholm operator.

Then there exist finite dimensional spaces X1 and operators R_ :
X_ — Xy, Ry Xy — X, for which the Grushin problem (D.2) is
well posed. In particular, PX, C X5 s closed.

(ii) Conversely, suppose that that for some choice of spaces Xy and
operators Ry, the Grushin problem (D.2) is well posed.

Then P : X1 — X5 is a Fredholm operator if and only if Ey : X, —
X_ 18 a Fredholm operator; in which case

(D.5) ind P = ind Ej.
Assertion (ii) is particularly useful when the spaces X, are finite

dimensional.

Proof. 1. Assume P : X; — X, is Fredholm. Let n, := dimker P
and n_ := dim coker P, and write X, := C"+, X_ := C"~. Select then
linear operators

R X_ —X, Ri:X— Xy,
of maximal rank such that

R.X_NPX;={0}, ker(Ry|wp)={0}).
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Then the operator

(R 5)

has a trivial kernel and is onto. Hence it is invertible, and by the Open
Mapping Theorem the inverse is continuous.

In particular, consider P acting on the quotient space Xi/ker P,
which is a Banach space since ker P is closed. We have n, = 0, and

X/ ker P )

PX,=P(X,/kerP)=( P R.) ( {0}

is a closed subspace.

2. Conversely, suppose that Grushin problem (D.2) is well-posed.
According to Lemma D.1, the operators R, F_ are surjective, and
the operators F,, R_ are injective. We take u_ = 0. Then

(D.6)

the equation Pu = v is equivalent to
u=FEv+ E,vy, 0=FE_v+ Ey,.

This means that
E_:ImP — Im FE,,

and so we can define the induced map
E#: Xy/ImP — X_/Im E,.

Since E_ is surjective, so is E#. Also, ker E# = {0}. This follows since
if E_v € Im Ey, we can use (D.6) to deduce that v € Im P. Hence E#
is a bijection of the cokernels X5 Im P and X_/Im Ej.

3. Next, we claim that
E, :ker By — ker P

is a bijection. Indeed, if u € ker P, then v = E v, and Eyvy = 0.
Therefore E. is onto; and this is all we need check, since E, injective.
We conclude that

dim ker P = dim ker Ey, dim coker P = dim coker Ej.
In particular, the indices of P and Ejy are equal. 0

THEOREM D.3 (Invariance of the index under deformations).
The set of Fredholm operators is open in L(X;, Xs), and the index is
constant in each component.
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Proof. When P is a Fredholm operator, we can use Theorem D.2 to
obtain Ej, : C"+ — C"—, with

(D.7) ind Ey =ny —n_.

by the Rank-Nullity Theorem of linear algebra. The Grushin problem
remains well-posed (with the same operators Ry ) if P is replaced by
P’ provided ||P — P'|| < € for some sufficiently small € > 0. Hence the
set of Fredholm operators is open.

Using (D.7) we see that the index of P’ is the same as the index of
P. Consequently it remains constant in each connected component of
the set of Fredholm operators. O

We refer to Hormander [H2, Sect.19.1] for a comprehensive introduc-
tion to Fredholm operators

D.3 Meromorphic continuation of operators.

The Grushin problem framework provides an elegant proof of the
following standard result:

THEOREM D.4 (Analytic Fredholm Theory). Suppose Q C C
is a connected open set and { A(z)}.eq is a family of Fredholm operators
depending holomorphically on z.

Then if A(z)™! exists at some point zg € €, the mapping z — A(z)~
1s a meromorphic family of operators on ().

Proof. 1. Fix z; € Q. We form a Grushin problem for P = A(z),
as described in the proof of Theorem D.2. The same operators R
also provide a well-posed Grushin problem for P = A(z) for z in some
sufficiently small neighborhood V'(z1) of 2.

According to Theorem D.3

ind A(z) = ind A(z) = 0.

