18.01 FALL 2009 — Problem Set 2B

Due Friday 10/2/09, 1:45 pm in 2-106

2B is the second half of Problem Set 2, due along with the first half 2A on the above date.
Part I (10 points)

Lecture 9. Tues. Sept. 29. Linear and quadratic approximations.
Read: Notes A Work: 2A-1, 3, 6, 11, 12ade

Lecture 10. Thurs. Oct. 1. Curve-sketching.
Read: 4.1, 4.2 Work: 2B-1,2: parts a,e,h only; 2B-4, 6ab, 7ab

Lecture 11. Fri. Oct. 2. Maximum-minimum problems.
Read: 4.3, 4.4 Work: To be assigned on PS3

Part II (16 points)

Directions: Attempt to solve each part of each problem yourself. If you collaborate, solutions
must be written up independently. Do not consult materials from previous semesters. Next to each
problem, we write the day it can be done, according to the lecture schedule.

0. (not until due date; 2 points) Write the names of all the people you consulted or with
whom you collaborated and the resources you used, or say “none” or “no consultation.” (See full
explanation on PS1).

1. (10 points: 2 + 4 + 4) Golf balls

The area of a section of a sphere of radius R between two parallel planes that are a distance h
apart is !
area of a spherical section = 2whR

Slice the sphere of radius R by a horizontal plane. The portion of the plane inside the sphere
is a disk of radius r < R. The portion of the spherical surface above the plane is called a spherical
cap. For example, if the plane passes through the center, then the disk has radius » = R, its
circumference is the equator, and the spherical cap is the Northern Hemisphere. More generally,
a spherical cap is the portion of surface of the Earth north of a given latitude line. The formula
above applies to regions between two latitude lines, and, in particular, to spherical caps.

a) Consider a spherical cap defined as the portion of the surface of the sphere above a horizontal
plane that slices the sphere at or above its center. Find the area of the cap as a function of R and
r. Do this by finding first the formula for the height h of the spherical cap in terms of r and R.
(This height is the vertical distance from the horizontal slicing plane to the North Pole.) Then use
your formula for i and the formula above for the area of spherical sections.

I This formula will be derived in Unit 4. Two examples may convince you that it is reasonable. For h = R, it gives
the area of the hemisphere, 2rR%. For h = 2R it gives 4wR?, the area of the whole sphere.



b) Express the formula for the area of a spherical cap in terms of R? and r/R. (This is natural
because the proportional scaling cr and cR changes the area by the factor ¢.) Then use the
linear and quadratic approximations to (1 + z)'/2 near z = 0 to find a good and an even better
approximation to the area of the spherical cap, appropriate when the ratio r/R is small. (Hint:
What is 27) Simplify your answers as far as possible: the area approximation corresponding to the
linear approximation to (1 + x)/2 should be very familiar.

¢) The following problem appeared on a middle school math contest exam, though we have
changed the numbers. Consider a golf ball that is 4.3 centimeters in diameter with 300 hemispherical
dimples of diameter 3 millimeters. (Note that this is not a realistic golf ball — in reality, the dimples
are much more shallow than full hemispheres.) Find the area of the golf ball rounded to the nearest
1/100 of a square centimeter using the approximation 7 &~ 3.14. (The students were given three
minutes. We are spending more time on it.) 2

Under the rules of the contest, an incorrectly rounded answer was counted as wrong with no
partial credit, so correct numerical approximation was crucial. Some students objected that they
could not figure out the area of portion of the large sphere that is removed when a dimple is
inserted. A careless examiner had assumed that the students would use the approximation that the
area removed for each dimple was nearly the same as the area of a flat disk. We are going to figure
out whether this approximation is adequate or gives the wrong answer according to the rules.

Write down formulas for the surface area of the golf ball for the following three cases listed
below. (Put in 300 dimples, but leave r, R, and 7 as letters.)

i) the approximation pretending that the removed surface is flat (what is the relationship be-
tween this and the approximations of part (b)?)

ii) the higher order approximation you derived in part (b)
iii) the exact formula

Finally, evaluate each of the answers for the given values r = .15 and R = 2.15 centimeters, and
find the accuracy of the approximations.

2. (4 points) Draw the graph of f(z) = 1/(1 + 2?) and, directly underneath, it the graphs of
f'(z) and f”(z). Label critical points and inflection points on the graph of f with their coordinates.
Draw vertical lines joining these special points of the graph of f to the corresponding points on the
graphs below.

2Dimples on golf balls are big business, and many patents with various dimple patterns (including those with
varying sized dimples) have been issued. Most attempt to arrange the dimples in highly symmetric arrangements
patterned on the platonic solids, particularly the icosahedron. See en.wikipedia.org/wiki/Platonic_solid.



