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P = convex polytope in R"
integer polytope: vertices € Z"
V(P) = volume of P

If P is an integer polytope, let

~

V(P)=nlV(P) € Z,

the normalized volume of P.



Why compute V(P)?

o [et
P = integer polytope
>, = the normal fan of P

Xy = toric variety corresponding to 2

= deg(Xy) = V(P)

o (Gelfand, Kapranov, Zelevinsky) The
number of linearly independent so-
lutions to a generic hypergeometric
system with Newton polytope P is
V(P).



Two Refinements of Volume

Let P be an integer polytope and let
r > 1. Define

rP ={rv:veP}

i(Pr)=#PNZ"),
the Ehrhart polynomial of P.

e i(P,r) is a polynomial in r
o i(P,0) =1
o [f r >0, then
i(P,—r) = (=)W Py (int(rP)NZ")
oi(P,r)=V(P)r" +0O(r" 1)



e Let dim’P = n and

. ho+ hix + - + hpa”
ro_
ZZ(P, riz’ = o] .
r>0

Then hj e /., hj > (), and
Y hj=V(P).
J




Example. P = unit square:

0<z<1 0<y<ld

OO—e—eo—0—9




Let P, ..., Pr be convex polytopes
(or any convex bodies) in R™. Let

t1, ...t € R>p.
Define the Minkowski sum

t1P1+: -+t P = {tiv+ - -+tpop v € Py}

Theorem (Minkowski) There exist
V(Pfl, L ,sz) > 0 (mixed volumes)
such that

V(tiPr+- -+t Pr) =

> ()

al+-+ap=n
al afy,01 A
'V(Pl 7...77Dk )t]. "'tk.



Write

n
V(sP+tQ) = Z ( ) n_jtj,
)=
SO

Vo(P, Q) = VI(P), Va(P,Q) = V(Q).

Minkowski proved V/* > Von_an and
conjectured V7;2 > Vi_1Vi1 (Alexandrov-
Fenchel inequalities).

Let B"™ be the unit ball in R". Then

1
Vi(P, IB3”) = —(surface area of P).

n



Vi(P,B)" > Vo(P,B)" 1V, (P,B)

N (area(P))n > V(P V(B

mn

— isoperimetric inequality.



Theorem (Bernstein). Let f1,..., fn
be complex polynomaials in the vari-
ables x1,...,xpn. Let New(f;) be the
Newton polytope (convex hull of ex-

ponent vectors) of fi. If f1,...,[n
are otherwise generic, then the num-

ber Z(f1,..., fn) of solutions to
fi=-=fa=0

with no x; =0 1s

Z(f1y---, fn) =n!'V(New(f1),...,New(fn))

Example. fi(z,y) =1+ azx + By,
folz,y) = = +yy*.
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2s+ 4t

1 t s+t

V(s New(f1)+t New(fs)) = s+ (?) 2st

= V(New(f1), New(fo)) =2!-2=4
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A common generalization of Ehrhart
polynomials and mixed volumes
(McMullen). For any convex body P,
let

N(P)=#(PnZ").

Theorem. Let Py,..., P be integer
polytopes, and let

t1,...,tr e N={0,1,...}.
Then
NP1+ -+ 1 Py) € Qlty, . .., tg]

(mixed lattice point enumerator

of Pi,...,Pr).
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The degree n part of
NPy + -+t Py)
1s given by
N(t1Pr+ -+t Pp)l, = V(1 P+ -+t Py).
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Catalan Numbers

L [2n
C p—
" n—l—l(n)

e triangulations of a convex (n+2)-gon

into n triangles by n — 1 diagonals
that do not intersect in their interiors

N oV DO

e binary trees with n vertices

N <o
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e lattice paths from (0, 0) to (n, n) with
steps (0, 1) or (1, 0), never rising above
the line y = x

BRI S

e sequences of n 1’s and n —1’s such
that every partial sum 1s nonnega-
tive (with —1 denoted simply as —
below)

11— — — 1-1—— 11 ——1-
l—11—— l—1—-1-
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For 62 additional combinatorial inter-

pretations of C',, see Exercise 6.19 of R.
Stanley, Enumerative Combinatorics,

volume 2, Cambridge University Press
(just published).
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Flow Polytopes and Kostant’s
Partition Function

(with A. Postnikov)

Let By denote the Birkhoff poly-
tope of all m x m doubly stochastic
matrices (aij), 1.e.,

aijZO

Zai]‘ =1

1
D>
J
Open: V(B;,) = 77?7 (as a polytope
of dimension (m — 1)?).

I
—_
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Chan and Robbins (1998) defined the
Chan-Robbins polytope CR;, by

