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18.085: Homework 7 

 

Section 3.3 (Problem 6):  

 

For          ,        
   

  
 

   

  
        ; therefore,   is not a gradient of any function  .  

For           ,        
   

  
 

   

  
        ; therefore,   is a gradient of some   which is         

 

Section 3.3 (Problem 7):  

 

For          ,              ; therefore,   does not have the form                for any function  . 

For          ,            ; therefore,   has the form                for some function   which is 

             

 

Section 3.3 (Problem 8):  

 

If      in the square             , then                 and  

 

            
 

             
    

              
   

             
     

             
      

               
 

  

              
 

  

             
 

  

               
 

  

                
 

  

               
 

  

               

 

                 

 

        

 

  

 

  

                                                                                                              

 

Section 3.3 (Problem 27):  

 

For the following saddle point matrix  
 

    
   
   

   
        
     

   

              
              

              
                

  

Note that 

    

              
              

              
                

  

              
              

              
                

 

  
  

   
 

  

   
 

  

    

    
    
    
    

        

Hence,  

    
        
     

  
        
     

   
                           

                  
   

      

      
  

 

and the following identities                                      and            are verified.  

 

 



Section 3.4 (Problem 6):  

 

With       note that                 and               . By setting     in the formula below, we 

get 

   

        
 

   

        
 

   

        
 

   

        
   

 

With         note that                and               . By setting      , in the formula 

below, we get  

 

   

        
 

   

        
 

   

        
 

   

        
 

   

        
 

   

        
   

 

Hence,       and         produce the same ellipse as that indicated in the problem.  

 

Section 3.4 (Problem 18): 

 

If             , along the edge     of a square and zero on the other three edges, then 

 

                                              
                     

      
 

 

Section 3.4 (Problem 20): 

 

The eigenvalues of                 are              as  

 

                                                                                

                                

 

The code to solve      is shown below and the output of the code is shown in the following page.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Section 3.5 (Problem 1): 
 

 

                            
 

 

Section 3.5 (Problem 5): 

  

The 9-points molecule with coefficients 20,-4 and -1 is shown below. The bandwidth of K2D9 is     where   is 

shown in the figure below (Here we have defined   as the # of total elements starting from the -4 east of 20 to the -1 

north east of 20 including those -4 and -1). If we define the bandwidth to be the number of meshes between 20 and -1 

north east of 20, then bandwidth is  .  

 

 

 

 

 

 

 

 

 

 

 

 

 



Section 3.6 (Problem 5): 

 

With        we have a mesh containing 8 triangles and 9 nodes (8 of them are boundary nodes) which are shown 

below along with     and   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The 9 by 9 singular matrix   and load vector   (before setting the boundary as 0) for        are shown below 

 

 

 

 

 

 

 

 

 

 

 

The 8 boundary nodes in b are shown above. When   is reduced to      and we get                   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Section 3.6 (Problem 6): 

 

With        we have a mesh containing 16 triangles and 15 nodes (12 of them are boundary nodes) which are 

shown below along with     and   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The output       and   is shown below  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Section 3.6 (Problem 9): 

 

For                 
          

     
       

 ,        which equals 1 at       and zero 

at all other nodes can be found by solving the following system  

 

 
 
 
 
 
 
 
 
        
             
        
             
        
                    
                    
         

 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
  

  

  

  

  

  

  

   
 
 
 
 
 
 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 

  

 

Using MATLAB’s code shown below, the output of the code is shown below 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Section 3.6 (Problem 11): 

 

(a) If                              ,          and          where              , then  

 

 

    
      
      
      

  

 
 
 
 

   

  

  

  

  

        

 
 
 
 

  
 

 
 

    
      
      
      

  

  

  

  

  

  
 

 
 

           

           

           

           

  

 

The inverse of the 4 by 4 matrix is obtained from MATLAB which is shown blow  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(b+c) From part (a) we can deduce that   

 

 
 
 
  

 

 
 
      
      

  

  

  

  

  

    

  

  

  

  

                  

 
 
 
 

   
 
 
            

 
  
 
  

   
 
 
  

 

Therefore,           and              are in the null space of   

 

Section 3.6 (Problem 18): 

  

For two hat functions on the unit interval, with             and step size      , the matrices   and   are  

 

   
   
   

                
 

  
 
  
  

  

 

 



               , where       is shown below 

 

     
  

  
 
   
   

  
   
   

  
 

 
 
     
     

  
  

 
 
   
   

  
  

 
  

 

The characteristic polynomial of the matrix   is         whose roots are at     and    . Therefore, lowest 

            which is ‘fairly’ close to        . 

 

 

 

 

 