1

Consequently
ny =n_=n,
and Eg'(z) is an n X n matrix with holomorphic coefficients. The
invertibility of Ej'(z) is equivalent to the invertibility of A(z).
2. This shows that there exists a locally finite covering {€2;} of €,

and a family of functions f;, holomorphic in €2;, such that if z € €,
then A(z) is invertible precisely when

fi(2) # 0.
Indeed, we can define f; := det Ej, where Ej exists for z € €; by

the construction in Step 1. Since 2 is connected and since A(zp) is
invertible for at least one zy € €2, none of f;’s is identically zero.
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So det Ey(z) a non-trivial holomorphic function in V' (z;); and conse-
quently Ey(z)~! is a meromorphic family of matrices. Applying (D.1),
we conclude that

A(2)™ = B(2) = By (2) E_y () 'E_(2)

is a meromorphic family of operators in the neighborhood V' (z1). Since
z; was arbitrary, A(z)™! is in fact meromorphic in all of €. O
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APPENDIX E. SYMBOL CALCULUS ON MANIFOLDS

E.1 Definitions. For reader’s convenience we provide here some basic
definitions.

DEFINITION. An n-dimensional manifold M is a Hausdorff topo-
logical space with a countable basis, each point of which has a neigh-
bourhood homeomorphic to some open set in R”.

We say that M is a smooth (or C'*°) manifold if there exists a family
F of homeomorphisms between open sets:

y: U, —V, U, CM, V,CR"
satisfying the following properties:
(i)(Smooth overlaps) If vy, v, € F then
Yooyt € C®(Vo, NV, Vo NVL,).

(ii)(Covering) The open sets U, cover M:

Uuv,=m

yeF
(iii) (Maximality) Let A be a homeomorphism of an open set Uy C M
onto an open set V, C R™. If for all v € F,
yoX e C¥(VainV,;anV,),
then X\ € F.

We call {(v,U,) | v € F} an atlas for M. The open set U, C M is
a coordinate patch.

DEFINITION. A C* complex vector bundle over M with fiber di-
mension N consists of

(i) a C* manifold V,

(i) a C* map 7 : V — M, defining the fibers V, := 7m—!({x}) for
xr € M, and

(iii) local isomorphisms
Voriy) -y xCV,
Y(Vy) = {z} x CN, |y, € GL(N,C),

where GL(N,C) is the group of invertible linear transformations on
CV.

(E.1)
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REMARKS. (i) We can choose a covering { X; };cr of M such that for
each index 7 there exists
@Di . 7T_1<XZ') — Xz X CN
with the properties listed in (iii) in the definition of a vector bundle.
Then
gij = 7701 () ¢;1 - COO(XZ M Xj; GL(N, C))
These maps are the transition matrices.

(ii) It is important to observe that we can recover the vector bundle
V' from the transition matrices. To see this, suppose that we are given
functions g;; satisfying the identities

gij(x) o gji(z) =1 for z € X;NXj,
gij(x)ogjk(x)ogkj(x) :I, for x € XZijﬂXk
Now form the set V! € I x M x CV, with the equivalence relation
(i, 2,t) ~ (¢, 2/, t') if and only if x = 2" and ¢’ = gy;(x)t. Then
V=V/~.
O
DEFINITION. A section of the vector bundle V' is a smooth map
u: M—V

such that
mou(x) =z (x € M).
We write

ue C®(M,V).

EXAMPLE 1: Tangent bundle. Let M be a C**° manifold and let
N be the dimension of M. We define the tangent bundle of M, denoted
(M),

by defining the transition functions

Griy; (2) =075 0 7;1)(13) € GL(n,R).
for x € U,,NU,,. Its sections C>°(M, T(M)) are the smooth vectorfields
on M. 0

EXAMPLE 2: Cotangent bundle. For any vector bundle we can
define its dual,

ve=J ),
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since we can take
Gy = (Q;Nj)_l-
If V =T(M), we obtain the cotangent bundle, denoted
T*(M).
Its sections C*°(M,T*(M)) are the differential one-forms on M. O

EXAMPLE 3: S-density bundles. Let M be an n-dimensional
manifold and let (U,,~,) form a set of coordinate patches of X.
We define the s-density bundle over X, denoted

(M),
by choosing the following transition functions:
G () = | det D(y; 095 )[* 075 (w),

for x € U,, NU,,.
This is a line bundle over M, that is, a bundle with with fibers of
complex dimension one. O

E.2 Pseudodifferential operators on manifolds.