(a face of Byy,).
* 0 0

* % ()

X kK

* X X X

X kK

dim CR,, = (2’)

Chan and Robbins conjectured that

~

V(CRy) = C1Cy - - Cppy—o.
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Flow polytopes. Let G a directed
oraph with vertices 1,...,m + 1 and
edge set I/ such that if ¢+ — 5 is an edge,
then ¢+ < j. Call G a flow graph.
Define the flow polytope Fq to be
the set of all f & R >0 satistying

(1,j)eE
>, fGm+1)=1
(),m+1)er
Y fig) = ) fU.k),
i:(i,j)ER k:(jk)eEE

for 2 < 7 <m.
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1.32.13.74.75

total flow out of 1 and into m + 1 1s 1

flow into an internal vertex = flow out

20



Fact: If
E={Gj) :1<i<ji<m+1}

then Fq 1s “unimodularly equivalent”
to CRy, (so same volume and Ehrhart
polynomial). Call G the complete flow
oraph on m + 1 vertices.
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Kostant’s partition function for
A, _1. Let

e; = ith unit coordinate vector in R".
Write e;; = e; — e;. Let

A+_1={6i]‘ : 1§2<]§n}

n

22



v € NA'

¢ )
= Z aijeij:aij€N>-
\1§Z<]Sn y
K(v) =
# {(aij)1gz'<j§n 0T Zaijeii} |
[fv=(v,...,vp)andz¥ =zt ap,
then
|

K (v) = coef. of 2" in .
I11§i<j§yz(1__aﬁ/xj)
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Example. K(2,—1,0,—1) = 4, since

(2,—1,0,—1) = 2e19 + €93 + ey
= 2e19 + ey
= €12 T €13 + €34
= €19 + €14.

Gelfand: Everysubject hasone “tran-
scendental aspect.” For the representa-
tion theory of semisimple Lie algebras,
it is Kostant’s partition function.
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More generally, if S C A:—P then de-
fine the restricted Kostant’s par-
tition function by

Ks(v) =# {(az’j)eijeg 1

UV — Z aijez-j

ei]ES
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Let G be a flow graph on the vertex
set 1,...,m + 1 with edge set E. Let

(; = restriction of GG to vertices ¢,...,m + 1.
Let t; > 0 and
Folty,...,tm_1) = t1Fa+ ""tm—lme_l

Note. Fa(ti,...,t;m—1) is the poly-
tope of all f € REO satistying

Z fG k)= D> fl.4) =t
(g,k)ER i:(i,j)eER

for 1 < 7 < m — 1. In other words,
there is an excess flow of tj out of
vertex j.
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Let S = S =1{e;j : (4,7) is an edge of G}.
Theorem. If each t; € N then
N(Fg(ty, - tm—1))

— KSg(tl—i_ ) '+tm—17 07 _tm—la I _tl)
Note: Kg . (t1+ - +tm, —tm, ..., —t1) =
Kg(t1++tm—1,0, —tym—1, ..., —11)
ife1np € 5. (Otherwise KSG(tl—I—- e
tms —tm,...,—t1) = 0 unless ¢, =

0.)
Corollary. Fort; € N we have
KS(tl T+ +tm—17 07 _tm—la I _t1>

S Q[tb T 7tm—1]'
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Example: G = complete flow graph
on{l,...,m+ 1}, so Fo = CR,, and

FGZ' = CRm—i-I—l-

Then

N(Fg(ty, . tm—1)) =
K1+ -+tm_1,0,—tm_1,...,—11).
E.g.,

1
K(a+b,0, =b, —a) = =(a+1)(a+2)(a+3b+3)

Kla+b+c¢0,—c,—b,—a) =
1
%(a—l— 1)(a+2)(a+3)(a+b+3c+3)

(a® + 5ab + 100 4 9a + 30b + 20).
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Theorem.
K<t1 T _|_tm—17 07 _tm—17 RN _tl)
is divisible by (t1+1)--- (t1+m —1).

