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Abstract

We prove both the group version and the Lie algebra version of the fundamental lemma
appearing in a relative trace formula of Jacquet and Rallis in the function field case
when the characteristic is greater than the rank of the relevant groups. In the appendix
by Gordon, our results are transferred to the p-adic field case, for sufficiently large p.
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1. Introduction

1.1. The conjecture of Jacquet and Rallis and its variant

In [9], Jacquet and Rallis proposed an approach to the Gross-Prosad conjecture for
unitary groups using the relative trace formula. In establishing the relative trace
formula, they needed a form of the fundamental lemma comparing the orbital integrals
of the standard test functions on the symmetric space GL,(E)/ GL,(F) and on the
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unitary group U, (F') (here E/F is an unramified extension of a local field F with odd
residue characteristic). They explicitly stated (up to sign) a Lie algebra version of this
fundamental lemma as a conjecture and verified it for n < 3 by explicit computation.
Following this idea, Zhang [13] stated the group version of this fundamental lemma
as a conjecture and verified it forn < 3.

Let o be the Galois involution of E fixing F. Let ng;r : F* — {£1} be the
quadratic character associated to the extension E/F. Let n > 2 be an integer. Let
S, (F) be the subset of GL,(E) consisting of A such that Ac(A) = 1. Let U,(F) be
the unitary group associated with the Hermitian space E" with trivial discriminant.
We also need the Lie algebra counterparts of the above spaces. Let 5,(F) be the set
of n-by-n matrices with entries in £~ (purely imaginary elements in the quadratic
extension E/F), and let u,(F) be the set of n-by-n skew-Hermitian matrices with
entries in £ (the Hermitian form on E” has trivial discriminant). For a subset of K
C gl,(E) or GL,(E), let 1x denote the characteristic function of K. The two versions
of the Jacquet and Rallis conjecture are the following identities of orbital integrals.

CONJECTURE 1.1.1 (Jacquet and Rallis; see [9], [13])
(1) For strongly regular semisimple elements (see Definition 2.2.1) A € 5,(F) and
A’ € u,(F) that match each other (see Definition 2.5.1), we have

05" (Ls,0,) = (=" O (L, 0,): (11D

2) For strongly regular semisimple elements A € S,(F) and A’ € U,(F) that
match each other (same notion as above), we have

05" (1s,0,)) = (=)' O (Ly,0,))- (1.1.2)

Here, for elements A, A" € gl ,(E) or GL,(E) and for smooth compactly
supported functions f, f" on gl ,(E) or GL,(E), we have

OgLH,n(f) _ / f(gilAg)ﬂE/F(det(g)) dg,

GL,—1(F)

o= [ fieaede,
U1 (F)
For the definition of v(A), see Definition 2.2.2. The Haar measures dg on
GL,_1(F) and U,_{(F) are normalized so that GL,_1(Of) and U,_1(OF)
have volume 1.
(3)  Inthe above two situations, if A does not match any A’, then the left-hand side
of (1.1.1) and (1.1.2) are zero.
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Let H,(F) be the set of Hermitian matrices in GL,(E), and let h,(F) be the set of
n-by-n Hermitian matrices in gl,(E) with respect to the chosen Hermitian form with
trivial discriminant. We have the following variant of Conjecture 1.1.1.

CONJECTURE 1.1.2
(1) For strongly regular semisimple elements A € gl,(F) and A’ € §,(F) that
match each other (in the similar sense as Definition 2.5.1), we have

05" "(1g1,0,)) = (=1)" O (Ly,0,)- (1.1.3)

(2)  For strongly regular semisimple elements A € GL,(F) and A" € H,(F) that
match each other, we have

OiLnil’n(lGL,,(@F)) — (_ 1)U(A)OX:’*' (lHn(OF))' (114)

(3)  Inthe above two situations, if A does not match any A’, then the left-hand side
of (1.1.3) or (1.1.4) is zero.

1.2. Main results

The purpose of the article is to prove the above conjectures in the case F' is a local
function field (i.e., of the form k((z)) for some finite field k) and in the case char(F) >
n (see Corollary 2.7.2). In the appendix by Gordon, it is shown that the transfer
principle of Cluckers and Loeser, which relies on model-theoretic methods, applies to
our situation, and therefore our results on local function fields imply the validity of
the above conjectures for any local field of sufficiently large residue characteristic.

We first do some reductions. In fact, as observed by Xinyi Yuan, (1.1.3) is simply
equivalent to (1.1.1) because multiplication by a purely imaginary element in £7\0
interchanges the situation. In Proposition 2.6.1, we show that the group version (1.1.2)
follows from the Lie algebra version (1.1.1) for any F (of any characteristic); the
same argument shows that (1.1.4) follows from (1.1.3). Therefore, the orbital integral
identity (1.1.1) for Lie algebras implies all the other identities for any F. Moreover,
the vanishing result in Conjectures 1.1.1(3) and 1.1.2(3) follows from a cancellation
argument (see Lemma 2.5.3).

