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Abstract

We generalize Springer representations to the context of groups over a global function field. The global
counterpart of the Grothendieck simultaneous resolution is the parabolic Hitchin fibration. We construct an
action of the graded double affine Hecke algebra (DAHA) on the direct image complex of the parabolic
Hitchin fibration. In particular, we get representations of the degenerate graded DAHA on the cohomology
of parabolic Hitchin fibers, providing the first step towards a global Springer theory.
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1. Introduction

1.1. Springer theories: classical, local and global

In this subsection, we put the content of the paper in the appropriate historical context by

briefly reviewing the classical and local versions of the Springer theories.
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The classical Springer theory originated from Springer’s study of Green functions for finite
groups of Lie type (see [30]). Let G be a reductive group over an algebraically closed field &
with Lie algebra g, and let B be the flag variety classifying Borel subgroups of G. Let g be the
scheme classifying pairs (y, B) where y € g, B € I3 such that y € Lie B. Forgetting the choice
of B we get the so-called Grothendieck simultaneous resolution:

Tig—g. (1.1)

For an element y € g, the fiber B, = 7~ (y) is called the Springer fiber of y. These are closed
subschemes of the flag variety B. If y is regular semisimple, B, is simply a torsor under the
Weyl group W; in general, 13, has higher dimensions and singularities. Springer constructed
representations of the Weyl group W of G on the top-dimensional cohomology of 5,,.

Note that W does not act on the variety B, , therefore the existence of the W-action on H*(B,,)
is quite mysterious. Later, a sheaf-theoretic construction of Springer representations was given
by Lusztig [24]: he constructs an action of W on the shifted perverse sheaf Rﬂ*@g on g, hence
incorporating Springer representations into a family. This approach was further developed by
Borho and MacPherson [5], and they showed that all irreducible representations of W arise as
Springer representations. There are other constructions of Springer representations by Kazhdan
and Lusztig [19] using the Coxeter presentation of W, and by Chriss and Ginzburg [9] using
Steinberg correspondences. In [25], Lusztig extended the W action on the sheaf R, Qy to an
action of the graded affine Hecke algebra.

Since the classical Springer theory is related to the representation theory of G(IF,), we can
think of it as a theory “over SpecF,”. It is then natural to ask whether there are corresponding
theories over a local field such as k((#)), or over a global field such as the function field of an
algebraic curve over a field k.

A local theory (for the local function field F = k((¢))) already exists, by work of Lusztig [26].
In the local theory, the loop group G ((¢)) replaces the group G, the (extended) affine Weyl group
replaces the finite Weyl group W, and affine Springer fibers (cf. [20]) replace Springer fibers.
For an element y € g ® k((7)), the affine Springer fiber M), is the closed sub-ind-scheme of the
affine flag variety Flg parametrizing Iwahori subgroups I C G ((¢)) such that y € Liel. Lusztig’s
construction works for individual affine Springer fibers. The work of Vasserot [33] and Varagnolo
and Vasserot [32] extends this to an action of the double affine Hecke algebra (DAHA) on the
homology of affine Springer fibers. However, there is not yet a sheaf-theoretic approach that
organizes affine Springer fibers into geometrically manageable families. An essential difficulty
is that the parameter space for affine Springer fibers has both infinite dimension and infinite
codimension in g ® k((z)).

The goal of this paper is to give a sheaf-theoretic construction of a global Springer theory.
We will start with a complete smooth connected curve X over k and a reductive group G over k
(in fact, our results easily extend to quasi-split group schemes over X). The global analog of the
Grothendieck simultaneous resolution 7 is the parabolic Hitchin fibration (see Definition 2.1.1)

o AP AHIU

This is a modification of the usual Hitchin fibration [16, §4] by adding a Borel reduction at one
point of X. The fibers of this map, called the parabolic Hitchin fibers, are the global analogs
of the Springer fibers B,. Over an open subset of AHt 5 X the parabolic Hitchin fibers are
isomorphic to disjoint unions of abelian varieties. However, in general, the singularities of the
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parabolic Hitchin fibers are as complicated as affine Springer fibers (this can be made precise by
the “product formula”, see Section 2.4 and [29, §4.15]).

We will first construct an action of the extended affine Weyl group W =X.(T) x W on the
parabolic Hitchin complex R fF* Q. This is the global analog of Springer and Lusztig’s W-
action on R, Qy. In particular, taking stalkwise actions, we get W -actions on the cohomology
groups of parabolic Hitchin fibers, which we call global Springer representations. Note that
in general, W does not act on the parabolic Hitchin fibers, the existence of this action is as
mysterious as the classical Springer action.

Next, we will extend the W-action into an action of the graded double affine Hecke algebra H
on the parabolic Hitchin complex. This result is the global analog of Lusztig’s main result in [25].
Here the extra ingredient is provided by certain natural line bundles on MP?": their Chern classes
acton R F27Q, by degree 2 endomorphisms. The Chern class action and the previously-defined
W -action satisfy certain commutation relations to make up an H-action. Stalkwise we get H-
actions on the cohomology groups of parabolic Hitchin fibers, which gives a natural geometric
construction of representations of the (degenerate) graded DAHA.

Global Springer theory carries a richer symmetry than classical or local Springer theory. There
are at least three pieces of symmetry acting on the parabolic Hitchin fibration fP : MP¥ —
A x X: the first is the affine Weyl group action on R f*'Q; to be constructed in this paper; the
second is the cup product of Chern classes of certain line bundles on MP?"; the third is the action
of a Picard stack P on MP?% (see Section 2.3).

Global Springer theory, besides being an analog of the classical and local Springer theories,
is also inspired by B.-C. Ng&’s recent proof of the Fundamental Lemma ([29], see also [28]).
In [29], he studies the relation between the Hitchin fibration f Hit . AHit _ AHit affine Springer
fibers and orbital integrals. In particular, Ng&’s product formula [29, §4.15] makes it clear that
usual Hitchin fibers are the global analogs of affine Springer fibers in the affine Grassmannian.
We push this analogy further to the case of parabolic Hitchin fibers and affine Springer fibers in
the affine flag variety, which carry more symmetry than Ng6’s situation.

1.2. Main results

Let X be a projective smooth connected curve over an algebraically closed field k. Let G be
a reductive group over k. Fix a Borel subgroup B of G. Fix a divisor D on X with deg(D) >
2gx (gx is the genus of X). The parabolic Hitchin moduli stack MP* = M]z;rx’ p Classifies
quadruples (x, £, ¢, £8), where x is a point on X, € is a G-torsor over X, ¢ is a global section
of the vector bundle Ad(£) ® Ox (D) on X, and Ef is a B-reduction of the restriction of £ at x
compatible with ¢. For a concrete description in the case of G = GL(n), see Example 2.2.5.

Let T be the quotient torus of B (the universal Cartan) and t be its Lie algebra. Letc =t/ W =
g/ G =Speck[f1,..., fn] be the GIT adjoint quotient, with fundamental invariants f1,..., f,
of degree dy, ..., d,. Let AHit — AH“X p be the Hitchin base:

At = B H" (X, Ox (d; D)).
i=1

The morphism

fpar:Mpar_> AHit % X
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(x, &, 0, E8) = (fi(@), ..., fu(®), x)

is called the parabolic Hitchin fibration. The direct image complex R fF*Q, of the constant
sheaf Q; under fP¥ is called the parabolic Hitchin complex.

In the case of GL(n), the fibers of fP? can be described in terms of the compactified Picard
stack of the spectral curves, see Example 2.2.5. In general, the fibers of fP¥ (called the parabolic
Hitchin fibers) are mixtures of abelian varieties and affine Springer fibers (see the product for-
mula Proposition 2.4.1).

Let A= A% c AHi be the anisotropic locus (see [29, §6.1] and Definition 2.3.6 below). In
Section 2.5, we show that MP?| 4 is a smooth Deligne—-Mumford stack and fP" is a proper
morphism over A x X. Our first main result will justify the phrase “global Springer theory” in
the title.

Theorem A. (See Theorem 3.3.3 and 5.1.2 for two constructions.) There is a natural W -action
on the complex R fF*" Qy € DP(A x X). Here W = X, (T) X W is the extended affine Weyl group
of G.

In particular, taking the stalk of R "' Q, at each geometric point (a, x) € A x X, we get an
action of W on H*(M?, x) This action is the global analog of Springer representations.

In the next main result, we extend the W action on R fP*Q; to an action of a bigger algebra.
Assume G is almost simple. We can write W= Watr X §2, where Wy is an affine Coxeter group
with simple Leﬂections {s0, 81, ..., 8,}, and the finite group £2 is the stabilizer of the fundamental
alcove. Let T = G5 x T x GI¥' be the Cartan torus of the affine Kac—-Moody group associated
to G (see Section 6.2), where GS™ is the one-dimensional central torus and G is the one-
dimensional “loop rotation” torus. Let § € X*(G") and Ag € X*(GE") be the generators (here
we are using Kac’s notation for affine Kac—Moody groups, see [17, 6.5]).

We recall the graded double affine Hecke algebra H (graded DAHA) defined by Cherednik [8,
§2.12.3]. As a vector space, H is the tensor product of the group ring QZ[W] with the polynomial
algebra Sym T, (X*(T)Qe) ® @e [1]. The graded algebra structure of H is determined by

Qe[W]isa subalgebra of H in degree 0;

Sym (X (T) ) is a subalgebra of H with & € X*(T) in degree 2;
u has degree 2, and is central in [

For each affine simple reflection s; and & € X*(T),

siE — YiEs; = (&, 0 Ju. (1.2)

Here oziv € X*(T) is the affine coroot corresponding to s;;
e Forany w € 2 and & € X*(T),

wé = YEw.

Theorem B. (See Theorem 6.1.6.) There is a graded algebra homomorphism

H— D End’,  (RAQe) ()

i€eZ
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extending the W-action in Theorem A. Here Endi’lxX(prang)(i) means Hom(RffaI@g,
R P Qq[2i1()) in the derived category DP(A x X); (i) means Tate twist.

This result is a global analog of Lusztig’s main result in [25]. In particular, for any point
(a,x) € A x X, we get an action of the degenerate DAHA H/(u, ) on the cohomology
H* (Mgﬁ). This gives geometric realizations of representations of the degenerate DAHA.

Our main theorems generalize to parahoric Hitchin fibrations fp : Mp — A x X (here P C
G (k((2))) is a standard parahoric subgroup; for details see Section 4.3). We spell this out in the
case Mp = MMt x X (i.e., when P = G (k[t])).

Theorem B’ (Special case of Theorem 6.6.1). Let Hgy, = 1wH1y be the “spherical graded
P

DAHA”, where 1y € @g[VT/] is the characteristic function of the finite Weyl group W. Then there
is a graded algebra homomorphism:

Heph — €D End?,  (RAHQr B Qe x) ().
i€eZ

In particular, Qe[X (1Y acts on the complex R.ffil@g X @g, x. This gives an algebro-
geometric construction of the so-called 't Hooft operators considered by Kapustin—Witten in
their gauge-theoretic approach to the geometric Langlands program (see [18]).

Finally, we give a nontrivial example of global Springer representations in Section 7. In this
example, we take G =SL(2), X = P!, We consider a “subregular” parabolic Hitchin fiber MB*‘;
which is the union of two P!’s intersecting at two points. Using the basis of Hz(Mgd;) dual to

the cycle classes of the two P!’s, the action of W on H2 (MP ar) takes the form:

(1 2. (-1 0). v (-1 =2
S1=\o —1)0 = 2 1)) =2 3)

Here s, 51 are the simple reflections in VT/, and a¥ = sgs;1 the generator of the lattice X, (7).
In particular, we see that the action of a“ is unipotent (but not identity). This is a new feature
of the global Springer representations compared to the classical one. The unipotent part of the
W -action can be partially understood by using the parabolic Hitchin fibration for the Langlands
dual group (see [37]).

1.3. Methods of construction

The parabolic Hitchin complex R Q, does not lie in a single perverse degree as the
Springer sheaf R, Q; does, hence the middle extension _approach of Lusztlg in [24] does not
apply in this situation. We give two constructions for the W-action on R Q.

The first construction (Theorem 3.3.3) uses Hecke correspondences, which resembles the
Steinberg correspondences in classical Springer theory. For each w € W, there is a self-
correspondence Hy of MP¥ over A x X which is generically a graph. The fundamental class
[Hy] of Hy gives an endomorphism [H;]# of R FPQy in the derived category DP(A x X).
Here [H;l# is the sheaf-theoretic version of * convolutlon with a kernel function”, see Ap-
pendix A.1. The assignment w — [H ;] gives an action of W on R Q.

A key geometric fact that makes this construction work is that the Hecke correspondence is
“graph-like” (see Appendix A.6). This property in turn relies on the codimension estimate of
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certain strata in A x X (see Proposition 2.6.3), proved by Ng6 [29, §5.7] on the base of the
work of Goresky, Kottwitz and MacPherson [14]. For technical reason (see Remark 2.6.4), we
will restrict Rff M@g to an open subset (A x X)' C A x X. If char(k) = 0, this restriction is not
necessary.

The second construction (Construction 5.1.1) uses the Coxeter presentation of VT/, which
resembles the construction of Lusztig in [26]. We construct the action of each affine simple
reflection, and show that the braid relations hold. For this we need to introduce Hitchin moduli
stacks with parahoric structures, depending on a parahoric subgroup P C G (k((¢))). We show in
Proposition 5.2.1 that the two constructions give the same W-action on R Q.

The construction of the DAHA action on R ff *' Q¢ makes use of certain line bundles on MP?",
Let Bun'éar be the moduli stack of G-torsors on X with a Borel reduction at some (varying) point.
It carries a tautological T-torsor. In particular, for any & € X*(T'), we have a line bundle £(&)
on Bun%ar, which we also view as a line bundle on MP¥ via the forgetful map MP¥ — Bunlz;ar.
We also have the determinant line bundle on MP?", which is (up to a power) the pull-back of the
canonical bundle wgy, of Bung.

Recall the degree 2 generators of H are u, & € X*(T'), § and Ap. In Theorem B, these elements
act as cup products with the Chern classes:

l ar ~ ar ~
Uer(@x0), Jer(£®). Uer@x), | 7 er@sum) : RE Qe — RE Q211

where D is the divisor on X that we used to define MP¥, and /" is the dual Coxeter number
of G.

To prove that the actions of these Chern classes and the W -action satisfy the relations in
the graded DAHA, we again use parahoric versions of Hitchin stacks to reduce to an SL(2)
calculation.

1.4. Organization of the paper

In Section 1.6, we fix notations. In Section 2, we introduce the parabolic Hitchin fibration. The
key geometric facts are the smoothness of MP?" in Section 2.5 and the codimension estimate in
Section 2.6. This section relies heavily on Ngo’s works [29,28].

From Section 3 on, we work over the anisotropic locus A. In Section 3, we give the first
construction of the W -action using Hecke correspondences. The technical part is Section 3.2, in
which we prove that the Hecke correspondence is a union of graphs over the regular semisimple
locus (in fact over a larger locus).

In Section 4, we define parahoric versions of Hitchin stacks. For this we need to define the
notion of bundles with parahoric level structures at a varying point in Section 4.2; otherwise
many results are parallel to Section 2.

In Section 5, we give the second construction of the W -action using the Coxeter presentation.
In Section 5.2, we prove that the two constructions give the same action.

In Section 6, we state and prove Theorem B. The proof will occupy Sections 6.2-6.5. In
Section 6.6, we generalize our main results to parahoric Hitchin stacks.

In Sections 2—-6, whenever a key geometric object is introduced, examples in the case G =
GL(n) will be given using the language of compactified Picard stacks.

In Section 7, we calculate an example for G = SL(2).

In Appendix A, we review the general formalism of cohomological correspondences, with
emphasis on graph-like correspondences in Appendix A.6.
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1.5. Further remarks and applications

This paper is a completely re-organized version of the most part of the preprints “Towards
a global Springer theory I, II”” [34,35] and the example section of the preprint “Towards a global
Springer theory III” [36]. While the three preprints together form the author’s PhD thesis, this
paper is self-contained.

Some problems in local Springer theory can be solved by using global Springer theory. For
example, in the work in progress of Bezrukavnikov and Varshavsky on stable distributions on p-
adic groups, the main result relies on a compatibility statement for local Springer actions which
used to be open. In [38], we will prove this compatibility using global Springer theory.

Notions such as endoscopy and Langlands duality from the modern theory of automorphic
forms will naturally show up in global Springer theory. Just as the usual Hitchin fibration is
closely related to endoscopy (see [28]), an analogous endoscopic decomposition result holds
for the W-action on R P Qy, see [36]. As an application, we will obtain a proof of Kottwitz’s
conjecture on the endoscopic transfer for Green functions, generalizing the Fundamental Lemma
of Langlands—Shelstad.

Also, inspired by the conjectural mirror symmetry between Hitchin fibrations for Langlands
dual groups, it would be interesting to compare global Springer actions on parabolic Hitchin
complexes for Langlands dual groups. This is the content of [37].

As mentioned earlier, the work [33] and [32] systematically studies representations of DAHA
via the homology of affine Springer fibers. In joint work in progress with A. Oblomkov, we use
the construction of the current paper to study finer structures (such as “perverse filtrations”) on
representations of the rational DAHA.

1.6. Notations and conventions

1.6.1. Notations concerning geometry

Throughout this paper, we work over a fixed algebraically closed field k. We fix a prime £
different from char(k).

For a Deligne-Mumford stack X over k (see [23]), let D?(%) denote the derived category of
constructible @g-complexes on X. Let F — F(1) be the Tate twist in D?(%¥).

For a morphism f : ¥ — 9), we have derived functors R f*, R fi, R fi, Rf' between D? (%)
and D”(9)). In the main body of the paper, we will simply write them as f*, f,, fi, f'; all such
functors are understood to be derived.

We use Dy /g or Dy to denote the relative dualizing complex f 'Q¢. When 9) = Speck, we
simply write Dy for the dualizing complex of X. We recall that the Borel-Moore homology is
defined as

HEM(%) :=H (%, Dx).

