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1. INTRODUCTION

Fix a prime p and a height h. Let K denote the Morava K-theory K(h), and
(—)k denotes localization with respect to K. Let E denote the Morava E-theory
spectrum Fj, associated to the Lubin-Tate universal deformation G of the Honda
height h formal group Go/IF,.. We shall always take E.(—) to denotes completed
E-homology

EY =m.(ENY)k.

Date: September 1, 2012.
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Bousfield and Kuhn (see, for example, [Kuh08]) constructed a functor ® = &, from
pointed spaces to spectra with the properties that

B(OY) ~ Yk,
m.®(X) 2o, ', X.

In this paper we construct a natural transformation between functors from pointed
spaces to K-local spectra

¢S5 B(X) — TAQg, (Si*)
(the “comparison map”) which relates ®(X) with the topological André-Quillen
cohomology of the augmented Sk-algebra S§+- Our main theorem (Theorem 8.1)
states that this map is an equivalence when X = 59 for ¢ odd. This likely implies
that there is some “good” class of spaces for which the comparison map is an
equivalence, though we do not pursue this here. The case of h = 0 is essentially a

special case of Quillen’s theory [Qui69]. The case of h =1 is closely related to the
thesis of Jennifer French [Frel0].

We apply our main theorem to understand the vj,-periodic Goodwillie tower of the
identity evaluated on odd spheres. This constitutes a step in the program begun
by Arone and Mahowald [AM99] to generalize the Mahowald-Thompson approach
to unstable v;-periodic homotopy groups of spheres [Mah82], [Tho90]. Work of
Arone-Mahowald [AM99] and Arone-Dwyer [ADO01] shows that applying ® to the
Goodwillie tower of the identity evaluated on S? (¢ odd) gives a (finite) resolution

(L1 (S = (L(0)g)x = (L()g)x = (L(2)g)x = -+ = (L(h)g) K-

Here L(k), denotes the Steinberg summand of the Thom spectrum of ¢ copies of
the reduced regular representation of (Z/p)*, as described in §5.

We show (Theorem 9.1) that the E-homology of the resolution (1.1) is isomorphic
to the dual of the Koszul resolution of the (degree ¢) Dyer-Lashof algebra A? for
Morava E-theory. This results in a spectral sequence having the form

(1.2) Exti, (EY(S9), Ey) = Egp_«®(S9).

This is related to unstable vp,-periodic homotopy groups of spheres by the homotopy
fixed point spectral sequence [DHO04]

HE(Sp; By ®(59)) 9 = v, m o (S7).

In [Rezal, the second author defined the modular isogeny complex, a cochain com-
plex geometrically defined in terms of finite subgroups of the formal group G, mim-
icking the structure of the building for GL,(F,). We show that the cohomology
of the modular isogeny complex is the dual of the Koszul resolution for A?. This
gives a modular interpretation of the Ea-term of the spectral sequence (1.2).

Organization of the paper. In Section 2 we summarize the results about the
Morava E-theory Dyer-Lashof algebra A? we will need for the rest of the paper. In
Section 3 we introduce a form of André-Quillen homology for unstable algebras over
A1 as well as a Grothendeick-type spectral sequence which relates this homology
to Tor*Aq. In Section 4 we introduce a bar construction model for Kuhn’s filtration
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on topological André-Quillen homology. The layers of this filtration, as well as the
layers of the Goodwillie tower of the identity, are equivalent to the spectra L(k),.
In Section 5 we show the E-homology of the spectrum L(k), is dual to the k-th
term of the Koszul resolution for A?. In Section 6, we define the comparison map,
and investigate its behavior on infinite loop spaces. This requires a technical result
on H,-structures and the norm map, which is relegated to to Appendix A. In
Section 7, we discuss a K-local analog of Weiss’s orthogonal calculus. In Section 8§,
we prove that the comparison map is an equivalence on odd spheres, by using K-
local Weiss calculus to play the Goodwillie tower off of the Kuhn filtration. In
Section 9 we use the identification of the Goodwillie tower with the Kuhn filtration
to compute the E-homology of the k-invariants of the Goodwillie tower. From
these results we establish the spectral sequence (1.2). In Section 10, we give our
modular description of the Koszul resolution for A%, by showing that it is given by
the cohomology of the modular isogeny complex.

Conventions. Here and throughout this paper, (—)V denotes the Ejp-linear dual
when applied to an Ey-module, and the Spanier-Whitehead dual when applied
to a spectrum, We shall let Sp denote the category of symmetric spectra with
the positive stable model structure [MMSSO01], and shall simply refer to these as
“spectra”. If R is a commutative S-algebra, A is a commutative augmented R-
algebra, and M is an R-module, we will let TAQ™ (A; M) denote topological André-
Quillen homology of A (relative to R) with coefficients in M. Similarly we let
TAQR(A; M) denote the corresponding topological André-Quillen cohomology. If
M = R, we shall omit it from the TAQ-notation.

Acknowledgments. The first author learned many of the techniques employed
in this paper through conversations with his Ph.D. student Jennifer French, and
also benefited from many conversations with Jacob Lurie. Mike Hopkins suggested
a version of the comparison map. In some sense much of this paper completes
a project initially suggested and pursued by Matthew Ando, Paul Goerss, Mike
Hopkins, and Neil Strickland, relating A9 to the Tits building for GLj (F,). Johann
Sigurdsson and Neil Strickland have also studied the Morava E-homology of L(k),
but from a slightly different perspective than taken in this paper.

2. RECOLLECTIONS ON THE DYER-LASHOF ALGEBRA FOR MORAVA E-THEORY

Morava FE-theory of symmetric groups. Strickland studied the Hopf ring
E°(11,B%,),

where the two products - and * are given respectively by the cup product and
transfers associated to the inclusions

(2.1) S X S = St

and the coproduct is given by the restrictions associated to the above inclusions.
Note that there are actually inclusions (2.1) for every partition of the set {1,...,n}
into two pieces. We shall refer to the stabilizers of such partitions as partition
subgroups.



4 MARK BEHRENS AND CHARLES REZK

Strickland [Str98] proved that E°(I1, BY,,) is a formal power series ring with inde-
composables
H E°(BX,.)/ Tr(proper partition subgroups).
k>0
Let
Subpk (G) = Spf(Spk)

be the (affine) formal scheme of subgroups of G of order p*. For a noetherian
complete local Ep-algebra R, the R-points of Sub,«(G) are given by

Sub, (G)(R) = {H < G Xspi(y) SPE(R) + [H| = p"}.
Strickland also shows that there is a canonical isomorphism:
(2.2) E°(BY,.)/ Tr(proper partition subgroups) & S,x.
This Ey-module is free of finite rank.

Let
s: Eo— Spr
be the map which gives S, its (aforementioned) FEp-algebra-structure, induced

topologically from the map
szk — k.

We regard S,x as a left module over Ey by the module structure induced by s. Give
the ring S,x the structure of a right Ep-module via the ring map

(2.3) t:Eg— Sy
which associates to an R-point H < G xgp¢(,) Spf(R) the deformation
(G Xspt(m,) SPE(R))/H.
The map ¢ arises topologically from the total power operation
E°(x) — E°(BE,x)

coming from the E., structure of E.

Morava E-theory of extended powers. For an E-module Y, define
Pg(Y):=\/ VAE'.
i>0
In [Rez09, §4], the second author defined a monad
T : Modg, — Modpg,
and a natural transformation
Tr.Y = m.(PeY)k
which induces an isomorphism
(2.4) [Tr. (V)2 S 1, (PeY)k

if .Y is flat as an F.-module [Rez09, Prop. 4.9]. Here, m denotes the maximal
ideal of Ey. There is a decomposition

T =P Ti)

i>0
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so that if 7Y is finite and flat, we have

(2.5) m YA = T{i)m, Y.

The monad T comes equipped [Rez09, Prop. 4.7] with natural isomorphisms
(2.6) T(M) ®p, T(N) = T(M & N).

In particular, if A is a T-algebra, then A is a graded-commutative E,-algebra in
the following strong sense: not only do element of odd degree anticommute, but
also elements of odd degree square to 0. (See [Rez09, Prop. 3.4] for an explanation
of this phenomenon.)

A convenient summary of the most important properties of the T construction is
given in Section 3.2 of [Rezb]. In particular, we note that if R is a K(n)-local
commutative E-algebra, then 7, R canonically admits the structure of a T-algebra.

