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The module Lie,,

Let V' be a complex vector space with
basis x1,...,xp. Let Lie, be the part

of the free Lie algebra L£(V') that is of
degree one in each x;.

dim Liep, = (n — 1)!

Basis: |- - - [z, xw(g)], CBw(g)], e 7xw<n)]7

where w permutes 2,3, ...,n.



The symmetric group &, acts on Liey,
by permuting variables.

(1,2) - [[w1, 23], 9] = [[w2, z3], 1]

= —[[x1, 29], 23] + [[x1, 23], ©9)]



For any function f : &,, — C, recall
that

1
Chf:ﬁ Z f(w)pp(w)a

wWEB,,
where if w has p; i-cycles then

__ 2 P1,.P2
pp(w)_pl 2

with pp. = > xf

In particular, if X)\ 1s the irreducible
character of &,, indexed by A - n, then

ChX)\ = S\,

the Schur function indexed by .



(,, = subgroup of &,
generated by (1,2,...,n)

Theorem. As an &,-module,

Lie,, = 1nd6” 2mi/n

n

h(Liep) = Z,u n/d.

d|n

Hence



Theorem. Let XA be the rreducible
character of G, indexed by A F n.
Then

(Lien, x) = #SYT T of shape ),
maj(T) =1 (mod n),

where
(T)= » i
1+1 below 17
3| 4 1
2
4

ch Lieg = s31 + $911



Other occurrences of Liey,

[1,, = lattice of partitions of |n],

ordered by refinement

H;(11,,) = ith (reduced) homology group
(over Q, say) of (order complex of) II,,

As G,,-modules,

~ ~ 0,72#n—3
Hi(lln) = {sgn@Lien, i=n—3.






7;20 = set of rooted trees
with endpoints labelled 1,2, ..., n,

and no vertex with exactly one child

NoOTE: Schroder (1870) showed (the

fourth of his vier combinatorische Prob-
leme) that

where F(F{1) = FUD(F(2) = 2,

For T,T" € T, define T < T'if T
can be obtained from 7T’ by contracting

internal edges.
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2 3 1 3 1 2
NIl

Theorem. As G,-modules,

BT = oo 1 ns

sen @ Liey, 1 =n — 3.
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A “hidden” action of &,, on Lie,,_
(Kontsevich)

Let L, be the free Lie algebra on n
generators i, ..., Ty, and let

(, ) = nondegenerate inner product
on Ly, satistying
For ¢ € Lie,, 1 and w € Gy, let
straighten

<€7 $n>w — <€w7$w(n)> — <€/737n>-

So the map w : Lie,,_1 — Lie,,_1 de-
fined by w(¢) = ¢ defines an &,, action
on Lie, 1, the Whitehouse mod-
ule W, for G,, or the cyclic Lie op-

erad. (Explicit description of action of
(n — 1,n) by H. Barcelo.)
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dim W, = dim Lie,, 1 = (n — 2)!

Wy = indgz_lLien_l — Liey,.

- pldp

d\nl

__Z,U n/d

dn

chW,, =

(Wh, X)\> = #SYT T of shape A\,
maj(T) = 1(mod n — 1)
—#SY'T T of shape A,
maj(7") = 1 (mod n)

(Not a priori clear that thisis > 0.)
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S92, S111, S22, S311
S49 T 83111 T S222

S511 T S421 T 8331 T S3211 T S22111
..._|_23422_|_...

Getzler-Kapranov:

W, @ M bl = Lie,,

where M is the irreducible S,,-module
indexed by A.
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Other occurrences of W,
e Nonmodular partitions (Sundaram)
Y, =A{m €ll, : w has at least two

nonsingleton blocks}

Theorem. As &,-modules,

e 0, i#n—4
Hi(Xn) = {sgn@Wn, i =n — 4.
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123 124 134 234 125 135 235 145 245 345
45 3 25 15 34 24 14 23 13 12

25 24 23 15 14 13 15 14 12 15 13 12 14 13 12
34 35 45 34 35 45 24 25 45 23 25 35 23 24 34
1 11 2 2 2 3 3 3 4 4 4 5 5 5
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e Homeomorphically irreducible trees
(Hanlon, after Robinson-Whitehouse)

Trn = set of free (unrooted) trees

with endpoints labelled 1,2,....,n

)

and no vertex of degree two

For T, 7" € T,, define T < T"if T
can be obtained from 7" by contract-
ing internal edges.
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Theorem. As G,,-modules,

o 0,i+#n—4
Hi(Tn) = {sgn@Wn, i=n —4.
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e Partitions with block size at most £,
(n—1)/2 <k <n—2 (Sundaram)

[T, . = poset of partitions of {1,...,n}
with block size at most &

Assume (n —1)/2 <k <n—2.
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12-34 13-24

34

NOTE:

Hi(lly <0;Z) = {

20

14-23

24

0, 2#0
72§ =

23



Theorem (Sundaram):

N S 0i#nd
Hz'(Hn,Sk; 7) = { 7= i —n_4

)

Moreover, as &y -modules,

~

Hn—4<Hn,§k5 Q) = sgn ® Wi,
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e Not 2-connected graphs (Babson et
al., Turchin)

(- = loopless graph without multi-
ple edges on the vertex set {1,...,n}.
Identify G with its set of edges.

G is 2-connected if it is connected,
and removing any vertex keeps it con-
nected.

A, = simplicial complex of not 2-

connected graphson 1,...,n.

22






Theorem (Babson-Bjorner-Linusson-Shareshian-
Welker, Turchin):

P

~ 0,7#2n—5
Hi(&n; 2) = { 72t =92n —5

Moreover, as &,-modules,

[:]2n—5<An§ Q) = Wh.
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General technique:

Gactson A, wedd
AY={FeA: w-F=F}

Hopt trace formula =
X(AY) =) (-1 tr(w, Hi(A))

character value at w
of G acting on H;(A)

Use topological or combinatorial tech-
niques such as lexicographic shellability
to show that H;(A) vanishes except for

one value of 1.
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NOTE: Explicit G,,-equivariant iso-
morphisms (up to sign) between the cyclic
Lie operad, the cohomology of the tree
complex 7Ty, and the cohomology of the
complex A, of not 2-connected graphs

were constructed by M. Wachs.
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e A g-analogue of a trivial Gy-action
(Hanlon-Stanley)

For w € 6,, and q € C, let
((w) = #inversions of w
[nlq) = Z qaw)w c C6y,
wes,,

['n(q) acts on CG,, by left multiplica-
t1om.

Theorem (Zagier, Varchenko):
n n—k+1)/k(k—1)

det Ty (q) = H (1 B qk(k—1)>n!(

k=2
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Proof (sketch). Let

n
Tn(Q) — Z q]_l(na n_la s 7n_]+1)
j=1

Easy:

Pnlq) = To(0)T3(q) - - - Tnlq).
Let a > b and

la,b] = (a,a—1,...,b) € Gy,
Let

Gy =
(1-¢"[n—1,1))(1—¢" n—1,2)) - - (1—¢?)

H,! =
(1_qn—1[n7 1])(1_qn—2[n7 2]) T (1_Q[n7 n_l])'

Duchamps et al.: T, = G, Hy,.
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Theorem. Let ( = e2mi/n(n=1) Thep
as Sy-modules we have

ker T'p(C) = Wy,
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Transparencies available at:

http:/ /www-math.mit.edu/
~rstan/trans.html
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