18.085, PROBLEM SET 7, DUE 8/12 IN CLASS.

Question 1. (40 pts.) Fourier Series

a) Consider the function

1 forz € [0,7/2]
fx)=4 =1 forx e (n/2,37/2)
1 forz € [37/2,27]

Is it an even or an odd function or neither of them? What does that tell you about
its Fourier series? Compute the Fourier series of f,

(0.1) f@) = (b sin(kx) + ¢ cos(kz)).

keN

b) Let us call Fy the truncation at index N of the Fourier series of the function f(x)
just defined,
N
Fy(z) = (b sin(kz) + ¢ cos(kz)),
k=0

where the coefficients by, ¢, are those you computed in (0.1). Sketch the behavior of
Fy on [0,27] (or, if you prefer, on [—m,7]) for N =1,2,3,4,5.
c) Compute the Fourier series of the following functions on [—, 7]
(1) f(z) = ;
(2) f(z) = |sinal;
(3) f(z) = expx, using the complex form of the Fourier transform that we saw in
class on Monday.
d) Using the Fouries series we computed in class for the function

Fz) = { 1 forxz € [0,7]

-1 forz € (m,2m)

compute its energy i.e.

21
/ f(z)da
0

to derive the following interesting equality

2 1
T2

neN, n odd

Question 2. (30 pts.) Unitary matrices.

Recall that an N x N matrix A, with complex coefficients, is said to be unitary if AA* = Id,
where A* = Af, i.e. A~! = A*. Let me remind you how we defined the dot product among
vectors v, w € CN.
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If v = (v1,v9,...,v8), w = (w1, ws, ..., wy)t, then

w1 V1 wn
N o wo () w9
vow = g viw; = (v1,v2,...,UN) . = . . ,
i=1 : :
wN UN wWN
where
a1 ar
az az
an an
for any vector (ay,as,...,ayn) € CV.

a) Prove that for a unitary matrix U, the following equality holds
U'v-w=v-Uw
for any two vectors v,w € CV, where v - w is the dot product on CV we defined in

class.
b) If U is unitary then also U* is unitary. Are U, U’ unitary?
c) If U,V are unitary, is UV unitary?
d) If U is unitary, then
Uv-Uv=w-v,

for any v € CV.