Lemma 2.7. If M is a free E,-module, then TM is a free graded commutative
E.-algebra in the above sense.

Proof. The rank 1 cases M = E, and M = XFE, are discussed in the proof of
Proposition 7.2 of [Rez09]. The general case then follows from 2.6. O

Specializing to the case where Y = X9F (for q € Z), and i = p*, we have
k _
[’J1‘<pk>E*(Sq)]q = [E*Sg?gpk]q = Eo(BX,x)%"*

where py, denotes the reduced standard real representation of ¥, and (szk)qﬁk
denotes the associated Thom spectrum.

Consider the sub- and quotient modules
Primg[k] — EO(BEpk)Qﬁk — Ind, k]

where Prim,[k] denotes the intersection of the kernels of transfers to proper par-
tition subgroups, and Ind,[k] denotes quotient by the sum of the images of the
restrictions from proper partition subgroups. Both Prim,[k] and Ind,[k] are finite
free Ep-modules, and (2.2) implies that there is a canonical isomorphism

Primg[k] = Sgk.
Let 14 denote the composite
tq : Primg[k] — Ind,[k].

The suspension ¢ is shown in [Rez09] to fit these modules together to give a diagram
(2.8)
Primo,,—1[k] Primy,, [k] Primo,, 1]

IR

| l2m+1

Indgm,1 [k‘] Indgm [k‘] Ind2m+1 [k]

where ¢4 is an isomorphism for ¢ odd, and an inclusion with torsion cokernel for ¢
even.
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The Dyer-Lashof algebra for Morava FE-theory. The algebra of additive
power operations acting on cohomological degree ¢ is given by

I = 5 Prim_[k].
k

This is contained (via the map ¢_,) in the larger algebra of indecomposable power
operations

A =P Ind_,[k].

In both rings, the ring Fy is not central, and thus I'? and A? have distinct left
and right Fo-module structures. In the case of I'?, these left and right module
structures are induced respectively from the left and right module structures of Fj
on S,» under the isomorphism

(2.9) IOk = 8.

The algebra I'? is the algebra of natural endomorphisms of the functor

U?: Algy — Modg,,
A, — A_y;

see [Rezb, §3.8]. It follows that the underlying F,-module of a T-algebra carries
the structure of a graded I'*-module. The morphism (2.6) gives this I'*-module the
structure of a graded-commutative I'*-algebra. The functors U? thus assemble to
give a functor

The algebra A? is the algebra of natural endomorphisms of the functor

V:Algy | E. — Modg,,
Ao [I(A)/1(A)] g

see [Rezb, §3.10].

~

The non-canonical natural isomorphisms U9 = U2 and V9 = V+2 given by
multiplication by a unit in F_5 induce non-canonical isomorphisms of algebras

(2.10) IEE=D A
(2.11) A9 = AT

The suspension induces canonical isomorphisms of algebras
(2.12) PR =S o

In particular, all of the Ep-algebras I'? and A9, for all ¢, are non-canonically iso-
morphic to each other.



THE BOUSFIELD-KUHN FUNCTOR AND TAQ 7

The Koszul resolution. Observe that the augmentation

e: A= P Ak] — A0] = Eq

k>0

endows Ey with the structure ofv a AY bi-module: we shall use the notation Eg to
denote this A%-bimodule. Let A? denote the kernel of the augmentation €; it is
likewise a A?-bimodule.

Consider the normalized bar complex B, (Ej, 5‘1, Ey) with
BS(E_‘O’A‘Z’E_’O) — EO 8, (Aq)@z-:os ®E, EO ~ (Aq)@z_-:os.
Endow the complex B, (Ey, A4, Ey) with a grading by setting

BJ(Eo. AL E)K = @ AUk g, - ©5, ATk,
k=ki+--+ks
k; >0
Observe that since AY[k] acts trivially on Ey for k > 0, the differential in the bar
complex preserves this grading. Thus there is a decomposition of chain complexes

B*(E07 Eqa EO) = @B*(an quEO)[k]
k>0

In [Rezb], the second author proved that the algebras A7 are Koszul, as summarized
in the following theorem.

Theorem 2.13 ([Rezb|, Prop. 4.6). For each k, the kth graded part of the chain
complex has homology concentrated in top degree:

C[k}—qv § = k7

Hy(B.(Eo, A1, Eg)[k]) = {0 s£k

where each C[k]_4 is finitely generated and free as a right Ey-module; furthermore,
Clkl—g=01ifk < h.
Thus we have

Tork,(Eo, Eo) = C[k]_q,

ExtR, (Eo, Eo) = C[k]Y,.

Remark 2.14. Actually, in [Rezb], it is proven that A° is Koszul, but using the
isomorphisms (2.11) and (2.12), there are non-canonical isomorphisms A® = A9,
Therefore A? is also Koszul.

If M is a A%module, then the Koszul complexr C2"(M) associated to M is the
chain complex

CA (M) = (Cl0)—g @y M & C1]y @, M < -
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with differentials d; induced from the following diagram.

— d 1 —
(2.15) Bis1(Eo, A%, M)k + 1] — > By,(Eo, AY, M)[k]
Aq[1]®(k-+1) D5, M Aq[1]®k @m, M

C[k + 1]fq ®E0 M

C[k‘]*q ®E‘o M

Sk

Here, the map dj; is the last face map in the bar complex B, (Ey, A9, M). We
have

Hy(C&"(M)) = Tor®" (Ey, M).

Recall that the Eyp-modules C'[k]_, are projective. It follows that if M is projective
as an Fyp-module, the dual cochain complex computes Ext:

H*(CA" (M)Y) = Extiy, (M, Ep).

3. BARR-BECK HOMOLOGY

Augmented T-algebras. Consider the adjunction
T: Modg, = Algp: U™.
A free T-algebra TM is augmented over E, by the map
T™ — T(0)M = E.,.
Thus the above adjunction restricts to an adjunction for augmented T-algebras
T:Modg, S Algr L B : I(—)

where I(—) is the kernel of the augmentation. The monad T contains a “non-unital”

summand
T := @ T(7).
i>0
Note that there is a natural isomorphism
I(TM) = TM.

In particular, if A is an augmented T-algebra, then I(A) is a T-algebra.

Trivial T-algebras. The monad T is augmented over the identity functor via the
projection

T — T(1) = Id.
If M is an E.-module, then via the augmentation we can give M the trivial T-
algebra structure. We shall denote the resulting T-algebra by M.

If X is an E-module spectrum, write X for this spectrum endowed with the struc-
ture of a non-unital E-algebra spectrum with trivial multiplication. We have the
following.
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Proposition 3.1. If X is a K-local E-module spectrum, the evident identification
T X ~ m, X is an isomorphism of T-algebras.

Cotriple homology. Suppose that we are given a functor F' : Algy | E, — A
for A an abelian category. Barr and Beck [BB69] define a “cotriple homology”
associated to F relative to the comonad TI(—) on Algy | E., which we shall simply
denote L, F, as it could be viewed as a kind of left derived functor. Explicitly it
may be computed in terms of the monadic bar construction as

L,F(A) = H,(F(B.(T,T, I(A)))).

Derived functors of T-indecomposables. Consider the functor
Q%/E* : Algp | Ex — Modg,,
A By ®@aq VI(A).

Combining (2.6), Lemma 2.7, and the definition of A*, we have the following lemma.

Lemma 3.2. Suppose that M is a free FE.-module. Then there is a natural iso-
morphism

VHTM) ~ A Qpg, M_4,
and hence a natural isomorphism

Qq

45 TM = M_,.

Corollary 3.3. If A € Algy | E. is free as an E.-module, then there is an iso-
morphism

LQ%,. A2 Hy(B,(I1d, T, I(A))_,).

q
T/E.

A Grothendeick spectral sequence.

Proposition 3.4. Suppose that A is an augmented T-algebra which is free as an
FE.-module. Then there is a Grothendieck-type spectral sequence

Eit = TOYSAq (EO;Lth(A)) = Ls+tﬂ%‘/E*A-

Proof. Consider the double complex
Os,t = Bs (E07 Aqv Vq(Bt(Ta T7 I(A))))

Computing the spectral sequence for the double complex by running s-homology,
then ¢t-homology, we have

H H,Cyy = Hyyy Tot Cs .
Using (2.6), Lemma 2.7, and the definition of A9, we have
HyH,Csy = HiHBy(E°, A% VI(By(T, T, 1(A))))
>~ H, Tor®" (Eo, VI(B,(T, T, I(A))))
=~ H, Tor®" (Eo, A? @, T'I(A))
N {HtBt(Id,T,I(A)), s=0,
0, s # 0.
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The isomorphism of the second line uses the fact that V4(B(T, T, I(A))) is a free
FEyp-module when A is one, using Lemma 2.7. The isomorphism of the third line
uses Lemma 3.2.