Pseudodifferential operators. In this section M denotes a smooth,
n-dimensional compact Riemannian manifold without boundary. As
above, we have {(v,U,) | v € F} for the atlas of M, where each 7 is a
smooth diffeomorphism of the coordinate patch U, C M onto an open
subset V.. C R™.

NOTATION. Recall from §9.3 that a class symbols for which we have
invariance under coordinate chages is given by
S™k = {a e CPR™) : |029/a] < Caph™ (&)™ 1711

The index k records how singular the symbol a is as h — 0, and m
controls the growth rate as |£| — oc.

DEFINITION. A linear operator
A:C®(M)— C*(M)

is called a pseudodifferential operator if there exist integers m, k such
that for each coordinate patch U,, there exists a symbol a, € S™* such
that for any ¢, € C°(U,) and for each v € C*(M)

(E.2) pA(Wu) = py*ay(z, hD)(v)" (Yu).
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NOTATION. (i) In this case, we write
A€ U™k (M),
and sometimes call A a quantum observable.
(ii) To simplify notation, we also put

TH(M) = WOF(M), U(M) = TOO(M).

The symbol of a pseudodifferential operator. Our goal is to
associate with a pseudodifferential operator A a symbol a defined on
T*M, the cotangent space of M.

The first lemma is a direct consequence of Lemmma 9.14:

LEMMA E.1 (More on disjoint support). Let b € S™* and sup-
pose p,¢ € C(R"). If

(E.3) spt(i) Nspt(y) = 0,

then

(E.4) [ 6™ (z, hD) || -~ v = O(h>)
for all N.

THEOREM E.2 (Symbol of a pseudodifferential operator).
There exist linear maps

(E.5) o UF(M) — S™F ) SR (T M)
and

(E.6) Op : S™k(T*M) — U™F (M)
such that

(E.7) 0(A143) = o(Ay)o(As)

and

(E.8) o(Op(a)) = [a] € S™F/S™F=1(T*M).

We call a = 0(A) the symbol of the pseudodifferential operator A.

REMARK. In the identity (E.8) “[a]” denotes the equivalence class
of a in S™*/S™k=1(T* )M ). This means that

[a] = [a] if and only if a —a € S™FYT*M).

The symbol is therefore uniquely defined in S™*, up to a lower order
term which is less singular as h — 0. U
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Proof. 1. Let U be an open subset of R. Suppose that B : C*(U) —
C*>®(U) and that for all ¢,1) € C*° the mapping u — @Bvu belongs
to U™F(R"), for all u € S.

We claim that there then exists a symbol a € SF

loc

(U, (£)™) such that

(E.9) B = a(z, D) + By,
where for all m
(E.10) By: H.™(U) — H».(U) is O(h™).

To see this, first choose a locally finite partition of unity {t;};e; C

Ce(U):
ij(x)zl (xeU).

jeJ
Then
Y By, = ajy. (v, hD),
where aj; € S*((¢)) and ajx(z,&) = 0 if = ¢ sptep;. Now put

o= Z’ajk@:, £) € SE((&)™),

where we are sum over those indices j, k’s for which spti); N sptyy # 0.
This sum is consequently locally finite.

2. We must next verify (E.10) for
By := B — a(x, hD) Z W; By,

the sum over j, k’s for which

spte; Nspteyy, = 0
Let Kg(x,y) be the Schwartz kernel of B. Then the Schwartz kernel
of Bo is

(E.11) Kp,(2,y) Z Ui (@) Kp(@, y)ie(y),

with the sum locally finite in U x U. The operators ;B satisfy
the assumptions of Lemma 7.4, and hence have the desired mapping
property. Because of the local finiteness of (E.11) we get the global
mapping property from H, )" to H}"

loc*

3. For each coordinate chart (v, U,), where v : U, — V., we can now
use (E.9) with X =V, and B = (v 1)*Av*, to define a7 e T(U,).

