18.085 Homework 8 Solutions

December 2, 2007

1 4.1.3

If you want, you can find the coefficients without doing any integrals by
taking the real and imaginary parts of the series from problem 13.

ap1,.. = {1/2,2/m,0,—-2/37,0,2/57,...}
bio.. = {0,0,0,...}

.....

2 4.1.10

You can find the Fourier series for ug(f) without doing any integrals by
comparison with the Fourier series from section 4.1 equation (7). For the
current problem,
1 2 2 2
0) = -+ —sinf + —sin 30 + —sin 50 + ...
uo () 5+ —sind+ 5,5 + £ +

Equating this with section 3.4 equation (18) gives the a’s and b’s in the
solution, section 3.4 equation (17).

1 2 2 2
u(r,0) = = + =rsinf + —r® sin 30 + —1° sin 50 + ...
2 7 3m om

u(0,0) =

1
3



3 4.1.13

From example 7,
C...,—3,—2,—1,0,1,2,3,4,5,... = .y —1/371', O, 1/7'(', 1/2, 1/7T, 0, —1/37T, 0, 1/571',

The right side of equation (31) adds up to 27(3) = .
If h=27 instead, F(z) = 1 everywhere.

4 4.1.18

The general solution to the heat equation with the given boundary conditions
and an even initial temperature function is

oo
u(z,t) = > a, cosnx e

n=0

n2t

= ap+a; cosx et +ay cos2x e +ag cos3x e + ..

Equating u(z,0) with the Fourier series for the delta function given in equa-
tion (16) gives the a’s.

1 1 1 1
u(z,t)=—+=cosz e+ = cos2x e+ = cos3x e + ..
™ T

27
5 4.2.1
For part a,
/4 m=0n=0
A —i/2rn m=0,n=1,3,5,...
mne —i/2rm  m=1,3,5...,n=
—1/m?mn m=1,3,5,...n=1,3,5,

For part b,

Qm:{ 1/2 m=0,n= }

=2/m*mn m=1,35..,n=135,..



6 4.2.2

Functions that are 27 periodic and odd in both x and y.
/ / (sinmz sinny) (sinkx sinly) dxdy =0
o Jo

unless m = k and n = [.

7 4.2.20

us[(puy)’ + qui + Mwwy] =
—uy[(puy)' + qua + Awuy] =
(pu))ug — (pus)ur = (Ao — Ap)wugug

(

b b b
/(pu'l)'ug dx—/ (puy)'uy de = )\2—)\1)/ WU Uy dx

b b b
pulug|® —/ pululy de — pubus|® +/ pupuidr = (Ag — )\1)/ wu Uy dx

The problem says the boundary terms (pujus|® and pubu,|?) are zero, and
the integrals on the left side cancel with each other, leaving the right side
equal to zero. If Ay — Ay # 0, this can only be true if ff wuqug dr = 0.

8 4.3.2

Each entry in row ¢ of F is W' times the previous entry. Each entry in row
N —iof FiswV ™" =wNw™ =w™" =W times the previous entry also.

9 4.3.6

100 1 0 0 J[1 1 1 0 0 07[10000 0]
010 0 w 0 1 w2 w0 0 01(|001000
001 0 0 w 1w w® 0 0 01]/0000T10
100 -1 0 0 00 0 1 1 1 010000
010 0 —w 0 00 0 1 w>w |]00O0T100
001 0 0 —w*]|l0 0 0 1 w w|[[0000O0T1]




10 4.3.8

c = (2,0,2,0)
¢ = (2,0,-2,0)

11 4.3.10
32nd; 128th.
12 4.3.15

)\1,2,3,4 =1,1,—-1,—1