The spectral sequence therefore collapses to give an isomorphism

Hi Tot C*y* = LZQ%/E*A

Running t-homology followed by s-homology therefore gives a spectral sequence

H H Cyy = Ly A,

Using the fact that A? is free over Ey, we compute
H H,Cyy = H H By (E°, A% V(By(T, T, I(A))))
>~ HBy(E°, A1, H,VI(B,(T, T, 1(A))))
>~ H Bs(E°, A1, L, VIA)
=~ Tor®" (E°, L, V9A4).
([l

The homology groups IL;V9A appearing in the E2-term of the Grothendieck spectral
sequence are demystified by the following lemma. We write “L.{_),/p,” for the
Andreé-Quillen homology of augmented graded commutative F,-algebras, where as
in §2 graded commutativity implies that odd degree elements square to 0.

Lemma 3.5. Suppose that A € Algy | E. is free as an Ex-module. Then there are
isomorphisms

L;ViA= []LiQA*/E*]—q-

Proof. By Lemma 2.7, the bar resolution
Bo(T,T,1(A)) = A

is a simplicial resolution of A by free graded commutative algebras. Since V*(—) =
I(—)/1(—)?, the result follows. O

Corollary 3.6. Suppose that A € Algy | E, is free as an augmented graded com-
mutative E.-algebra. Then the Grothendieck spectral sequence collapses to give an
isomorphism

L A= Torl" (B, V9(A)).

Linearization. The definition of A* gives rise to natural transformations
A*®p, M — V*(TM) = T(M)/(T(M))? + T(M)

of functors. We have noted (Lemma 3.2) that if M is a free E,-module, then
A* Qg M — V*(TM) is an isomorphism. Hence, on the full subcategory of free
FE.-modules we obtain a natural transformation of monads

E:TM%A*(@E*M
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on Modg,. (In [Rezb], this transformation is observed to be linearization for pro-
jective M, hence the notation £.) For A € Algy | E., the natural transformation
L induces a map of chain complexes

(3.7) L:B(d,T,I(A))_y, — B.(Eo, A1, VI(A))
and therefore a map

L:L 0L 5 A= Tors (Eo, VI(A)).

Lemma 3.8. If A is free as a graded commutative E.-algebra, the map (3.7) is a
quasi-isomorphism.

Proof. This essentially follows Corollary 3.6 from an identification of the map (3.7)
with the edge homomorphism of the Grothendieck spectral sequence. Specifically,
consider the following commutative diagram of maps of chain complexes.

(3.9)

@ BS(EO, Aq, Vth(T7 T, I(A))) #) BTL(EO? Aqv V(IA)

s+t=n
augg, | ~ ~ | aug;
L

Eo @0 V(B (T, T, I(A))) © Ba(Eo, A%, By(AT, A7, VIA))

s+t=n

B, (Id,T,I(A))—,

~ [ augg

- B, (Eo, A7, V1A)

Here the maps labeled aug, and aug, are the augmentations of the corresponding
bar complexes, and £ are the maps induced by linearization. All of the augmen-
tation maps are edge homomorphisms of appropriate spectral sequences of double
complexes, with Fo-terms:

'E2, = HiH,B,(Ey, A", VIBy(T, T, I(A)

"E?, = HiH,By(Ey, A", VIBy(T, T, 1(A)

ME?, = HH,B,(Ey, A", B,(A9, A9, VIA

'VE2, = H.H,B,(Eo, A%, By(AY, A9, VIA)).

Each of these spectral sequences collapses: the case of {{E],} is discussed in the
proof of Proposition 3.4, the case of {/ E7,}, the Grothendieck spectral sequence, is
handled by Corollary 3.6, and the spectral sequences {/'' E2 , } and {!V EZ ;} collapse
for trivial reasons. It follows that each of the augmentation maps in Diagram (3.9)

are quasi-isomorphisms, as indicated. It follows that the bottom arrow in (3.9) is
a quasi-isomorphism, as desired. O

4. TOPOLOGICAL ANDRE-QUILLEN HOMOLOGY

Definitions. Suppose that R is a commutative S-algebra, and that A is an aug-
mented commutative R-algebra. Topological André-Quillen homology of A (relative
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to R) was defined by Basterra [Bas99] as a suitably derived version of the cofiber
of the multiplication map on the augmentation ideal:

TAQR(A) = I(A)/1(A)"2,

If M is an R-module, then Topological André-Quillen homology and cohomology
of A with coefficients in M are defined respectively as

TAQ"(A; M) = TAQ™(A) Ag M,
TAQR(A; M) = Fr(TAQR(A), M).

As with TAQ, we let TAQR(A) = TAQR(4; R).
The augmentation ideal functor gives an equivalence
I(—): Alggp |} R = Algh"

between the category of augmented commutative R-algebras and the category of
non-unital commutative R-algebras. These categories are tensored over pointed
spaces. Basterra-McCarthy [BM02] show that TAQ(—) is the stabilization: there
is an equivalence

TAQ™(A) ~ hocolim Q"(S" @ I A).

The Kuhn filtration. Kuhn [Kuh04a] endows the topological André-Quillen ho-
mology TAQ® (A) of an augmented commutative S-algebra A with an increasing
filtration

(4.1) Fy TAQ®(A) — F, TAQ®(A) — - - - .

We shall use the simplicial presentation of TAQ® to give a point set level definition
of a filtration which has identical properties to Kuhn’s filtration.

Remark 4.2. While there is compelling evidence that the filtration we define in
this section agrees with the filtration defined by Kuhn in [Kuh04a], the authors do
not actually know a proof of this. We will nevertheless refer to the filtration defined
in this section as the “Kuhn filtration” for the rest of the paper.

Let P denote the free E.-ring monad on Sp

P(Y) := \/ Vi,
n>0

and let P denotes the “non-unital” version

P(Y):=\/ VAl

n>1

Note that the monad P is augmented over the identity. Basterra [Bas99, §5] shows
that TAQ admits a simplicial presentation using the monadic bar construction:

(4.3) TAQS(A) ~ ]B.(Id,ﬁ,I(A))’ .
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For a non-unital operad O in Sp, let F» denote the free O-algebra monad in Sp:
FoY :=\/ OnAs, Y™
n>1
Let Comm denote the (non-unital) commutative operad in spectra, with
Comm,, = S.
Viewed as an endofunctor of spectra, we have (using [MMSS01, Lem. 15.5])
LFcomm ~ P.
We therefore have, for A positive cofibrant:
TAQ®(A) ~ [Bu(1d, Foomm, [(A))] -
Observe for fixed s there is a splitting
B (Id, Foomm, I(A)) = FeommI (4)

Comm
= ]:[CommOS]I(A)
(4.4) = \/ [Comm®*]; Az, T(A)™.
i>1
=: \/ Bs(Id, Foomm, I(A))(i).
i>1
Here, o denotes the composition product of symmetric sequences. Consider the
filtration
FnBs(Idv }—Commv I(A)) = \/ Bs(Idv }—Commv I(A))<Z>
1<i<n
This filtration is compatible with the simplicial structure, and recovers the Kuhn

filtration on TAQ® for cofibrant R:
F, TAQ®(A) ~ |F,, Be(1d, Fcomm, I(A))| .

The layers of the Kuhn filtration. We now recall Kuhn’s description of the
layers of his filtration in this language. The (pointed) partition poset complex
P(n)e is defined to be the pointed simplicial ¥,,-set whose set of s-simplices is the
set

A; is a partition of n,

/\0§)\1§"'S)\52 )\0:{17...,71}, H{*}

As ={1}--{n}
The face and degeneracy maps send the disjoint basepoint * to the disjoint base-
point, and are given on the other elements by the formulas

A< <A << A, i #{0, s},
*, i €{0,s},
5iho < <A) =A< <A <A << A

Pn)y = {{{1},*}, n=1,

di(/\OS"'S/\s)Z{

Note that we have

{*}, n > 1.
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Proposition 4.5 (Kuhn [Kuh04al]). We have
(4.6) F, TAQ®(A)/F,—1 TAQ®(A) = [P(n)e] Ans, 1(A)"".