Conjecture.
K<t1 i _|_tm—17 07 _tm—17 SRR _tl)
15 divisible by

ti+to+---+ty_9+3t,—1 +3.
More strongly;,
SK(t1++ +tm-1,0, —tym_1,...,—t1) =
(t1+ - +ty—9+3ty,_1+3)
Ko egs(t1+ - +tpm—2,0,0, =ty,_9,..., —t1).
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Problem (not carefully looked at).
Are the coeflicients of the polynomial
KS(tl_i_ ) °_|_tm—17 07 _tm—b S _tl)
nonnegative’
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Recall: Let ¢ = #F(G), so
Falty, ..., tm—1) C RY.
Then
Ksg(ti 4+ tim1,0, =ty 1., —t1)]
VitiFa, + - +tm-1Fq, )

Theorem. Letaj+---+a,;—1 = q,
a; > 0. Let

a; = outdeg(z) — 1.
Then

% a Am—1

V(F, EERRP Gm—l)

— KS(;(CH — ]y Qp—] — O‘m—l)-
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Example.

<0417 042, a3> — <37 17 1>
S = {e12, €13, €14, €23, €34}

V(S]'_Gl +tFq, + UFGg) =

133752 1 83tu 284t 1s4u 285
SRR TR TR TR TR TRt
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Corollary.

V<FG) — KSG<q_m+1_&17 —Q9,..., _am—2)

For the complete flow graph G with
m + 1 vertices,

~ ~

V(Fg) = VI(CRn) =

K((m; 1) (m=2),—(m—=3),....—1).
Eg.

K(6,-3,-2,—1) = C1CyC}4
=1-2-5
= 10.
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Corollary. Let CT denote the con-
stant term of a Laurent series. Then

‘7<CRn—I—2) —
n
CT[ ] —a)= [ (zj—a)"
i=1 1<i<j<n

Theorem (Morris)

n
CT H(l—a:z Haj_b H a:j—a:i)_QC
1=1

1<i<y<n

II lNa+b+(n—147)c)(c)
ol

i a+jo)l'(c+ je)l'(b+ je+ 1)

Corollary (Zeilberger) V(CRn) =Cy---Ch_9.
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Note: Let 0 < a < b. d simple
product formula for

(1) ()
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One Further Flow Graph

EG) ={(,i+1):1<i<m}
U {(1,7) : 2<i<m}
U{@i,m+1):2<i<m}

Theorem. V(Fg) = Cyy_o.
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The Catalanotope

Cn = conv(AT U{0}) ¢ R

€63 €-6
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Let T be a tree with vertex set
{1,...,n+ 1} and edge set E. Define
the simplex

op = conv ({e;; : i€ E, i < j}U{0}).

2
[ 6 ( 7
3
4 1 5

o = conv{eig, €25, €36, €46, €56, €57, 0}
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T is alternating if either every neigh-
bor of vertex ¢ is less than ¢ or is greater
than 2.

T is noncrossing if there are not
edges ¢k and 50 where 1 < 7 < k < [.
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Theorem (A. Postnikov). The sim-
plices op, where T' ranges over all
noncrossing alternating trees with ver-
tex set{1,...,n+1}, are the maximal
faces of a triangulation of Cy,.

€-€3 €-€;
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Lemma. The number of noncross-
ing alternating trees with vertexr set
{1,...,n+ 1} s the Catalan number
Ch.

Corollary. V(C,) = Ch.
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Theorem.

| X ()G
;Z(Cna r)x : (01 _ x)nﬁl

Here %(?) ( jil) is a Narayana num-

ber.
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Example (an order polytope). Let
@), be the set of all points

(aij)1<icm C R

1<<n
satistying
0<a; <1
Qjj 2 Gi—1j (1)
ajj > a;j1. (2)

Vertices are the (0, 1)-matrices in Oy,
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Note: i(Omp,r) is the number of

matrices (a;;)1<i<m satisfying (1), (2),
1<5<n

and a;; € {0,1, ...,r} (plane par-
tition with < m rows, < n columns,
and largest part < r).

0012
1333
3345
5779
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Omn has a triangulation whose facets
(maximal faces) o are indexed by stan-
dard Young tableaux T of shape (n, ..., n)
(m n’s).

124
396

op:0< a1 <ap<ag; < a1z <axy < agg

Example. T =

Fach o7 is primitive, i.e.,

~

Vier) = 1.
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Corollary. We have

V(Omn) = number of SYT of shape (n,

n!

I I i+ - 1)

Theorem (MacMahon). We have

O =I5
1=1 g9=1
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Special case: m = 2. Then

V(Ogp) = Cp = : (2n>,

n+1\n

the nth Catalan number.

| >0 5 () ()
7;) Z(OQTM T)xr — (1 — x)2n+1 )

where %(?’) ( jZl) 1s a Narayana number

as above.
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