All torsors are right torsors unless otherwise stated.
Suppose X (resp. 2)) is a stack with right (resp. left) action of a group scheme A over k, then
we write the contracted product

A
Xx:=[(Xx)/A]
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for the stack quotient of X x ) by the anti-diagonal right A-action: a € A acts on X x ) by
(x,y) > (xa,a"ly).

1.6.2. The curve X

For the most part of this paper (except Appendix A), we fix X to be a smooth connected
projective curve over k of genus gy.

For any k-algebra R, let Xg = Spec R Xspeck X. If x € X (R) is an R-point of X, let I"(x) C
X R be the graph of x : Spec R — X. We let

@x:Specax; @;:Specﬁfunczﬁx—F(x)

be the formal disc and the punctured formal disc of X along I"(x).
For a divisor D on X and a quasi-coherent sheaf F on X, we write 7 (D) := F ®0, Ox (D).
For a line bundle £ (or a divisor D) over X, we let p, (or pp) denote the complement of the
zero section in the total space of the line bundle £ (or Ox (D)). This is naturally a G,,-torsor.
Let D be a divisor on X and let ) be a stack over X with a G,,-action such that the structure
morphism ) — X is Gy, -invariant. Then we define

Gm
Vp:=pp XxD=[(pp Xx D)/Gn].
If Q) is a stack over k, with no specified morphism to X from the context, we also write ) p for

Gnl
pp X P =[(op xD)/Gn].

1.6.3. The group G

We fix G to be a connected reductive group over k of semisimple rank n, and we fix a Borel
subgroup B of G with universal quotient torus 7. Let X, (7T") and X*(T') be the cocharacter and
character groups of 7.

Let W be the canonical Weyl group given by (G, B). This is a Coxeter group with simple
reflections X = {s1,...,s,}. Let @+ C @ C X*(T) and @V C @V C X, (T) be the based root
and coroot systems. Throughout the paper, we assume that char(k) is either O or is great than 24,
where 4 is the maximal Coxeter number of all simple factors of G (see [29, §1.1]).

Let Z&®"Y C X, (T) be the coroot lattice. Let

Wait := Z®" x W; W :i=X,.(T) x W

be the affine Weyl group and the extended affine Weyl group of G. If G is almost simple, then
Wt is a Coxeter group with simple reflections Xyer = {s0, 51, ..., Sp}-
Let (+]-)can be the Killing form on X, (7):

(X Y)ean = Y (e, x)(e, y),

aed

where @ C X*(T) is the set of roots of G.

Let g, b, t be the Lie algebras of G, B, T respectively. Let ¢ be the GIT quotient g / G =
t// W = Speck|[ fi, ..., fu]- The affine space ¢ inherits a weighted G,,-action from t such that f;
is homogeneous of degree d; € Z> 1.
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Let ¢ be the regular semisimple locus of ¢, which is the complement of the discriminant
divisor A C c. For a stack X or a morphism F over ¢ or ¢/G,,, we use X' and F" to denote their
restrictions to ¢ or ¢ /G,,.

2. The parabolic Hitchin fibration

In this section, we introduce the main players—the parabolic Hitchin moduli stack and the
parabolic Hitchin fibration.

2.1. The parabolic Hitchin moduli stack

Let Bung be the moduli stack of G-torsors over the curve X. Let Bunl();ar be the moduli stack
of G-torsors on X with a B-reduction at a point. More precisely, for any scheme S, Bunl();a "(S) is
the groupoid of triples (x, &, Sf ) where

e x:S— X with graph I' (x);
e £ isa G-torsor over S x X;
e &8 is a B-reduction of & along I'(x).

Fix a divisor D on X such that deg(D) > 2gx (gx is the genus of X). We assume D = 2D’ for
some other divisor D’ on X; this assumption is only used to guarantee the existence of a global
Kostant section (see [29, §4.2.4]).

Recall from [16] and [28, Definition 4.2.1] that the Hitchin moduli stack MMt = Mgitx p is
the functor which sends a scheme S to the groupoid of Hitchin pairs (£, ¢) where o

e £isa G-torsor over S X X;
e e HO(S x X, Ad(E) ®oy Ox(D)) is called a Higgs field.

G
Here Ad(E) = &€ x g is the adjoint bundle associated to €.

Definition 2.1.1. The parabolic Hitchin moduli stack MP* = M%ﬁrx p is the functor which
sends a scheme S to the groupoid of quadruples (x, &, ¢, Ef), where

e x:8§— X with graph I (x);
o (£.9) € Mgy ;(8) is a Hitchin pair;
e &8 isa B-reduction of & along I'(x),

such that ¢ is compatible with £8 i.e.,
¢lre € H(I(x), Ad(EF) ®o, x*Ox (D).

We will often write MP for M}();arx p» and BunP¥ for Bun%ar.

Forgetting the Higgs field ¢ gives a morphism MP¥ — Bun‘éar. Forgetting the choice of the
B-reduction gives a morphism

g s MPE > M X
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We give an alternative description of MP". By [28, §4], the Hitchin moduli stack can be
interpreted as classifying sections

Gm

X —[g/Glp:=pp x [g/G].
Here [g/G] is the adjoint quotient stack of g by G, pp is the G,,-torsor over X associated to
the line bundle Ox (D) (for the meaning of the twisting (—) p in general, see Section 1.6.1). We
have an evaluation morphism

eviit: MHICx X — [g/G1p.
Consider the D-twisted form of the Grothendieck simultaneous resolution:

m:[b/Blp — [g/Glp.

It is easy to see that

Lemma 2.1.2. The stack MP¥ fits into a Cartesian square

Mo [6/Blp
lw l,, 2.1)
evHil
MH s x — - [g/Glp

2.2. The Hitchin base

Recall (see [16, §4], [28, Lemme 2.4]) that the Hitchin base space AHIt §g the affine space

Gm . .
of all sections of X — c¢p. Here the twisting ¢p := pp X c¢ uses the weighted G,,-action on ¢
(see Section 1.6.3). Fixing homogeneous generators of Sym,, ()W of degrees di, ..., d,, we can
write

At — éHO(X, Ox(d; D)).
i=1
The morphism [g/G]p — ¢p induces the Hitchin fibration (see [16, §4], [29, §4.2.3])
int . MHit s AHit‘
Definition 2.2.1. The morphism
SR MR ATy
(x.&.0.87) = (FTU(E 9).)

is called the parabolic Hitchin fibration. The geometric fibers of the morphism fP? are called
parabolic Hitchin fibers.



Z. Yun / Advances in Mathematics 228 (2011) 266328 277

Definition 2.2.2. The universal cameral cover, or the enhanced Hitchin base AT is defined by
the Cartesian diagram

ev

A‘Hit tp

-

. ev
AHlt xX —=¢tD

For a € AMit(k), the preimage X, := —1({a} x X) is the cameral curve X, defined by Faltings
[11, §III] and Donagi [10, §4.2]. The projection ¢, : X, — X is a ramified W-cover.

The commutative diagram

[6/B] —t

ln l//w

l9/G] —"~ ¢
together with Lemma 2.1.2 gives a morphism
f o Mmpar, JHit (2.2)

which we call the enhanced parabolic Hitchin fibration.
Lemma 2.2.3. Recall that deg(D) > 2gx. Then AN is smooth.

Proof. The affine space bundle cp over X is non-canonically a direct sum of line bundles of
the form O(eD), each having degree > 2gx since e > 1. Therefore the line bundle O(eD) is
globally generated. Hence the evaluation map

A x =HO(X, cp) x X = op

is a surjective bundle map over X, therefore it is smooth. By base change to tp, we see that
AHIt s ¢ is smooth, hence AHi is smooth because tp is. O



278 Z. Yun / Advances in Mathematics 228 (2011) 266-328

We summarize the various stacks we considered into a commutative diagram

i Y M . ~ry qmM .
MPE o MHI g AHI MMt X

\ \HitXin

evbar A"Hit a AHit % X
l (2.3)
v q
[6/Blp —— [g/Glp Xt : la/Glp
\ ) \ .
tp " ())

where the three squares formed by horizontal and vertical arrows are Cartesian.
Remark 2.2.4. The following open subsets of .AMi® will be considered in the sequel:
AMED AT D A = A,

In [28, Definition 4.4], Ngo introduced the open subscheme AY c AHit consisting of those
a : X — c¢p which generically lie in the regular semisimple locus crg C ¢p. In [29, §6.1], Ngo
introduced the open subset .A®™, which we recall in Definition 2.3.6. We will be mostly working
over A. The preimage of A in AHt is denoted by A.

Example 2.2.5. Let G = GL(n). The stack MPG?(,[) classifies the data
(x; E0DE D D& 1 D& =E(—x); (p)

where & are rank n vector bundles on X such that & /&1 are skyscraper sheaves of length 1
supported at x € X. The Higgs field ¢ in this case is a map of coherent sheaves

o : & — (D)
such that ¢(&;) C 5,-(D) fori=1,...,n—1.
In this case, A is the space of characteristic polynomials
) n
At = CHH(X, Ox (i D)).
i=1
We follow Hitchin’s original construction [16, §5.1] to describe M?i‘ in this case. For each

a=(ai,...,a,) € AH we can define the spectral curve p, : Y, — X, here Y, is an embedded
curve in the total space of the line bundle Ox (D) defined by the equation

" +at" '+ 4 a,=0.
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Let a € A (k), then Y, is a reduced curve. In this case, we have a natural isomorphism Mgﬁt =
Pic(Y,), the latter being the compactified Picard stack classifying torsion-free coherent sheaves
on Y, of generic rank 1. This isomorphism sends F € Pic(Y,) to (pa.xF, @) where the Higgs
field ¢ on p, «JF comes fI‘OILl the action of a direct summand Oy (—D) C Oy, on F.
The reduced fiber of g : AHit . AHit o X over (a, x) classifies all orderings of pa_l (x)CY,.
For x € X, the parabolic Hitchin fiber MEK; classifies the data

FoOF1D--DFu1 DFn=Fo(—x) 2.4)

where F; € 7TC_(Y,1) and each F;/F;+1 has length 1. If Y, is étale over x, then Mga)r( classifies
sheaves Fy € Pic(Y,) together with an ordering of the set pa_l (x).

2.3. Symmetries on parabolic Hitchin fibers

We first review some facts about regular centralizers, following [29, §2]. Let I — g be the
universal centralizer group scheme: for any z € g, the fiber /g ; is the centralizer G, of z in G.
Let g™ be the open subset of regular (i.e., centralizers have minimal dimension) elements in g.
According to [29, Lemme 2.1.1], there is a smooth group scheme J — ¢, the group scheme of
regular centralizers, together with an Ad(G)-equivariant homomorphism jg : x*J =: Jg — Ig
which is an isomorphism over g™ (here x : g — c is the adjoint quotient). In other words, the
stack BJ (over c¢) acts on the stack [g/G], such that [g"°8 /G] becomes a J-gerbe over c.

Let J be the pull-back of J to b. Let Ip be the universal centralizer group scheme of the
adjoint action of B on b. We claim that

Lemma 2.3.1. There is a natural homomorphism jg : Jp — Ip such that jg|y factors as Jy LN
Ip — Ig|p. Therefore, the stack BJ acts on the stack [b/B] over c.

Proof. For x € b™® := b N g8, we have canonical identifications J, = Ig » = Ipx (cf. [29,
Lemme 2.4.3]). This gives the desired map jp over b™2. To extend jp to the whole b, we can
use the same argument as in [28, Proposition 3.2], because Jp is smooth over b and b — b™# has
codimension at least two. O

Let J; be the pull-back of J along t — c¢. Recall the following fact:

Lemma 2.3.2. (See [29, Proposition 2.4.2].) There is a W -equivariant homomorphism of group
schemes over t:

jriJi—= T xt

which is an isomorphism over t. Here the W -structure on Jy = J X t is given by its left action
on t, while the W -structure on T X t is given by the diagonal left action.

Moreover, J carries a natural G, -action such that J — c¢ is G, -equivariant, therefore it makes
sense to twist J by the G,,-torsor pp over X and get Jp — cp (see Section 1.6.2).

Recall from [29, §4.3.1] that we have a Picard stack g : P — AHit whose fiber P, over
a:S— At (viewed as a morphism a : § x X — c¢p) classifies J, := a*Jp-torsors on S x X.
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According to [28, Proposition 5.2], P is smooth over A Since BJp acts on [g/Glp, P acts on
MHt preserving the base A,

There is an open dense substack MHitree « AHIt parametrizing those (E, ¢) : X — [g/Glp
which land entirely in [g™¢/G]p. Since [g™¢/G]p is a BJp-gerbe over cp, MHLeE js o P-
torsor over AMt,

Lemma 2.3.1 implies that BJp acts on [b/B]p, compatible with its action on [g/G]p, and
preserving the morphism [b/B]p — tp. Using the moduli interpretations of MP?" and P, we get

Lemma 2.3.3. The Picard stack P acts on MP¥. The action is compatible with its action on
MM and preserves the enhanced parabolic Hitchin fibration f : MP* — A In other words,
ifwelet P = AHIt 5 i P, viewed as a Picard stack over AH shen P acts on MPE over AHI,

We describe this action on the level of S-points. Let (a,x) € AHit(§) % X (S) and
x, &, 0, Ef) € MP¥(S) be a point over it. An S-point of P is the same as a J,-torsor Q’
over S x X. Then the effect of the Q7 -action is

Ja,j Ja,Jj
0’ (v.£.0.88) = (x. 0" X .. 0" K €B).

Example 2.3.4. We continue with Example 2.2.5 of G = GL(n). For a € A”(k), P, = Pic(Y,)
is the Picard stack of line bundles on Y,. The action of £ € P, on ME*‘; is given by

LAFoODF1D)=L@F0DLR®F1 D)
where the tensor products are over Oy, .

Remark 2.3.5. Although P, still has an open orbit in ./\/tp (where X € X,) which is a torsor

under P,, this open set may not be dense in MS ;: there mlght be other irreducible components,
as we will see in the example in Section 7.1.

Definition 2.3.6. (See [29, §4.10.5 and §6.1].) The anisotropic open subset A = A c A is
the open locus of a € A (k) where o (P,) is finite.

The anisotropic locus .4 is nonempty if and only if G is semisimple. Over A, P is Deligne—
Mumford and of finite type.

2.4. Product formula

In this subsection, we will relate parabolic Hitchin fibers to products of affine Springer fibers,
following the ideas in [28, §4.13], [28, Theorem 4.6] where the case of the usual Hitchin fibration
was treated.

For each point x € X (k), denote the completed local ring of X at x and its field of fractions by
(9 and F Lety e g(F ). The Hitchin fibers have thelr local counterparts, the affine Springer
fiber M}C{“(y) in the affine Grassmannian g , = G(F )/ G(O ). For the definition of M)I({“(y),
see [29, Definition 3.2.2].

Similarly, the parabolic Hitchin fibers have their local counterparts MY () also called affine
Springer fibers, which is a sub-ind-schemes of the affine flag variety Flg , = G(l?x) /L (I is the
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Iwahori subgroup of G(@x) corresponding to B). The functor M,Ic)ar(y) sends any scheme S to
the set of isomorphism classes of quadruples (£, ¢, Sf , &) where

& is a G-torsor over § X D, ;

0 e HO(S X D, Ad(E));

Ef is a B-reduction along S x {x};

a is an isomorphism (€, ¢)|gzox = (E™V ), where £V is the trivial G-torsor over
SXDX.

Fory € grS(F ), the reduced structures MY red(y) and M, Hit, rml(y) are locally of finite type.
Fora e c((’) ), we also have the local counterpart Py (J,) of the Picard stack P over AHit The
functor Py (J,) sends any scheme S to the set of isomorphism classes of pairs (Q7, T) where

e 07 isa J, torsorover S X D,
e T atrivialization of Q7 over § x DX,

If x(y) = a, then the group ind-scheme P; (J,) acts on M};ﬁt(y) and Mfar(y).
Recall from [29, §4.2.4] that if D =2D’, we have a global Kostant section

€ AHIL 5 AqHit (2.5)

For a e AHit (k) consider the Hitchin pair € (a) = (€, ). After trivializing £|o_ and choosing
an 1som0rphlsm (9 (Dy) = (’)x, we can identify (&, ¢)|p, with (&M, Ya.x) for some element

Yax € g(Ox) such that x (y) =ay € c(Ox). Parallel to the product formula of Ng6 in [29, Propo-
sition 4.15.1], we have the following product formula, whose proof is identical with the case of
Hitchin fibers in [29].

Proposition 2.4.1 (Product formula). Let (a,x) € A (k) x X (k) and let U, be the dense open
subset a™! (¢3) C X. We have a homeomorphism of stacks:

P;ed(J")XP/ par,red
Pa X (M (Vax)XM)%Mam

where

P= ] P&

yeX—Us—{x}

M/ — 1_[ M}I}-Iit,red(ya’y).
yeX—Us—{x}

Corollary 2.4.2. For a € A (k) and % € X, (k) with image x € X (k), then:

dlm/\/lp .= dlm/\/lg y=dimP, = dim./\/lgﬁt.
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Proof. By Kazhdan and Lusztig [20, §4, Corollary 2], we have equalities for the dimension of
affine Springer fibers

dim MY (y) = dim P, (J,) = dim MHit(y)
where x(y) =a € c(@x). Now the required statement follows from Proposition 2.4.1. O
2.5. Geometric properties of the parabolic Hitchin fibration

The results here are analogs of [29, Theorem 4.14.1 and Proposition 6.1.3] (which is based on
Faltings’s work [11]).

Proposition 2.5.1. Recall that deg(D) > 2gx, then we have:

() MPY| 4o — X is smooth; .
(2) MP¥| 4o is a smooth and equidimensional algebraic stack of dimension dim MMt 4 1;
(3) MP¥| 4 is a smooth Deligne—Mumford stack.