To prove (1.1.1) in the case char(F) > n, we follow the strategy of the proof of
the Langlands-Shelstad fundamental lemma in the Lie algebra and function field case
(recently finished by Ngb [12]), building on the work of many mathematicians over
the past thirty years. The geometry involved in the Langlands-Shelstad fundamental
lemma consists of a local part—the affine Springer fibers (see [5], [6])—and a global
part—the Hitchin fibration (see Ngo [11], [12]). Roughly speaking, the motives of
the affine Springer fibers, after taking Frobenius traces, give the orbital integrals. The
motives of the Hitchin fibers can be written as a product of the motives of affine
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Springer fibers. The advantage of passing from local to global is that we can control
the “bad” (noncomputable) orbital integrals by “nice” (computable) orbital integrals
using global topological machinery such as perverse sheaves.

In the following two sections, we reformulate Conjecture 1.1.1(1) using local and
global moduli spaces, and we indicate the main ideas of the proof.

1.3. The local reformulation

As the first step toward a local reformulation, we translate the problem of computing
orbital integrals into that of counting lattices. In [9], the authors introduced (2n — 1)-
invariants associated to an element A € gl,(E) with respect to the conjugation action
of GL,_|(FE). Here the embedding GL,,_|(E) < GL,(E) is given by a splitting of
the vector space E" = E"~! @ E. The splitting gives a distinguished vector e (which
spans the one-dimensional direct summand) and a distinguished covector ej (the
projection to Eey). In this article, we use a different (but equivalent) set of invariants
a=1(ay,...,a,)and b = (b, ..., b,_;) for A, where the a;’s are the coefficients of
the characteristic polynomial of A, and b; = e(’)‘Ai ep (so that by = 1). We say that
A € s5,(F) and A" € u,(F) match each other if they have the same collection of
invariants viewed as elements in gl,(E).

We fix a collection of invariants (a, b) which is integral and strongly regular
semisimple (see Definition 2.2.1 and Lemma 2.2.4). Then we can associate a finite
flat O p-algebra R, (see Section 2.2). The invariants b give an R,-linear embedding
Yab : Ry = R} = Homg,(R,, OF). We can rewrite the left-hand side of (1.1.1) as

O;}L’H'n(lg,,(@F)) = 4 Z(—l)i#Mz‘l,oflc,b’

where each M% , is the set of R,-lattices A such that R, C A C R} and such that
lengg, (R, : A) =i (see Notation 1.6.1).

The E-vector space R,(E) = R, ®g, E carries a natural Hermitian form given
also by b. Similarly, we can rewrite the right-hand side of (1.1.1) as

0 ' (Ly,0,) = #N.55.

where Ni‘fg is the set of R,(Og)-lattices A" which satisfy R,(Og) C A’ C R)(OF)
and are self-dual under the Hermitian form.

When F is a function field with residue field &, there are obvious moduli spaces of
lattices M} , and N, defined over k such that M} , and N\ are the set of k-points
of Mll"; » and g/\/alobc . By the Lefschetz trace formula for schemes over k, Conjecture
1.1.1 is a consequence of the following theorem, which is the main local result of the

article.
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MAIN THEOREM (Local part)
Suppose that char(F') = char(k) > n and ng;r(A,p) = 1. Then there is an isomor-
phism of graded Frob,-modules:

valp(Aap)

P H (M, @k Qulne)®) = HA (N, @i k. Q).

i=0

See Section 2.7 for more details on the notation. This theorem is deduced from the
global main theorem, of which we shall give an overview in the next section.

We point out that several easy cases of Conjecture 1.1.1 can be verified without
any restriction on F (see Section 2.5).

1.4. The global approach

The global geometry related to the Jacquet and Rallis fundamental lemma is derived
from modified versions of Hitchin fibrations for the groups GL, and U,,. The geometry
of Hitchin fibrations is studied in great detail by Ngd [12] and Laumon-Ngb6 [10]; the
latter treats the unitary group case, which is especially important for the purpose of
this article.

We fix a smooth projective and geometrically connected curve X over k; to study
the unitary group, we also fix an étale double cover X' — X. We fix two effect
divisors D and D, on X of large enough degree.

We introduce the stack M, classifying quadruples (&, ¢, A, n) where & is a vector
bundle of rank n, ¢ is a Higgs fieldon &, A : Ox(—Dy) — & is the global counterpart
of the distinguished vector ¢y, and u : & — Ox(Dy) is the global counterpart of the
distinguished covector ej. The stack M is the disjoint union of M; (i € Z), according
to the degree of &.

We also introduce the stack N, classifying quadruples (&', h, ¢', i), where &’
is a vector bundle of rank n on X', & is a Hermitian structure on &', ¢’ is a skew-
Hermitian Higgs field on &', and u’ : & — Ox/(Dy) is the distinguished covector (the
distinguished vector is determined by ' using the Hermitian structure).

