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Answers to Problem Set 10
TAs: Dorian Croitoru, Nan Li

4.2.1.a) We have
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Since [ e""™dx equals m if m = 0, and % otherwise, we get cpo =
. . _1 .
1/(2mim) if m odd for m 2 0, and ¢y, — { —-— if m,n odd
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b) Cmn = 1oz (foﬂ Jo emmre MY drdy + fir fir e‘imwe_i”ydxdy). Simi-
larly to a), we obtain coo = 1/2,¢mo = com = 0 for m # 0 and ¢y =
_92 .
— if m,n odd
0 otherwise for m,n 7 0.
4.2.2. Since sinma and sinny are odd in x and y respectively, S(z,y) will
have a double sine series > Y by, sinmasinny if S(x,y) is odd in = and y:
—S(z,y) = S(—x,y) = S(x,—y). The double sine functions are orthogonal:

0 otherwise 0 otherwise
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4.2.3. Using the orthogonality from the previous problem,
1 ™ ™ . .
bn = — S(z,y) sinma sin nydxdy.
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4.2.7. From the (1-dimensional) Fourier series of the delta function we obtain

0z +y) =gz Deg e MUY = 3 g e eI,
428 2T = L(82% — 822 4 1) + (207 — 1) + 3 = 1Ty + LTy + 313,
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4.2.10. Let B, (x) = ) (n by n matrix). We compute
-1 . =1
-1 2z

its determinant by expanding along the last row:

det B, = 2zdetB,_1—(—1)det < 03"121 _01 ) =2xdet B,,_1 — det B,,_».

Thus det B,, is a polynomial in x satisfying the same recurrence as T},. Since
det By = z = Ty, det By = 222 — 1 = Ty, it follows that det B,, = T}, for all n.



4.2.20. We have

(pup,) + (¢ + Amw)t, = 0
(pU;L)' + (q + )‘nw)un =0

Multiplying the first equation by w,,the second by w,, and then subtracting,
we obtain wu, (pul,)’ — um(pul) + (Am — Ap)wumu, = 0. Integrating, f:()\m -
A ) Wl upde = f: un(pul,) — um(pu,,) de = [uy(pu.,) —um(pu;l)]z =0, by
the boundary conditions. Since A, # A, we get ff WU Updr = 0.

4.2.21. Bessel’s equation: r2B” +rB’' + Ar’B = n’B = rB” + B’ + (Ar —
n?/r)B =0« (rB') + (A — n?/r)B = 0 which is a Sturm-Liouville equation
with u = B,p =r,q = —n?/r,w = r. Alternatively, one can try u = B(r/2) and
p = r?. Legendre’s equation: (1—22)P” —22P'+AP =0 < ((1—-2%)P') + AP =
0 is a Sturm-Liouville equation with v = P,p=1—2%,w =1, = 0.