Proof. Let I(A) denote the spectrum I(A) endowed with the trivial Feomm-algebra
structure. We have

F, TAQ®(A)/F,_1 TAQ® (A) ~ B(Id, Foomm, I(A))(n)
= [[Comm®*],, As,, I(4)™"|
>~ |Bo(1,Comm, 1),,| Ax,, T(A)"™.

Here, 1 denotes the unit symmetric sequence. The lemma now follows from the
isomorphism of simplicial ¥,,-spectra

B,(1,Comm, 1),, = P(n),
(see [Chi05]). O

5. THE MORAVA E-THEORY OF L(k)

L(k)-spectra. The spectrum L(k), is defined as
(5.1) L(k)q := est(BFE)?Px.
Here, pj represents the reduced regular real representation of the elementary abelian

p-group IF];, and (B]F’;)‘Iﬁk denotes the Thom spectrum of the ¢-fold direct sum of

pr- We write e for the Steinberg idempotent, acting on this spectrum, so that
L(k)q is the Steinberg summand.

We shall let L(k) denote the spectrum L(k);. Mitchell and Priddy show that there

are equivalences
Sp?" (5)/Sp*" ' () = S*L(k)
where Sp? * (9) is the (p¥)th symmetric product of the sphere spectrum.

The Goodwillie derivatives of the identity functor

1d : Top, — Top,
are given by (see [AM99])
(5:2) 0n(1d) = (5= [P(n)a)"

Arone and Dwyer [ADO1, Cor. 9.6] establish mod p equivalences (for ¢ odd)
(5.3) L(k)q ~p SE7100, (1) A 7' ]p5 = BF7ID, (1d)(S7).

Here D« (Id) is the infinite delooping of the (p*)th layer of the Goodwillie tower of
the identity functor on Top,.

Remark 5.4. For the purposes of the rest of the paper, one could take (5.3) as
the definition of the p-adic homotopy type of L(k),, instead of (5.1). All of the
computations and properties of the spectra L(k), in what follows are really aspects
of the partition poset model of D« (Id)(S9).
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The E-homology calculation. We now turn our attention to computing the FE-
homology of the spectra L(k), using (5.3). We do this with a sequence of lemmas.
Recall from §3 that for an E,-module M, we write M for the T-algebra obtained
by endowing M with the trivial action.

Lemma 5.5. If Y is a spectrum with E.Y finite and flat as an E.-module, then
there is an isomorphism of simplicial E,-modules

E.(P(n)e Ans, Y™") 2= By(1d, T, E,Y ) (n).

Proof. Replacing Y with a cofibrant replacement in the positive model structure
for symmetric spectra, this follows immediately from applying (2.5) to the isomor-
phisms

P(n)e Anx,, yAn o~ B, (1,Comm, 1),, Ns,, VA
Be(Id, Feomm, Y )(n).

Il

Lemma 5.6. For q odd, there is a canonical isomorphism

Eo(S™F 4 [P")e] Ans,, 57°) = C[kl,.

Proof. Consider the Bousfield-Kan spectral sequence:
(5.7) Bl = BP0 Ans,, S7) = Braa(|PO0F)e] Ans, 5.
We compute, using Lemma 5.5 and Lemma 3.8
Eps(P(0")s Ais,, S7°) 2 B, @, Bo(1d, T, E.57)(p"),
£y B. ®p, Ba(Eo, A%, Eo)[H].
By Theorem 2.13, the spectral sequence (5.7) collapses to give the desired result. O
Theorem 5.8. For q odd, there are canonical isomorphisms of E.-modules
EoL(k)q = C[k]!q
and
E°L(k), = Clk]—q.
Proof. By (5.3) and (5.2) there are equivalences
L(k)q ~ X¥799,.(1d) Aps , 7"
~ yhd |P(Pk)o|v A s,

Since P(p*)s is a finite complex, the results of [Kuh04b] imply that there are K-local
equivalences

SR [PEF)a] " A S s, o SR [P(F)] A S
~ [(Z—k—i-q ”P(pk).‘ A S_qpk)v]thk
~ [(Ekarq |P(pk).} A S*qpk)thk}v.
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Now apply the universal coefficient theorem, using the fact that C[k]_, is free as a
module over Ejy, to deduce the result from Lemma 5.6. (]

Remark 5.9. Arone and Dwyer actually give another identification of the spectrum
L(k)q, dual to (5.3); they also prove that there is an equivalence
k
L(k)g = 7 U P@")e| A ST Tns -
Thus Lemma 5.6 gives the following alternative to Theorem 5.8: for ¢ odd we have
E0L(k)q = C[k]q-

This description of the E-homology of L(k), is less well suited to the perspective
of the present paper.

6. THE BOUSFIELD-KUHN FUNCTOR AND THE COMPARISON MAP

The Bousfield-Kuhn functor. Let T denote any vj,-telescope on a type h finite
complex. The Bousfield-Kuhn functor ®/ = <I>£ factors localization with respect to
T. We are mainly interested in the composition ® of ®" with K-localization. Thus
we have a diagram of functors commuting up to natural weak equivalence.

(—)k

Sp (=)r Sp (-)x Sp

QOO
@
Top,,
The unstable v,,-periodic homotopy groups of X are the homotopy groups of ®/(X):
v m (X)) 2,8 (X).
When the telescope conjecture holds for all heights < h (e.g., if h = 1), then
of ~ ®.

See [Kuh08] for a detailed summary of the construction and properties of these
functors. The main additional property we will need is that ® commutes with finite
homotopy limits, and thus in particular &2 — Q& is a natural weak equivalence.

Applying ® to the unit of the adjunction
X 5 QF¥>*X
we get a natural transformation

The comparison map. Let R be a commutative S-algebra, and consider the
functor

R+ Top®? — Algp | R.

Here, the R-algebra structure on RX+ comes from the diagonal on X, with unit
given by the map X — %, and augmentation coming from the basepoint on X.
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The augmentation ideal I(R*+) is identified with RX, the R-module of maps from
¥ X to R. As the functor Top?” — Alg}" given by X +— R is a pointed homotopy
functor, there is are natural transformations

S"®RX — RY"X.

Assume that R is K-local. We define a natural transformation
cr: TAQR(RX+) - R®X)
of functors Top?? — Modg as folows.
cr : TAQR(R*+) ~ hocolim Q" (S" © RY)
— hocglim QR X
~ hocglim QrRET XK

77*71 . n
22X hocolim Q7 R X)
n

~ hocolim Q" R> " ®(X)
~ R®(X,
Taking R-linear duals of ¢g and composing with the evident map R A ®(X) —
Hompz(R®X) R) gives rise to a map
P (RAP(X))k — TAQR(RY).

We shall refer to cg and ¢ as the comparison maps.

The comparison map on infinite loop spaces. Let Y be a spectrum. The
counit of the adjunction

€:X°0* - 1Id
induces a natural transformation

. aY QXY

€S =+ Sk 7.

Regarding SI%OOY as a non-unital commutative Sk-algebra, this induces a map of
augmented commutative Sk-algebras

Q&Y.
& Ps Sk — S T

The following property of cg, : TAQ®X (SI%OOYJr) — Si(ﬂooy) will be all that we
need to know about it.

Lemma 6.1. The composite

TAQSK (&*

Sk ~ TAQS* (Ps, 5§ 5 TAQSH (5 ) 5 g 5

is the identity.
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Proof. The lemma is proved by the commutativity of the following diagram

TAQS® (Pg, SY) — = TAQS* (§2 )

KT
Ps, Sk — lim Q" (5" ® Ps, S%) —— lim Q" (5" @ SZ™)

O

lim Q" (Ps, SF V) ——=—> lim Q" (S

?(OOZ_”Y) CSp

*
nQ‘”Z*"Y

lim (53 ")

\ S}(}"OY SY /

"
Ny

together with the fact that ey o €* ~ Id [Kuh08, Sec. 7]. O

The comparison map on @X. The previous lemma allows us to deduce the
following.

Proposition 6.2. Suppose that X € Top, is connected and has finite free E-
homology. Then the comparison map for QX :

coe t TAQR (SX) = SpOX ~ 5%

is an equivalence.

