18.085: PROBLEM SET 6 SOLUTIONS

Question 1. (10 pts.) Cubic finite elements.
Recall that essential boundary conditions are imposed on the finite elements, but natural
boundary conditions are not. For the equation u” = f(z) (elastic bar), boundary conditions
nn

on u are essential, while those on v’ are natural. For the equation "’ = f(z) (bending beam),

boundary conditions on v and u’ are essential, whereas those on u” and u"”" are natural.

(a) The boundary conditions on u and u’ are essential, so they must be incorporated. We
drop gbg and qﬁg because they do not satisfy ¢(0) = 0 and ¢(1) = 0, respectively. We
also drop ¢§ and ¢§ because they do not satisfy ¢'(0) = 0 and ¢'(1) = 0, respectively.
Indeed, it is clear from the definitions of the cubic finite elements (and their graphs
on page 245 of the textbook) that ¢¢ =1 and (¢¢)’ = 1/h at the meshpoint z = nh.

(b) The boundary conditions on u are both essential, so they must be incorporated. We
drop ¢¢ and ¢4 because they do not satisfy ¢(0) = 0 and ¢(1) = 0, respectively.

(¢) The boundary condition on u is essential, but the one on u’ is not. We thus only drop
#d, because it does not satisfy ¢(0) = 0.

(d) The boundary conditions on u are essential, but those on u” is not. We thus only

drop ¢d and ¢4 because they do not satisfy ¢(0) =0 and ¢(1) = 0, respectively.

Question 2. (20 pts.) Laplace’s equation and level curves.
(a) The equation is
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To find a solution, you can integrate the z-terms twice with respect to x, and the
y-terms twice with respect to y. (You can do either for the constant term). This
works because each term is a function either x or y but not both. This yields the

solution



(b)

Recall that the solutions to Laplace’s equation in polar coordinates have the form
u(r,0) = r"cosnf and u(r,0) = r"sinnf. We simply need to pick out the values of
n that satisfy the boundary condition u(1, ) = cos 26 + sin 66 + 1. The solution thus

has the form
u(r,0) = r? cos 20 + r0sin 66 + 1
This equation does not have a solution. Note that the left side of the equation is
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which cannot equal the right side e’ 3y,

The gradient of u(z,y) is
Vu = (e Ycosz,—e Ysinz)
Note that the vector field Vu is divergence-free:
div(Vu) = —e Ysinx + e Ysinx =0

The vector field Vu thus admits a stream function S(z,y) that satisfies
oS

e Yecosx=—, —e Ysinz=-——"

oy ox
Recall from class that the streamlines (the level curves of the stream function S(z,y))
are perpendicular to the level curves of u(x,y). We thus need to find the function S.

Integrating both sides of the equations above, we have
S(x,y) =—e Ycosz+c(x), S(x,y)=—e Ycosz+d(y)

We thus conclude that the level curves of S(x,y) = —e ™Y cosz are perpendicular to
those of u(z,y) = e ¥Ysinx.
Bonus: Recall that ¢ = e®e™¥ = e Y(cosx + isinx), where z = x + iy. Or,

—iie’”* = e Y(sinx — i cosx). We thus conclude that

u(z,y) = e Ysinz = R(—ie”®), S(z,y) = —e Ycosz = I(—ie?)



so the relevant function is f(z) = —ie®.

Question 3. (20 pts) Laplace’s equation on a square.

(a) Note that

2
L (ex + e*z) = cosh z, dd— sinhz = % (ew - e*x) =sinh x

— sinhx = 5
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We also know that

d2
——=sinx = —sinx
da?

Let uy,(x,y) = sin(mnz) sinh(7ny). Using the chain rule, we find that

> 2
%;L; = —(7m)2 sin(nmz) sinh(nmy), 68:; _ (71'71)2

sin(nmx) sinh(nmy)

Combining these expressions, we conclude that
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= —(7n)? sin(rnz) sinh(rny) + (7n)? sin(rnz) sinh(rny) = 0

as desired.

(b) We impose the boundary conditions v = 0 at z = 0 and = = 1. The condition at
x = 0 is automatically satisfied (since sin(0) = 0). For the condition at x = 1 to be
satisfied, we need sin(nm) = 0, which implies that n must be an integer.

(c) Note that the function us(x,y) = sin(37z) sinh(37y) satisfies the boundary condition
u = 0 on every edge of the square except the top one (x =0, x =1, y = 0). We see
that the value on the top edge y = 1 is uz(x, 1) = sin(37x)(sinh 37), which is correct
apart from the constant factor sinh(37). The solution is thus

sin(37z) sinh(37y)
sinh(3m)

U(Cl?,y) =

(d) For up(z,y) = sin(nmwz)sinh(7n(l — y)), the derivatives with respect to x are the

same as those in part (a). The derivatives with respect to y are

2
881;" = —mnsin(nrz) cosh(mn(l — y)), 8852" = (mn)?

sin(nmzx) sinh(7mn(1l — y))



We thus conclude that
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sin(nma) sinh(mn(1 —y)) + (7n)” sin(nmrz) sinh(mn(l —y)) =0

as desired. Note that the solution wus(x,y) = sin(5rz)sinh(57(1 — y)) satisfies the
boundary conditions u = 0 on each edge of the square except the bottom one (y = 0).
Since us(x,0) = sin(57rz) sinh(57), we find that the solution is

sin(5mx) sinh(57(1 — y))
sinh(5m)

u(z,y) =

(e) Bonus: We simply need to piece together the solutions defined in parts (a) and (d).
Note that the functions

sin(nymz) sinh(ni7(1 — y))

i) = sinh(n7)
Us(z,y) = Sinh(i?r?}f():;()nmy)
Us(w,y) = Si“<”387z}>1§:;1;<)n3wy>
Ura,y) = Snblnar(l=2))sin(nary)

sinh(ngm)
all satisfy Laplace’s equation Au = 0, and are identically zero on three edges of the
unit square. For example, Uy =0onx =0,z =1andy=1,and Uy =0o0n x =0,

y =0 and y = 1. In addition, it is clear that
Ui(z,0) =sin(nymx), Us(l,y) =sin(ngomy), Us(xz,1) =sin(ngmz), Us(0,y) = sin(ngmy)

so the functions individually satisfy the appropriate boundary conditions on each of
the four edges of the square. Since Laplace’s equation is linear, the complete solution

is

’LL(CL‘,y) = Ul(xvy) + UQ(IE?Z/) + Ug(ZE,y) + U4($,y).



