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18.085 Exam 1 October 15, 2010 Professor Strang

Your PRINTED name is: 1. 15
Your class number (1 to 155) is 2.5
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1. Let us agree to use the energy-based definition of a positive semidefinite (symmetric)

matrix: K is positive semidefinite means that 7 Kz > 0 for all vectors z.

/ (a) If K = AT A for some matrix A, show that this K is positive semidefinite. (K might

actually be positive definite, just show semidefinite.)
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(b) If K is positive semidefinite and Kz = Az for some z, show that A > 0.
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(e) For which numbers ¢ is this matrix positive semidefinite? Use the determinant tests.

2 -1 0
f\-: -1 ¢ —1 .
s
K wiu LL ‘\0&(\'{\.:;2, %ﬂ.‘, Sch\v‘-\‘n"-\E oWl
3y A& e O v .

2) D\t‘\:(f\-:> TR M e R

)4 s 2 - ) wt=dY = NCN 2D

AY 1 @) awd ) ave SO:\'\‘S’Q’\'LO\ w‘unww* S L) i



A fixed-free line of springs has one
extra spring from the fixed top to
the free mass mgy at the bottom

(see picture).

(a) What is the matrix A that gives the stretching e = Aw in the springs from the

displacements w1, ug, us of the masses?
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(b) What is the matrix K = ATCA in the final equation (u = f (f = external forces on

the masses)?
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(c) What do you know about the elgenvalues of K7 If Kz = Az, tell me one solution
2

(not u = 0) of the vector equation cé? + Ku=0. t“ﬂ)
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3. Suppose you want the least squares fit to FIVE points in the plane by a parabola C +
Dt + Et*.

(a) If a parabola does have the required values by, by, ..., bs when ¢t = 0,1, 2,3,4, what
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system of equations has a solution? 1 t -:
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What equation (use letters like A, not all its entries) gives the least squares solution
a=(C,D,E)?

The ‘nermat ean: ARG = N b ()

(b) Draw a picture to show this problem in 5-dimensional space! Include the vector b and
the columns of A. Show the projection p of b onto the “subspace” that contains those

columns of A.

( see %e_ﬂow )

(c) How is the vector p (the projection) related to the matriz A and the solution @.?
Vl = A &

(d) For which measurements b will the best parabola be the zero parabola,
C =D =E =07 Show how b is related to the columns of A in this case.
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4. This square network plus center point has 5 nodes and 8 edges. Its incidence matrix is A.
The constants are ¢; = 1 on all edges, so C' = I.

(a) What is the matrix Kk = ATA?
2y (You can number edges and put
in arrows as you want, K is only
involved with nodes.)
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(b) Is K invertible or singular? Explain how you know you are right.
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(c) How many independent solutions are there to Kirchhoff’s Current Law ATw = 07 .

Describe one set of currents w that solves this equation.
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(d) Suppose current sources f and voltage sources b are zero. Fix the center node voltage

at u = 0 (grounded) AND fix the top left node at u = 1. What equations would you

solve for the three unknown «'s? (Do not solve.) Is your matrix invertible?
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