Proof. (1) We first do several steps of dévissage and then reduce to the proof of [29, Theo-
rem 4.14.1]. The deformation-theoretic calculations below is the parabolic version of Biswas—
Ramanan’s calculation for the Hitchin moduli [4]. Let R be an artinian local k-algebra and I C R
a square-zero ideal. Let Ry = R/I. Fix a point x € X (R) with image xo € X (Rp) and a point
mg = (xo, &0, @0, Eg)) € MP¥(Ry) over xg € X (Rg). To establish the smoothness of MP¥ — X
we need to lift this point to a point (x, &, ¢, 5f ) € MP¥(R). In other words, we have to find the
dotted arrows in the following diagrams

mg My
Xgry — [9/Glp Spec Ro —— [b/Blp
Xr BN X Spec R— " - X

making the following diagram commutative:

SpecR > [b/Blp

&id,x) ln 2.6)

Xg > [g/Glp

For a morphism of stacks X — %), we write Lx g) for its cotangent complex. The infinitesi-
mal deformations m of mq are controlled by the complex RHomy R (mSL[El /Glp/ X 1 @k Ox);
the infinitesimal deformations of m, of mg, are controlled by the complex RHomg, x
(mY,Li6/B1p/x, I). The condition (2.6) implies that the infinitesimal liftings of (xo, o, o, Sg)) €
MPT(R) to MP¥(R) over x are controlled by the complex K; which fits into an exact triangle
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Ki =  RHomy, (m{Lig/G1p/x. I ® Ox) ® RHomp, (m3 Lio/51,/x. 1)

M) RHomRo(i*mSL[g/G]D/x, 1) — Ki[1]

where i is the embedding I"(x9) — X g, and 7* is induced by natural map between cotangent
complexes 7*Lig/G],/x — L{b/B]p/x- According to the calculation in [29, §4.14], we have

Ad(go)
miLig/G1p/x = [Ad(€0)” —> Ad(£0)"(D)]:

v Ad(eo(x0))
—_— s

m, Liv/1p/x = [Ad(E]) Ad(ER) ®@i*Ox(D)].

Here the two-term complexes sit in degrees —1 and 0. We see that

Ad
(%0) ]:(D) ®R0 I]

K= []r QRry 1
where F = ker(Ad(&y) — ix((*Ad(Ey)/ Ad(éf)))). Since both the source and the target of the
above surjection are flat over Ry, F is also flat over Ry. Also, as a subsheaf of the vector bundle
Ad(&y) over X g, F is locally free over Ox.

The obstruction to the lifting lies in H' (X Ry, Kr). By writing I as a quotient of a free Ro-
module, we see that to prove H(X Ry» K1) = 0, it suffices to prove H(X Ro» KC) =0 for K =

Ad
Kry = F 229, 7(D)).
Let m be the maximal ideal of Rg. Consider the m-adic filtration of the complex K. Since F
is flat over Ry, the associated graded pieces Gr" /C of this filtration is

G K = m" /™! @ [ /mF — 200

F(D)/mF(D)] .7)
where @q is the reduction of ¢gp mod m. Thus, to prove H' (X Ry, KC) = 0, it suffices to prove
H'(Xg,,Gr" K) = 0 for each n. By the expression (2.7), we eventually reduce to showing
H! (X Ry, K) =0 in the case Ry is a field. In this case, as in the proof of [29, Theorem 4.14.1],
using Serre duality, we reduce to showing that H(X, K') = 0 where

Ad(p)
—_—

K/zker(fv(—D)@)wX fv®wx).

Here ¥ = RHomy (F, Ox) is a subsheaf of Ad(£p)" (xo). Therefore

K € K = ker(Ad(£)” (— D + x0) @ ox —L5 Ad(&)" (x0) ® wx).

In [29, Theorem 4.14.1], Ngd proves that HO(X , K", as the obstruction to the lifting problem

for the Hitchin moduli stack Mg“x D—xp’ vanishes whenever deg(D — xo) > 2gx — 2. In our

case, deg(D) > 2gx so this condition holds, therefore H(X, K”) = 0, hence H(X, K') = 0.
This proves the vanishing of the obstruction group H' (X Ry» K1) in general, and completes the
proof of smoothness of MP* — X

(2) The relative dimension of MP¥ — X at a k-point (xg, &, ¢o, Eg)) is the Euler char-
acteristic x (X, K) of the complex H*(X, k). Recall that K fits into the distinguished triangle
K — K — Q— K[1] where



284 Z. Yun / Advances in Mathematics 228 (2011) 266-328

K = [Ad(&) =22 Ad(E)(D)]:

Q =i,[i* Ad(E)/Ad(E8) 22U, i Ad(£9)/Ad(EE) ® i*Ox (D).

Itis clear that x (X, Q) = 0. Therefore x (X, K) = x (X, E) But by the calculation in [29, §4.14],
x(X, IC) is the dimension of Mg‘x p at the k-point (&, ¢o). Since MMt s equidimensional
by [29, Corollary 4.16.3], MP¥ — X is also equidimensional of relative dimension equal to
dim MM,

(3) By [29, Proposition 6.1.3], M| 4 is Deligne-Mumford. By Lemma 2.1.2, mq :
MPE s MHIt 5 X is schematic and of finite type because the Grothendieck simultaneous reso-
lution 7 is. Therefore MP¥| 4 is Deligne—-Mumford. O

Corollary 2.5.2. The parabolic Hitchin fibrations [P : MP¥| 40 — AY x X and
f o M A0 = A° are flat. The fibers are local complete intersections. The restrictions of fP*

and f to A are proper.

Proof. The source and the target of the maps fP* and f are smooth and equidimensional. In
both cases, the relative dimensions are equal to dim Mt — dim AMit, By Corollary 2.4.2, the
dimension of the fibers of fP* and f are also equal to the dimension of Hitchin fibers, which,
in turn, equals to dim Mt — dim AHit by [29, Proposition 4.16.4]. The fibers of fP* and f are
hence local complete intersections. By [27, Theorem 23.1], both maps are flat.

By [29, Proposition 6.1.3], ./\/lH“| A is proper over A. By Lemma 2.1.2, MP?| 4 is proper over
MH“| A X X and MU 4 % 4 A because they are obtained by base change from the proper maps

[b/Blp — [g/Glp and [b/Blp — [g/Glp X, tp. Therefore MP¥| 4 is proper over A x X
and A. O

Remark 2.5.3. The parabolic Hitchin fibers /\/la » are not reduced in general. For example,
suppose g, : X, — X is ramified over x and ¢, '(x) consists of smooth points of X,, then
MEa; = ./\/lHlt X q, I(x) is not reduced because q; (%) is not.

2.6. Stratification by § and codimension estimate

Recall that in [29, §3.7 and §4.9], Ng6 introduced local and global Serre invariants §.

The local Serre invariant [29, §3.7] assigns to every (a, x) € (A% x X) (k) the dimension of the
corresponding affine Springer fiber M}({it(ya, x) (see Section 2.4), or, equivalently, the dimension
of the local symmetry group Py (J,). It defines an upper semi-continuous function

51A©XX—>Z>0.

For an integer § > 0, let (AY x X); be the 8-level set.
The global invariant is the dimension of the affine part of the Picard stack P,. It defines an
upper semi-continuous function

§: AY = Zo.
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For an integer 6 > 0, let A? be the §-level set of .AY. The local and global Serre invariants are
related by

Sa)y= Y 8a.x).

xeX (k)
The following two lemmas will only be used in the technical part of Section 3.2.

Lemma 2.6.1. The open subset (AY x X)o is precisely the locus of AY x X where
v MPE| g0 — MU 4o A is an isomorphism.

Proof. We need to check that for a geometric point (a,x) € AY(k) x X (k), voq is an iso-
morphism over (a,x) if and only if 8(a,x) = 0. By the left-most Cartesian square of the
diagram (2.3), v4 is an isomorphism over a geometric point (£, ¢, x) € MMt x X if and only
if v:[b/B] — [g/G] X tis an isomorphism over ¢(x) € g. By the result of Kostant (cf. [21]),
this is equivalent to saying that ¢(x) € g8, or that evy : MI;“ — [g/G]p lands in [g"¢/G]. Let
Y =VYax € g(@x) be chosen as in Proposition 2.4.1. Recall from [29, §3.3] that we have an open
sub-ind-scheme M,I:Ilt’reg(y) C M}f“(y) defined in a similar way as ME“’““‘g, and which is a tor-
sor under Py (J,). The. above discussion implies that v, is an isomorphism over (a, x) if and
only if M fi‘(y) =M E lt’reg(y). We have to show that this condition is equivalent to §(a, x) = 0.

If 8 (a, x) = 0, then MHit(y) = M™% (y) by [29, Corollary 3.7.2].

Conversely, suppose MHit(y) = My"""2(y). According to [20] (see [29, Proposition 3.4.1]),
there is a lattice subgroup A C Py (J,) which acts freely on M!i() such that A \ pHitred oy
is a projective variety. In this case, A \ P;ed(]a) is an affine group scheme (since it is a finite
disjoint union of the affine group scheme denoted by R (a) in [29, Lemme 3.8.1]). Therefore the
quotient A\ M Fit’red(y) = A\ M,?lt’reg‘red(y) is both proper and affine since the latter is a torsor
under A\ P;ed(Ja). Hence they must be zero-dimensional, i.e., § (a, x) = 0. This completes the
proof. O

Lemma 2.6.2. The open subset .AOO of A consists precisely of points a € AY where M?i"”g =
M

Proof. Since M?it’mg is open in /\/laHit, it is the whole of Mﬁﬁt’reg if and only if its underlying
topological space is the whole of M?it. By the product formula [29, Proposition 4.15.1], this is

true if and only if Mfit‘reg(ya,x) = M?it(ya,x) for all x € X. By the proof of Lemma 2.6.1, this
is in turn equivalent to §(a, x) =0 for all x € X;ie., 8(a)=0. O

We have the following codimension estimate:
Proposition 2.6.3 (Consequence of [29, Proposition 5.7.1], which is based on [14]). For each
8o = 0, there is an integer do > 0 (depending on &g) such that whenever deg(D) > dy and 0 <

8§ < 8o, we have

codim 4o, x (A” x X); =8+ 1. (2.8)
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Proof. Let cp y be the N-th jet bundle of the bundle c¢p over X: for x € X, the fiber of ¢p n
over x is I"(Spec O, /mfcv“, ¢p) (m, is the maximal ideal of the local ring O,). We can define
¢D,co as the inverse limit of cp_y as N — oo. The local Serre invariant also gives a stratification
Ll ¢p.co.5 of ¢p.co- According to [29, Proposition 5.7.1], when § > 0, the codimension of ¢p o5
in ¢p oo is atleast § + 1. For § < &g, there is an N = N (o) = 0, such that cp s is the preimage

of a certain cp_ny s C cp,y under the projection ¢cp o — ¢p,n. Consider the evaluation map
. A
evy : AV x X - ¢p N.

Since cp =Y 7_; Ox(d; D), the map evy is surjective when deg(D) > dy, which depends on N,
hence on §g. Therefore, for 0 < é < g

codim 4o,y (AY x X); = codimc,, y (cp,v.5) = codime,, . (cpoos) =8 +1. O

Remark 2.6.4. The main result in Section 3 will depend on this codimension estimate. For this
purpose, there we will fix an open subset (AY x X)’ € .AY x X on which the estimate

codim(AoXx)/(AO X X)iS >86+1

holds for any § € Z>(. According to Proposition 2.6.3, we can take (A” x X)' to be the union
of (A° x X); for all § < 8, as long as deg(D) > dp. In particular, we can take (A% x X) to be
A’ x X for a suitable open subset A’ C A”.

According to an unpublished argument of Ngd, when char(k) = 0, one can take (A% x X)' =
A x X, i.e., the codimension estimate (2.8) always holds in this case.
3. The affine Weyl group action—the first construction

In this section, we prove the first main result: the affine Weyl group action on the parabolic
Hitchin complex.

3.1. Hecke correspondences

We first recall the definition of the Hecke correspondence between Bun%ar and itself over X:
HeckeBun

par par
Bung; X Bung;

B
1,x°

For any scheme S, HeckeB"(S) classifies tuples (x, £, EE , &, é'fx, o) where

o (x,&, é'l-Bx) € Bun%ar(S) fori=1,2;
o a:&|sxx—rx) — Elsxx—r) is an isomorphism of G-torsors.
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par par

Definition 3.1.1. The Hecke correspondence Hecke
AHI X

is a self-correspondence of MP? over

HeckeP?"

R

MPT o A X e MO

For any scheme S, HeckeP¥ (S) classifies tuples (x, &1, ¢1, é’fx, &, 2, Efx, o) where

o (x,&,9i,EP) e MP(S) fori=1,2;
e o is an isomorphism of Hitchin pairs (€1, ¢1)|sxx—ru) — (€2, ©2)Isxx—r(x)-

Comparing with the definition of HeckeP*" in Definition 3.1.1, we have a commutative dia-
gram of correspondences

B
HeckeP” —— HeckeBUn

7;( )7{ z( lz

par

MP¥ ——— Bung,

-

A X ——— X

Lemma 3.1.2. The functor 'Heckep‘:lr is representable by an ind-algebraic stack of ind-finite type,
and the two projections W, h o HeckeP™ — MPY gre ind- -proper.

Proof. From the definitions, we see that the fibers of ﬁ, 7 are closed sub-ind-schemes of the
fibers of ?7 D . Hence it suffices to check the same statement for HeckeBUn.

Here we need some notation which will be introduced later in the article. In (5.3) (Section 5.2),
we will define a stratification of HeckeB"" indexed by elements W € W. Let Hecke]iLﬂn be the

closure of Heckei‘m. Then the projections

E b: HeckeBun — Bunp‘lr

are étale locally trivial bundles with fibers isomorphic to Schubert cycles in the affine flag variety
Flg. In particular, HeckeB““ is proper over BunG for both projections. O

Let us describe the fibers of % and 71);\Let (x,S,go,Ef ) € MP¥ (k). After trivializing
Elp, and choosing an isomorphism Oy = O, (D), we get an isomorphism 7 : (£, ¢)|p, =
(EMY, y,.x) for some y, ; € g(Oy) such that x (y,.x) =a € c«(Oy).

Lemma 3.1.3. The fibers of 7 and T over (x, &, 9, EBY € MP¥ (k) are isomorphic to the affine
Springer fiber MY (V4 ).
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Proof. We prove the statement for 71); the other one is similar. For any scheme S, we have
a natural map

B (x, &0, E8)(S) = MY (va)(S),
(817 @1, g]l?xva) = (81|gx,g01|@x,55x, :3) (31)

where o : (€1, D) (x—xhxs — (€, @)l (x—{x})xs and

B: (€1 oDlprzs — € Plprzs > (E™, Vaux)-

Now it is easy to see that (3.1) is injective; it is also surjective because any local modification
of (E™, y4.x) on D X S can be glued with (&, )| (x—{x})x s to get a Hitchin pair on X. There-
fore (3.1) is an isomorphism for any S. O

Lemma 3.1.4. Any finite type substack of HeckeP™'| g0, x) satisfies the condition (G-2) in Def-
inition A.6.1 with respect to (A x X)™ C (A” x X)'.

Proof. First fix an integer > 0, let ./\/lgar C MP¥ and Heckegar C HeckeP* be the preimages
of (AQQ x X)) 5> the level set of the local Serre invariant. By Proposition 2.6.3,
COdlm(_AOXX)/((A x X)§) > 8+ 1. Since fP¥ is flat, we have codim  gpar (M N>854+1.

By Lemma 3.1.3, the fibers of R ’Hecke(S — MP‘“ affine Springer fibers associated to
elements y,; » € g(O,), which have dimensional §(a, x) = §. Therefore the relative dimension

of I : 'Heckepar — Mgar is 8. Therefore we conclude dim Heckegar <dmMPE —§ —1+6=
d1m MPE —

Next we consider the locus § = 0. Let V = (4% x X)) — (A x X)'s and ./\/ll‘),ar C MPE,
Hecke[‘),aI C HeckeP™ be the preimages. Then obviously codimggyxy (V) =
codim p gpar (./\/lli),ar) > 1. Since the fibers of R Heckel",ar — ./\/lI\),ar are zero-dimensional affine
Springer fibers by Lemma 3.1.3, we still have dim Hecke}," < dim MP¥ —1. 0O

3.2. Hecke correspondences over the nice locus

In this subsection, we determine the structure of the Hecke correspondence HeckeP?' over the
locus (AY x X)o. For a stack X or a morphism F over AHit s X we use X0 and F° to denote
their restrictions on the open subset (AY x X)o C AHt 5 X (the locus where d(a, x) =0). Also,
see Section 1.6.3 for the meaning of (—)'. For example, we have A® 5 A0 5 A (here we
abbreviate AHI0 1o A0).

The goal is to prove

Proposition 3.2.1. There exists a right action of W on MP0 gper (A®~X X)o such that the
reduced structure of HeckeP* ™ is the disjoint union of the graphs of this W -action.

Example 3.2.2. We describe the W -action on MPa0 in the case G = GL(n). We continue with
the notation in Example 2.2.5. Notice that (a, x) € (A” x X)o if and only if the spectral curve Y,
is smooth at the points p, L(x). In this case, a chain of coherent sheaves as in (2.4) is determined
by the sequence of points Supp(F;/Fi+1) € p; I(x). Therefore Mb" x consists of Fy € Pic(Yy,)
together with an ordering (y1,...,y,) of the multi-set p, I(x). For w € W = §,,, its action on
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./\/lgafc is the change of the ordering. For A = (A1, ..., A,) € Z" = X, (T), its action on Mga;
is given by tensoring Fo with the line bundle Oy, (A1y1 + --- + A,y,), leaving the ordering
unchanged.

The proof of Proposition 3.2.1 will occupy the rest of the subsection, which the readers can
safely skip if he only cares about groups of type A.
Consider the map

Ve . s
HeckeP" = MP¥ X guit, y MPY ) it it x AT tp X tp. (3.2)

Forw e W, let t,, p C tp X, tp be the graph of the right w-action on tp, i.e., t,, p consists of
points (£, w™'r). Let Heckefj)r] C HeckeP?" be the preimage of t,, p under the map (3.2). They
are disjoint over MP"TS,

Consider HeckeSt := MPar x MMty x MP as a self-correspondence of MP¥, where St stands
for Steinberg. Then we have an embedding of correspondences Hecke® C HeckeP by identi-
fying HeckeSt with those Hecke modifications which only modifies the Borel reduction. Let
HeckeSt := Hecke w] " N HeckeSt.

