18.085 Homework 6

Boris Lipchin - 49

1 3.3:1
Ul_a—u
{v _ % —>{u(x,y)::c
2 dy
wlzas
{w _ % = {sl@y) =y
2 ox
2 3.3:7

Using w = (2%, y?).

div(w) = 2z + 2y

Os 2 2
wy = 32 , 0wy 8w2_8s_8s
{ Wy = b 7 div(w) = 0xq + drs  0xdy  Oxdy

=2r+2y#0

Using w = (y?, 2?).

3 3.3:8

u = z* then w = div(u) = [ % % |. Show that:

//VAudxdy = /n - Vuds
Focus on the LHS:

Au:[Zx 0}
VAuy =2

1,1 1 1
/ / 2dxdy = / 23:’ dy = / 4dy = 8
~1J-1 -1 -1 -1
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Focus on the RHS. By inspection the upper and lower sides of the square (parallel
to the x axis) are normal to the direction of the potential lines, and will not experience
any flow at all. We will calculate the left and right sides individually.

/Cn-Vuds:/cn-[Q O]ds:/q[—l 0]{2;}ds+/62[1 0][2“"%3

0

The two line integrals will be on the region of t = [—1, 1] with the following param-
eterizations: y =t;x =1 and y =t;x = —1.

Thus the final integrals will be:

Lo NG Lo o)) G-

dt
1 1
:/ 2\/1+O—|—/ 2V/14+0=28
-1 -1

So we have proved the Divergence Theorem for this particular velocity function.

4 3.3:11
Using v = (0,z) and v = Vu = (uy, uy).
LHS:
//(%_%_1;) dxdyz//(l—O)dxdy:ggy+C
RHS:

/vld:c—l—vgdy:/xdy::cy—l—C’

The two sides agree.

5 3.4:2

Using the boundary condition requirement itself solves the Poisson equation. If 22 +
y?> —1 = 0 we have u,, = 2, and Uyy = 2, SO Ugy + Uy = 4.
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6 3.4:4

cos 6

~> and the Laplace’s equation in cylindrical coordinates

We have given u = rcosf +
- 0%u 1 0u 1 9%u
18 55 + +

r or 2 002 *
ou — cosd — cos 0
or 72
0 in 6
8_Z = —rsinf — i
r
d’u _ 2cosf
orz 3
0%u B 0 cos 6
50 r Cos .

Plugging everything in gives us:

2cosf 1 cos 1 cosf
+; cosf — + — | —rcosf — =

r3 r2 r2

2cosf cos@ cosf cosfO cosf

r3 r 73 r 73

Thus the solution does indeed solve Laplace’s equation. Using 12 = 22 + 3? and
rcosf = x we get u(x,y):

xr
u(z,y) =z + P
2 2
Yy —-x
ux(x7y) =1+ (CL’Q +y2)2
2xy
uy(%?J) - _(IQ +y2)2

Using the vector field of [z, y] under the constraint that z? + y* = 1, we have:

3 2

vn—[u u} . vyt — o 2y _
- z Y Y - (x2—|—y2)2 (m2+y2)2_

=v—ay’ — 2 =x(1—y*—2*)=2(1-1)=0

This proves that our solution is normal to the unit circle.

7 3.4:5

: _ ) : : : : : . 0% 10u 1 9%u
Using u = log r and Laplace’s equation in cylindrical coordinates: &7 + 5" + =35

3
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ou 1
o r
82u_ 1
a2 2
1 11

— S 4+>>40=0
r rr

Laplace’s equation holds for u = logr.

If we use a z = re?? and we take the log, we get log z = logr + i6. Since re? solves
Laplace’s equation, so does log z, therefore s = @ for this case.

Using U = log r? we get:

oUu 1 2
—_— = —2r = —
or 72 r
82U_ 2
orz 2
2 12
- +--+0=
r rr

Laplace’s equation holds for U = log r2.
Using a Z = 2% = r2e?" taking the log we get: log Z = logr? + 2if. Therefore the
S =26.

8 Extra
a. What is v(z,y) = Vu?

u(x,y)::c+y—:c2+y2

o) =va= [l Joten = [ 757

b. What is the stream function s(z,y)?

ou 0s

oy L
ou 0s
G W |
oy~ oz YT

s1 =y —2zy + f(x)
sy = —2yr —x + f(y)

Therefore s(x,y) = —x + y — 2zy.
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c. Find g=Vs

95 [ag —2y—1
9= Vs(z,y) = { 843@, } s(,y) = [ —2Z+1 }
Verifying that v L g:

=(1—-2z)(—2y— 1)+ (1 +2y)(—2z+1)
=—2y—1+4dzy+2x — 22+ 1 -4y +2y=0

Since the dot product is zero, the two must be orthogonal.

d. Identify curve types

Both types are hyperbolas, just of different kinds. 2% — y? + 2zy = ¢ is one type of

hyperbola, and y = + —%— is another type.

—2z+1 —2z+1