Both M; and N fiber over the Hitchin base A x B, classifying global invariants
(a, b). In Section 3, we prove the following geometric properties of these moduli
spaces.

° Propositions 3.2.6 and 3.3.2: Over the locus 4™ x B, M™ and N are
smooth schemes over k and the “Hitchin maps” fi™ : MM — A" x B> and
g NI A X B are proper.

° Proposition 3.5.2: Fix a Serre invariant § > 1 (see Section 3.5). For deg(D)
and deg(Dy) large enough, the restrictions of fi™ and g™ to A=’ x B are
small (see Notation 1.6.6).
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° Propositions 3.4.1 and 3.4.2: The fibers M, ,, and N, , can be written as
products of local moduli spaces M7 , , and N , , defined in a similar way
as M, and N,.
The global part of the main theorem is as follows.

MAIN THEOREM (Global part)

Fix § > 1. For deg(D), deg(Dy) large enough there is a natural isomorphism in
DP (A= x B*):

d
D FivLa-ilazsxg = g"Quluzicss. (1.4.1)
i=—d

Here d = n(n — 1)deg(D)/2 + ndeg(Dy), and L,_; is a local system of rank one
and order two on M™ (see Section 4.1), which is a geometric analogue of the factor
ne,r(det(g)) appearing in the orbital integral OiL”"’"(lﬁn(@F)).

The smallness of f™ and g™ over A=* x B and the smoothness of M™ and
N are the key geometric properties that enable one to prove the above theorem. In
fact, these two properties imply that both sides are middle extensions of some local
system on some dense open subset of A=% x B>, and to verify (1.4.1), we only need
to restrict to any open dense subset where both sides are explicitly computable.

Finally, we use the global part of the main theorem to prove the local part. We
identify F' with the local field associated to a k-point xy on the curve X. For local
invariants (a°, b°) around x,, we may approximate them by global invariants (a, b)
such that the global moduli spaces M, ,; and , ;,, when expressed as a product of
local moduli spaces, are very simple away from x,. Taking the Frobenius traces of the
two sides of (1.4.1) and using the product formulas, we get a formula of the form

Tr(Froby, M,,) - 1—[ Tr(Froby, M,) = Tr(Froby, N,,) - l_[ Tr(Froby, N,),
X#X X#XQ

where M, and N, are the cohomology groups of the relevant local moduli spaces. It
is easy to show that Tr(Frob;, M,) = Tr(Froby, N,) for all x # x;, but in order to
conclude that Tr(Froby, M,,) = Tr(Froby, N,,), which is what we need, we have to
make sure that the terms Tr(Froby, N,) are nonzero for all x # x,. This is a technical
difficulty of the article, and is responsible for the length of Section 5.2.

1.5. Plan of the article

In Section 2, we first fix notations and introduce the invariants (a, ). We then refor-
mulate the problem into one of lattice counting in Sections 2.3 and 2.4. We verify a
few simple cases of Conjecture 1.1.1 in Section 2.5, including Conjecture 1.1.1(3). We
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deduce the group version Conjecture 1.1.1(2) from the Lie algebra version Conjecture
1.1.1(1) in Section 2.6. Except for Section 2.7, we work with no restrictions on F.

In Section 3, we introduce the global moduli spaces M; and N, and we study
their geometric properties.

In Section 4, we formulate and prove the global part of the main theorem. To
this end, we need to study perverse sheaves on the symmetric powers of curves,
especially the “binomial expansion” formula (Lemma 4.2.3), which demystifies the
decomposition (1.4.1).

In Section 5, we deduce the local part of the main theorem from the global part.

1.6. Notations

1.6.1
Let @ be a commutative ring. For a scheme X over @ or an O-module M, and for an
(-algebra R, we let X(R) be the R-points of X and M(R) := M ®¢ R.

For a discrete valuation ring (DVR)( and two full-rank @-lattices A, A, in some
Frac(@)-vector space V, we define the relative length leng(A; : A,) to be

lengq (A : Ay) :=lengy(Ai /A1 N Ay) —lengy(Ar/ A1 N Ay),

where leng(—) denotes the usual length of a torsion -module.

1.6.2
Coherent sheaves are denoted by the calligraphic letters &, ¥, £, .. .; constructible
Q,-complexes are denoted by the capital letters L, K, .. ..

1.6.3
From Section 3, we will work with a fixed smooth base curve X over a field k. For a
morphism p : ¥ — X and for a closed point x € X, we denote by Oy, the completed
semilocal ring of Oy along p~!(x).

If Y is a Gorenstein curve, let wy,x be the relative dualizing sheaf

-1
(l)y/X = (,()y/k ® p*a)X/k'

For a coherent sheaf ¥ on Y, let ¥V = Hom, (¥, wy/x) be the (underived)
Grothendieck-Serre dual. When we work over an extra parameter scheme S so that
p:Y — X x S, then ¥ means Hom, (—, wy,xxs).

