
Lecture 20 11/16
-

- Splitting fields

- Reduced norm and trace

- C
, fields

DI k
.
c. d. a

.

( always assumed to be f. d. 1h)

§
"

field eatin
l is a splittingof D if
⑥④hL = Mn (L )

.

Leanne
.

L c D max subfield

⇒ L is a splitting field of D .

( cc : k] = CD : h)
'↳ )

.

Props I D. 1k
.

c. d. a
.

[ Dik] = n?

1) Any splitting field L of D 'satisfies

4a:
2)

. If L is splitting field of D , and CL : k] = n

then L can be k- linearly embedded in D.



Warming : L splits D . #-) I L' c L .

St . L ' embeddable into D
.

f. d .

Pray ? DI k c. d. a
. .
TFA E

D Lisasplitting field of D ;

2) I Rlk e. s.a
.
R - D

.

( ie.
. Re Mm (D) )

.

sit
. L is isom to a max comin subalg
of R

.

(ie;? L Cs R
,

CL h] = [ Rik)
"' )

Prep 2 ⇒ Prop 1-

L splits D .

L C Mm LD) .

[ L : k) = [ Mm CD) : k)
"'
= m - n

If [Lik]= n
. ⇒ m=I

.

⇒ L C D
. TB

Proofrop2

n) ⇒ 2) D. xp ! -=End¢④
( V= K - v. s .)

R = centralizer of D inside Enda
.

( K)
.

FEM - R
.

.

-

-
=

DEV
,

R -- End, (V) .=M④( DOP)



⇒ R # k c. s.a
.

L c R ~ Dop

( c Rop ~ D .

dima V=CD:b ) -din,,V
= n? M

-

( R :b ] =@ n)?

[ L : h ]
✓

DEL = Ende ( V) .
(n?m) /

nk.cc:i=*a÷÷÷
[Lik]

⇒ CL : HIE min -⇐ ( R : k )
.

⇒ ⇒ i )
.

Lc R ~④d
Team'm +

Mm (B) .

Mm ( DEOL) = R L = Mmm (L ) .①
Iis max.comm.in R .c. s . a. 1L

I
D⑤h L E Mn ( L )

. Bo



Last time
.

I separable splitting field .

Slightly stronger : D1 k c.d.a
.

⇒ I seep .
extn LIK
L C D

.

and L splits D .

Pt
: Last time : I ⇒ Dlk .

,
x
, is Sep . over k .

k
,
= k ( xn) . - field

.

D = Zp ( ki ) . c.d. aa.lk , .

[ Dq : k ,] < [ D : k]
.

Find Nz E D , I ki , - Kz Sep .
over ki

.

kz = k , ( ka)
.

- -

. .

get to L = k (x . . ay . .. .) max subfield
.

C D
.

DB

-

Reduced trace and norm
.

f. d .

R ! k c. s - a
.

R= Mn ( Kl .

k
.



will introduce ( general Rlk c.S.a .)

tr: R → k

characterized by :
L splitting field of R .

Rxouk = Mn ( K )

trr④kf I tr
L =L

Attempt : x E R
.

ex : R→ R
left multi .

Tr ( ex IR )
.

E k
.

Apply to R= Mn ( k) . above gives n -(usualtrace)
=

Similarly
,

will define

Nm : R → k
.

analogue of det: Mn ( k )→ k
.

More generally ,

tr
,

- - - - -
-

,
det

.

I
coeff . of char poly . of A C- Mn ( k)

.

all have analogues for Rlk c. S.a
.



Reduced trace :
L splitting field of R
t t Emmis

.

Gal (4h) - T -k

= Mn ( L ) L

need to show this trace function is equivariant
under T - action .

Hun! RR ④ k
,
L )
"M""
= them

h
( R , k ) .

G G

t r

what's the T - action on Mn ( L) ?

v.(Aig)
8. ( §

A ) = (r . A ) ✓
A E Mn ( L )

.

Consider another action of Y on Mn ( L)

Gg ( A) = y . (Aij ) )
new action is L - linear

.