The following lemma is immediate from definition.

Lemma 3.2.3. Over (A% x X)o, we identify MP*0 with Mt x 4 A° by Lemma 2.6.1. Then
Hecke%*o is the graph of the right w-action on the second factor of MMt x A© AL,

We define the Beilinson—Drinfeld Grassmannian Gr; of the group scheme J over AHIU x X as
the functor which sends a scheme S to the set of isomorphism classes of quadruples (a, x, 07, 7)
where (a, x) € AH“(S) x X(S), QJ is a J,-torsor over S x X and 7t a trivialization of QJ over
S x X — I'(x). The fiber of Gr; over (a, x) € (.AHit x X)(k) is canonically isomorphic to the
local symmetry group Py (J,) defined in Section 2.4.

Let Gr 7 be the pull back of Gr Ty from AHI x X to AHit Since J is commutatlve Gr 7 18 nat-
urally a group ind-scheme over AHit We have a homomorphism Gr; — P of sheaves of groups
over AHit by forgettmg the trivialization. Since P acts on MP over AHit by Lemma 2.3.3, we
get an action of Gr 7 on HeckeP by changing the second factor (&3, @2, Ef ) via the homomor-

phism Gr ] — P. This (left) action preserves the maps 7 and f oh.In particular, Gr J acts on
Hecke for each w e W.

[w]

Lemma 3.2.4. Over (A x X)o, ﬁ?w] : Heckemr]’o — MP0 g g feft Gr?, -torsor with a canon-
St,0

w
~ 0
ical trivialization given by the section MP*-0 Hecke)) pat.

St0 .y Heckep,| -

St,0

Proof. By Lemma 3.2.3, ﬁSt 0 is an isomorphism and hence Hecke;,"" gives a section of ﬁ?w]

To prove the lemma, we only need to show that for any m = (x, &1, ¢1, 55)() € MP¥(S) over
(a,x) € (AY x X)o(S), the fiber (ﬁ[w])_l(m) is a Py(J,)-torsor (although Py (J,) was only
defined for geometric points (a, x) in Section 2.4, the definition makes sense for any S-point
(a,x)).

Let f(m) = (a,X;) for some x| € X, over x. For a point m' = (m,é‘z,(pz,é‘fx,a) €

1

(%[w])’l(m), we have f(m) = (a, %) where ¥, = w™! - ¥| because m’ € Heckeflavr]. Such a
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point m’ is completely determined by (&2, ¢2, «) because the choice of the Borel reduction &, B
at x is fixed by X, (here we use the fact that §,(x) = 0). By analogy with Lemma 3.1.3, we get
a Py (J,)-equivariant isomorphism

()~ om) = MM (y)

for some y € g(@x) with x(y) =a € ¢(Oy). Consider the regular locus M)Ijit’reg(y) c MHity)
[29, §3.3], which is a torsor under Py(J,). Therefore it suffices to show that pmitree ey —
M};ﬁt(y). Since M)I;l lt’reg()/) is open in M fm(y), we only need to check that they are equal over

every geometric point of S. Hence we reduce to the case where S is the spectrum of an alge-
braically closed field. But in this case dim M H“(y) =§(a,x) = 0. By [29, Corollary 3.7.2], we

conclude that M H“(y) Hlt ree (y). This completes the proof of the lemma. O

Consider the Beilinson-Drinfeld Grassmannian Gry for the constant group scheme 7" over X.
Let Gry = AHit x x Grr. The diagonal left action of W on AHt T gives a W-action on Grr.
On the other hand, Gr 7 also carries a left W-action induced from the W-action on AHit,

Lemma 3.2.5. There is a W -equivariant isomorphism of group ind-schemes over At
jor: Gry = Gry.
Proof. For (a,%, 07, 1) € Gry(S) over (a,%) € A™(S). The map jr in Lemma 2.3.2 gives

95 Ja
a homomorphism of group schemes j, : g} J, — T x X,.Let 07 =¢*Q’ "x T be the induced
T -torsor over X,. Since a(x) € ¢'5, q;l (I" (x)) is a disjoint union

a;' (Frw)= || rws.

weW

The trivialization t gives a trivialization ¢t of QT over X, —q, L(r(x)). We can glue the
restriction of QT to the open set X, — | |, Le I’ (wx) with the trivial T -torsor over the open

set X, — I"(X) via the trivialization ¢ . This gives a new T -torsor QIT over X, together with
a tautological trivialization 71 of QlT on X, — I'(x). We define the morphism jg; by

jor(a, %, 07,7t) = (a, %, 0T, 1) € Grr($).

The fact that jg, is a W-equivariant isomorphism follows from Lemma 2.3.2 that jr is a W-
equivariant isomorphism over t*5. O

It is well known that the reduced structure of 7 is the ¢ constant group scheme X, (T) over X.
Therefore, by the above lemma, the reduced structure of Gr,  1s the constant group scheme X, (T')
over A" In other words, for each A € X, (T), we have a section 5, : A GrT .

Lemma 3.2.6. For each A € X, (T), the section S : A Grrjs extends to a section
- ~ ~ 0
5, : A — Gry.
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Proof. Let Z; be the scheme-theoretic closure of the image s, (A™) in Grg. We only need to
show that the projection induces an isomorphism Z; = A0 Let Z, = Mpar0 5 o0 Zy be the
closed substack of MPa0 x Jo Gr(} Since MP0 is faithfully flat over A0 by Corollary 2.5.2,
it suffices to show that p’ : Z; — MP*0 is an isomorphism.

We first claim that p’ is proper. In fact, by Lemma 3.2.4, H?E] is isomorphic to the product

~0 . . . . ..
MPpan0 o Gr;. Since ] is the inductive limit of proper substacks over MP* by Lemma 3.1.2
and Z;™ (hence its closure Z) is contained in one of these substacks, Z; is also proper over
Mpar0,
Next, the fibers of p’ are contained in Py (J,), which have dimension equal to §(a, x) = 0.
Since p’ is proper, it is finite. Moreover, p’ is an isomorphism over the dense open subset AP,
We conclude that p’ is an isomorphism because MP20 is normal. This completes the proof. O

Proof of Proposition 3.2.1. From Lemma 3.2.6, we see that each A € X,.(T) gives a morphism
S A° i> Gr J—>P

where the last arrow is the forgetful morphism (using the moduli meaning of Gr 7). Moreover,
for any w € W, we have

swr(@) = s, (w™'a) (3.3)

for all @ € A°. In fact, this follows from the W-equivariance of the isomorphism jg; in
Lemma 3.2.5. N

We first define the right W -action. Note that Mpar’0~= MHIt _AHit A For (A, w) € W, we
define its action on (m, ¥) € MP0(§) = (MHit X _AHit A% (S) by

(m,a) - (, w) = (s (@m, w'a) (3.4)

where the action of s on m is given by the action of P, on Mf;“‘ (a is the image of a in A).
Using the relation (3.3), it is easy to check that (3.4) indeed gives a right action of W: here we
are using the fact that P is commutative.

Next, by Lemma 3.2.3, Hecke;c;}'o is the graph of the right w-action. By Lemma 3.2.4, the
reduced structure of Hecke’[) uaf]’rs is the disjoint union of the X, (7')-translations of Heckeﬁ’}’“. In
other words, the reduced structure of ’/’-leckef’;if]’rS is the disjoint union of the graphs of (A, w) for
A € X (T). This completes the proof. O

3.3. The affine Weyl group action

In this subsection, we restrict all relevant spaces over AHit to A without changing notations.
Recall A ¢ AHit s the preimage of A c AHL,

Definition 3.3.1. For each W € W, the reduced Hecke correspondence Hy indexed by w is the
closure (in HeckeP?) of the graph of the right w-action constructed in Proposition 3.2.1.

Let H be the reduced structure of HeckeP™, then H™ is the disjoint union of the graphs F;.
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Definition 3.3.2. The direct image complex ff TQr e DP(A x X) (resp. f*@[ e Db (.Z)) of the
constant sheaf under the parabolic Hitchin fibration (resp. enhanced parabolic Hitchin fibration)
is called the parabolic Hitchin complex (resp. the enhanced parabolic Hitchin complex).

We apply the discussions in Appendix A.6 to the situation where S = A x X, U = (A4 x X)'S,
X = MP* and the reduced Hecke correspondences C = H;; for each w € w. By Defini-
tion 3.3.1, Hy is a graph-like correspondence with respect to U. By the discussion in Ap-
pendix A.6, we get a map

[Hals: i Qe — £2Qe.
The first main theorem of this paper is

Theorem 3.3.3. The assignment w +— [Hy 14 for w € W gives a left action of W on the restriction
e
Qe axxy-

Proof. By definition, the Hecke correspondence HeckeP" has a natural convolution structure p :
HeckeP?" x HeckeP? — HeckeP? by forgetting the middle MP?", which is obviously associative.
In Definition A.1.1 we define the vector space Corr(C; F, G) of cohomological correspondences
between two complexes of sheaves F, G. Let Corr(HeckeP™; Q;, Q¢) be the direct limit

Corr(Heckepar; Q, @g) = ﬁ_n)lCDrr(Hecke/; Qy, @g)

where Hecke’ runs over substacks of HeckeP*" which are of finite type over MP¥ (via both
projections). We will see in Lemma 3.1.2 that these Hecke’s exhaust HeckeP. Likewise
we can define Corr(HeckeP™™; Qy, Q) as a direct limit. The discussions of Appendix A.7
can be applied to these direct limit situations, so that the groups Corr(HeckeP®; Qy, Q¢) and
Corr(HeckeP®™; Q,, Q) have natural algebra structures given by convolutions.

By Proposition 3.2.1, H™ is the disjoint union of graphs of the right W-action on APAs,
therefore we have an algebra homomorphism

Qe[W]— HO(HeckeP™™, Dyy) = H (K™, D) = Corr(H™; Q¢, Q¢) 3.5)

which sends w to [Hf;]. Here @Z[VT/] is the group algebra of W.

By Lemma 3.1.4, any finite type substack of HeckeP' | 4. xy satisfies the condition (G-
2) in Definition A.6.1 with respect to U = (A x X)™. By Proposition A.7.2, the action
of Corr(HeckeP*|( 4« xy; Q¢, Qp) on fP*Qy factors through Corr(HeckeP™; Q;, Q¢); by the
homomorphism (3.5), we get an action of W on Q. l(Axxy sending w to [ ]#. The theorem
isproved. O

Remark 3.3.4. The classical Springer action of W on 7,Q, (where 7 : § — g) can also be
constructed using cohomological correspondences. Let St = § x4 g be the Steinberg variety. The
smallness of 77 implies that St is a graph-like correspondence. Over g™, St™ is the disjoint union
of the graphs I (w) of the W-action on g'. Let St,, be the closure of I"(w) in St. In particular,
the fundamental classes [St,, ] give the W-action on n*@g.
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We have a variant of the above theorem for enhanced parabolic Hitchin complexes. For each
w e W with i image w € W under the projection W — W, the correspondence Hy can be viewed
as a correspondence over A, which we denote by 7-[u

/\

Mpar S A - AMpar
Ry of

Here we have composed the left side f with the right action of w on A (denoted by R,,). There-
fore [Hfjj]# induces an isomorphism

(5], : Qe — Ru Qe (3.6)

Proposition 3.3.5. The maps | [’Hu J# in (3.6) give a W- -equivariant structure on f*Qg, compatible
with the right W -action on A through the quotient W — Ww.

In particular, we get a X, (T')-action on f;@g.

Finally, we check that the W-action constructed above essentially commutes with Verdier
duality.

Let d = dim MP¥. We fix a fundamental class of MP, hence fixing an isomorphism u =
[AMPar] @g’Mpar [d1(d/2) = D pqpar[d](d/2). This induces isomorphisms

L P Qeld1d/2) = P D e [d1(d)2) = D( T Qeld1(d/2));
0: fuQeld1(d/2) = fiDppueld]1(d/2) = D( £ Qeld1(d/2)).

Proposition 3.3.6. For any w € W, the following diagram is commutative when restricted to

(Ax X):

PYQeld1(d/2) PQeld1(d/2)
l . l . (3.7)
ar ~. D(@*l) ar ~.
D(fFQeld1(d/2)) D(fFQeld1(d/2))

Here the horizontal maps come from the W -action constructed in Theorem 3.3.3. Similar result
holds for the X (T)-action on f,Q[d](d/2).

Proof. Let F = @g,Mpar [d](d/2). By Lemma A.3.1, the map D(w ") in diagram (3.7) is given
by

D([Hg-118) =D([Hgz-11),
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where D([H;-1]) is the Verdier dual of the cohomological correspondence [H;-1] €
Corr(Hz-1; F, F). It is clear that H ;-1 and H,, coincide over (A x X)™ since they are both
the graph of the right w~!-action on MP¥ . Therefore, taking closures in HeckeP™, we get
Hgz-1 = HY as self-correspondences of MP*" over A x X. To prove the proposition, we only
have to show that under the following two maps

Corr(H g ;u,u)
[Hyz]1 € Corr(Hy; F, F) Corr(Hy; DF,DF)

/7

[Hy-1] € Corr(H 15 F, F) = Corr(HY; F, F)

the elements [H ;] and [H;-1] have the same image in Corr(H; DF, DF). By Lemma 3.1.4,
the correspondences involved are all graph-like. By Lemma A.6.2, it suffices to check the coin-
cidence of the two images in Corr(H;>; DF, DF), which is obvious. O

4. Parahoric versions of the Hitchin moduli stack

In this section, we generalize the notion of Hitchin stacks to arbitrary parahoric level struc-
tures. Throughout this section, let F = k((¢)) and Of = k[t]. The group G over k determines a
group scheme G = G ®speck Spec Of over Of.

4.1. Parahoric subgroups

Parahoric subgroups are local notions. In order to make sense of them over a global curve,
we have to deal with parahoric subgroups in a “Virasoro-equivariant” way. For this, we need to
consider local coordinates on the curve X.

We follow [13, 2.1.2] in the following discussion. Let Auty be the pro-algebraic group of
automorphisms of the topological ring O. More precisely, for any k-algebra R, Autp(R) is the
set of R-linear continuous automorphisms of the topological ring R[[t] = R ®; OF (with r-adic
topology).

There is a canonical Autp-torsor Coor(X) over X, called the space of local coordinates of X .
For any k-algebra R, the set Coor(X)(R) consists of pairs (x, «) where x € X(R) and « is an
R-linear continuous isomorphism « : R[] = Oy (see Section 1.6.2 for notations). The group
Autp acts on Coor(X) on the right by changing the isomorphism «. The following fact is well
known.

Lemma 4.1.1. The group scheme Autp acts on both the formal scheme Spf O and the scheme
Coor(X). Then the contracted product

Autp o
Coor(X) x SpfOp = X2,

where the RHS is the formal completion of X? along the diagonal A(X) C X?, viewed as a for-
mal X -scheme via the projection to the first factor.
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The pro-algebraic group Autp has the Levi quotient G, given by
Autp 30t 0()/t modt € Gy,.

We call this quotient G,, the rotation torus GI*.
From Lemma 4.1.1, we immediately get

Corollary 4.1.2. There is an isomorphism of Gy, -torsors on X :

Autp ¢~
Coor(X) X GI' = puy-
(See Section 1.6.2 for notations such as pyy.)

Let B(G, F) be the (semisimple) Bruhat-Tits building of G(F). The group Aut(OF) acts
on B(G, F) in a simplicial way, hence acts on the set of parahoric subgroups of G(F). The
fixed Borel subgroup B C G determines an Iwahori subgroup I C G. Any parahoric subgroup P
containing I is called a standard parahoric subgroup of G(F).

Let P C G(F) be a parahoric subgroup, corresponding to a facet §p in ‘B(G, F). By Bruhat—
Tits theory, P determines a smooth group scheme Gp over Spec O with generic fiber G ®; F
and such that Gp(OFf) =P (see [31, 3.4.1]).

Let gp be the Lie algebra of Gp, which is a free Or-module of rank dimy G. Let Lp be the
Levi quotient of the special fiber of Gp, which is a connected reductive group over k. Let P be
the stabilizer of §p under G (F) (equivalently, P is the normalizer of P in G(F)).Let 2p = P/ P,
a finite group.

Let G((¢)) be the group ind-scheme over k whose R-points are G(R Rk F) = G(R((1))). We
call G((¢)) the loop group of G. Similarly, let Gp be the group schemes over k whose R-points
are Gp(R ®; Or) = Gp(R[t]). For P = G, we write G[t] instead of Gg.

If P is a parahoric subgroup stabilized by Aut(OF), then Aut(OF) naturally acts on the group
scheme Gp, lifting its action on OF. Therefore, the pro-algebraic group Autp acts on the group
ind-scheme G ((¢)) and the group scheme Gp, hence also on Lp. We form the twisted product

Autp
Lp:=Coor(X) x Lp 4.1)

which is a reductive group scheme over X with geometric fibers isomorphic to Lp. Let [p be the

Lie algebra of Lp, and let [p be the Lie algebra of Lp, which is the vector bundle Coor(X) AL;O p
over X.

Let P be a standard parahoric subgroup. The Borel B gives a Borel subgroup BIP C Lp whose
quotient torus is canonically isomorphic to 7. Let Wp be the Weyl group of Lp determined by
BP and 7. Then Wp is naturally a subgroup of W. In fact, any maximal torus in B gives an
apartment 2l in %B(G, F), on which W acts by affine transformations. The Weyl group Wp can
be identified with the subgroup of W which fixes Fp pointwise. The resulting subgroup Wp C w
is independent of the choice of the maximal torus in B.
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4.2. Bundles with parahoric level structures

Definition 4.2.1. Let Buny : {k-algebras} — {Groupoids} be the fpqc sheaf associated to the
following presheaf Bun’;:e: for any k-algebra R, Bun{f(R) is the groupoid of quadruples
(x,a, &, 1) where

x € X(R) with graph I'(x) C XR;

a: R[{] = O, alocal coordinate;

£ is a G-torsor over Xpg; R
7, : G x D, = E|p, is a trivialization of the restriction of &£ to D, = Spec Oy .

