partition \ of n > 0:
A= (A1, Ao, 00)
M=A 2> >0

Young diagram of A = (4,4,1):

standard Young tableau ( ) of
shape (4,4, 1):

<
3| 4] 7
6| 8




fA =4 of SYT of shape A

1234
506

1245
36

1345
26

1235
46

1246
39

1346
29

42 _ g

1236
45

1256
34

1356
24



H (u): hook at (or of) u
h(uw) = #H(u): hook length at u



Frame-Robinson-Thrall hook length
formula (1954):

f)\

n!

B Hue)\.h(u)

b421

hook lengths : 51

6!

4.2

T = :9
/ 5-4-2-2-1-1

“nice” bijective proof by Novelli-Pak-Stoyanovskii

(1997)

Robinson-Schensted-Knuth (RSK)
rsk

algorithm: w — (P, Q), where w € G,
and P, () are SY'T' of same shape A - n
Note. Schensted = Ea Ea

(ea.ea.home.mindspring.com)
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w = 4273615

4 1

2 1

4 2
27 13
4 2
23 13
47 24
236 135
47 24
136 135
27 24
4 §
135 135
26 24
47 67

An element 7 bumps the smallest ¢ > j.



X)‘ . irreducible character of G,

indexed by A Fn



First symmetry property.

135 135
w = 4273615 —% 26 24
A7 67
135 135
wl=6241753 25 24 26
67 47
Theorem (Schiitzenberger) If w rok (P, Q),

then
w5 (Q.P),

Corollary. Let t(n) denote the number
of SYT with n squares. Then

tin) = #{w e &, : w’ =1}

" 2
Z t(n)ﬁ exp (:v + 2) .
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tn) =Y A= X1

AFn AFn

Theorem (Frobenius). Let G be a fi-
nite group and G its set of (complex) ir-
reducible characters. Then

Y x()=#{wed:w =1}
e
if and only if every representation of G 18
equivalent to a real representation (true

for &,,).



w = 318496725

1s(w) := length of longest increasing

subsequence of w € &,

i5(318496725) = 4



1257 1357

318496725 =K 346 946
39 39

Theorem. Let w sk (P, Q),

shape(P) = (A, A9, .. .).
Then
is(w) = \j.
Proof (sketch). Let the first row be
bi,bo, ..., by

Straightforward to show by induction on n
that b; is the rightmost element ;5 of w for
which the longest increasing subsequence of
w ending at 7 has length 7. O
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Second symmetry property.

W =aiav: -Gy, W:.:=Gap-* aA2G]

Theorem (Schensted). If w tsk (P, Q),

then
=5 (Pt evac(Q)).
Corollary. Letw ok, (P, @), shape(P) =
(A1, A9,...). Then
ds(w) = N = £(\).
Corollary (Erdés-Szekeres). Let w €
Spg+1- Then either

is(w) >p or ds(w) > q.

11



Corollary. Let p < q (say). Then
#{w € Gy @ is(w) =p, ds(w) = ¢}
— qup

_ (pq)!
1122...pp(p_|_1)p...qp<q_|_1>p—1,,,<p_|_q_1)1'

7 4 3
6 3 2
5 2| 1

> OO

5
A
3

12



OCOrrOO
P OOOO
OO0k

0
1
0
0
0
w

= 41253 Wt

0010
0000
0100
1000
0001

W = 35214

These two reflections generate the dihedral

group Dy (symmetries of a square).
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A reverse semistandard tableau T
of shape (5,4, 3):

66422
4431
211

i x? :v;’ s xi x%

(weakly decreasing in rows, strictly decreas-
ing in columns)

14



(000 2]
A=10210
1010 ]
3322211
Wwp =
3132244
3 3
31 33
33 33
1 9
332 332
1 9
3322 3322
1 9
4322 3322
3 9
1 1
1422 3322
33 21

1 1

15
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An element 7 bumps the largest element
1 < 7.

Lemma (simple). Let A rek (P, Q). Equal
elements of ) are inserted left-to-right (al-

lowing the construction of the inverse map

(P, Q) — A).