Proof. We will argue that TAQ ¥ (S[Q(XJr) has finite K-homology, of rank equal to
the rank of the K-homology of S7. The proposition then follows from Lemma 6.1.
Observe that the Kahn splitting and our finiteness hypotheses gives rise to a se-
quence of equivalences

S§X+ ~ G IP(Z X) H[ (SX)sxc]

The K-local norm equivalences give equlvalences

[T s o TTUSE ) nar i = Boye (S%)-

i
In fact, the equivalence

QX ™ X

St ~Pg (Sk)

is an equivalence of H.-ring spectra, where we give @Sx (S%) the Ho-ring structure
arising from the inverse limit of the localized truncated free algebras:

Ps, (Si) = holim \/ [(S5)h%, |-
i<n

As the argument is somewhat technical, we defer the proof to Appendix A.
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Associated to the simplicial presentation
TAQSK (S9%%) ~ |B,(1d, Ps,., S&¥)
is a Bousfield-Kan spectral sequence which takes the form
(6.3) El, = E,B,(14,Ps,., S¥) = B,y TAQS* (ST,

As our E-homology is implicitly completed E-homology, this spectral sequence only
converges under very special circumstances (for instance, if it has finitely many lines
on the E"-page for some r). The Fj-term may be identified using (2.4):

E!, = B,(1d,T, E.ST)5.

To compute the E?-page, we note that the homology of the uncompleted bar com-
plex is given by:

H,(B.(1d, T, E.SEY)) = L B.SE

Since Sg)q is equivalent to Pg, (S%) as an H..-algebra, there is an isomorphism
of augmented T-algebras

B = BBy, (S%) = Symp (A" ®@p, E*X)

(the last isomorphism follows from Lemma 2.7 and the definition of A*). Here
Symp_ denotes the (graded commutative) power series algebra over E,.. The
Grothendieck spectral sequence of Proposition 3.4
B2, = Tor® (Eo,L{V*(Symp, (A* ®p, B*X))) = Le O B.SE

collapses to give

E*X, 5=0

Ly 5 BLSEY" = ’ ’

T/B. K {o, 5> 0.

In particular, this implies that H,(B.(Id, T, E*ng)) is free over E,. Therefore,
the higher derived functors of m-adic completion vanish on these homology groups
[Rez09, Prop. 3.2], and it follows that we have

E?, = H*(B.(1d, T, E.SZ)0)
= H*(B.(Id,T, E.SY5)A

E*X, s=0,
0, s> 0.

>~

We conclude that spectral sequence (6.3) converges and collapses to give an iso-
morphism

E, TAQ < (§9%+) ~ E* X.
In particular, there is an isomorphism

K, TAQS (§92%+) ~ K, 5%,
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7. WEISS TOWERS

In this section we freely use the language of Weiss’s orthogonal calculus [Wei95].

Definition 7.1. Let F' be a reduced homotopy functor from complex vector spaces
to K-local spectra. We shall say that a tower

o= F, =2 F, == 0
of functors under F'is a finite K-local Weiss tower if
(1) the fiber of F,, — F,,_1 is equivalent to the K-localization of a homogeneous

degree n functor from complex vector spaces to spectra, and
(2) The map F — F,, is an equivalence for n > 0.

Remark 7.2. Suppose that {F,} is a finite K-local Weiss tower for F.. We record

the following observations.

(1) The functor F,, are n-excisive. This is because the localization of a homo-
geneous degree n functor is n-excisive.

(2) If {G,} is a finite K-local Weiss tower for G, and F — G is a natural
transformation, there is a homotopically unique induced compatible system
of natural transformations

F, — G,.

This is because if D,, is a homogeneous degree n functor which is K-locally
equivalent to the fiber F,, — F,_1, the space of natural transformations

Nat((D,)k,Gm) ~ Nat(D,,, G.,)
is contractible for m < n. It follows that the natural map
Nat(F,,,G,,) = Nat(F,G,,)

is an equivalence.
(3) Tt follows from (2) that if F' admits a finite K-local Goodwillie tower, it is
homotopically unique.

We will construct finite K-local Goodwillie towers of the following functors from
complex vector spaces to spectras:

Vi d(2SY)
V o TAQg, (S57)4).

In each of these cases, the towers will only have non-trivial layers in degrees p”* for
k < h.

Proposition 7.3. The tower {®(P,(1d)(XSY))}, is a finite K-local Weiss tower
for ®(2SV).
Proof. The fibers of the tower {®(P,(XSY))}, are given by

D, (1d)(28Y) e = ®(Pu(1d)(25")) = (P,-1(1d)(2SY)).
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By [Kuh08, Thm. 8.9], the map

»(V) = (B (1d)(25Y))
is an equivalence. (Il
Proposition 7.4. The tower {F,, TAQg,. (Sgsv”)} obtained by taking the K -local

Spanier- Whitehead dual of the Kuhn filtration {F, TAQS(S(ZSV)Jr)} s a finite K -
local Weiss tower.

Proof. By 4.6, the fibers of the tower are given by
F(0,dd)Y Aps, (SZ5)M Spe) o F(9,(Id)Y A (S=S7 )N Gy )Sn
~ (F(On (1) A (S757)M, Sge)™n )
~ (((8,(Id) A S™ A S™V) g )hEn)
~ ((Op(Id) A S™ A S™ Vs, ) k-

Thus they are equivalent to K-localizations of homogeneous degree n functors.
Since we have

TAQS(S(EV)Jr) ~ hocolim F), TAQS(S(ZV)Jr)7
we have

TAQg,. (Sgsv)+) ~ holim F}, TAQg,. (SgsVH).

Since the layers are equivalent to D, (Id)(£S" )k, they are acyclic for n > p"
[AM99). O

8. THE COMPARISON MAP ON ODD SPHERES

Fix ¢ to be an odd positive integer. The main result of this section is the following
theorem.

Theorem 8.1. The comparison map
st

¢ 1 @(87) — TAQg, (SKH)

is an equivalence.

We shall begin with its dual, and establish the following weaker statement.
Lemma 8.2. The natural transformation
\4 1
CSye TAQSK(SgS )+) — Sf;(zs )

of functors from complex vector spaces to K -local spectra has a weak section.

Proof. Using work of Arone-Mahowald, Kuhn shows that the map
O(X) = (P, (1d)(X))
is an equivalence [Kuh08, Thm. 8.9]. Let X = %SV, and let
X - QX
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denote the Bousfield-Kan cosimplicial resolution. Consider the diagram:

OP ), (1d)(X
Sk "
r(QFH(X)+ ) Sk S<I>P r(QTHX

CSK

(8.3) TAQ ¥ (Sx*) ——————=§

TAQS" (5
It is well known (see [AK98]) that there is an equivalence of cosimplicial ¥,,-spectra:
0n(Q*1) = X%P(n)]
so that the induced map
9, (1d) =5 Tot 8, (Q*11) ~ Tot S®°P(n)Y ~ £ [P(n)|”

is equivalence (5.2). For a fixed s, the iterated Snaith splitting implies that the
Goodwillie tower for Q*! splits, giving an equivalence

P N (Q.Jrl H Q s Abs, X/\z)

1<i<ph

In particular, the spaces above satisfy the hypotheses of Prop. 6.2, and the com-

parison map

R (QTH(X) 1 PP (QTHX

TAQ ™ (S}7 L
is a levelwise equivalence of simplicial spectra. It follows from Diagram (8.3) that
the natural map

DP L, (Q*TH (X P 4, (Id)(X
SK ok (@) (X) ok (Id)( )gsz(x)

— Sk

’K
factors through cg,:

(PR (QTH(X))

5" 2P, (1)(X))

— TAQS< (5n+) 25, 62X ~ g

’K
The lemma will be proven if we can show that the natural map

B(PR(Q*T(X)

s ®(P, 5 (1d)(X))

— Sk

’K
is an equivalence. To do this, we will prove that for all n the composite

’ Sg;(m(@'*l)(x»‘}( _y SUPAIDEX)

is an equivalence, by induction on n. The map of fiber sequences

D,,(1d)(X) —— P, (Id)(X) ——> P,_1(1d)(X)

| | l

Dn(Q*+1)(X) — P (Q*)(X) — P (Q*F1)(X)
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gives a map of fiber sequences

’S;I;(PH_MQ'“)(X))‘ ’Sg;(m(@'“)(xn ‘K ‘S}{;(Dn(cz”l)(xn ’K

K

| | l

Si(Pnfl(Id)(X)) - 9 S;I;(Pn(ld)(X)) - Si(D“(Id)(X))
The induction on n therefore rests on proving that the natural map
‘SQW(Q'“)(X)’ ~ ‘S}i;(Dn(Q”l)(X))‘ — §2PRADX) B (D))
K K
is an equivalence.