Gy ( c A) = c Gy (A ) .

A C- Mn Cl) .

i. e.
, gy : Mn ( L)→ Mn ( Ll

is an L - linear automorphism of Eling .



Skolem - Noether ⇒ Gy = conjugation by

g,
some matrix C- Mn ( L ) .

My CL )→ Mn CL )
tr ) tr

g
,

entviy-wise.TL,
⇒ z⇒ 8 .

Mn ( L )→ Mn (L )→ Mn ( L )

tr / G Itr ? ItrY
y
'

8
L- L L
-

id

⇒ ? is comm
. ie, tr : Mn CL) →L

is y - equiv . it yet -

⇒ R④hL=MnC4④→ L is T - eq .

hence restricts to

trp : R=(RxqL) "→ L
"
= k

.

Similarly
,
R④L= Mn ( L)# L is T- eq .

take T- in uts get

Nmr : R→ k
.



Stronger : trp :
R → k Ck - linear)

Nmr :
R→ k pohynomialfunctionne

if dey n
( R : k) = n
'

.

i. e.
,
choose any basis *, . . .

. Brm of R over h
.

X = X , r,
t - - it Xnzrnn C- R

Then Nmr (x) =P ( x , . . .

. and
homogjnof deg n , weff.EE .

poly
uniquely determined by :

L splits R

PL -Yi
,

. . .

. Yun) = det ( yay )
Yi C- L

.

(poly . in Yi, " -i Ynz

4¥
.

R I Mn CL ) .

⇐

.
①

Y -- Ey ; ri 1-34198)
,

-

Examples of fields with Br Ck)=o
.

k - Fg .

I (Ct))
. Qpm( ICE) and#nite extensions (TTg)↳ all these k satisfies Br # took h'-1k algebraic extra .
TT



(Auslander)
( Rk :
I k

,
sit . Br Ck) =0 .

but Br Ck
') -40 for some finite K'Ik .

See :

Serre
,
Galois cohomology .

Ex
.

I
. 3.2 ( ID

.

ko ,
not algebraically closed
but no abelian extra

( U solvable extnsof Oh ← E )

k⇐tD;) Brew = #FCoaHh7D
,
ti )

. )CratchitD= Galho)*E -

-

Cz - condition :

A field kiss ⇐ if F- ( a, -

→ xn) . homog. deg d
ceeff in k

.

If dcn
,
then Fcxi

,
- -

, xn ) -- O
has a nonzero solution in k"

.

The
.
If k is Cz

,
then Br Ch')=o for any
alg .

extn k' 1k
.

PI
,

First show Br ( k) - o
.

D-1k .
c. da . CD : k)# ht .

want n=I
,

Idea
: if n > A , try to find # ED .

St . Nm
,
(x) - o

.



( Nmp ( Ny ) = Nmp (x) -Nmp ( Y )
.

Nmp ( 1) = 7
.

⇒ Nm
① ( x ) =o ⇒ K=o

. ) .

Nm
,

: D → k
.

is a polynomial
P ( Xi , xz, - . .

, x④) .
homog . deg④

k is C , ⇒ P ( x ., . . .
. xn . ) = on

" > n -

has a nonzero Sol
. in k

.

⇒ x-- E Kiri E Dl lol
.

NMD (x )- o } §
Next k'1k alg .

extn
.

k is C , ⇒ k ' is Cia
.

Suffices to treat h'1h is finite extn
.

F- ( Xi, - -

, xn ) E K' [xi
,

. .

, an]
. deg d .

n > d
.

F- ( x , , . .
.

. kn ) =o

⇒ Nm nyk # ( Ki, - . -

,
xn )) # O .

Choose k -basis of k
'

.
Ki = Liar, t . - - t Yin, rn

{ ri ) nit Yi; new variables
.

Nmhyh F (ay -
-
- inn) ⇐ PP ( yij ) C- KEY ]

BE

L
n .N variables

← (
d

← =



⇒ nonzero sol
.
( Yi;) C- k

"N
.

⇒ nonzero Sol .

( xo) E Rh .Ch') " -