1.6.4
For an étale double cover (a finite étale map of degree 2) w : X’ — X of a scheme
X, we decompose the sheaf 7,.Q, into £1-eigenspaces under the natural action of



174 ZHIWEI YUN
7)2 = Aut(X'/ X) to get

ﬂ*@f Z@Z 6914

The rank one local system L satisfies L®? = @e. We call L the local system associated
to the étale double cover 7.

1.6.5
We use the terminology middle extension in a nonstrict way. If K is a @e—complex on
a scheme X, we say that K is a middle extension on X if, for some (and hence any)
open dense subset j : U < X over which K is a local system placed at degree n, we
have

K = ji.(j*K[n + dim X])[—n — dim X].

1.6.6

Recall from [7, Section 6.2] that a proper surjective morphism f : ¥ — X between
irreducible schemes over an algebraically closed field €2 is called small if, for any
r > 1, we have

codimy{x € X | dim f~'(x) > r} = 2r + 1. (1.6.1)

We will use this terminology in a loose way: we will not require Y to be irreducible
(but we will require all other conditions). This is just for notational convenience. The
main property that we will use about small morphisms is the following.

If Y/ Q2 is smooth and equidimensional, then f*@[ is a middle extension on X.

1.6.7
For a finite field k, we denote by Frob, the geometric Frobenius element in Gal(%/ k).

2. Local formulation

2.1. The setting

Let F be a non-Archimedean local field with valuation ring @ g, uniformizing param-
eter o, and residue field k = I, such that g is odd. Let E be either the unramified
quadratic extension of F' (in which case we call E/F nonsplit) or E = F x F (in
which case we call E/F splif). Let O be the valuation ring of E, and let k" be its
residue algebra. Let o be the generator of Gal(E/ F). Let ng/r : F*/NmE™ — {£1}
be the quadratic character associated to the extension £/ F': this is trivial if and only
if E/F is split. We decompose E and O according to eigenspaces of o to get

E=F®E" and Or=0r® 0,

where o acts on £~ and O by —1.
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Let n > 2 be an integer. We fix a free @p-module W of rank (n — 1). Let
V= W& 0Or - e be a free Op-module of rank n with a distinguished element
ep, and let ¢f : V. — O be the projection along W such that ej(eg) = 1. Let
WY = Homg,(W, Or), and let V¥ = Homg, (V, O).

Let GL,_; = GL(W), and let GL,, = GL(V) be the general linear groups over
O . We have the natural embedding GL,,_; — GL, as block diagonal matrices:

e (t)

Let gl, be the Lie algebra (over Or) of GL,, consisting of ) p-linear operators on
V. Let

5,(0F) := {A € gl,(0Op) | A+ 0(A) = 0}.

Then s,(F) is the subset of gl,(E) consisting of matrices with entries in £~. The
group GL,, acts on s, by conjugation.

Let (-, -) be a Hermitian form on W with trivial discriminant, and extend this to
a Hermitian form on V by requiring that (W, ¢p) = 0 and that (ey, ¢g) = 1. These
Hermitian forms define unitary groups U,,_; = U(W, (-, -))and U,, = U(V, (-, -)) over
O . We also have the natural embedding U,,_; < U, as block diagonal matrices:

A
A < 1) .
Let u,, be the Lie algebra (over Of) of U,, that is,
1, (0F) = {A € gl,(0p) | A+ A* = 0},
where A" is the adjoint of A under the Hermitian form (-, -). Then U, acts on 11, by

conjugation.

2.2. The invariants
Forany A € gl,(E)and fori = 1,...,n,let

a;i(A) = Tr(/\ A)

be the coefficients of the characteristic polynomial of A, that is,

det(tidy —A) = " + Z(—l)ia,-(A)t"—".

i=1
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Fori =0,...,n—1,let
bi(A) = ej(A'ey),

so that by = 1. The 2n-tuple (a(A), b(A)) of elements in E are called the invariants of
A € gl,(E).Itis easy to check that these are invariants of gl (E) under the conjugation
action by GL,,_{(E).

Definition 2.2.1

An element A € gl,(E) is said to be strongly regular semisimple with respect to the
GL,_((E)-action if

(D A is regular semisimple as an element of gl,(E);

(2)  the vectors {eg, Aey, ..., A" ey} form an E-basis of V(E);

3) the vectors {ej, e5A, ..., eSA"_l} form an E-basis of VV(E).

Definition 2.2.2

For A € gl,(E), define v(A) € Z to be the F-valuation of the n-by-n matrix formed
by the row vectors {ej, e5A, ..., eSA"“} under an (@ -basis of V.