The second part of Theorem 9.12 shows that if U 4 7 0, then
(E.lZ) (a'n - a'yz)’UnlﬂUw € Sk71<T*<U’Yl N U’Y2>7 <€> )
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Suppose now that we choose a covering of M by coordinate charts,
{Ua}aes, and a locally finite partition of unity {pq}acs:

spty, C U,, ngj(x) =1,

aeJ

a:= Z Dal-

aeJ

We see from (E.12) that a € S¥(T*M, (£)™) is invariantly defined up
to terms in S¥7H(T*M, (£)™). We consequently can define

o(A) = [a] € SH(T"M, ()™)/S"HT" M, (&)™).

and define

4. Tt remains to show the existence of
Op : SH(T*M, (&)™) — V™ (M), o(Op(a)) = la].

Suppose that for our covering of M by coordinate charts, {U, }acs, we
choose {1, }acs such that

spti, C U, lejz(x) =1,
acl
a sum which is locally finite. Define
A= 1ar30p(a0) (1, ") tas
acJ

where a,(z,&) = a(y; ' (z), (Oy(x)")~1E). Theorem 9.12 demonstrates
that o(A) equals [al. O

Pseudodifferential operators acting on half-densities. We now
apply the full strength of Theorem 9.12 by making the pseudodifferen-
tial operators act on half-densities.

DEFINITION. A linear operator
A C™(M,Q2(M)) — C®(M,Qz(M))

is called a pseudodifferential operator on half-densities if there exist
integers m, k such that for each coordinate patch U,, and there exists
a symbol a, € S*((£)™) such that for any ¢,y € C>(U,)

(E.13) pA(Wu) = pyaay (. hD)(v,")" ()
for each u € C(M, Q2 (M)).



221
NOTATION. In this case, we write
A€ U™F(M, Q2 (M)

By adapting the proof of Theorem E.2 to the case of half-densities
using the first part of Theorem 9.12 we obtain

THEOREM E.3 (Symbol on half-densities). There exist linear

maps

(E.14) o UE(M, QYA (M) — S™k /S™R2 (T M)
and

(E.15) Op : S™H(T*M) — ™M, QY3 (M)))
such that

(E.16) 0(A1Ay) = 0(Ay)o(Ay)

and

(E.17) o(Op(a)) = [a] € S™F/S™ 2(T*M).

E.3 PDE on manifolds.

We revisit in this last section some of our theory from Chapters 5-7,
replacing the flat spaces R™ and T™ by an arbitrary compact Riemann-
ian manifold (M, g), for the metric

g = Z gijdx;dz;.

Write ;
((6)) = ((g5)) ", §:= det((gs5))-

E.3.1 Notation.

Tangent, cotangent bundles. We can use the metric to build an
identification of the tangent and cotangent bundles of M. We identify

EeTrM with X e T, M,
written £ ~ X, provided
§(Y) = g2(Y, X)
forall Y € T, M.
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Flows. Under the identification X ~ &, the flow of H, on T*M,
generated by the symbol

(E.18) pi=Lr=>g744 =) 95X X; = g(X, X),

4,j=1 t,j=1
is the geodesic flow on T'M.

Laplace-Beltrami operator. The Laplace-Beltrami operator A, on
M is defined in local coordinates by

1l «— 0 ([, ~0
E.19 A, = — — | ¢YVg—) .
(E19) Vg ”21 O <g \/§3$j>

The function p defined by (E.18) is the symbol of the Laplace-
Beltrami operator —h%A,.

PDE on manifolds. Given then a potential V' € C*(M), we can
define the Schrodinger operator

(E.20) P(h) == —h2A, + V (z).

