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4.1.2. The Fourier series of the square wave function is sw(z) = 2 (sm x+ S‘“ 34 L),
hence Parseval’s formula implies 27 = [7_[sw(z)|?de = 7 - 1§(12 + (3)? + ),

hence 1+ (3)2+ (§)*+ ... = %2.

4.1.3. f is even, hence by = 0. We compute ag = Q—f fl@)dx = % nd
for k>0, a,=21[" f(x)cos(kz)dx = %foﬂ cos kzdr = 2 sin (%)
4.1.4. By the orthogonality of sines and cosines we have ag = f Tﬁz
and for k > 0,a, = % ngQ ) cos 2”Tkxdx, b = % f T/2 2”’””dgc cr =
T/2 —2mikx
7 72 f smike/T g,

4.1.5. The decay rate is cubic, since the function is quadratic.
4.1.7. Since f is 0 on [—m, 0], we just think of f as sinx on [0,7]. Hence
ap = 5= fowsinxdx—f and for k > 0, a;, = 1f0 smxcoskxdm-%f sin(k +

)xdm——fo sin(k—1)xdz. Hence aj, = 0 for odd k, and aj, = w(k+1) ﬂ(k =

m for even k.
Next, by = 1 [(sinz)?dz = § and for k > 1,b, = 1 [ sinz sinkadz = 0.

Therefore, the Fourier series expansion of f is

1 1 2 1 1 1
flx) = - + ismx— — (130052x+ ﬁcosélx—i— ﬁcos&m—i— )

4.1.8. a) Foru = (1,% 1. )andv = (1,3 8, -) wehave uu =3, o (35)? =
v = Zkzo(gik)z =3 and ulv = Zk >0 2% ‘ 3% = g. Hence, the Cauchy-
Schwartz inequality asserts that (6/5)% < %

b) This follows immediately from a) and Parseval’s identity.

4.1.9. The solution u(r,f) has the form u = ag + rajcos@ + rbysinf +
r2ag cos 20+12bg sin 20+.... We compute ag = 5= [ 0df = 0,ar, = 2 [T 6 coskodd =
0 and by = 1 [ Osink#df = =2k Hence, u(r,0) = 2(rsinf — r2si220 4
r3@ — ...). The Taylor series for 2log(1 + z) on the unit circle z = e is
2log(1+e") =2(e' — £e%% + 13 — ). Taking its imaginary part, we obtain
exactly the above series of u(r, 9) for r = 1.



