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Simple formula for the entries of T,;1(i,j) = [n Si4 2]

[Problem 1.1-2]
Stepl: check that T, = UTU

1 -1 0 1% 0
U={0 1 —1] UT=[—1 1 0]
o 0 1 0 -1 1
=50
UTXU=[—1 2 —1‘
0ol 2

Step2: checkthat Ux U™ =1
3 N A
U= [0 1 1]
G- 1
UlxU=I
Step3: Invert UTU to find T3 = (U"H)U™H)T
Tyt = (UTU) = (U HUND T =W HU™HT
The last equality above is because (UT)™! = (U™,
{Cause DX X ("YW = (U x0Y =T =)

[ Problem 1.1-15]
How many individual multiplications to create Ax and A? and AB

Expression Multiplications
AnxnXnx1 N*N
Anannxn N*N*N
AmxnBnxp M*N*p




[Problem 1.1-27]
Show that the 3 by 3 matrix K comes from AyAy:

[—1 1 0 0]
Ao=]10 -1 1 0] isa “difference matrix”
0 0 ~1 1

Which column of Ag would you remove to produce A; with T = A;A}? Which column
would you remove next to produce Az with B = A4,A45? The difference matrices Ao, A1,
Az have 0, 1, 2 boundary conditions. So do the “second differences” K, T, and B.

-1 1 0 0 _11 _01 g 2 -1 0
AgAp = [ 0 -1 1 o o6 4 wi}= [~1 2 -1|=K;
o 0 -1 1 0 0 1 0 -1 2
-1 1 0
Ai= Ao with the 4% column removed = [ 0 -1 1|=-U
0 0 -1
(matrix U is the same as in problem 1.1 — 15) 4
= (— =) = T = Y — 2 = &1 . ——
So A1A1 ( U)( U) uu T3 %t — \’_.‘ il \ {__- \

1 0
A= A;  with the 1%t column removed = [—1 1 ]
0 -1

1 0 1 =i B
So AyAl = [_1 1 ][g Fy _01]=[—1 2 —1] =B, "
0 =1 0 -1 1

[ Problem 1.2-1]
What are the second derivative u”(x) and the second difference A%U,, Use 8(x)

—24
; : —A
_(Ax ifx<0 _(An ifn=0 _
u(x)_{B’x ifx=>0 U"_{Bn ifn<0 g
2B
Solution:

A ifx<0 0 ifx<0
B ifrx>0 0 ifx>0
For u”(x) at x=0, we calculate the integration:

Clearly, u’(x)= { and u”(x)= [

0+
f W)z = W (OIS = w0 +) —uw'(©0-)= B—4A

So u"(x) = (B —A)8(x) \J



0 if x<0
So u'(x) =< (B—-A)(x) ifx=0
0 ifx>0

As for U, the second difference of a linear part is zero. So the only non-zero can only
appear at the 3 line. Its value equals B-2*0+(-A) = B-A

0

0 __
AU, =|B-4| ./

0

0

[ Problem 1.2-2]
Solve the differential equation —u”(x) = &(x) with u(-2)=0 and u(3) = 0. The pieces
u=A(x+2) and u=B(x-3) meet at x=0. Show that the vector U=(u(-1), u(0), u(1), u(2))
solves the corresponding matrix problem KU = F = (0, 1, 0, 0).

Solution:
-u”(x)=0 when x is not zero.
Ax+C ifx<0

So u(x) = u(x) :{Bx+D if x>0

0+ 0+
f u'X)dx =u' ()13t =u'(0+)-u'(0-)=B-A= §(x)dx =1
- 0—
So we have B-A=1
u(-2)=-2A+C=0
u(3) =3B+D =0
and at x=0, pieces u=A(x+2)and u=B(x-3) meet, which gives us: 2A=-3B
we can solve for coefficients A, B, C, D:
A=-3/5, B=2/5, C=-6/5, D=-6/5 1
-3(x+2)/5 ifx<0 /
e J

2(x—3)/5 ifx=0"-

U=(u(-1), u(0), u(1), u@2)= (-2,-%,-3,-3)

L S_
Thus U solves the corresponding matrix problem KU=F=(0,1,0,0)




[ Problem 1.2-6]

A%u

2
07 From the

For u(x)=x* compute the second derivative and second difference

answers, predict ¢ in the leading error in equation(9)

Solution:
Second derivative of u(x)=x*is u”(x) = (x%)"=12x2
Second difference
A%u  u(x + Ax) — 2u(x) + u(x — Ax) ax=h (x + h)* —2x* 4+ (x — h)*

(Ax)2 (Ax)? ., h?
12x2h? + 2h* .
= —————— = 12x% + 2h% = u"(x) + ch?u"""(x)

h2
And we have u""'(x)=24 __
Compare this to equation(9), leading error c=1/12 /

[ Problem 1.2-9]

4 4
Show that the 4t difference (ET; with coefficients 1, -4, 6, -4, 1 approximates %

by testing on u= x, X%, x3, x*:
A*u  u, —4uy +6uy—4u_; +u_, dtu

7L = Bx)° e + (which leading error?)