The flat wave equation from Chapter 5 is replaced by an equation
involving the Laplace-Beltrami operator:

(E.21) (0} + a(x)d; — Ay)u = 0.
The unknown w is a function of x € M and ¢t € R.

Half-densities. Half-densities on M can be identified with functions
using the Riemannian density:

u= u(:c)]da:ﬁ = u(x) <§édx>; :

E.3.2 Damped wave equation on manifolds. We consider this
initial-value problem for the wave equation:

{(8t2—|—a(:6)8t —AJu=0 on M xR

E.22
( ) u=0, uy = f on M x {t =0},
where a > 0; and, as in Chapter 6, define the energy of a solution at

time ¢ to be

1
E(t) = §/M(8tu)2+|8xu|2d:c.

It is then straightforward to adapt the proofs in §5.3 to establish
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THEOREM E.4 (Exponential decay on manifold). Suppose u
solves the wave equation with damping (E.21), with the initial condi-
tions

Assume also that there exists a time T > 0 such that each geodesic
of length greater than or equal to T intersects the set {a > 0}.

Then there exist constants C, 3 > 0 such that
(E.23) B(t) < Ce™™| f|1e

for all times t > 0.

E.3.3 Weyl’s Law for compact manifolds. More work is needed
to generalize Weyl’s Law from Chapter 6 to manifolds. We will prove
it using a different approach, based on the Spectral Theorem.

First, we need to check that the spectrum is discrete and that follows
from the compactness of the resolvent:

LEMMA E.5 (Resolvent on manifold). If P is defined by (E.20),
then
(P+i)"=0(1) : L(M) — H; (M),

where the semiclassical Sobolev spaces are defined as in §7.1.

We prove this by the same method as that for Lemma 7.1.

Eigenvalues and eigenfunctions. According to Riesz’s Theorem on
the discreteness of the spectrum of a compact operator, we conclude
that the spectrum of (P +4)~! is discrete, with an accumulation point
at 0.

Hence we can write

(E.24) P(h) = Z Ej(h)u;(h) © u;(h),

where {u;(h)}32

J=1

P(h)uj(h) = Ej(h)u;(h), (ur(h),w(h)) = o,

is an orthonormal set of all eigenfunctions of P(h):

and
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THEOREM E.6 (Functional calculus). Suppose that f is a holo-
morphic function, such that for |Imz| <2 and any N:

f(2) =0(()™).

Define
f(P) =
2 % [t =i DY (=) = (i = P)T (i) dt.

Then f(P) € ¥~>°(M), with

a(f(P)) = f(lglz + V().

Furthermore,
(E.26) f(P) = Z f(E;(h))u;(h) @ u;(h)
in L?.

Proof. 1. The statement (E.26) follows from (E.24), which shows that

= u; T,
P — -1 — J J .
(P=2 =2 E,(h) — 2
7=1
Since f decays rapidly as t — oo, we can compute residues in (E.25)
to conclude that

f(E;(h)) =
1 (== B ) 1 =) = (= By ) e+ ) .

271

2. We now use Beals’s Theorem 9.8, to deduce that f(P) is a pseu-
dodifferential operator. As discussed in Appendix E all we need to
show is that for ¢, € C°(M), with supports in arbitrary coordinate
patches, ¢ f(P)1 is a pseudodifferential operator. As described there it
can be considered as an operator on R™ and, by Theorem 9.8, it suffices
to check that for any linear [;(x, &) we have

”adll(z,hD) ©-0 ale(x,hD)f(P)||L2—>L2 = O(hN)~

To show this, note that according to Lemma E.5,

(P —t+4)"(adp, o---o0ady, P(P —t£1i)"Y|2omr2 = O(h¥),
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where L; € U*°(M). Now for a linear function [ on R*",
ady(enp)(p(P —t £1)7'1p) =
—(P—t=+i) N ad,P)(P —t+4)" + Opap2(h),
where L € W29(M). The rapid decay of f gives

||adL/Rf(t)(t Li— Py lal]| <
/]R FONIP =t £ ) ady PP — 1 4+ i)~ o podt = O(h),

and this argument can be easily iterated.
3. Since

Op(|€]3 + V() —tE£i) )P —t+i)=T4+Op_2(h),
it follows that

OP(€3+ V(x) — t ) ™) = (P~ 1 40) " + Opa_pa(h).