For a collection of invariants (a, b) € E*' (we allow general by € E, not just 1), we
introduce a finite E-algebra:

R.(E)=E[t]/(t" —ait"" + -+ (—=D"ay).

Let RY(E) := Homg(R,(E), E) be its linear dual, which is naturally an R,(E)-
module. The data of b gives the following element b’ € RY(E):

b :R,(E)— E (2.2.1)
b, i=01,...,n—1,
which induces an R,(E)-linear homomorphism
Yoo : Ra(E) = R)(E).
In other words, y, , is given by the pairing
R.(E) ®k R(E) — E, (2.2.2)

(x,y) = b'(xy).

Definition 2.2.3

The A-invariant A, ; of the collection (a, b) € E 2 is the determinant of the map
y‘;’ , under the E-basis {1,¢, ..., t"~!} of R,(E) and the corresponding dual basis of
RY(E).



THE FUNDAMENTAL LEMMA OF JACQUET AND RALLIS 177

It is easy to see that, for A € gl,(E) with invariants (a, b), A, is the determinant of
the matrix (ej A"/ eq)o<i j<n—1-

LEMMA 2.2.4

Let A € gl,(E) with invariants (a, b) € E*". Then A is strongly regular semisimple
if and only if

€))] R,(E) is an étale algebra over E;

2) Agp # 05 thatis, y, , : Ri(E) — R (E) is an isomorphism.

Proof

Condition (1) is equivalent to the first condition in Definition 2.2.1. Condition (2)
is equivalent to the condition that the matrix (e(’jA”j €0)o<i,j<n—1 1S nondegener-
ate. Since this matrix is the product of the two matrices (ejj, e;A, ..., e;A""") and
(eo, Aey, . .., A" ley), the nondegeneracy of (e(’jA”f €0)o<i, j<n—1 i equivalent to the
nondegeneracy of (e, e5A, ..., e A""") and (e, Aey, ..., A" 'eg), which are the
last two conditions of Definition 2.2.1. O

Remark 2.2.5

From the above lemma, we see that the strong regular semisimplicity of A € gl,(E)
is in fact a property of its invariants (a, b). Therefore, we call a collection of invariants
(a, b) strongly regular semisimple if it satisfies the conditions in Lemma 2.2.4.

If the invariants (a, b) are elements in O, we get a canonical O g-form R,(Of) of
R,(E) by setting

R.(Op) := Oltl/(t" — art"" + -+ + (= 1)"ay). (2.2.3)

Let R} (Of) = Homg, (R,(OF), OF) be its dual. Then y, , restricts to an R,(O)-
linear map:

You - Ri(Op) = R (Op).

For A € 5,(F) or u,(F) with invariants (a, b), it is obvious that a;, b; € E°=V'",
Suppose furthermore that a;, b; € (92:(_” ". We extend the involution o on O g to an
involution o on R,(Of) by requiring that ox(t) = —t. The involution oy defines an
O p-form of R,(OF):

R, = Ra((gE)GR'
Let R := Homg, (R,, OF). The map yu/’ , Testricts to an R,-linear homomorphism

Yab : R > R, (2.2.4)
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and y, , = Yap ®0, Of. Since R, is an O p-form of R,(O) defined before, there is
no confusion in using the notations R,(Or) or R,(E) (see Notation 1.6.1).

2.3. Orbital integrals for 5,(F)
Let A € s,(F) be strongly regular semisimple with invariants (a, b). Let

o051, 0,) == / L0, (¢~ Agne,r(det(g)) dg.
GL,_(F)

where dg is the Haar measure on GL,,_{(F) such that vol(GL,_1(OF), dg) = 1, and
where 1,9, is the characteristic function of 5,(Or) C s,(F).

Remark 2.3.1 »
It is easy to see that if the orbital integral 0" ""(1, (0,,) # 0, thena;, b; € O,
Now we suppose that (a, b) is strongly regular semisimple and that a;, b; € (92=(_1)i.
We view R, as a sublattice of R via the map y,, : R, — R_. Then

leng(gF(RZ 1 R,) = valp(Agp).
For each integer 0 < i < valp(A,,), let
M, := {R,-lattices A | R, C A C R and lengg, (R} : A) =i}.

PROPOSITION 2.3.2 ,
Let A € 5,(F) be strongly regular semisimple with invariants a;, b; € (92:(_1)' (recall
that by = 1). Then

valp(Agp)

GL,_1, ‘
05" (e, 0) = nyr(@)" ™ D" npyp(@ ) #M .
i=0

Proof
By Definition 2.2.1(2), we have a (o, o )-equivariant E-linear isomorphism:

! : R,(E) > V(E), (2.3.1)
t > Aleg. (2.3.2)

Therefore, ¢’ restricts to an F-linear isomorphism:
L: R (F) = V(F).

