18.085 HOMEWORK 1 SOLUTIONS (SKETCH)

321 335 1
1.1.1. Fronglz 2 21 ,T471: 9 9 9 1 it’s easy to guess the
L 11 11
general pattern. The ij entry of T);! is n + 1 — max(i, j).
3 2 1 3 2 1
11.7. Wehave Ty ' = | 2 2 1 |, K;'=1[2 4 2 |soTy'—K;' =
1 1 1 1 2 3
9 6 3 3
i642 :i 2 [321].
3 2 1 1
1.1.10. On one hand, H = JTJ =
0 0 1 3 2 1 0 0 1 1 1 1
H=J'T7'Jgl=Jyr-'Jg=|0 1 0 2 21 01 0|=]12 2
1 00 1 1 1 100 1 2 3
1 -1 0 1 1 1
Ontheotherhand, H=UUT,U=|0 1 -1 |=U'=|0 1 1| ,H'=
0 0 1 0 0 1
1 0 0 1 1 1 1 1 1
UHu-t=]1 10 01 1 (=12 2
1 11 0 0 1 1 2 3
2 -1 0 -1 2 -1 0 -1
1.1.12. Do row elimination on Cy: Bl _21 ;1 _01 — 8 3_/12 ;1 7_1{2
-1 0 -1 2 0 -1/2 -1 3/2

2 -1 0 -1
0 3/2 -1 —1/2
0 0 4/3 —4/3
0O 0 0 0

non-zeros appear because of the -1 in the top right corner of Cy.
1.2.3. For u = a7, u(w+h)2*hU(w*h) _ ((I+h)*(w*h))((w+h);;(1+h)(I*h)Jr(w*h)Q) _

322 + h2.
For u = 2, “(”h);huw*h) — (EAn)—(@=h)(@t+h)+(@=h)(z+h)?+(z=h)*) _ 4.3 +

2h
4zh?. In each case the error term is exactly gu”(x)h?.

= U. The last row of U is 0, hence Cyis singular. New

1
1.2.4. One directly checks that the inverse of A_ = -1 _11 is the sum
1 -1 1
. 1 1 . -1 1 .
matrix U = . Since A} = , we obtain Ay =

%
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0 1
-1 0 1 1
A +A)=1 10 .Forn=3Ag=1| -1 1
- 1 _1
-1 0
which is singular since rows 1,3 sum to 0. For n = 5, Ag is also singular since rows
1,3,5 sum to 0.
1.2.5b. By using Taylor expansion, we have

1 1 . 1 1 5
w(x+2h) = wu(x)+2hu'(x) + §4h2u"(x) + 68h‘3u/”(a§) + ﬂ16h4u””(:c) + m%h"u””’(x) + ..
1 1 1 1
wlx+h) = wu(z)+hd(z)+ ihgu"(x) + 6h3u'"(:r) + ﬁh4u/"'(w) + 1—20h5u”'”(m) + ...
1 1 1 1
wlx—h) = wu(z)—hu(z)+ §h2u"(x) - 6h3u'"(x) + ﬂh4u”"(x) - 1—20h5u”'”(x) + ...
1 1 1 1
w(lx—2h) = wu(x)—2hu'(x)+ §4h2u"(m) - 68h3u”’(x) + ﬂ16h4u"”(x) — m?ﬂhsu”"'(:ﬂ) + ...
A straightforward calculation implies _u(“'%)+8u($+hl)2;8“(“’_h)+u(m_2h) =u/(z)—

z5h*u"" (z) 4 ... Thus, b= —1/30.
1.2.18. The general solution to ‘fTZ =zisu = %x?’ + Bz + C. The boundary
conditions u(0) = u(1) =0 imply C =0, B = —% ie. u(z) = g,

6
Hence u(0.2) = —0.032, u(0.4) = —0.056, u(0.6) = —0.064, u(0.8) = —0.048. The

Ul 0.2
finite difference equation is: f%KQ = .
Ug 08
Uy 1 4 3 2 1 1 —.032
1] 2 3 6 4 2 2 —.056
: Y 1 — =11 _
Hence | 1 =msla | 5 | =155 | 2 4 6 3|3 —.064 |
Ug 4 1 2 3 4 4 —.048

which match the values for the actual solution exactly.