In other words, Buns, parametrizes G-bundles on X with a full level structure at a point
of X, and a choice of a local coordinate at that point. This moduli space is also considered in [3,
§2.8.3].

Construction 4.2.2. (Compare [3, §2.8.4].) Consider the semi-direct product G((¢)) x Autp
formed using the action of Autp on G((¢)) defined in Section 4.1. We claim that this group
ind-scheme naturally acts on ]§1\1/noo from the right. In fact, for any k-algebra R, g € G(R((1))),
o € Aut(R[t]) and (x, &, £, 7,) € Bungo (R), let

Ryo(x,0,&,7) = (x, 000,88, 5).

Let us explain the notations. By a variant of the main result of [2] (using Tannakian formalism
to reduce to the case of vector bundles, see [12, Corollary 1.3.3]), to give a G-torsor on Xp
is the same as to give G-torsors on Xg — I"(x) and on ®, respectively, together with a G-
isomorphism between their restrictions to ® . Now let £8 be the G-torsor on X g obtained by
gluing £|x,—r(x) with the trivial G-torsor G x ©y via the isomorphism

—1
oy 80«

G xDf Gx@;inﬂ@;.
Here the first arrow is the transport of the left multiplication by g on G x Spec R((¢)) to G x D
via the local coordinate o. The trivialization ¢ is tautologically given by the construction of £.

Definition 4.2.3. Let P be a standard parahoric subgroup of G(F). The moduli stack Bunp of
G-bundles over X with parahoric level structures of type P is the fpqc sheaf associated to the
quotient presheaf R — Buny (R)/(Gp x Autp)(R).

We will use thgotation (x, &, 7y mod P) to denote the point in Bunp which is the image
of (x,a, &, 1y) € Buny(R).
In the special cases P =G = G(OF), we have

Lemma 4.2.4. There is a canonical isomorphism Bung = Bung x X, where Bung is the usual
moduli stack of G-torsors over X.

Proof. We need to show that the forgetful morphism Buns, — Bung x X is a G[r] % Auto-
torsor. The only not-so-obvious part is the essential surjectivity, i.e., for any k-algebra R and
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any (x,&) € X(R) x Bung(R), we have to find a trivialization of £|p, locally in the flat or
étale topology of Spec R. Since &|r(y) is a G-torsor, by definition, there is an étale covering
Spec R — Spec R which trivializes £|r (), i.e., there is a section 7 : Spec R" — E|p, over
Spec R" — Spec R = I'(x) C ®,. Since &|p, is smooth over D,, the section té extends to
a section 7’ : Spec(R’ ®p 5x) — &|p, . In other words, after pulling back to the étale covering
Spec R" — Spec R, €|, can be trivialized. O

If PC G(OF) (i.e., P corresponds to a parabolic subgroup P C G), then Bunp is the moduli
stack of G-torsors on X with a parabolic reduction of type P at a point of X. In particular, if
P =1, the standard Iwahori subgroup, Buny is what we denoted by Bun%aI in Section 2.1.

Lemma 4.2.5. There is a right action of 2p = ﬁ/P on Bunp.

Proof. Let g € P. Let I§Tﬁlp = Bf’Tl/n<>Q /Gp, which is an Autp-torsor over Bunp. Since g~ 'Pg =
P, the right action of g on Buny, (see Construction 4.2.2) descends to an isomorphism Ry :
Bunp = Bung. Moreover, for any o € Aut(R[t]), we have a commutative diagram

A~ R A~
Bunp(R) —— Bunp(R)

l_a " 4.2)
~ Ry 8 o~
Bunp(R) —— Bunp(R)

Since P is stable under o, (T(g)g_l normalizes P, hence a(g)g_l € ﬁ(R). The assignment
o> o0(g) g~ ! mod P gives a morphism from the connected group Autp to the discrete group
P/P, which must be trivial. Therefore o (g)g~' € P(R), hence acts trivially on B-Il-i’lp. Therefore
Ro(g) = Rg 0 Ry ()1 = Ry Using diagram (4.2), we conclude that R, :1§1Tnp(R) = ]§1\fnp(R)
is equivariant under Autp (R), hence descends to an isomorphism

R, : Bunp —> Bunp.

It is clear that R, only depends on the coset [g] = gP € 2p, hence giving a right action of £2p
on Bunp. O

Suppose P C Q are standard parahoric subgroups, then we have a forgetful morphism
For[(,2 : Bunp — Bung 4.3)

whose fibers are isomorphic to Gg/Gp, a partial flag variety of the reductive group Lq. In

particular, Forg is representable, proper, smooth and surjective.

Corollary 4.2.6. For any standard parahoric subgroup P C G (F), the stack Bunp is an algebraic
stack locally of finite type.

Proof. Since Forf} : Bunf — Bung = Bung X X is representable and of finite type, and Bung
is an algebraic stack locally of finite type, Buny is also algebraic and locally of finite type. On
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the other hand, Forf : Buny — Bunp is representable, smooth and surjective, hence Bunp is also
algebraic and locally of finite type. O

4.3. The parahoric Hitchin fibrations

In this subsection, we define parahoric analogs of MP and fP¥ considered in [34, §3.1].
These are analogs of the partial Grothendieck resolutions in the classical Springer theory, cf. [5].
Let P be a standard parahoric subgroup of G(F).

Construction 4.3.1 (The Higgs fields). For any k-algebra R and (x,«, &, 1) € 1§vunoo(R), con-
sider the composition

—1

Apunc Tx - pun ol
JejFAAE) = Ad(E) @ OP'™ 5 g @) OF'™ Z5 g @1 R((1)) (4.4)

where j : Xg — I'(x) = X is the inclusion and the first arrow is the natural embedding. Let
Adp(€) be the preimage of gp ®¢ R C g ®« R((t)) under the injection (4.4). Sheafifying this
procedure, the assignment (x, &, 7o mod P) — Adp(€) gives a quasi-coherent sheaf Adp on
]§vunoo x X.

Lemma 4.3.2.

(1) The quasi-coherent sheaf Adp descends to Bunp x X, and is in fact coherent;
(2) Adp admits a natural 2p-equivariant structure (with respect to the §2p-action on Bunp in
Lemma 4.2.5).

Proof. (1) Since gp is stable under Gp x Aut(Op), the subsheaf Adp(E) C j.j*Ad(E) only
depends on the image of (x, @, £, t;) in Bunp(R).

Fix any k-algebra R and (x, &, t, mod P) € Bunp(R), we want to show that Adp(&) is a
coherent sheaf on Xg. For P =1, we rewrite this point as (x, &, Sf) € Bung(R) (Ef is a B-
reduction of &), we have an exact sequence

0 — Adi(€) = Ad(E) — ix(Ad(Ex)/Ad(EE)) — 0

where i : I' (x) < X is the closed inclusion. Since the middle and final terms of the above exact
sequence are coherent, Ady(€) is also coherent.

In general, since P O I, we have an embedding Adj(£) — Adp(E) whose cokernel is again
a finite R-module supported on I"(x), hence Adp(E) is also a coherent sheaf on Xg.

(2) Similar to the proof of Lemma 4.2.5. O

Definition 4.3.3. Fix a divisor D on X with deg(D) > 2gx. The parahoric Hitchin moduli stack
Mp of type P is the fpqc sheaf which associates to every k-algebra R the groupoid of pairs (&, ¢)
where

e £ =(x,&, 7 mod P) € Bunp(R);
e ¢ cH(Xg, Adp(&) @ Ox(D)).
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Corollary 4.3.4 (of Lemma 4.3.2(2)). The group 2p acts on My on the right, lifting its right
action on Bunp.

Lemma 4.3.5. The stack Mp is an algebraic stack locally of finite type.

Proof. Consider the forgetful morphism Mp — Bunp. The fiber of this morphism over a point
(x, &, te mod P) € Bunp(R) is the finite R-module HY(X g, Adp(£)(D)) (the finiteness follows
from the coherence of Adp(€) as proved in Lemma 4.3.2(1) and the properness of X). Therefore,
the forgetful morphism Mp — Bunp is representable and of finite type. By Corollary 4.2.6,
Bunp is algebraic and locally of finite type, hence so is Mp. O

Construction 4.3.6. We claim that there is a natural morphism
evp: Mp — [lp/Lplp (4.5)

of “evaluating the Higgs fields at the point of the P-level structure”. For the notation [p, Lp, see
(4.1). In fact, to construct evp, it suffices to construct a Gp X Autp-equivariant morphism

o~ Gm
évp : Bung, XBunp Mp — Ip X pp.

Here the Gp x Autp-action on the LHS is on the lgﬁlnoo—factor, and the action on the RHS factors
through the Lp X Autp-action on Ip.

For any k-algebra R and (x, «, &, Ty, ) € (E-{l-iloo XBunp Mp) (R), by the definition of Adp(E),
the maps in (4.4) give

Adp(€) - gp @k R — [p Qk R.
Twisting by Ox (D), we get
&p,y : HY(Xg, Adp(E)(D)) — Ip ®; x*Ox (D).

The assignment (x, &, £, Ty, ¢) — €Vp (@) gives the desired morphism évp. It is easy to check
that éVp is equivariant under Gp X Autp, hence giving the desired morphism evp in (4.5).

For two standard parahoric subgroups P C Q, there is a unique parabolic subgroup BI? C Lq,
such that P is the inverse image of Bl(,2 under the natural quotient Q — L. There is a canonical
Autp-action on BS making the embedding 319 < Lq equivariant under Autp. Let bl? be the

Q

Lie algebra of By and let El(,), bg be the group scheme and Lie algebra over X obtained by

. Auto . . . . .
applying Coor(X) x (—). The same construction as in Construction 4.3.6 gives the relative
evaluation map

evp - Mp — [b3/B7] .

Similar to the morphism Forg : Bunp — Bung in (4.3), there is a morphism

ligrgiMp—) MQ
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lifting Forl?. It is easy to show that the following diagram is Cartesian
Q
BVP
Mp —— [63/B31p
\LF}}S l”‘(’) (4.6)
evQ

Mq —— llo/Lqlp

For any k-algebra R and (x, £, t, mod P) € Bunp(R), the natural map of taking invariants
Ad(E)(D) — ¢p gives a map

xp.e :HO(Xg, Adp(£)(D)) = H(Xg — I'(x), Ad(£)(D))
— H(Xg — I'(x), cp).
Lemma 4.3.7. The image of the map xp ¢ lands in HO(X g, ¢p), hence giving a morphism
fp: Mp— AHIt Sy

Proof. The statement obviously holds for P = I. In general, we may assume I C P. By diagram
(4.6), for any point (&, ¢) € Mp(R), after passing to a fpqc base change of R, there is always

a point (£, ¢) € MP¥(R) mapping to it under I%r?. Since xp e(¢) = x1,£(¢), we conclude that
xp.e(9) €eH'(Xg,cp). D

Definition 4.3.8. The morphism fp : Mp — At x X in Lemma 4.3.7 is called the parahoric
Hitchin fibration of type P.

Parallel to Proposition 2.5.1, we have
Proposition 4.3.9. Recall deg(D) > 2gx. Then we have:
(1) The morphism Mp| 40 — X is smooth;
(2) The stack Mp| 4 is Deligne—Mumford;

(3) The morphism ff,‘“i s Mp| g4 — A x X is flat and proper.

Example 4.3.10. Let G = GL(n). The standard parahoric subgroups are in 1-1 correspondence
with sequences of integers

i=0<ig<--<ip<n)y, mz=0.
For each such sequence i, let P; be the corresponding parahoric subgroup. Then Bunp, classifies
(x, D& D" D&, D 5i0(—x))

where x € X, &; ; are vector bundles of rank n on X such that Ei /5,-]. has length i; — ig for
j=0,1,...,m.
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The Hitchin base is again

At = CHH(X, Ox (i D)).
i=1

For a = (ai, ...,ap) € A (k) (where a; € H'(X, Ox (i D))), define the spectral curve Y, as in
Example 2.2.5. Fix a point x € X. Then the parahoric Hitchin fiber Mp , , classifies the data

(Fig 2 Fiy D+ D Fi,, D Fiy (=)
where .7-7]. € Pic(Y,) such that ]-"[()/.Fi_/. has length ig —i; for j =0,1,...,m.
5. The affine Weyl group action—the second construction

In this section, we give the second construction of the W -action on ff ar@( using the Coxeter
presentation of W. This construction is valid over all of A x X. We will restrict all relevant
spaces and morphisms over A" to A without changing notations.

5.1. The construction

Let 2 = 1717/ Watt = X4 (T)/Z®" . Then £2 can be identified with the subgroup 2y C W, the
stabilizer of the alcove corresponding to the standard Iwahori I'in the building of G ((#)) (for more
details, see Section 4.1). Therefore we can write W as a semi-direct product W = W X £21.

Construction 5.1.1. We will define the action of a set of generators of W on the parabolic Hitchin
complex fP*Qy,.

e For each affine simple reflection s; € Xy, consider the Cartesian diagram (4.6) for P =1
and Q = P;, the standard parahoric subgroup whose Lie algebra gp, is spanned by gy and

the root space of —a;. We will abbreviate Lp,, lp,, BIP", bfi, etc. by L;, [;, B/, b, etc. The

morphism JTIP " :[b'/B'1p — [I;/L;1p fits into the following Cartesian diagram

P; ~
€v

Mo By e L
v /b i/ L

\LFor:)" \L”lpi ln" -1
evp

i Bi
Mp; — [li/Lilp — [I;/L]]

We explain the notation. Here [; is the Grothendieck simultaneous resolution of [;. The action
of Autp on L; necessarily factors through a finite dimensional quotient Q. We may assume
that Q surjects to GI°'. The group LE in the diagram (5.1) is defined as

Li=(Li % Q) X Gy
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The conjugation action of L; on L; and the action of Autp on L; gives an action of L; X Q
on L;, and hence on I;, ;. Hence L? acts on [; and with G, acting by dilation.

The Springer action for [; is an action of Wp, = {1, 5;} on the complex IT*Q[ € Db([[i/L?]).
By proper base change, the complex

P = =
7y Qe = B, Qo

carries a natural s;-action. Therefore the complex ff ar@g = fpl,,*nIP i @4 carries an s; -action.
e The £21-action on I Qy is given by the action of £21 on MP in Corollary 4.3.4. For
w € 2, R, : MP¥ — MP g the right action, and w acts on FPQy via the pull-back RY.

Theorem 5.1.2. The action of the affine simple reflections Xy and $2y given in Construc-
tion 5.1.1 generates an action ofW on fF*Qy.

Proof. We first check that the actions of X, extend to a Wyg-action on ff ar@g For each
parahoric P, we can apply the similar argument of Construction 5.1.1 to get a Wp-action on

PrQ, = fpsevp . *Qg, induced from the classical Springer action on Ty *Qz This construc-
tion is compatible with inclusions P C Q of parahoric subgroups (using the Cartesian diagram
(4.6) for I C P C Q). Since the braid relations among the s;’s and the relations siz =1 are all
contained in certain Wp, we conclude that the actions of s; extend to the Wyg-action.

We then check the commutation relations between X, and £21. The conjugation action of w €
£21 on Wyt is given by permuting the affine simple reflections: s; — s, (;). Similar argument as
in Lemma 4.2.5 and Corollary 4.3.4 gives a canonical isomorphism Mp_ . —> Mp,, which we
also denote by R,,. We have a commutative diagram

(i)

Ro
MPE — \gp

l For, Fo) \L For:)i

Re
Mpw(,) — Mp,

From this we deduce Rs; R:},l = Su(i) ON ff ar@g. This completes the proof. O
5.2. Comparison of two constructions
The goal of this subsection is to prove

Proposition 5.2.1. The W -action on ff ar@g defined in Theorem 5.1.2, when restricted to (A x
X), coincides with the action defined in Theorem 3.3.3.

__We first make some remarks on the Hecke correspondence. Using the identification BunG =
BunOO / G1 0 Autp in Section 4.2, we write

Gy xAut

HeckeP™ =Buny,  x  (G(()) % Auto /Gy x Autp) (5.2)

with the two projections given by
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b (£,8) =& mod Gy x Autp:
B (£, 8) = Rg(€) mod Gy » Auto

for £ € Bunso(S) and g € (G((1)) x Autp)(S)/(Gy x Auty)(S). The Bruhat decomposition
G((1)) = lyciw G1wGr gives a stratification

HeckeBU" = |_| HeckeB““
weW

where

Bun —~ G XAutp B
Hecke; " =Buny, X ((GI X Autp)w (G X Autp)/ Gy X Aut@). (5.3)

The Bruhat order on W coincides with the partial order induced by the closure relation among
the strata Hecke]%““.

Recall from Definition 3.3.1 that we have reduced Hecke correspondences H;; indexed by
weWw.

Lemma 5.2.2. The image of H in HeckeP"™ is contained in HeckeB“”

Proof. It suffices to check this statement on the geometric points. Fix (a, x) € (A x X)™(k).
Using the product formula Proposition 2.4.1, MZ*‘; is homeomorphic to

Pfd(]“) x P! par,red /
Pa o x  (MPTT(y) x M), (5.4

where M "and P’ are the products of local terms over y € X — {x}, and y € g(O ) hftlng a(x) €
c((’) ). Smce a(x) has regular semisimple reduction in ¢, we can conjugate y by G(O ) so that
y € t((’) ) (here t C b is a Cartan subalgebra). The choice of y glves a point X € q, I(x). In
particular, we can use X to get an isomorphism Py (Jg) = T(F )/T(O ).