We also identify R (F) with V(F) using ¢ and y, ,. We denote this identification also
by t. Define R, w := R,N¢™'(W(F))and R}, := R N¢~'(W(F)). We define some
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auxiliary sets
Xia = {g € GL,_1(F)/GL,_1(Or) | g ' Ag € $,(Op), valp(det(g)) = i},
X!, = {Op-lattices L C W(F)| A(L) C O3 L,lengg (L: W) =i},

MY = {Op-lattices Ay C Row(F)| Aw ® Orlg C R,(F)is stable under R,,

lengg (R : Aw) = i},

where 1 € R, is the identity element.

Note that the group GL,_|(F) acts transitively on the set of @ g-lattices in W (F')
by left translation, and the stabilizer of W is equal to GL,,_;(@r). Therefore we get a
bijection:

Xia = X, 4,
g gW.
We identify R, &y R} both as O p-lattices in V(E) via ¢. Observe that
lengg (R, : W) =lengg (R, : V) = v(A).
Therefore, we have a bijection:

w ~ ’
Mixyiap = Xias

Ay +— L(Aw).

Finally, we have a bijection:

Aw — Ay @& Orlyg.
We check that this is a bijection. On one hand, for Ay € M}, ,, we have
R, C R,(Aw ® Orlg) C Aw @ Orlg.
We also have
b'(Ru(Aw ® Orlg)) Cb'(Aw @ Oflg) C Of.

Therefore, Ay @ Oplg C R). This verifies Ay @ Oply € M,loacb
On the other hand, we have to make sure that every A € Mll‘jf » has the form
A = Ay @ Oplg for some lattice Ay C R, w(F). But we can factorize the identity
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map on O as

I—1g

(91:—)

Yab ev(lg)
R, — R — Or.

Therefore, for R, C A C R, OFly is always a direct summand of A.
Now that we have set up a bijection between X; 4 and Mi‘(’f{)q,a, »» We have

O(/.;.Lnfl,n(lsll(oﬂ) - Z Ne (@) #X; 4

l

= ng/r(w)"™® Z e/ F (@) #M% . O

2.4. Orbital integrals for u,(F)
Let A" € u,(F) be strongly regular semisimple with invariants (a, b). Let

035”‘(1%@9 = / 1., 0,(g 'Ag)dg.
U1 (F)

where dg is the Haar measure on U,_(F) such that vol(U,_(OF),dg) = 1, and
where 1, (@, is the characteristic function of 1,,(Of) C w,(F).

Remark 2.4.1 .
It is easy to see that if the orbital integral OXT’" (1,,(OF)) # 0, thena;, b; € (97;(_1)/.

Now we suppose that (a, b) is strongly regular semisimple and that a;, b; € (9;:(_1)i.
We identify R,(Of) as a sublattice of R;(O) via y, ,. Recall from (2.3.1) that we

have an isomorphism ¢ : R,(E) = V(E). The transport of the Hermitian form (-, -)
to R,(E) via ! is given by

(x, Y)g = b'(x0r(y)), (2.4.1)

where b’ : R,(E) — E is defined in (2.2.1).

Remark 2.4.2
Since the Hermitian form (-, -) has trivial discriminant, so does (-, -)z. Therefore, if
A’ € u,(F) has invariants (a, b), then ng,r(A, ) = 1.

Recall that for an O -lattice A’ C R,(E), the dual lattice under the Hermitian form
(-, )g is the O g-lattice

A= {x € RJ(E) | (x, A)r C Of}.
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Such a lattice is called self-dual (under the given Hermitian form) if A’- = A’. By the
pairing (2.2.2), it is easy to see that R) (O ) is the dual of R,(Og) under the Hermitian
form (-, -)g. We define

N := {self-dual R,(OF)-lattices A" | R,(OF) C A" C R}(Op)}.

PROPOSITION 2.4.3 _
Let A’ € u,(F) be strongly regular semisimple with invariants a;, b; € (92:(_1)‘
(recall that by = 1). Then

03 (Ly,0,) = #N.5-

Proof
The argument is similar to the proof of Proposition 2.3.2. Let

Yo ={g € U,i(F)/U,1(Op) | g ' A'g € u,(Op)}.

Then U, _(F) acts transitively on the set of self-dual O g-lattices in W(E) such that
the stabilizer of W(Og) is U,_1(Or). Therefore, we get a bijection:

Yy — NS,
g 1" (gW(Op)) ® Oplg.
Hence
04 (1 0,) = #Y 4 = #N. O
2.5. The fundamental lemma and simple cases

Definition 2.5.1
Two strongly regular semisimple elements A € 5,(F) and A" € u,(F) are said to
match each other if they have the same invariants.

Now we have explained all the notions appearing in Conjecture 1.1.1. By Propositions
2.3.2 and 2.4.3, parts (1) and (3) of Conjecture 1.1.1 are implied by the following.