Hence the symbol of (P + t £ i)' (which we already know is a
pseudodifferential operator) is given by ([£]> + V' (z) —t £i)~".
A residue calculation now shows us that

f(P)=Op(f(l¢l; + V(2) — t £1)) + Ora_pa(h);
that is, the symbol of f(P)is f(|¢]2 4+ V (z)). O

THEOREM E.7 (Weyl’s asymptotics on compact manifolds).
For any a < b, we have

#{E(h) |a < E(h) < b} =
(E.27)

s (Volrarda < €+ V() < 0} +o(1)

as h — 0.

Proof. 1. Let fi, fo be two functions satisfying the assumptions of
Theorem E.6 such that for real z

(E.28) filx) < 1y (x) < folx),

where 1j, () is the characteristic function of the interval [a, b].
It follows that

tfi(P) < #{E(h) | a < E(h) < b} < trfo(P).
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2. Theorem C.9 now shows that for j = 1,2

@hP) = o ([ R+ Viodads +O(1))

We note that since f;(P) € W~*°(M), the errors in the symbolic com-
putations are all O(h(£)~>°), and hence can be integrated.

3. The final step is to construct ff and fs5 satisfying the hypotheses of
Theorem E.6 and (E.28), and such that for j = 1,2, we have

[ 5502+ Viadsds — Volr-arfa < [€2+ V(@) <),
M
as € — 0. This is done as follows. Define

Xi = (1 - 6)1[a+e,b—e] - €<1[a—e,a+e} + 1[b—e,b+e])7 X; = (1 + €>]—[a—e,b+e]7
and then put

€ L 1 € (‘r B 2)2
fi(z) = o ij(x) exp (— 50 ) dz.
We easily check that all the assumptions are satisfied. 0

REMARKS. (i) If V = 0, we recover the leading term in the usual
Weyl asymptotics of the Laplacian on a compact manifold: let 0 =
Ao <A1 <Ay <o <A — oo be the complete set of eigenvalues of

—A, on M. Then
- Vol(Bgn (0, 1))

In fact, we can take a = 0, b = 1, and h = 1/4/r, and apply Theorem
E.7: the eigenvalues —A, are just rescaled eigenvalues of —h?A, and
the Vol(Bg~(0,1)) term comes from integrating out the £ variables.

We note also that (E.29) implies that
(E.30) G Cyr < N < O™

Vol(M)r™/?, r — oo.

(ii) Also, upon rescaling and applying Theorem C.8, we obtain esti-
mates for counting all the eigenvalues of P(h) = —h*A, + V(x). Let
Eo(h) < Ey(h) < --- < E;(h) — oo be all the eigenvalues of the
self-adjoint operator P(h). Then for r > 1,

(E.31) #{j : Ej(h) <7} < COyyh "™

This crude estimate will be useful in §9.3. U
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SOURCES AND FURTHER READING

Chapter 1: The book of Griffiths [G] provides a nice elementary in-
troduction to quantum mechanics. For a modern physical perspective,
consult Heller-Tomsovic [H-T] or Stéckmann [St].

Chapter 2: The proof of Theorem 2.11 is from Moser [Mo]; see also
Cannas da Silva [CdS]. A PDE oriented introduction to symplectic
geometry may be found in Hérmander [H3, Chapter 21].

Chapter 3: Good references are Friedlander and M. Joshi [F-J] and
Hormander [H1]. The PDE example in §3.1 is from [H1, Section 7.6].

Chapter 4: The presentation of semiclassical calculus is based uponM.
Dimassi-Sjostrand [D-S, Chapter 7]. See also Martinez [M], in partic-
ular for the Fefferman-Cordoba proof of the sharp Garding inequality.
The argument presented here followed the proof of [D-S, Theorem 7.12].