Solution:
let Ax="h
when u=x,

a _

dx* !

Aty Up—4uU+6Ug—4U_1+U_3  2h—4+h+6+0—4x(—h)+(=2h) d*u . /
= — = — AV
0 a0 i 0=57 leadingerror=0

When u=x?,

% =0, (i:; = (zh)z—at*"z‘Lé*ﬂh_.;%(ﬁh)z+(_2h)2 =0 % leading error=0 ./
When u=x3,

dtu _ A*u _ (2h)3—4sh3+6+0—4x(=h)*+(-2h)* _ 0= d’u
dx* ’ (a0t " o
When u=x4,

d*u A*u (ZR)*—4xh*+6+0—4a(—R)*+(-2h)* i

e ) o =24 = <7 leading error=0 \|

leading error=0 JIII

4
As can be seen, the 4" difference (iT; with coefficients 1, -4, 6, -4, 1 approximates

4

% at least to the 4" power of x.
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[ Matlab Problem 1.1-3]
>> U=eye(5)-diag(ones(4,1),1)

U=
1 -1 0 0
0 1 -1 0
0 0 1 -1
0 0 0 1
0 0 0

>> S=triu(ones(5))

S=

c O O P
O O O KB B
[ T = T SR SR
(= R S

> U*S

ans =

c O 0O O .
O 0O O = O
o O = O O
o = O O O

[ Matlab Problem 1.1-5])

Guess K5 =

o=
=W U
DN Oy OO
WohOoOv W

B 00Oy B

/

O = =

= O O O O

¥

, Buess det(Ks)% ) del(l(z)%

Ul W=

>> K5=2*eye(5)-diag(ones(4,1),1)-diag(ones(4,1),-1)

K5 =




>> det(K5)

ans =

>> inv(K5)

ans =

0.8333
0.6667
0.5000
0.3333
0.1667

0.6667
1.3333
1.0000
0.6667
0.3333

>> det(K5)*inv(K5)

ans =

5.0000
4.0000
3.0000
2.0000
1.0000

4.0000
8.0000
6.0000
4.0000
2.0000

0.5000
1.0000
1.5000
1.0000
0.5000

3.0000
6.0000
9.0000
6.0000
3.0000

[ Matlab Problem 1.2-19]

>> h=1/5;

K4=2*eye(4)-diag(ones(3,1),1)-diag(ones(3,1),-1);

deltaP= -eye(4)+diag(ones(3,1),1);
deltaN= eye(4) -diag(ones(3,1),-1);

deltaO=(deltaP+deltaN)/2;

(K4/hA2+delta0/2/h)

f=[1,1,1,1];

(K4/hA2+delta0/2/h)\f

ans =

0.3333
0.6667
1.0000
1.3333
0.6667

2.0000
4.0000
6.0000
8.0000
4.0000

%centered

0.1667
0.3333
0.5000
0.6667
0.8333

1.0000
2.0000
3.0000
4.0000
5.0000




50.0000 -23.7500 0 0
-26.2500  50.0000 -23.7500 0
0 -26.2500 50.0000 -23.7500

0 0 -26.2500 50.0000

. S »
I
.

ans =

0.0758
0.1175
0.1215
0.0838

>>
U=eye(4)-diag(ones(3,1),1);
(K4/hA2+deltaP*U/h) %uncentered
(K4/hA2+deltaP*U/h)\f

ans =

45.0000 -15.0000 -5.0000 (0]
-25.0000 45.0000 -15.0000 -5.0000
0 -25.0000 45,0000 -15.0000
0 0 -25.0000 45.0000

ans =

0.0699
0.1066
0.1090
0.0828

U‘ﬂl@m X=0 , U = U= O*A*’B"‘O‘
bt/h@m =1 , MO()’}'{’LU):"J"IATBQT—D‘
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