CONJECTURE 2.5.2
For any strongly regular semisimple collection of invariants (a, b) such that a;, b; €
ng(fl) (in particular, we allow arbitrary by € Or), we have

valp(Aa.p)

3 npe(@)#MY, = #N. 2.5.1)
i=0
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In the rest of this section, we prove some easy cases of Conjecture 2.5.2 by straight-
forward counting arguments.

LEMMA 2.5.3
Conjecture 2.5.2 is true if ng;r(Aap) # 1, in which case both sides of (2.5.1) are
zero. In particular, Conjecture 1.1.1(3) holds.

Proof
The situation ng,r(A, ) # 1 happensif and only if £/ F is nonsplit and valp(A, ;) =
lengOF(Rav : R,) is odd. In this case, lengg, (R)/(OF) : R,(O)) is odd, and therefore
there are no self-dual lattices in R,(E); that is, N ;0,3 = .
Now we show that the left-hand side of (2.5.1) is also zero. For an O p-lattice
A € R,(F), the linear dual A = Homg, (A, OF) can be naturally viewed as another
O p-lattice of R,(F) via the identification y, , : R,(F) = R (F).Itis easy to check
that if A is stable under multiplication by R,, then the same is true for A". This
operation sets up a bijection:
(=)t M, = M

valp(Agp)—ia,b*
Since E/F is nonsplit and valy(A, ;) is odd, we have

Lvalp(Aap)/2]

DM, = 3 DM, —#M ) =0
i i=0

Therefore, in this case, both sides of (2.5.1) are zero.

In [9], Jacquet and Rallis showed that every strongly regular semisimple A" €
u, (F) matches some A € 5,(F). Conversely, a strongly regular semisimple A € s,,(F)
matches some A’ € u,(F)ifandonlyif ng,r(A,,) = 1, where (a, b) are the invariants
of A. We have seen from Lemma 2.5.3 that if A € s,(F) does not match any element
in u, (F), then O ""(1, (Or)) = 0.

Therefore, Conjecture 1.1.1(3) holds. a

LEMMA 2.5.4
Conjecture 2.5.2 is true if E/F is split.

Proof
Fix an isomorphism £ = F @ F such that o interchanges the two factors. Using this,
we can identify R,(E) with R,(F) ® R,(F), and the Hermitian form (-, -) takes the
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form
@@y, X ®Y)R=bxy)®b(x'y)e E, x,y,x',y € R,(F).

Note that b’ restricted to R,(F) takes values in F. Therefore, each R,(Of)-lattice
R,(Og) C A" C R/(Of) has the form A" = Ay & A,, with R, C A; C R). The
self-duality requirement is equivalent to A, = Va_,zj (AY) (note that A} C R)(F), and
recall the isomorphism y, 5 : R,(F) > RY(F)). In this way, we get a bijection:

valp(Aap)

loc X loc
]_[ Mi,aﬁb - Na,b’
i—0

A ADy, ,(AY).

Therefore,

D o #MT, = #N),
which verifies Conjecture 2.5.2 in the split case because ng,F is trivial. O
LEMMA 2.5.5

Conjecture 2.5.2 is true if R, is a product of DVRs.

Proof

By reducing to the lattice-counting problems, it suffices to deal with the case that R,
is a DVR. Since we already dealt with the split case, we may assume that £/F is
nonsplit. Let k(R,) be the residue field of R,, and let g be a uniformizing parameter
of R,. Then R = wy 4R, for some integer d = leng, (R, : R,). We have

valp(Agy ) = lengg, (R, 1 R,) = d[k(R,) : k]. (2.5.2)

We already solved the case when valp(A, ;) is odd in Lemma 2.5.3 and when E/ F is
splitin Lemma 2.5.4. Now, suppose that val (A, ») is even and that E / F is nonsplit. In
this case, either d or [k(R,) : k] has to be even. Let us explicitly count the cardinalities
of M|, and N.%.

On one hand, the only R,-lattices that sit between R, and R are @, J R, for
0 <j=dandlengy, (R} : w,;jRa) = (d — J)[k(R,) : k]. Therefore, we have

d
i i . d+1 [k(R,): k]even,
S (1M, = 3 (- DDk RE
A ( 1) #Mz,a,b A O( 1) { 1 [k(Ra) . k] odd.
1 J=



184 ZHIWEI YUN

On the other hand, if [k(R,) : k] is odd and if d is even, then R,(Of) remains
a DVR. Therefore, @ 4/ 2Ra((%_r) is the unique self-dual R,(Of)-lattice between
R,(Of) and R)(Of) = w,;dRa(OE). If [k(R,) : k] is even, then we can identify
R.(Of) = R, ® R, such that oy acts by interchanging the two factors. In this case,
N5 consists of lattices w,;j R, ® wR_dﬂ R, for 0 < j < d.In any case, we have

D (1M, = #N)%. 0

2.6. From the Lie algebra version to the group version
As mentioned in the Introduction, it is the group version identity (1.1.2) which is
directly relevant to Jacquet and Rallis’s approach to the Gross-Prasad conjecture for
the unitary groups. In this section, we deduce the group version (1.1.2) from the
Lie algebra version (1.1.1). The same argument also shows that (1.1.4) follows from
(1.1.3).