Fix a uniformizing parameter ¢ € (’) Now the reduced structure of M2 (y) CFlg .« con51sts
of points wI, /I, = A wi L /I, for w; = (A, wy) € w. Using the deﬁmtlon of the rlght W-
action in Proposition 3.2.1, one easily checks that the action of w = (A, w) € W on Ma ¥, under
the product formula (5.4), is trivial on M’ and sends w1, /I, € M,E (y) to wiwl, /L. Since the
pair (w11 /L, w1 wl, /I;) € Flg x x Flg » is in relative position w, the image of > in HeckeBun
is contained in HeckeB“n O

Lemma 5.2.3. Let w € §21. The reduced Hecke correspondence H,, for MP*" is the graph of the
automp@hism Ry, : MPYT — MPF (see Corollary 4.3.4). In particular, the action of w € 2y C W
on fY*Qy defined in Theorem 3.3.3 is the same as RY.

Proof. We first show that HeckeB““ is the graph of the automorphism R, BunG — Bunpdr
defined in Lemma 4.2.5. In fact, this follows from the description (5.3) of Heckegun, and the fact
that the Schubert cell GiwGy/ Gy consists of one point for any w € £2y.

By the construction of the £2y-action on MP¥, for any m € MP¥(R) with image x € X (R),
the Hitchin pairs on Xz — I'(x) given by m and R, (m) are canonically identified. Therefore,
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the graph I'(R,) of R, naturally embeds into HeckeP?. By the discussion above, the image
of I'(R,) in HeckeP" lies in Heckeg“n under the map 8 : HeckeP — HeckeP"":

I'(R,) C B~ (HeckeBm)™,

On the other hand, by Lemma 5.2.2, the reduced structure of B -1 (7—[&:01«:5““)rs is H.>, hence
I'(R,)"™ C M. Since both I'(R,)" and ‘H;; are graphs, we must have I"(R,,)"™ = H};. Taking
closures, we get I'(Ry) = H,. O

Let P C G(F) be a standard parahoric subgroup of G(F). By the Cartesian diagram (4.6),
there is a right Wp-action on MP"™ making MP*™ — Mg a Wp-torsor (because [b/B]p —
[{/L]p is a Wp-torsor over the regular semisimple locus).

Lemma 5.2.4. The Wp-action on MP*™ defined in Proposition 3.2.1 and the Wp-action defined
by the diagram (4.6) coincide.

Proof. For two points (x,&;, ¢, Efj) € MP¥(R) (j = 1,2) with the same image in Mp,
their Higgs fields on X — I"(x) are identified. Therefore, we have a canonical embedding yp :
MPE gy MPY < HeckeP?. Similarly, we have an embedding p : BunP* x gy, BunP® —
HeckeB" making the following diagram commutative:

e
MPE X p gy MPY ——— HeckePd

| |

dp
BunP® xpypp BunP? ———= 770ckeBun

Bun

Using the description of Hecke in (5.2), we may identify the image of ép with the
union | |;cw, Heckep"™. Therefore, the image of yp lies in B~ (||, HeckeZ™). By
Lemma 5.2. 2( 1), the restriction of yp to MPILE 5y g, MPIT (which is reduced) has image
11’1 UwEWP HI‘S

For P = P corresponding to an affine simple reflection s;, MPA"™ x g, MPIT is the dis-
joint union of the diagonal and the graph I"(s;) of the action of s; given by the Cartesian diagram
(4.6). Therefore, I"(s;) must map to H under yp,. This proves the lemma for P = P;. The
general case follows because Wp is generated by affine simple reflections. O

Proof of Propo_sition 5.2.1. We only need to check that generators Xy U £21 of W give the same
action on ff ar@g | 4’x x under the two constructions. For w € £2y, this follows from Lemma 5.2.3.
For an affine simple reflection s;, let St;” be the non-diagonal component of the Steinberg

variety St; = f,- X ~[,-. Consider the commutative diagram of correspondences

HeckeP Ci (St /L]

a( )a m£ )m (5.5)
€ 7 g
g
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where all the squares are Cartesian (which then defines C; € MP¥ x Me, MPE C HeckeP).
Classical Springer action (see Remark 3.3.4) of s; on ni@g is given by [Sti_/LE]#. By
Lemma A.4.1, the s;-action on fY*Q, in Construction 5.1.1 is give by (E*[Stf/L?])#, where
€*[Stl._/L?] € Corr(C;; Qp, Qp). As finite-type substacks of HeckeP™ | axxy, Cil(axxy and
Hs; l(Axxy satisfy (G-2) in Definition A.6.1 with respect to (A x X)™ C (A x X)" by
Lemma 3.1.4. By Lemma 5.2.4, E*[St;/L?] coincides with both [C;] and [H,,] over (A x X)™.
By Lemma A.6.2, we conclude that (€[St /L s = [Hy J# on fFQelaxxy. O

6. The graded DAHA action

In this section, we will state and prove the second main result of the paper: the graded dou-
ble affine Hecke algebra action on the parabolic Hitchin complex. Throughout this section, we
assume that G is almost simple.

6.1. The graded DAHA and its action
Define the extended Cartan torus to be
T:=G%" x T x G™, (6.1)

where G5 and G are one-dimensional tori. We denote the canonical generators of the Z-
lattices Xy (G5™), X*(GE™), X (G and X*(GIY) by Kean, Acan,d and 8. We will see in
Section 6.2 that T is the Cartan torus of the affine Kac—Moody group G of G, and W is the
Weyl group of G. Hence W acts T. The induced action on X*(7) and X,(7T) are denoted by
n+ Pnand & — P&. The following description of the action is standard.

Lemma 6.1.1.

(1) WcC Wﬁxes Kean, d, Acan gnd 8, and actshl:n the usual way on X, (T) and X*(T);
) 2 e X (T) actson n € Xy (T) and & € X*(T) by

1
'\77 =n—(,mr+ ((np\)can - E(M)\)can<87 77>>Kcan§

1
Ye =& — (&, Kean)" + ((5,)») — 5 AM)can (€, Kcan)>8,

here A — A* is the isomorphism X, (T)q = X*(T)q induced by the form (-|-)can (see Sec-
tion 1.6.3).

Definition 6.1.2. The graded double affine Hecke algebra (or graded DAHA for short) is an
evenly graded QQg-algebra H which, as a vector space, is the tensor product

H = Qe[W]® Symg, (X*(T)g,) ® Qelul.

Here Q¢[W] is the group ring of W, and Qg[u] is a polynomial algebra in the indeterminate u.
The grading on H is given by
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e deg(w) =0 for w € W; B
e deg(u) =deg(§) =2 for & e X*(T).

The algebra structure on H is determined by

(DH-1) @g[VT/], Sym@/ (X*(f)@) and @g[u] are subalgebras of H

(DH-2) u is in the center of H; N

(DH-3) For any simple reflection s; € Xy (corresponding to a simple root «;) and & € X*(T),
we have

si& — VEsi = (£, ¢ Jus
(DH-4) Forany w € §£21 C W and Ee X*(T), we have

wE = “(w.

Remark 6.1.3. The graded DAHA, also known as the trigonometric degeneration of the usual
DAHA, was introduced in Cherednik’s book [7, §2.12.3]. If we replace w by the finite Weyl
group W, and T by T, the corresponding algebra is the equal-parameter case of the “graded
affine Hecke algebras” considered by Lusztig in [25].

Construction 6.1.4. We define the action of the generators of H.

e The action of W has been constructed in Theorem 5.1.2.

e The action of & € X*(T). There is a tautological T-torsor over Bunléar (at the point
x, &, Ef), the fiber of this 7 -torsor is Ef/N). Hence, for each & € X*(T'), we have a line
bundle £(£) on Bun;" or on MP¥ by pull-back. We view the Chern class ¢;(L(§)) €
H2(MP)(1) as a map Qp — Q¢[2](1) in D?(MP™), Define the action of & on fY"Qy
to be the cup product with the Chern class of £(§):

£=f(c1(£®)): Qe — fEUQel21(D).

o Similar as above, the actions of § € X*(G%"), Acan € X*(GE™) and u are given by cup prod-
uct with the pull-backs of the Chern classes c¢j(wx), ¢1(wpun) and ¢ (Ox(D)). Here wpun
and wy are the canonical bundles of Bung and X respectively.

Example 6.1.5. We describe the line bundles £(¢) for G = GL(n), following the notation in
Example 2.2.5. In this case X*(T) is naturally identified with Z", which canonical basis A;,
i =1,...,n. The line bundle £(%;) on Bunh" assigns to each (x; g D E D -+ D & = En(—x))
the line &,_;/&,—i+1. The canonical bundle wpy, of Bun, assigns to each vector bundle £ the
line detRI" (X, End(&)).

The second main theorem of the paper is:
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Theorem 6.1.6. The actions of W, u and X*(?) on ffal@g given in Construction 6.1.4 extend to
an action of H on f¥*'Qy. More precisely, we have a graded algebra homomorphism

H— @D End%, , (££7Qe) ()

ieZ

such that the image of the elements in W, X*(T) and the elements 8, Acan, u are the same as the
ones given in Construction 6.1.4.

The proof will occupy the subsequent subsections till Section 6.5.
For any geometric point (a,x) € A x X, we can specialize the above theorem to the action
of H on the stalk of P Qy at (a, x), i.e., H* (/\/lpzlr

Corollary 6.1.7. For any geometric point (a,x) € A x X, Construction 6.1.4 gives an action
of H/(8, u) on H*(Mg ). In other words, the actions of € € X* (G" x T) and w € W satisfy
the following simple relation:

WE = VEW
Here & — & is the action of © on X* G xT) = X*(f)/X*(G;‘,’t).

Proof. Since the restrictions of Ox (D) and wy to /\/lgd; are trivial, the actions of u# and § on
H*(MEY) are zero. O

6.2. Remarks on the Kac—Moody group

The general reference for the constructions below is [1, §4] where the case G = SL,, was
treated.

6.2.1. The determinant line bundle

For any k-algebra R and a projective R-module M, we use det(M) to denote the top wedge
power of M. We define the determinant line bundle Lcan on G((¢)). For any R[¢]-submodule
Z of g @ R((t)) which is commensurable with the standard R[¢]-submodule Zy := g ® R[]
(e, tVNEyc & ct™NE for some N € Z> and t NV 5y/E and &/t" B are both projective
R-modules), define the relative determinant line of Z with respect to & to be:

det(5 : 5o) = (det(Z /5 N o)) @k (det(Zo/E N 5g))® ™

Any g € G(R((1))) acts on g ® R((t)) by the adjoint representation. The functor L¢,, then
sends g to the invertible R-module det(Ad(g)&y : Zo). Since Ad(g) & only depends on the
coset gG (R[t]), the line bundle L,y descends to the affine Grassmannian Grg.

6.2.2. The Completed Kac—Moody group
Let G((t)) = pr.. — G((t)) be the total space of the G,,-torsor associated to the line bun-

can

dle Lcan. The set G/((t\))(R) consists of pairs (g, ) where g € G(R((¢))) and y is an R-linear
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isomorphism R = det(Ad(g)Zy : Zy). There is a natural group structure on G/((\t)) making it
a central extension

—

1 - G = G((1) = G((1)) — 1, 6.2)

where the one-dimensional torus G{" is the fiber of G/((\t)) over 1 € G((¢)). Since Lca, descends
to Grg, the central extension (6.2) can be canonically trivialized over G[t] C G((¢)).

The action of Autp on G((¢)) lifts to an action on G ((¢)), hence we can form the semi-direct
product

—

G:=G((t)) x Autp. (6.3)

We call this object the (completed) Kac—Moody group associated to the loop group G((¢)).
Let I* C I be the unipotent radical and G} C Gy be the corresponding pro-unipotent group.
Let Auty, C Auto be the pro-unipotent radical. Consider the subgroups

G1:=G;;" x Gp X Autp C G;
Gy = Gy x Auty, C Gr.

The extended Cartan torus 7 defined in (6.1) can be canonically identified with Gy/Gy'. Any
section ¢ of the quotient B — T gives a section ¢ : T — G1. The extended affine Weyl group w
can be identified with the Weyl group of the pair (G, L(T)), and this identification is independent
of ¢.

Let 6 € @ be highest root and 8 € @V be the corresponding coroot. Let p be half of the sum
of the positive roots in @. Let h¥ be the dual Coxeter number of g, which is one plus the sum of
coefficients of @Y written as a linear combination of simple coroots.

Lemma 6.2.3. 5(6¥(0")can = 2({p, 0Y) + 1) =2h".

Proof. For any positive root « # 6, we have (&, 8) =0 or 1 (see [6, Chapter VI, 1.8, Proposi-
tion 25(iv)]). Hence (o, 0¥)2 = (o, 8" for o € @+ — {6}. Therefore

1 2 2
5(9v|9v)can= Z <a’0v> 2(0’9v> + Z <a’0v>
acdt acdt—{0}
=44+(2p—-0,0")=2((p.0)+1).
Since (p, ;") = 1 for every simple coroot o, € &, we get (p,0") +1=h". O

Remark 6.2.4. Let

1
K :=2h" Kcan; Ag = Y - Acan.
We see from Lemma 6.1.1 that our definitions of K, Ag, d and § are consistent with the notation
for Kac—Moody algebras in [17, 6.5]. The simple roots of the complete Kac-Moody group G are
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{ap=8—0,a1,...,,} CX*(T x GI"); the simple coroots are {oy =K — 0, ), ..., )} C
X, (G x T).

6.3. Line bundles on Bunp ar

In this subsection, we give a uniform construction of the action of the degree two elements
X*(T) c Hon fPQy.

Let wpyy be the canonical bundle of Bung. Since the tangent complex at a point £ € Bung (R)
is RI'(X g, Ad(E))[1], the value of the canonical bundle e wpun at the point £ is the invertible R-
module detRI" (X, Ad(E)) (see [3, 2.2.1], [23]). Let Bunoo — BunOo be the total space of the
G,y -torsor associated to the pull-back of wgy,. More concretely, for any k-algebra R, Bunoo(R)
classifies tuples (x, «, &£, Ty, €) where (x, @, &, ;) € ]gﬁ/noo(R) and € is an R-linear isomorphism
R = detRI'(Xg, Ad(E)).

Construction 6.3.1. (Compare [3, §2.8.5].) There is a natural action of G on Bunoo, hftmg the
action of G((¢)) x Autp on BunOo in Construction 4.2.2. In fact, for (x,«, &, ty) € Bunoo(R)
and g € G(R((t))), the G-torsor £¥ is obtained by gluing the trivial G-torsor on ©, = Spec R[]
(using o) with &|x,—r) via the identification 7, o g. Hence Ad(£¥) is obtained by gluing
g(@x) = g ®x R[t] = Eo with Ad(E)|x,—r(x) via the identification Ad(zy) o Ad(g). In other
words, Ad(E¥) is obtained by gluing Ad(g) Zo with Ad(E)|x,—r ) via Ad(ty). Thus we have a
canonical isomorphism

(detRI (X g, Ad(E%))) ®r (detRI (X g, Ad(£)))® ™" = det(Ad(g) o : Eo).

Therefore, for trivializations € : R = detRI"'(Xg, Ad(£)) and y : R => det(Ad(g)Zp : &), € ®
y defines a trivialization of detRI" (X g, Ad(E¥)). We then define the action of g = (g, y,0) €
(G((t)) x Autp)(R) = G(R) on (x,a, £, T, €) € Bunw (R) by

Rg('x7a’57.cx’€) = (x5a067£g7t_§7€®y)'

Construction 6.3.2. We define a natural T-torsor £7 on BunGa ", hence line bundles £(&) for
Ee X*(T) In fact, take LT = BunOo /Gy (as a fpqc sheaf). The right translation of QI on BunOO
descends to a right action of T=0G/ gy on [,T and realizes the natural projection cr Bunpalr

as a T -torsor.

It is easy to identify the line bundles L(§) for & € X*(?) (compare [22, the map in Theo-
rem 1.1]):

Lemma 6.3.3.

(1) L(Acan) is the pull-back of wguy via the forgetful morphism Bunléar — Bung;

(2) For & € X*(T), the value of the line bundle L(&) at a point (x,E, Ef) € Bunpar(R) is the
invertible R-module associated to the B-torsor Ef over I' (x) = Spec R and the character
B—T _S) (@

(3) L(8) is isomorphic to the pull-back of wx via the morphism BunI();ar — X (¢f. Lemma 4.1.2).
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Remark 6.3.4. Comparing Lemma 6.3.3 with Construction 6.1.4, we see that the action of any
geTon fP"Qyis given by

g = (Jer(£®)): f£Q > Q210
where L(&) are the line bundles in Construction 6.3.2.
6.4. Simple reflections—a calculation in sl

In this subsection, we check the condition (DH-3) for & € X*(T x G['). We use the notation
in Construction 5.1.1. . '
The natural projection B' — T extends to the projection B' x Q — T x G!". Therefore we

have a morphism [L-/LE] =[b//(B' x Q x Gp)] — B(T x G'Y), which gives a T x G'®'-torsor
on [[; / L?]. The associated line bundles on [[; / L?] are denoted by NV (§), for & € X*(T x GIY).

Recall St; = ~[,~ X, ii is the Steinberg variety for [;. Let St; = StlTF U St;” be the decomposition
into two irreducible components, where Stl.+ is the diagonal copy of I;, and St is the non-
diagonal component. We have a correspondence diagram

[St; /L]

< —

1 1

/L —— [L/L}] <—— (/L]
Lemma 6.4.1.

(1) For & € XX(T x GI%Y), the action of si§ — *iEs; — (£, Yu on fF"Qp = fp, B wiQy is
induced from a map o : ﬂi@g — ni@g [21(1). In other words,

si§ = Y&si — (6,0 Ju = fo, B0 € End?(£2Qe) (D).
(2) The map o is induced by the following element in Corr([Sti/L;]; Qe[21(1), Q)
[St/L7]U (67 e1 (W ©)) =St e1 (W (78))) =[St /L{] U (5. o .

Here v € Hz([Sti/LE])(l) is the image of the generator osz(IBGm)(l) (for the Gy, factor
. b
in L;).

Proof. By Construction 5.1.1, the s;-action on ff ar@g is induced from that on ﬂi@e. Recall the
construction of the Springer action via Steinberg varieties (see Remark 3.3.4): the action of s; on
wiQy is given by [StT /L] € Corr([Sti/L}1; Qe Qo).