Chapter 5: Semiclassical defect measures were introduced indepen-
dently in Gérard [Ge] and Lions-Paul [L-P]; see also Tartar [T]. The
basic results presented here come from [Ge|. Theorem 5.8 comes from
[R-T], but the proof here follows [L] and uses also some ideas of Morawetz.

Chapter 6: The proof of Weyl asymptotics is a semiclassical version
of the classical Dirichlet-Neumann bracketting proof for the bounded
domains.

Chapter 7: Estimates in the classically forbidden region in §7.1 are
known as Agmon or Lithner-Agmon estimates. They play a crucial role
in the analysis of spectra of multiple well potential and of the Witten
complex: see [D-S, Chapter 6] for an introduction and references. Here
we followed an argument of [N], but see also [?, Proposition 3.2]. The
presentation of Carleman estimates in §7.2 is based on discussions with
N. Burq and D. Tataru.

Chapter 8: The Quantum Ergodicity Theorem 8.4 is from a 1974
paper of Shnirelman, and it is sometimes referred to as Shnirelman’s
Theorem. The first complete proof, in a different setting, was provided
by Zelditch. We have followed his more recent proof, as presented in
[?7]. The same proof applied with finer spectral asymptotics gives a
stronger semiclassical version, first presented in [?].

Chapter 9: For h = 1, U"* form the class of Kohn-Nirenberg pseu-
dodifferential operators: see [H2, §18.1] or [G-S] for a thorough presen-
tation. Much can be said about the properties of semiclassical wave
front sets and we refer to Alexandrova [A] for a recent discussion.
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The proof of symbol invariance is from the appendix to [?]. The
semiclassical wavefront set is an analog of the usual wavefront set in
microlocal analysis — see [H2] and is closely related to the frequency
set introduced in [?]. [?] presented the semiclassical pointwise bounds
reproduced here.

Our presentation of Beals’s Theorem follows [D-S, Chapter 8|, where
it was based on [?]. Theorem 9.9, in a much greater generality, was
proved in [?]. The self-contained proof in the simple case considered
here comes from the appendix to [?].

Section 9.4 a special of a general result in [?, Théoreme 6.4]. See
7], [?] for examples of conjugation techniques, and [M] for a slightly
different perspective.

Chapter 10: The definition of quantization of symplectomorphisms
using deformation follows the Heisenberg picture of quantum mechan-
ics. The proof of Theorem 10.2 comes from [Ch, Section 3| where a
stronger version of the result is also given. The construction of U ()
borrows from the essentially standard presentation in [?, Section 7].
For the discussion of the Maslov index see [?] and [?]. Fourier integral
operators which are closely related to our discussion of quantization
and of propagators are discussed in detail in [?] and [H2, Chapter 25].

Semiclassical Strichartz estimates for P = —h?*A, — 1 appeared ex-
plicitely in [?] who used them to prove existence results for non-linear
Schrédinger equations on two and three dimensional compact mani-
folds. We refer to that paper for pointers to the vast literature on
Strichartz estimates and their applications. The adaptation of Sogge’s
LP estimates to the semiclassical setting comes from [?] and was in-
spired by discussions with N. Burq, H. Koch, C.D. Sogge, and D.
Tataru, see [?] and [S].

The proofs for the theorems cited in §10.4 are in [H2, Theorem 21.1.6]
and [H2, Theorem 21.1.6]. Theorem 10.18 is a semiclassical analog of
the standard C'* result of Duistermaat-Hormander [H2, Proposition
26.1.3']. Theorem 10.19 is a semiclassical adaptation of a microlocal
result of Duistermaat-Sjostrand [H2, Proposition 26.3.1].

Theorem 10.20 was proved in one dimension in [?]. See also [?] for
more on quasimodes and pseudospectra and for further references.

Appendices: Ilan Hirshberg provided us with Theorem C.4 and its
proof.
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