Using the finiteness of X and P(n)s, together with the vanishing of K-local Tate
spectra [Kuh04b], we have the following diagram of equivalences

‘SQH<Q'+1)<X) ‘K SI]D("(M))(X)

~

1R

SEOO'P(’IL)://\thXA"
K

— > g=TIP() I Ansp, X2
K

K

~ ~

(Szmp(n)://\x/\n> h¥,

E°°|P(n).\v/\XA" hzn
K SK

K

~ ~

E®°|P(n)e| Y AX ™
)]

(Simp(n)mxm)

h3n | g K

~ ~

‘(zoop(n). A sggm)hzn

- [(zoo P(n)e| A sg“‘)hzj

K K

The bottom arrow in this diagram is an equivalence, since realizations commute past
homotopy colimits and smash products. Therefore the top arrow in the diagram is
an equivalence, as desired. O

The final ingredient we will need to prove Theorem 8.1 will be a result which will
allow us to dualize Lemma 8.2.

Proposition 8.4. The spectrum ®(S?) is K-locally dualizible.

Proof. Tt suffices to show that its completed Morava E-homology is finitely gener-
ated [HS99]. Since ®(S7) ~ &(P,»(Id)(S?)) [Kuh08, Sec. 7], one can prove this by
proving ®(P,«(Id)(S9)) has finitely generated completed Morava E-homology by
induction on k. This is done using the fiber sequences

D, (Id)(S7) i — B(P, (Id)(S7)) = B(P—s (Id)(S7))
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together with our computation EyL(k), = C[k]Y,. Note that C[k]", is finitely

generated by [Rezb, Prop. 4.6]. O

Proof of Theorem 8.1. We can take the K-local Spanier-Whitehead dual of the re-
traction

\%4 \%4 v
S;I;(ES )%TAQSK(S%S )+) sk S;{;(ZS )
provided by Lemma 8.2 to obtain a retraction of functors from complex vector
spaces to K-local spectra:

o(28Y) <55 TAQq, (ST5)%) = o(nsY).

We therefore get a retraction of the K-local Weiss towers of these functors (see
Propositions 7.3 and 7.4)

(®(P. (1) (28 ) 5 {(F TAQg, (S5 4)}, — {8(P(1d)(28Y)) .

However, the layers of both of these towers are equivalent to the spectra D, (Id)(2S") .
Since the Morava K-theory of these layers is finite, it follows that the map ¢ in-
duces an equivalence on the layers of the K-local Weiss towers. Since the K-local
Weiss towers are themselves finite, we deduce that the natural transformation
S 14
o(2s") “5 TAQ, (S8°)7)

is an equivalence by inducting up the towers. [

Actually, the method of proof gives the following corollary, which allows us to
compare ¢ applied to the Goodwillie tower of the identity with the much easier to
understand Kuhn tower.

Corollary 8.5. The comparison map induces an equivalence of towers

{2(P,(10)(57)} “5 {F, TAQg, (Si)}.

9. THE MORAVA E-HOMOLOGY OF THE GOODWILLIE ATTACHING MAPS

Fix ¢ to be an odd positive integer. Let aj denote the attaching map connecting
the p* and p**!-layers of the Goodwillie tower for S9.

Dy (1d)(S7) —— BD s (1) (S7)

YFL(k), S9FL(k),
Applying ® and desuspending, we get a map
P(ag) : (L(k)g)x — (L(k + 1)q)k

which should be regarded as the corresponding attaching map between consecutive
non-trivial layers in the vp-periodic Goodwillie tower of the identity.

Note that since E5F is a commutative FE-algebra, the reduced cohomology group

E(8%) = Vi, BSt
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is a A%-module. Under the isomorphisms
~ \
BoL(k), = (Clk)—q @5, E(57))

obtained by tensoring the isomorphism of Theorem 5.8 with the fundamental class
in E%(S?), there is an induced map

Eyb(on) : (kg @, B/(57) = (Clk+ 1]y @, B(SY)
We have the following more refined version of Theorem 5.8.
Theorem 9.1. There is an isomorphism of cochain complexes
(EoL(k)q, Eo®(ax)) = (C" (EU(57)" 6))
where CH° (Eq(Sq)) is the Koszul complex for the AY-module E‘q(Sq).

Proof. By Corollary 8.5, it suffices to show that the E-homology of the attaching
maps in the Kuhn tower

q \ q \%
F . TAQS< (S5+ F s TAQS® (S5F
oy (DR =~ | 2 TAQ ) ) [ Fon TAQT) ) ),
Fe1 TAQS  (Si) Fe TAQ™(Si")

have the desired description (here the (—)V notation above denotes the K-local
Spanier-Whitehead dual). The result is obtained by dualizing the following diagram

Ok

Clk +1]-q ®&, E(57) Clk]-q @5, E1(S7)

Bii1(Eo, A9, E1(S)[k + 1] e Bi(Eo, A7, E9(S7))[k]

‘| le

o~ det1 (p® -
By (I, T, B*(59) (01 _y T B (1d, T, B9(59)) (%),

drt1(p")

E*qu+1(Id> IF)? 1(551))<pk+1> - E*qu(ICL ﬁ? 1(551))<pk>

which identifies the E-homology of the attaching map

59 s

Fpk+1 TAQSK(SK ) N Fpk TAQSK (SK )
F,x TAQS® (Sf}) Fe-1 TAQ® (Sf})

In this diagram, the maps diy; are the last face maps in the corresponding bar
complexes, and the maps dj1(p*) are the projections of the face maps on to the
(p*)-summands. O

Corollary 9.2. The spectral sequence obtained by applying E. to the tower {® (P, (1d)(S?))}
takes the form

Exti, (E1(S9), E;) = Eqpi_s®(S9).



26 MARK BEHRENS AND CHARLES REZK

10. A MODULAR DESCRIPTION OF THE KOSZUL COMPLEX

Reduction to the case of ¢ = 1. In this section we give a modular interpretation
of the Koszul complex C2*(E4(S9)) in the case of ¢ = 1. Since the suspension gives
inclusions of bar complexes (see (2.8))

B(Eo, A1, E1(S%)) < B(Eo, A, E*(SY))
we deduce that we have an induced map of Koszul complexes

O]y A1[1)®F

Y

[
O[k] -1 AL[1)®*

Furthermore, the map 07~! above must be an inclusion. We deduce that there is
an inclusion of Koszul complexes

g?™L: CAY(B1(S7)) — C2' (EY(SY)).

It follows that the modular description of the Koszul complex we shall give for
q = 1 will extend to a modular description for arbitrary odd ¢ provided we have a
good understanding of the inclusions of lattices

A1) € A1),
A12] € A'[2].

This amounts to having a concrete understanding of the second author’s “Wilkerson
Criterion” [Rez09].

The modular isogeny complex. We review the definition of the modular isogeny
complex K7, of [Reza] associated to the formal group G.

For (k1,...,ks) a sequence of positive integers, let
Suby .yt () = SPE(Syr,. o)
be the (affine) formal scheme whose R-points are given by
Subyr ke (G)(R) = {Hy < -+ < Hy < G Xspi(ry) SPE(R) + [Hi/H;—1| =p"'}.
Lemma 10.1. There is a canonical isomorphism of Ey-algebras

Spklﬁ_“’pks = Spkl RF, " O, Spks.

Proof. An R point of Spf(Syx, _,».) corresponds to a chain of finite subgroups
(Hy <--- < Hy)
in Gy := G Xgpe(gy) SPF(R) with |H;/H; 1| = p'. Define G; := G1/H;_1. Then,
defining, H; := H;/H;_1, we get a collection of R-points
(G, i) € SpE(S, ) (R)
and isomorphisms G;/ ﬁi 2 Gy4+1. This is precisely the data of an R-point of
Spf(Spr1 @R, -+ @By Sprs )
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Conversely, given such a sequence (G;, I:Q) with isomorphisms G,/ H; =~ Gi+1, there
is an associated chain of subgroups (Hi,...,Hs) of Gy obtained by pulling back
the subgroup H; over the isogeny:

Gl — G1/ﬁ1 = Gg —)Gg/f[g §G3 — s = Gi—l/ﬁi—l gGi.

For k > 0 we define

s Hk1+“'+ks:k Spk17m)pk-,s, 1 S S S ]{3,
’Cpk = k; >0
0, otherwise.