On the other hand, consider the evaluation map € : MP¥ — [[; /L?] in (5.1). We have
LE) =€e*N (&) for £ € X¥(T x G™Y, and ¢1(Ox (D)) = €*v. The rest of the lemma follows

m
from Lemma A.5.2 about the cup product action on cohomological correspondences. 0O
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Thus the condition (DH-3) for & € X*(T x GI%") reduces to
Proposition 6.4.2. For each & € X*(T x G'"), we have
[St/L7]U (67 e1 (W (©)) = $te1 (W (76))) =[St /Li] U 5. oo (6.4)
as elements in Corr([St; /L;1; Qc[21(1), Qy).

Proof. We decompose X*(T' x Gi*Y)g = X*(T x GI") ®7 Q into +1-eigenspaces of the reflec-
tion s; :

XHT x Gpt) =X(T x G) §, @ Qui,

where «; spans the (—1)-eigenspace of s;.
To prove (6.4), it suffices to prove it for § € X*(T x G*")* and & = «; separately. In the first
case, taking Chern class induces an isomorphism

c1 1 XH(T x GY)5, = HA(B(Li x Q)(1).
Hence ¢1(V(£)) lies in the image of the pull-back map
7 H2(BLY) (1) — H2([4/L]) (1) — H2([L;/L7]) (D).
Since 7’ o St = 7' o st;, we conclude that
STt (V@) =86 el (W (©)) = st"e1 (N (78)).

Therefore, the LHS of (6.4) is zero. On the other hand, since * & = &, we have (&, oziv } =0, hence
the RHS of (6.4) is also zero. This proves the identity (6.4) in the case & € X*(T x GIo")%.

Finally we treat the case & = «;. Since L; x Q is connected, the action of L; X Q on L; factors
through a homomorphism L; x Q — L?d, where L?d is the adjoint form of L; (isomorphic to
PGL(2)). Let P! = L;/B' =L; x Q/B" x Q = L /B be the flag variety of L; or L. The
pull-back

Hiqd(IP’})(l) —H} o (P))(1) =H*(B(B' x Q))(1) = X*(T x G)g,

has image @gai, and the line bundle NV (¢;) on N[i is the pull-back of the canonical bundle wp:

on ]P’il. We can therefore only consider the L?d x Gy,-action on St;. The equality (6.4) then

reduces to the following identity in the Lf‘d X Gy, -equivariant Borel-Moore homology group

ad
HzszL" “Em(st)(1) (d = dim St):

h™*ci(wpip1) U [St | =2vU[St], (6.5)

where 7~ is the L2 x G,,-equivariant morphism A~ : St; — P! x P!. We will show that both
. ad .

sides of (6.5) are equal to the cycle class 2[St"!] e HZB;VEZL G (St;)(1), where St"! is the preim-

age of the nilpotent cone in [; under St; — [;.
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On one hand, St"! is the preimage of the diagonal A(IF’I.I) C ]P’} X ]P’i1 under A~ . Let Zp be
the ideal sheaf of the diagonal A(IP’Z.I), viewed as an Lf‘d—equivariant line bundle on ]P’l.1 X IP}. We
claim that

I?z = wpl  p1 € PiCLgd (Pll X Pll) (6.6)

In fact, since Lf‘d does not admit nontrivial characters, we have Pic; ad (]P’i1 X IP’}) =7 @ 7Z. Then
(6.6) follows by comparing the degrees along the rulings.

ad
Since the Poincaré dual of c1(Za) is the cycle class [A(]P’il)] € HZBM’Li (]P’i1 X IP’I.I)(l), we get
from (6.6) that

ci(@pr ) U [B} x B ] =2[A(P})]. (6.7)

Since h~ is smooth (St;” is in fact a vector bundle over IP’Z.1 X IP’}), we can pull-back (6.7) along
h™ to get

. ad
B e @pn ) U [S5 ] = 2[00 € Hyyty T (557) (). 6.8)

On the other hand, consider the projection 7 : [; > t — £ (£ is the universal Cartan for
L?d), then St§lil = t71(0). The class [0] € HEM’G’” (t29)(1) is the Poincaré dual of v (G,, acts on
the affine line 9 by dilation). Since 7 is Lf.‘d x Gy, -equivariant and L?d acts trivially on 4, we
conclude that

[s6"] = v U[st7] e g 3™ 5 (s51) 0. (©9)

ad
If we view both (6.8) and (6.9) as identities in HZB;/E; G (St;)(1), we get the identity (6.5).

This completes the proof. O
6.5. Completion of the proof

We need to check that the four conditions in Definition 6.1.2 hold for the actions defined in
Construction 6.1.4. The condition (DH-1) obvious holds.

The condition (DH-2) is also easy to check. In fact, the s;-action is constructed by pulling
back the Springer action on ﬂi@g via diagram (5.1). Since the Springer action on ﬂi@g is
given by a self-correspondence of L / L?] over [[;/ LE], it commutes with cupping with any class
in H*([l;/ LE]). Therefore, the s;-action on I Q, commutes with cupping with any class in
H*(Mp,), in particular u. Similarly, the action of £21 on P Qg is given by self-correspondences
of MP¥ over A x X, it commutes with cupping with any class from H*(X), in particular u.
Moreover, the action of & € X*(T) is defined as cupping with ¢{ (£(£)) € H>(MP)(1), which
certainly commutes with the action of u. Therefore the actions of the generators of H all commute
with the action of u. This verifies (DH-2).

Now we verify the condition (DH-4) in Definition 6.1.2. This is implied by the following
lemma.
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Lemma 6.5.1. For each w € §2y and & € X*(T), there is an isomorphism of line bundles on
Bunpar

RELE) = L(“¢).

Proof. Recall from Construction 6.3.2 that the right action of T on LT comes from the right
action of Gy on Bunoo On the other hand, the right action of £21 on BunG comes from the right
action of Gy on Bunc>o (see Lemma 4.2.5). For any g € Gy and @ € Gy, we have

RAd(aAF‘)g' oRy = Rg,(;) =R;o Rg,.
Taking the quotient by Gy, we get an equality of actions on el = Buno,/ gr:
RAd(w—l)g oRy,=Ry,0R,, forwe2y, ge T.

Therefore the T -torsor R;;[,T on Bunléar is the Ad(w)-twist of ET. |

We have verified (DH-3) for & € X*(T x G&") in Section 6.4. It remains is to verify (DH-3)
for & = Acan. For each standard parahoric subgroup P C G(F), we define a line bundle Lp can
on Bunp which to every point (x, &, t, mod P) € Bunp(R) assigns the invertible R-module
detRI'(Xg, Adp(&)).

Lemma 6.5.2. For each standard parahoric subgroup P C G(F), we have
L1.can ® L(—2pp) = For} ™ Lp can € Pic(Bunf"). (6.10)
Here 2pp is the sum of positive roots in Lp (with respect to the Borel BIP).
Proof. For (x,«, &, 1, modI) ]§ﬁ/nI(R), we have an exact sequence of vector bundles on X
0— Ad1(E) = Adp(€) = ix9(E) — 0 (6.11)

where Q(£) is a coherent sheaf supported on " (x). The assignment (£, t, mod I) > Q(&) gives
a coherent sheaf Q on BunP#. Via the local coordinate « and the full level structure 7., we can
identify Q(&) with (gp/g1) @« R. Hence Q can be viewed as the vector bundle

G X Autp

O=Bun,, X (gp/oD)

over BunP¥. Taking the determinant, we get

—~ GixAutp
det Q = Bung x  det(gp/g1)-
-2
Since Gt x Autp acts on det(gp/gr) via the character Gy x Autp — T x G2 LN Gy, we
conclude that det Q = L£(—2pp). Taking the determinant of the exact sequence (6.11), we get the
isomorphism (6.10). O
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Corollary 6.5.3. For each i =0, ..., n, there is an isomorphism of line bundles on Bunl();ar:
I:'Orfi’*L:P,-,can = FOrﬁ*wBun ®LE2p —a;)
where 2p is the sum of positive roots in G.

By Construction 5.1.1 (see the diagram (5.1)), the action of s; on ff ar@g commutes with
cupping with any cohomology class pulled back from Mp,. In particular, it commutes with
(U ¢1(Lp, can)- Using Corollary 6.5.3, we conclude that

5i(Acan +20 = @) = (Acan +2p — )i € Homasex (£ Qe, 2 Qe[21(D)).  (6.12)
Observe that fori =1, ..., n, we have
(Acan +2p —ai ) =2(p, o)) —2=0.
Fori =0, we have
(Acan +2p — g, 0§ )= (Acan +20 =8 +6, K —6")
= (Acan, K) —2{p,0") —2=2h" = 21" =0.

Here we have used the fact that (Aca, K) =2h" (see Remark 6.2.4) and 1Y = (p,0V) + 1 (see
Lemma 6.2.3). In any case, we have (Acan + 20 — o, @; ) =0 fori =0,...,n. This, together
with (6.12) implies that (DH-3) holds for s; and & = Acdn +2p — «;. Slnce we have already
proved (DH-3) for s; and 2p — o; € X*(T x GI") in Section 6.4, we can subtract this relation
from the one for § = Acan + 2p — «;, and conclude that (DH-3) holds for s; and & = A¢an. This
completes the proof of (DH-3), and hence the proof of Theorem 6.1.6.

6.6. Variants of the main results

We first state a parahoric version of Theorem 6.1.6. Let 1y, € @g[ﬁ}] be the characteristic
function of Wp, then ﬁlwP is an idempotent in Q[ W]. Let Hp = 1y, Hlyy,.

Theorem 6.6.1. There is a graded algebra homomorphism:

Hp — @D End’, ¢ (fp.«Q0) ().

ieZ

Sketch of proof. By Theorem 5.1.2, we have a W -action on f* @g Since Wp C W is finite,
it makes sense to extract the subcomplex ( f r@ )WP of Wp-invariants. Recall the d1agram
(4.6) and Construction 5.1.1. The Wp-action on fY*Qy is induced from that on rrP *Qg €

DP([lp/Lp]p) via proper base change. Classical Springer theory for nP implies that (nP *QZ)WP
is the constant sheaf on [[p/Lp]p. Therefore

frQe = fP,*(erw(ﬂllw’*@fz)WP) =( Q).

The theorem easily follows from this isomorphism. O
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Next, we state a version of Theorem 3.3.3 over an ~enhanced Hitchin base. Let cp = [p // Lp =
t // Wp be the adjoint quotient of [p. The projection W — W restricted to the subgroup Wp C W
induces an injection Wp < W. Therefore we have finite flat morphisms

P
91 qp
t—cp—c.

Definition 6.6.2. The enhanced Hitchin base Ap of type P is defined by the following Cartesian
square

Ap CP,D

T

. ev
AHlt x X —¢D

whe;re “ev” is the evaluation map. Note that VZI — AMit defined in Definition 222, agd /TG =
AHIt 5 X We fix an open subset (A x X)' C A x X as in Remark 2.6.4, and let Ap be the

preimage of (A x X)' in Ap.

Recall from (4.1) that the twisted forms Lp and Ip of Lp and [p are formed using the Autp-
torsor Coor(X). Since Autp is connected, its action on Lp factors through the adjoint action
of Lil,d on Lp. Therefore the adjoint quotient [[p/Lp] — cp is automatically Autp-invariant,
inducing a morphism

xp : [lp/Lp] — cp.

Using the morphism Mp R [lp/Lplp LN cp,p, we get the enhanced parahoric Hitchin
fibration of type P:

o Mp ZEEPIL e, (AP x X) = Ap. (6.13)

Construction 6.6.3. For a standard parahoric subgroup P, we can similarly define a Hecke corre-
spondence Heckep of Mp as in Definition 3.1.1. We have a natural morphism #p : HeckeP* —
Heckep.

For A € X (T), let |A|p denote its Wp-orbit in X, (T'). Let H);, be the reduced image of H;
under hp (which only depends on the Wp-orbit of A). The same argument as in Lemma 3.1.4
shows that |, , is a graph-like self-correspondence of Mp over the enhanced Hitchin base .A}.

Proposition 6.6.4. There is a unique algebra homomorphism
_ W I
Qe[Xa(D]™ — End 3, (fr.Qel 7,

such that Avp(X) ==Y, A acts by [Hapls for any A € X (T).

€lrlp
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The proof is similar to that of Theorem 3.3.3. When P = I, we recover the X, (7")-action on
f*(Q_)g constructed in Proposition 3.3.5. When P = G, we get a Qg [X,4(T)]" -action on the com-
plex ff“@g X Qg, x € D?((A x X)). This is an algebro-geometric construction of the 't Hooft
operators considered by Kapustin and Witten [18].

7. A sample calculation

The goal of this section is to calculate the global Springer representation in the first nontrivial
example.

7.1. Description of the parabolic Hitchin fiber

Throughout this section, we specialize to the case X =P', Ox (D) = O(2) and G = SL(2).

The Hitchin base AH' = HO(P!, O(4)) parametrizes degree 4 homogeneous polynomials
a,n) = Zi:O a;g'n*'. For a € AM, the cameral curve X, coincides with the spectral curve
Y, 2= a(&, n), which carries an involution 7 : (§,n,t) — (&, 1, —t). Let p, : Y, — X be the
projection. We have a € A(k) if and only if ¥, is irreducible.

For an anisotropic a € A(k), the Hitchin fiber M}}“ is

MU= {(F,a) | F € Pic(Y,), a: det(pa,«F) = Ox}.

For the stack Pic(Y,) see Example 2.2.5. For any (F, a) € Myit, E=pysFisa ranlﬁvector
bundle on X with trivial determinant, therefore x (Y., F) = x (X, £) = 2, hence F € Pic(Y,).
Since x (Y4, Oy,) = x(X, Ox) + x(X,Ox(=2)) =0, Y, is an irreducible curve of arithmetic
genus 1. The degree —1 Abel-Jacobi map
Al: Y, — Pic ' (Y,)

y+> I, (theideal sheaf of y) (7.1)
is an isomorphism, here Pic—1(Y,) is the coarse moduli space of Pic~1(Y,). Moreover, /\/laHit =
Pic?(Y,)/pa where the center u1p C SL(2) acts trivially on Pic?(Y,). Via the Abel-Jacobi map
(7.1), ME“ is non-canonically isomorphic to Y, x Bu, (we have to choose an isomorphism

Pic2(Y,) = Pic—1(Y,), which is non-canonical).
The Picard stack P, acting on M is the Prym variety

Pic(Y,) = = {(, L)’EG'PIC (Ya), t: £ v L% such that t = T (¥~ l)}

Since Y, is an irreducible curve of arithmetic genus 1, P, = PicO(Ya) X Bus.
The parabolic Hitchin fiber ./\/la ¥ 18

ML ={(Fo. Fr. @) | (Fo, @) e ME, Fo 2 F1 2 Fo(—x)}.
We have two forgetful morphisms:

Lo - Mge‘fc - 7D_iC2(Ya)a
p1 s MBS — Picl(1,)
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sending (Fo, F1, @) to Fo and Fj respectively. As in the case of MH“ MPY a.x 1s the quotient of
its coarse moduli schemes by the trivial action of u,.

For x € X, let v, (x) be the order of vanishing of the polynomial a at x. Then the local Serre
invariant is

8(a,x) = [va(x)/2].

Note that (a, x) € (A% x X)™ means v, (x) = 0 while (a, x) € (A4° x X)o means v, (x) =0 or 1.
For each partition p of 4, let Ap be the locus where the multiplicities of the roots of a(§, n) =
0 are given by p. We have

S@ =Y [pi/2]. ifaeA, p=(p1.p2...).

Let us analyze the anisotropic parabolic Hitchin fibers on each stratum:

e p=(1,1,1,1). Then Y, is a smooth curve of genus one; Mga; = /\/laHit X p[;] (x) which is
non-canonically isomorphic to Y, x p, L(x) x Bus.
o p= (2,1,1). Then Y, is a nodal curve of arithmetic genus 1. Let & : P! — ¥, be the

normalization. Then the node of Mt (recall the coarse moduli space of Mt is iso-
morphic to Y,, which has a node) corresponds to F = m,.Op1(1). If v,(x) =0 or 1, then
MB“,E = MH“ X Dy I(x), which is isomorphic to ¥, x Da L) x Bus. If va(x) =2, ie.,
x is the projection of the node, then the reduced structure of MZ,X (ignore the wy-action)
consists of two P!’s meeting transversally at two points: one component (call it Cy) corre-
sponds to Fo = m,.Opi (1) and varying F; the other component (call it C¢) corresponds to
Fi1 = n.Op1 and varying Fo. The generic point of each component C¢ or C; is non-reduced
of length 2.

e p = (3,1). The situation is similar to the above case, except that Y, is a cuspidal curve
of arithmetic genus 1. If v, (x) = 3, i.e., x is the projection of the cusp, then the reduced
structure of ./\/lgd; (ignore the wo-action as well) consists of two Pl’s tangent to each other
at one point.

7.2. The DAHA action for a “subregular” parabolic Hitchin fiber

Now we concentrate on MZZ’; for a € A,1,1) and x the projection of the node of Y. In this
subsection, we compute the action of W onits cohomology. We ignore the Tate twists. We restrict
MP 1o the anisotropic locus A x X without changing notation. We also ignore the stack issue
from now on because the finite automorphism group 2 does not affect the Q¢-cohomology.
Hence we will work with Pic rather than Pic.

We first fix a basis for Hz(Mpdr) Recall from the end of the last subsection that the reduced
structure of M5y a.x consists of two components Cy and C1, each isomorphic to P!, we get a basis
{[Co], [C1]} for Hz(/\/lga;) The dual basis in H*(Mg x) is denoted by {¢o, ¢1}.

Lemma 7.2.1. The homology class [Co]l 4+ [C1] € Hp (ME?;) is invariant under the W -action.
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Proof. By proper base change, for sufficiently small étale neighborhood U of (a, x) in A x X,
there is a W-equivariant surjection:

it HY (M) - HF(MES).