16



Schur function:

S\ — Z CI?T

RSSYT T
shape(T)=\

33 33 32 31
2 1 2 |

2 2 2 2
82’1(551, 9, 5173) = X5+ T3 +T5T3+T1T3

+x1x% + x%xg + 2112973

Cauchy identity:

O =2) ™" =) sa(@)s\(y)

1,] A

(analytic formulation of RSK for (reverse)
SSY'T)
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Plane partition of n > 0:

™= (Tij)ij>1

Tij > Wil T 2 Wijil, ) Wij =1

a(n) = # plane partitions of n

MacMahon:

5053221

53311

52211

221

[rr 2 1 11
I 1 1

1
a(3) =6



001
012
101
020

. 33332 44321
R 999 329
1 1

33332

merge 3331
332
21

Ho4

rowconj] 433 B
7 332 "4

21

19



Merge column-by-column.

merge of (5,4,2) and (6,3,1)is (5,5,4,2,1,1):

° o 5§
o o /4
o 2

20



‘WA’ — Z(Z + 97— 1)CLZ']'
0.J
#(rows of 7 4) = #(rows of A)
#(columns of 7 4) = #(columns of A)

N me _ Zx(iﬂ'—l)azj
™ A
_ H Z Llitj—1)ag;

1,7>1 \ a;;=0

_ H (1 B x’i—l—j—l)—l

1,021

— H(l - xi)_i

1>1

21



RSK =

Z xw_HH ok 1 —1

1=1 j=1

<r rows
<s cols

More difficult (MacMahon):

- 1 — x’H—j—Hf—l
T __

2.7 H H H ——
<r rows 1= 1] 1 k= 1

<s cols

max <t

22



Oscillating tableaux: start with (), add
or remove a square at each step.

(PDHDIII L L] [ |

shape (3,1), length 8

f,,i‘ = #{osc. tab. of shape A, length n}

dM)=( 0O H O [

23



A=)
— (2>\n—1)!!

= (2n—1)2n—3)--1.

f,,i‘ is the dimension of an irreducible rep-
resentation of the Brauer algebra B,,, a
semisimple algebra of dimension (2n — 1)!!.

24



reduced decomposition (ai,...,ap)
of w € Gy

w:Safl...Sa]ﬁ
where p is minimal, 1.e..

p=Llw) = 7) - i <j, wli) > w(j)}.
R(w) : set of reduced decomps. of w

r(w) = #R(w)

E.g,w=321 R(w) ={(1,2,1),(2,1,2)},
r(w) = 2.

wo=n,n—1,....1 € G,

25



Theorem.

r(wy) = f(n—l,n—Q,...,l)

(5)

- 1n—1 3n—2 5n—3

(Edelman-Greene).

A4

WolN

B~ olwl~

S2

2
N

2

3
A

N

S2

1
N

1

3

2

A4

1
5
A

S

3
2
3

3

N

1

sl

1

3
N

.+ (2n — 3)

W~

Bwirn

sl

3

N

1
X

s3

(2,3,1,2,1,3) € R(4321)
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Inverse:

N

| 1+1

| 1+1

27
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Example. 312132 € R(4321)

3 1

1 1

3 2
12 13
3 2
12 13
2 2

3 4
123 135
2 2

3 4
123 135
23 26
3 4

P is always the same, and () runs through
all SYT of shape (n — 1,n —2,...,1).
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Variant:
flw) = Y aay-eqy
(a1,....ap)ER(w)
E.g.,w =321, R(321) = {121,212},
f(321)=1-2-14+2-1-2=06= 3!

Theorem (Macdonald, Fomin-S).

f(wp) = (Z) |

More generally, f(w) = Gy(1,1, ..., 1)l(w)!,
where G, is a Schubert polynomial.

Corollary. f(w) = £(w)! if and only if
there never holds

< g <k=w()<wk)<w().

Number of such w € G,, is the Catalan

number C, = n%tl(%?)
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