We handle the case of k£ = 0 by defining
k- {0
For 1 <i < s and a decomposition k; = k] + k] with kf, k! > 0, define maps
on R points by
wlc(Hy < -+ < Hgy1) > (Hy < - < Hy < -+ < Hypq).
The maps u;, under the isomorphism of Lemma 10.1, all arise from the maps
w1 Sperwr = Syt @, Spirr
In [Rez09], it is established that the maps u; above are dual to the algebra maps
T[] ®@p, T[K"] — TK + k"]

Taking a product over all possible such decompositions of k; = k. + kI’ gives a map
U IC;k — IC;}fl.
The differentials
Sl = Ko, 1<s<k

in the cochain complex IC;,c are given by

The cohomology of the modular isogeny complex. The key observation of
this section is the following.

Proposition 10.2. There is an isomorphism of cochain complexes
B, (Eo, A', Eo)[k]¥ = K.
It follows that we have

0, s # k.
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Proof. The suspension isomorphism (2.12)

induces an isomorphism of chain complexes
B.(Eo, A, Eo)[k] 2 B.(Eo,T°, Eo)[k].

The isomorphisms (2.9) together with those of Lemma 10.1 induce isomorphisms
v

BS(E07FO7EO)[‘I€]V = @ fo[kl] KB, QF, fo[ks]
ky oA ks =k
k>0
D Tr)em o5 Ok
kit +ks=k
k; >0
@ Spr1 @By *+ OB, Sphs

kit ko =k
k; >0

H Spkl,m,pks

kot ka=k
k; >0

Il

Il

Il

since all of the Ep-modules involved are finite and free. Using the facts that T[]
acts trivially on Ey for ¢ > 0, and that the differential in the modular isogeny
complex is an alternating sum of maps dual to the multiplication maps in I'?, our
isomorphisms yield the desired isomorphism of cochain complexes

B.(Eo, A", Eq)[k]Y = K.

Again, appealing the the fact that these cochain complexes are free Fp-modules in
each degree, and that the modules C[k]_; are free (see [Rezb, Prop. 4.6]), we have

H*(K;) = H*(B.(Eo, A", Eo)[k]")
= H,(B.(Eo, A", Eo)[K])"

O[k}\ila § = kv
0, s# k.

1%

O

Modular description of the Koszul differentials. What remains is to give a
modular description of the Koszul differentials

HH () = CR (BY(SY)Y 25 ORL(EY(SY)Y = HM ()
Consider the map
Ukt1:Sp,...,p = Sp,....p
S—— S——

k k41

whose effect on R-points is given by

U;;_,'_l : (Hl < e < Hk+1 < G) — (HQ/Hl < e <K Hk+1/H1 < G/Hl)
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Theorem 10.3. The following diagram commutes.

S
Spy.osp wen Sp,...p

k k+1

| |

CR (B (S")Y —57 CRa (B (")

Proof. Under the suspension isomorphism o : Al 22 0, the Al-module E*(S?) is
isomorphic to the I'’-module E°(S°) = Ey. Moreover the action map

1] =1 ®g, Eo — Eo
is dual to the map ¢ of (2.3)
t:Ey— Sy
whose effect on R points is given by
t*: (H<G)— G/H.
The result follows from the isomorphisms
Sp,...,p =S BR, QR Sp
k k
= By, (Eo, T, Ey)[k]
= By (Eo, A%, EY(SY))[K]
and (2.15). O

X
APPENDIX A. THE H., STRUCTURE OF ng +

In this appendix we prove the following technical lemma needed in the proof of
Proposition 6.2.

Lemma A.1. Suppose that X is a connected pointed space whose suspension spec-
trum is K-locally strongly dualizible. Then the equivalence

ST ~ By, (SK)

in the proof of Proposition 6.2 is an equivalence of Hso-1ing spectra.

The equivalence in Lemma A.1 is given by the sequence of equivalences

=~ As i [1Ns, ThS, P(S®X) Sx X
Py (S%) = [TIS%)nss i == TTISE) or e o S0 X 32

i i

Here sx : PX®X ~ ¥*°QX, is the Kahn splitting, and Ny, is the norm.

Observe that since K-localization commutes with products when the factors in-
volved are E-local (see [BD10, Cor. 6.1.3]) there is an equivalence

| UERISIES [H(S%)Qé’fi] .
K

i i
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Therefore, Lemma A.1 follows from the following slightly more general observation.

Lemma A.2. Let R be a commutative S-algebra, X a connected pointed space, and
suppose that R N X is strongly dualizible in the category of R-modules. Then the
composite

~ . Nx. . [o5] 5*
Pr(RY) = H(RX)ng [INs; H[(RX)ARz]hEi ~ RP(E®X) <TXRQX+

i i

is a map of Hy-R-algebras.

The rest of the appendix will be devoted to a proof of this lemma. Observe that
the dualizible hypothesis on X implies that the natural map

(RX)/\Ri BN R(X/w)

is an equivalence. We therefore may simply use RX " to unambiguously refer to
either of these equivalent spectra.

Norm and transfer maps. The proof of Lemma A.2 will necessitate a detailed
understanding of norm and transfer maps in the stable homotopy category, which
we briefly review. The first author learned of this particular perspective on norms
from some lectures of Jacob Lurie.

For a finite group G, let Sp denote the category of G-spectra (G-equivariant ob-
jects in Sp, with weak equivalences given by those equivariant maps which are
equivalences on underlying non-equivariant spectra), and Ho(Sp¢;) the correspond-
ing homotopy category.

Given a homomorphism f : H — G, the associated restriction functor
f* + Ho(Spg) — Ho(Spy)

has a left adjoint
fr: Ho(Spy) — Ho(Spg)

and a right adjoint
f« : Ho(Spy) — Ho(Spg).

In the case where f : H — G is the inclusion of a subgroup, these functors are
given by induction and coinduction

fY =Ind§Y =G AgY,
f.Y = Colnd$%Y = Map(G,Y).

In this special case, since finite products are equivalent to finite wedges in Sp, the
natural map

AY =md§y 2 Colnd§Y = £

is an isomorphism in Ho(Sp(), and thus fi is also right adjoint to f*.
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If f is the unique map to the trivial group f : G — 1, then these functors are given
by homotopy orbits and homotopy fixed points

Y =Ye,
LY =Yhe,

In general, these functors are compatible with composition:

(f9) =g"f",
(foh = fig,
(fg)* = fiGx-

For Y7 and Y3 in Spg, let Y A Y, € Sp; denote the smash product with diagonal
G-action. For f: H — G, Y € Spy, and Z € Spg,, there is a projection formula

Y A (iZ) 2 A((FY) A 2).

Finally, if

is a pullback, then for Y € Spg there is an isomorphism

g f Y = (f)(g')Y.

For example, if f : G — G/N is a quotient, then for Y € Spe, fiY is a G/N-
equivariant model for Y} . Indeed, this can be seen formally by considering the
following diagram.

k
_—

N 1

|

G%G}N
|
1

J

g

N

Since the square in the above diagram is a pullback, we deduce
JRY 2 ki'Y =Y.
Furthermore, we get an iterated homotopy orbit theorem

(YhN)hG/N = g!f!Y = le = YhG~
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In this language the norm and transfer maps have a particularly nice description.
Suppose that H is a subgroup of GG, and consider the diagram:

H————q
\>\ /4/
1
For Y € Spg, the transfer is given by the composite

-1
Trg Yo = g!Y — g[i*i*y % g!i!i*y = f[i*Y =Y,y.

If H is normal in G, there is a refinement of the transfer Trf which is G-equivariant.
Consider the diagram

G
N
N\
Id G xg/u G -G
)
G G/H

Using the fact that the square in the diagram is a pullback, we define the G-
equivariant transfer to be the composite

(A3) T Vg = fAY = (m)i(m2)Y — ()1 ALA" ()Y

—1
Yo () A A ()Y = Y.

The adjoint of this map gives a G/H-equivariant norm map

Ny :Yog — f.Y = YhH,

The equivariant transfer maps (A.3) can be constructed more generally: for sub-
groups

K<H<LG
with K and H normal in G' we can construct the G/K equivariant transfer Tri as

the composite
u H/K
Try : Yarn = Yarx)ho/xk —— Yk

‘We end this section with a lemma which we will need to make use of later.
Lemma A.4. Given X,Y € Spg, the following diagram commutes in Ho(Spg).