Therefore, it suffices to show that for any ¢ € Hz(M%ar) and » € W, we have (ig ywg,
[Col + [C1]) = (i7 ¢, [Col + [C1]). Equivalently, we have to show that

(@¢ — ¢ iax«([Col +[C11))=0. (1.2)

By the description at the end of last subsection, the scheme-theoretic fiber M}y is the union
of Cp and Cy, each with a non-reduced structure of length 2. Therefore, the cycle class [Mﬂf‘;] in
/\/l]z]ar is 2[Co] + 2[C1], which is algebraically equivalent to any other fiber MS?’;,. In particular,
we can pick (a’, x’) € U™. Then

1 ar
<1I}§ -, ia,x,*([CO] + [Cl])> = E(IDC -4, ia/,x/,*[Mg/’X/D

1, .

= E(l:/’x/(wg - ;), [MZ?TX/]> (73)
For generic (a’, x’) € U™, the W-action on H2 (Mzerx/) is given by automorphisms of MZfer,
(see Proposition 3.2.1 and Definition 3.3.1), hence the functional [Mgf’rx,] : Hz(/\/lg‘f"x,) — @( is
W -invariant. Therefore, the quantity in (7.3) is zero, hence (7.2) holds. O

Now we compute the action of the simple reflection s; € W on H* (Mgf‘;). We restrict the
Cartesian diagram (2.1)' to (a, x), and trivialize the line bundle Ox (2) near x. Since a(x) =0,
any Hitchin pair in M?“ has nilpotent Higgs field at x. We get a Cartesian diagram

par

M 2 /Gl

oL

Mt W N/G]

Here NV is the nilpotent cone of G, and N is the scheme-theoretic preimage of N in §. We have
an exact sequence of shifted perverse sheaves in D?([g/G]):

0— Q¢ = mQ¢ — i0+Qe[-2] - 0 (74)
where ig : {0} — N is the inclusion. By the Springer theory for G we know that sy acts on the
constant sheaf Qg trivially and acts on i, Q¢[—2] by —1. Pulling back (7.4) to MI;“ via ev}, we

get a distinguished triangle in D? (MHit):

Q¢ = Q= ixQ[-2] — (7.5)
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where i is the inclusion of the node into the nodal curve ./\/lgit. Therefore, all classes in the image
of ”jvt :H* (ME”) — H* (Mg?;) are invariant under s;. These include the whole of H? (Mgf‘;
and H! (/\/lgef;) and the class ¢y € H2 (MB?;). Furthermore, (7.5) induces an exact sequence

0— Hz(/\/lyit) — H? (M%) — Q¢ — 0.

The discu_ssion above shows that s; acts trivially on Hz(/\/lz{it) = @z{o and acts by —1 on the
quotient QQ¢. Therefore the matrix of s; on HZ(MZE};) under the basis {Zo,;} takes the form

s] = ((1) _Cl) for some ¢ € @@. By Lemma 7.2.1, 51 fixes [Co] 4+ [C1], hence annihilates {y — ¢1 €

H? (./\/lg?fc), we conclude that ¢ = 2.
The action of sg can be similarly calculated, with the roles of Cp and C; interchanged. In
summary,

Proposition 7.2.2. The group W acts trivially on HO(MS?;) and Hl(./\/lg?;). Under the basis
{¢0, c1} of HA(ME™S) dual to {[Col, [C11}, the elements s1,s0 € W and o = sos1 € Xu(T) act

as matrices
= 1 2\ o — -1 0}). oV = -1 -2
'=\o -1)° °=\l2 1) “\2 3 )

In particular, the action of the lattice part X, (T) C W is unipotent, but not the identity. The
action of W on H2 (/\/15?;) contains the trivial representation spanned by ¢y — ¢, but is not
completely reducible.

Finally we describe the line bundles £(£) on Mga; for & € X*(G$" x T), following the recipe
in Lemma 6.3.3. Let &« € X*(T') be the simple root, then L(«) is O(—2) when restricted to Co,
and O(2) when restricted to C;. The line bundle L£(A¢an) is O(—3) when restricted to Cg, and is
trivial on Cj.
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Appendix A. Generalities on cohomological correspondences

In this appendix, we review the formalism of cohomological correspondences. In Appen-
dices A.1-A.5, the results are standard and we omit the proofs. In Appendix A.6, We introduce a
nice class of correspondences called graph-like correspondences, which will be used to construct
the global Springer action.

The spaces in the following discussions can be any algebraic stack whenever the sheaf-
theoretic operations make sense. In practice, we will apply the formalism to either Deligne—
Mumford stacks or global quotients [ X/G] where X is a scheme and G is a group scheme.
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We sometimes put a label over an arrow to describe the nature of the map. The label “b.c.”
means proper base change; “ad.” means adjunction; “x! — !%” means the natural transformation
P f - fl!w* (adjoint to the proper base change) associated to the following Cartesian diagram

¢
X1 — X

Ll

Y ——=Y
A.1. Cohomological correspondences

We recall the general formalism of cohomological correspondences, following [15]. Consider
the correspondence diagram

2N o

X *> S ~ Y
where all maps are representable and of finite type. We always assume that ¢ = (¢,¢): C —

X xg Y is proper. Let p, P be the projections from X xg Y to X and Y respectively.

Definition A.1.1. A cohomological correspondence between a complex F € D?(X) and a com-
plex G € DP(Y) with support on C is an element in

Corr(C; F,G) :==Homc (?*g, ?’]—').

Such a cohomological correspondence ¢ induces a morphism & : g1G — fiJF, which is de-
fined by the following procedure:

(=)# : Corr(C; F,G) > Corr(X x5 Y; F,G) £ Homgs(g:G, f*F),

where « is the composition

Corr(C: . G) —> Homy 5y (€4 ¢*G, @, T'F)
= Homyy (<. T*B"*G, ‘?!?"(_'.7:)( C is proper)
2 Corr(X x5 Y: F, G)

and g is the composition

bc
Corr(X xs Y: F, Q)& Homg(g D« D ]—') = Homs(G, &' f+ ) 2 Homgs(g1G, f«F).
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The morphism « is a special case of the push-forward of cohomological correspondences:
Suppose y : C — C’ is a proper map of correspondences between X and Y over S, then we can
define

¥ : Corr(C; F, G) — Corr(C'; F, G)
in the same way as we defined «. It follows directly from the definition that
Lemma A.1.2. For any ¢ € Corr(C; F, G), we have

(v«8)# = ¢4 € Homg (821G, fuF).

We will mainly be interested in the special case where F and G are the constant sheaves (in
degree 0) on X and Y. In this case, we have

Corr(C; Q¢ x. Qr,y) = Home (€*Qry, €'Qpx) = H*(C. Dy).
Here D+ means the dualizing complex relative to the morphism €.
A.2. Composition of correspondences

Let C; be a correspondence between X and Y over S, and C, be a correspondence between
Y and Z over S. Assume that Y is proper over S. The composition C = C1 x C of Cy and C» is
defined to be C| xy C», viewed as a correspondence between X and Z over S:

(A2)

Note that the properness of Y /S ensures the properness of C over X x s Z.
Let F, G, H be complexes on X, Y and Z respectively. We define the convolution product

oy : Corr(Cy; F, G) ® Corr(Cy; G, H) — Corr(C; F, H)

as follows. Let ¢ € Corr(Cy; F, G) and ¢ € Corr(Cy; G, H), then ¢y oy &7 is

<! ®l=le oy 1 Sl

o =d*EH S A& 2 Tere s d'E F= ' F
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Lemma A.2.1. (See [15, §5.2].) For ¢, € Corr(Cy; F, G), ¢ € Corr(Cy; G, H), we have

Gipolu= 1oy )4 hH — foulF

Consider the correspondences C; between X; and X;;1, i = 1,2,3. Assume X», X3 are
proper over S. It follows from the definition of convolution that:

Lemma A.2.2. The convolution product is associative. More precisely, for F; € D*(X;),i =
1,...,4and ¢ € Corr(Cy; Fi, Fig1), i = 1,2, 3, we have

(é‘l oX, §2) OXj3 §3 = {1 oX, (52 OXj3 43)
A.3. Verdier duality and correspondences

Consider a correspondence diagram as in (A.1). The transposition C" of the correspondence
C is the same stack C with two projections:

The Verdier duality functor gives an isomorphism
D(—) : Corr(C; F,G) = Corr(CV; DG, ]D)]-')
which sends the map ¢ : ¢*G — €'F to its Verdier dual
D¢ : V¥ DF = D(E'F) > D(¢*G) = ¢''DG.
On the other hand, the Verdier duality functor also gives an isomorphism
D(—) : Homg(g:G, f+F) — Homg(fiDF, g.DG).
Lemma A.3.1. (See [15, diagram 5.1.7].) For any ¢ € Corr(C; F, G), we have
D(z) = (D¢)# € Homg (/iDF, g.DG).
A.4. Pull-back of correspondences

Suppose we have another correspondence diagram

7N

X’—>S/<—Y’
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and a morphisms y : C' - C,¢ : X' — X,y : Y/ — Y such that the following diagrams are
Cartesian

v v

¢ ——C c—cC
14

X/H-X Y’H—Y

We define the pull-back:
y*: Corr(C; F, G) — Corr(C'; ¢* F, Y*G)
as follows: for ¢ € Corr(C; F, G), y*¢ is defined as the composition

)l 1k

Tk * o y*e 5 <! Tk
CYG=yrG—>y'cF oFF.

Lemma A.4.1. Let B : S" — S be a morphism. Suppose v, ¢, ¥ are base changes of B, and that
f is proper, then we have a commutative diagram

—)#

Corr(C; F, G) Homg(g1G, f+F)

| E

Cort(C'; ¢* F, ¥*G) —— Homg (8" 510, B* fo.F) === Homg (g\y*G. f1¢"F)

A.5. Cup product and correspondences
Foreachi € Z, let

Corr' (C; F, G) = Corr(C; i1, G),
Corr*(C; F. G) = @) Corr’ (C: F. G).

1

We have a left action of H*(X) and a right action of H*(Y) on Corr*(C; F, G). More precisely,
fora e H/(X), 8 € H/ (Y) and ¢ € Cort* (C; F,G), we define « - ¢, ¢ - B € Cort' V7 (C; F, G) to
be

7 (Ua)

«- TG - T EFL+

— ¢* U — . P . .
£ B etG —— TG - EF + ).
The following lemma is obvious.

Lemma A.5.1. For « e H/(X), 8 e H/ (Y) and ¢ € Cort’ (C: F, G), we have

(@84 = fu(Ua) o &y; (¢ -B)e=Cuogi(UBP).
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On the other hand, H*(C) acts on Corr*(C; F, G) = Ext{.(¢*G, ' F) by cup product, which
we denote simply by U.

Lemma A.5.2. Let o« € H*(X), B e H*(Y) and ¢ € Corr™(C; F, G), then we have
a-{=¢U(TFa); ¢-B=¢U(C*B).

If we have a base change diagram of correspondences induced from S’ — § as in Ap-
pendix A.4, then the pull-back map

y*: Corr™(C; F, G) — Cort™(C'; ¢*F, ¥*G)
commutes with cup products - and U defined above.
A.6. Integration along a graph-like correspondence
In the sequel, we assume X to be smooth and equidimensional of dimension d.

Definition A.6.1. Let U C S be an open subscheme. A correspondence C between X and Y over
S is said to be left graph-like with respect to U 1if it satisfies the following conditions:

(G-1) The projection ¢ : Cy — Xy is étale.
(G-2) dimCy < d and the image of C — Cy — X X s Y has dimension < d.

Similarly, C is said to be right graph-like with respect to U if € : Cy — Yy is étale and (G-2) is
satisfied; C is said to be graph-like with respect to U if it is both left and right graph-like.

Note that the condition dim Cy < d in (G-2) is implied by (G-1); we leave it there because
sometimes we want to refer to (G-2) alone without assuming (G-1).

Lemma A.6.2. Suppose C is a correspondence between X and Y over S satisfying (G-2) with
respect to U C S. Let ¢,¢" € Corr(C; Qe,x, Qey). If ¢lu = ¢'lu € Corr(Cys Qe xy, Qe,vy),
then &y = ¢y € Homg(81Qe v, fxQe x).

Proof. Let Z be the image of ¢ and T : Z — X,Z : Z — Y be the projections. Under the above
assumptions, after choosing a fundamental class of X, we can identify Q; x with Dx[—2d](—d),
hence identify D¢ with Dz[—2d](—d). Similar remark applies to Zy . Consider the restriction
map

J HUZ,D2)(=d) = H3) (2)(=d) = B5) (Zu) (—=d) =H ! (Zy, Dz,,) (—d).
The source and target have bases consisting of fundamental classes of d-dimensional irreducible

components of Z and Zy . By condition (G-2), the d-dimensional irreducible components of Z
and Zy are naturally in bijection. Therefore j* is an isomorphism, and the restriction map

Corr(Z; Q¢ x, Qry) =H%(Z, D<) — H(Zy, Ds) = Corr(Zy; Qe x,» Qe.vy)
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is also an isomorphism. Since ¢|y = ¢'|y € COI‘I‘(Cu;@(’XU,@g,yU), hence (¢ 40)|ly =

(T«Mlu € Corr(Zy; Qu,xy . Qeyy), therefore T.b = T4¢’ € Corr(Z; Qe.x, Qey). It re-
mains to apply Lemma A.1.2t0 € :C— Z. O

Example A.6.3. Let ¢ : X — Y be a morphism over S and I'(¢) C X x5 Y be its graph, then
I'(¢) is a left graph-like correspondence between X and Y. The relative fundamental class
[ (¢)] e H (I (¢), Dre)yx) = HO(I"(¢)) is the class of the constant function 1. Then [I"(¢)]#
takes the form

[F(@®)],: 2Quy — g:Qey SN Qe x.

Let C be a correspondence between X and Y over S satisfying (G-2) with respect to some
U C S. Consider the fundamental class [Cy] € H (C)( d), defined as the sum of the funda-
mental classes of the closures of d-dimensional 1rredu01ble components of Cy . Using the fun-
damental class of X, we can identify @[ x with Dy[—2d](—d), and get an isomorphism D+
De[—2d](—d). Therefore [Cy] can be viewed as a class in HO(C, D+ ) = Corr(C; Q( X, Q( y)
We claim that the induced map [Cyly : g'(@g y — f*Qg x is independent of U. In fact, if C
also satisfies the condition (G-2) with respect to another V C S, then it again satisfies (G-2)
with respect to U N V. Since [Cy] and [Cy] both restrict to [Cyny] in Corr(Cyny; Q( Q@)
Lemma A.6.2 implies that [Cy]# = [Cy 4. Therefore it is unambiguous to write

[Cls:8Qey — Qe x,

which is the sheaf-theoretic analog of integration along the correspondence C.
Now we study the composition of such integrations. We use the notation in the diagram (A.2).
Let X, Y be smooth, equidimensional and Y be proper over S.

Proposition A.6.4. Assume C» is left graph-like and C1, C = Cy * C satisfy (G-2) with respect
toU C S, then

[C1l¢o[Caly =[Cls: mQpz — fiQe x.

Similarly, if we assume C1 is right graph-like and C», C = C1 % Cy satisfy (G-2) with respect to
U C S, the same conclusion holds.

Proof. We prove the first statement. The proof follows from a sequence of dévissages. By
Lemma A.2.1, it suffices to prove

[C1]oy [C2] =[C] € Corr(C; Q¢ x, Q¢ 2)-
By property (G-2) and Lemma A.6.2, it suffices to prove
[C1.uloy, [Caul=[Cyl e H(Cy, D). (A3)

Therefore we have; reduced to the case where &, and hence d are étale. In this case, we can
identify Dg with Qg ¢,, and the convolution product becomes

H’(C1, D) @ H(C2) — HY(C, D%).
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Moreover, [C,] becomes the class of constant function 1 in H’(C,). Therefore, convolution with
[C2] becomes the pull-back along the étale morphism d :

d*:H’(C1,Dg) — H(C, D).
It is obvious that (J*[Cl] = [C]. Therefore (A.3) is proved. O
A.7. The convolution algebra
Assume X is smooth of equidimension d and f : X — S is proper. Let C be a self cor-

respondence of X over § satisfying (G-2). Assume we have a morphism p: C « C — C as
correspondences which is associative, i.e., the following diagram is commutative:

CxCxC

EN
CxC CxC
\ /

C

Then the convolution gives a multiplication on Corr(C; Q. x, Q¢ x):
o: Corr(C; Qe.x. Qe.x) ® Corr(C; Q. x. Qe,x) —> Corr(C * C; Qr.x, Qe x)
2 Corr(C; Qe,x, Qe x),

which is associative by Lemma A.2.2. Therefo_re Corr_(C ; @g’ X, @g’ x) acquires a (non-unital)
algebra structure. Restricting to Cy, Corr(Cy; Q¢ x,,, Qe,x,,) is also a (non-unital) algebra.

Remark A.7.1. We have a map

Ends(X) — Corr(X x5 X; Qe.x. Qu.x)
which sends a morphism ¢ : X — X to the fundamental class of its graph. By Example A.6.3, this
is an anti-homomorphism of monoids. Here the monoid structures are given by the composition
of morphisms on the LHS and the convolution o on the RHS.
Proposition A.7.2.
(1) The map

(—)# : Corr(C; Q¢ x, Q¢,x) — Ends (£ Qp,x) (A4)

is an algebra homomorphism.
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(2) The map (A.4) factors through the restriction map
Jj*: Corr(C; Qe x, Qr.x) — Corr(Cys Qe xy» Qu.xy)
so that we also have an algebra homomorphism
(=) : H'(Cy. Dz) - Ends (£ Qe x). (A.5)

Proof. (1) follows from Lemma A.2.1; (2) The factorization follows from Lemma A.6.2. Using
the identification Q; x = Dx[—2d](—d), we can identify j* with the restriction map

HAY (C)(—d) — H (Cu)(—d),

which is surjective. Therefore the map (A.5) is also an algebra homomorphism because (A.4)
is. O
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