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3.2.6. In general, the ¢’s that don’t satisfy the boundary conditions should

be dropped. (a) ¢, ¢5, ¢3, 95 (b) 65, 65 (¢) 65, b
3.2.8. The displacement and slope functions centered at ¢h are (cf. page 245)

¢;j:(’m;ih|_1) ix Zh’—|—1 ¢9—(|f’3 2h‘—l) |25 Doingcalculations

(pd)" = %h: ih| — 5z, EL o5 = h—|x—z \—hi In our problem, h = 4 3,0=0,1
so (6§)" = 324|x| — 54, (¢1)" = 324|z — 3| — 54, (¢§)" = 162|z| - 36,(47)" =
162|z — 7| — 36.

3.2.9. We integrate the 16 pairwise products of (¢f)"” = 324|x| — 54, (¢§)" =
324|z — 1| — 54, (¢3)" = 162|z| — 36, (¢})" = 162]x — | — 36 from 0 to 1 to
obtain

324 162 —-324 —-162
162 108 —-162 —H4
—324 —-162 648 162
—-162 —54 162 216

Note that by symmetry reasons, K, is symmetric, and its (3,3) entry is twice
the (1,1) entry, the (4,4) entry is the same as (2,2), and (1,2) is same as (3,4)
and opposite of (2,3).

3.2.10. By symmetry, we can easily assemble the symmetric 8x8 matrix K
from K, in problem 9:

K, =

324 162 —324 —162 0 0 0 0

162 108  —-162 —54 0 0 0 0

—324 —162 648 162 —324 -162 0 0

K- —-162 —54 162 216 —162 —54 0 0
0 0 —-324 —162 648 162 —324 —162

0 0 —-162 —-54 162 216 —-162 —54

0 0 0 0 —324 —-162 324 162
| 0 0 0 0 —-162 —-54 162 108 |

3.3.1. For v = (1,0) = w, we solve 4 —1,% = 0 to get u(z,y) = z+C and

—g—; =0, gfl =1 to get s(z,y) =y + C. Thus the equipotentials are vertical
lines (z = C') and the streamlines are horizontal lines (y = C).

3.3.2. (w1, ws) = (0,z) is not a gradient field, since dwl =0#£1= m The
streamlines are vertical (since w always points in a vertlcal direction), the flow
is downward on the left half of the plane, and upward on the right half (and 0
on the y axis), so there is a “rotation” taking place at infinity in some sense.

3.3.3. The flows out of nodes 1,2,4 are wy + ws, wo + wyg — wy, wg — ws. The
flow across the dashed line is the (signed) sum of flows of the edges crossing the
line = wy + w4 + ws.

3.3.4. The circulation around the left rectangle is w3+ wg — w4 —wy. Around
the right rectangle: w4 + w7 — w5 — ws. Around the large rectangle: ws + wg +
Wy — W1 — W2 — Ws.



3.3.5. For v; = —y,vs = 0 Stoke’s law becomes [, —ydz = [, vidz+vedy =

I Iz (‘3—’; - %) drdy = [ [ 1dzdy = Area(R). The ellipse is parametrized by

& =acost,y = bsint,0 <t < 27. Henceits areais [, —ydz = fOZﬂ —(bsint)(—asint)dt =
wab.
3.3.6. For v = (y?,2?), the curl is 2z — 2y # 0 hence v is not a gradient

field. The curl of v = (y2,2xy) is 0, so we can solve % =92, % = 2zy to get

u(r,y) = zy? + C.

3.3.9. (a) u(z,y) = y gives horizontal lines. So the streamlines are vertical
lines, i.e. s(x,y) = x works. (b) u = x —y gives lines at an angle of 7/4 with the
x axis (x —y = C). So the streamlines are lines perpendicular to x —y = 0, i.e.
s(z,y) =z +y. (c) u(z,y) = log(z? + y?)/? gives concentric circles centered
at the origin (22 + y? = C). So the streamlines are lines passing through the
origin, i.e. s(z,y) = y/x (or arctan £) works.