Xne AYng — (X AYie)na

:i \Ll/\TrS

(XhG A Y)hG W (X A\ Y)h(;

e
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Proof. With respect to the maps:

L\

o

G><G\4>G
NN

the lemma follows from the following commutative diagram.

AX ARY = FXAF*RY) ———— [I(X A (m)i75Y)
\ /
o g (mi X ATyY - = f(mh(ri X AT3Y) (m1)16 (6" 7y X ANS*m3Y)
o \ / =~
A AX AY) f!(m(w}mnm 906" (11X A m3Y) fv(XA(mi)ztS!(S*W%Y)
F((E)m i X AY)  fi(m2)i61 (87 n] X A 8" w3 Y) > fi((m2)i0 8" n i X AY) ———> f!(X\L/\ Y)

\—’//

The H., structure of ROX+. The H,, structure of RX+ comes from the ;-
equivariant diagonal maps

QX = (QX )M

Recall the convenient point-set level description of the Kahn stable splitting of QX
given in [Kuh06].

Lemma A.5 ([Kuh06]). The equivalence
sx 1 P(X) = 2®°QX
is the map of Eo, ring spectra adjoint to the natural inclusion of spectra
X = XX,
Lemma A.6. The following diagram of ¥y -spectra commutes

P(A)

P(X>X) P((Z X)) === P(2%(XF))
ZOOQX+?EOO(QX+>/\1€7 ((QX)Xk)+:EOOQ(X\/k)+
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Proof. By adjointness, this follows from the commutativity of the diagram

D¢ A (EOOX)Vk - Eoo(X\/k)
QX — > T (QX ) —— T ((QX) ), —— EXQ(XVH),
[l
For a sequence I = (i1, ...,14) of non-negative integers, define ||I|| :=i; +--- + iy

and |I| := k. Define

Yri=3%, x--xX
and let X7y denote the subgroup of ¥ which preserves the sequence I, and define
Y51 to be the subgroup of 3; given by

E[[] = Z(I) X Xj.

%)

There are Yp-equivariant equivalences
VEY N 11l
(A7) P(Y'") ~P(Y)™ ~ \/ (Zk)+ Asi Vs, -
=k
Let a; denote the I-component of the above equivalence
. (VVENAIL Al
ar: (Y )g, = Gk Asgy Vg, -
Since there is a Yi-equivariant equivalence
Al b Al = b Al
(Zk)+ Asgy Vg, | = IndEZ)YhZI — CoIndEfI)YhZI .
the Yi-equivariant map ay determines and is determined by a X(j)-equivariant map
~ vk)/\HIH y A

oy . (Y hE 1 — Y, -

The following is a consequence of [LMSMS86, VII.1.10].

Lemma A.8. The composite

AT A VINAILIL ar Al
Yhzu,” = (Y )hzm — Yy,

11

is equal to the transfer Trgl

in Ho(Spy, ;).
The H..-R-algebra structure of R9X+ is given by structure maps
& (RQX+)2§:? —y ROX+
whose adjoints are given by the composites (see [BMMS86, Lem. 11.3.3])
&L (PRXi\ARK ~ QX \ARrk
&+ (ROXONEF A QX = ((ROX) ™ A QXL), g

Ak
1AA ((RQX+)ARk/\(QX+)Ak)h2k ev Rﬁgf H—k>R

Here iy, comes from the H-R-algebra structure of R itself: under the isomorphism
RMRF =2 R the composite
Rys, = RpEF 25 R
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is the restriction coming from the map of groups ¥ — 1. Therefore the map g} is
also given by the composite

& : (REXH)NEE A QX — (ROXD™) 0 A QX (R(QX+)Ak N QX+) .

A Ak Resi
EEN (R<QX+ A QX )N ) Y Ry, —% R.

th

Using (A.7) there is a 3j-equivariant equivalence
RIQXD™ 55 pEO o TT Comd®: RY%r ~ [ maZ RN
[1|=k 11|=k

The following lemma is therefore obtained by combining the above description of
&, with Lemma A.6 and Lemma A.8.

Lemma A.9. The map & is give by the composite

&, - (RAX+)pak oy (RQXD™, o

b
dzF R th
()

R
—
=X

|I|=k hSp

I

- H Indzk RX’”:]

2

[T]=k hZe
Il

H (R ¥ )hE(I)

|I|=k

21_[ \/ (RX;lZ')hEm

i |[||=i
|I|=k

I 3, & HRX;LZZ,

)

12

~ RIP’X

~ ROX+,

where the maps §,€ are adjoint to the composites

I Bald]
(RN A XN~ (RS

I||

=, I

A Xnsy ) Jmsay

1ATry, Zi X”I” ReSE(I)
=r

I
—) (R /\X;le;”I)hZ(I) = RhZu) — R.

Completion of the proof of Lemma A.2. The H-R-algebra structure of
Pr(RX) has structure maps

C : ]P’R(RX)ARk — Pr(RY)
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which are given by the composites

Ark
C @R(Rx)ﬁgf = (H(RXi)hEi>

7|=k N

- Illl_[k (Indgz) (RX”IH )hZI)hzk
~ H ((RX”I”)hZI)hEm

|I|=k
~ ]___[ (RX”IH)hEm

|T|=k
21_[ \/ (RXi)hEm

i I‘\}‘I\::ki
HiZIRESE[I] H(RX7)hEZ
= Pr(RY) l

Lemma A.2 therefore follows from the following lemma.

Lemma A.10. Fiz a partition I with |I| = k and ||I|| = ¢. Then the following
diagram commutes.

) Resg[i”
i i
(R ) hsyy — (R ),

N):Ii iN}:i

(RXZLEI hs ) RXhs,

&
Proof. The construction of the norm as the adjoint to the equivariant transfer
implies that the following diagram commutes.

s,
ReSEEI]

(in)hz[l] (in)hg,

N i Ny l
P N,

Xis Y ¢
(R I)h2(1> NZ<1) R hs

n ——> R¥hs,

=i
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Therefore it suffices to show the commutativity of the diagram below.

i 74 i
X k ;
(R hz[)hz(z) Rxhzi
Nz(l)i .
i
RXhE[I]

By adjointness this is equivalent to showing the commutativity of the diagram:

i ) et
X k
(R )psy AXjys, —— = R

NE(I)/\l\L ev

i
Xh,Z

R™"™W A Xjs RYi=i N XD

R
tTrat Al
=)

By Lemma A.9, the commutativity of the above diagram is seen in the following
commutative diagram.

(A11)
) ) 1/\Tr§i ) Reslz(n
X}, i — Xk i X}, i ev
(R hzf)h,zu) ANXpg, — (R hXp /\Xhzi)h,z(1> —> (R"">1 A XhZI)hE(I) Rz (p
\L 1/\'I‘r§[II] Tncsiy] Al (2)
-
i ) xi
hs ; 35 i
(R LA Xfler[I])hE(z) (R A XhEI)hE(I)
Nopy it (1) ov
Ny A
i hs ;
(B Dz ) A X RN X
24
. lATxE[I] .
X7 . Xt .
R"UIAX RYPS0 A X

Trgi Al
[1]

With the exception of regions (1) and (2) in the above diagram, all of the faces of
the diagram clearly commute.

The commutativity of (1) is seen below, making use of Lemma A.4.

=
1ATr, D

(RX}LZI N X;LE[ )hz(z)

=
Tr, DAl s,
Resz[ TA1

xi .
(R A (X;LZI)hZ(I))hE(I)

I
N):(I)/\l

X . X .
((R hEI)hE(I) N X;LEI)hZ(I) (R ME A X}ZLZI)hE(I)

_—

X;i,,z] i X;:LE 3
(R0 hs ) A Xis RN X

1) Ny A
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By adjointness, the commutativity of region (2) in Diagram (A.11) is equivalent to
the commutativity of the following diagram in Ho(Sps; . ), which clearly commutes.

[ADO1]

[AK98]

[AMO99]
[Bas99]

[BB69]

[BD10]
[BM02]

[BMMS86]

[Chi05)
[DHO4]
[Fre10]
[HS99]
[Kuh87]

[Kuh04a]

[Kuh04b)
[Kuh06]
[Kuh08]

[LMSMS86]

[Mah82]

X;j}z i v
R AN X by, R
=
(1
ResZI /\IT ev
i ) X} :
R A xi R"™m A X
hXr =) hz[l]
1/\Rcs>:
I
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