For an element A € GL,(E), viewed as an element in gl,(E), the invariants
a;(A), b;(A) and v(A) are defined as in Section 2.2. When a;, b; € O, we introduce
the O g-algebra

R.(Op) = Oplt, 17"/ (t" —art" ™" + - 4 (= 1)"ay). (2.6.1)

We view Z! = SpecR,(O) as a subscheme of Spec O x G,, which is finite flat
over Spec O of degree n. Let 6 be the involution on Spec O x G,,, which is the
product of 0 on O and t + t~! on G,,. The fixed point subscheme under 6 is the
unitary group Ug, 0, (1) over Spec O .

Recall that S,(Or) = {A € GL,(Of)| Ac(A) = 1}. For an element A in
either S,(Of) or U,(Or), the subscheme Z/ is stable under 6, hence determining
a subscheme Z, C Ug,,0,(1), finite flat of degree n over Spec Or. Let R, be
the coordinate ring of Z,, which is a finite flat () p-algebra of rank n satisfying
R.®0,0r = R,(Of). Theinvariants b; determine an R,,-linearmap y,, , : R, — R/,
asin (2.2.4).

PROPOSITION 2.6.1
Conjecture 1.1.1(2) follows from Conjecture 1.1.1(1).

Proof

Using the same argument as in Propositions 2.3.2 and 2.4.3, we reduce the orbital
integrals in (1.1.2) to a counting of points in the corresponding sets M% , and NI,
defined using R, instead of R,. Therefore, it suffices to find a;, Zi € (9;';(_1)’ and
an isomorphism of Qp-algebras p : Rz — R, such that the following diagram is
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commutative:

Ry — > RY (2.6.2)

Ya.b v
R, —> R

Moreover, once we find p : Ry = R,, the choice of bis uniquely determined by the
diagram (2.6.2), because the data of b and v 5 determine each other, as seen in (2.2.1)
and (2.2.2). Therefore, we only need to find @ such that R, is isomorphic to R;.
Consider the special fiber of the () p-scheme, which is a finite subscheme of
Up (1) of degree n. Since Uy /(1) is a smooth curve, any subscheme of it can be
embedded into A,l. In other words, there is a surjection of algebras k[s] — R, ®0, k.
Lifting the image of the generator s to an element of R,, we get a surjection of
O p-algebras Or[s] — R, (surjectivity follows from Nakayama’s lemma). In other
words, Z, can be embedded as a subscheme of Spec @ x A'. It is well known that
any such finite flat @ z-subscheme of Spec O x A! is defined by one equation of the
form t" — ;"' 4 ... 4+ (—1)"c, for some ¢; € Op; that is, there is an isomorphism:

R = Opls1/(t" —ait"™ + -+ (=1)"¢,) > R,. (2.6.3)

Let ; € Oz N OF be a purely imaginary unit element, and let @; = j'c; € (9;=(*”'.
Then we have an isomorphism R; — RI by sending 1 +— ;~'s. Using (2.6.3),
we get the desired isomorphism of @ g-algebras p : Ry = R,. This completes the
proof. |

2.7. Geometric reformulation
In this section, we assume that char(F') = char(k). In this case, we can interpret the
sets M}% , and N,% as k-points of certain schemes.

Fix a strongly regular semisimple pair (a, b) such thata;, b; € (922(71)‘ (we allow
any by € Op).For 0 <i < valg(A,,), consider the following functor

Ra ®k (95_
S { modules A,

R, ®: Os C A C R) ®; Os,
R ®; Os/A is a vector bundle of rank i over S |

loc

ivap Over k, and we

It is clear that this functor is represented by a projective scheme M
have

M, = MES (k).

.a,
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Similarly, we have a projective scheme N, u]",f over k representing the functor

R.(Op)®x R.,(Op) ® Os C A C R)(Op) ® O,
S+ { Og-modules A" | R/ (Of) ®; Os/A’is a vector bundle over O,
A’ is self-dual under the Hermitian form (-, -)g

We also have
N = N K.

Let £ be a prime number different from char(k). Let @e(nk’ /&) be the rank one
@e—local system on Spec k associated to the extension £/ k: it is trivial if £/ F is split
and has order two otherwise.

The local part of the main theorem of the article is the following.

THEOREM 2.7.1
Suppose that char(F) = char(k) > n and that ng/r(Ayp) = 1. Then there is an
isomorphism of graded Frob,-modules:

valp(Agp)
P H (M, @k Qulne)™) = HY (NG @ik, Q). 2.7.1)

i=0

Taking Frobenius traces of the isomorphism (2.7.1), we get the following.

COROLLARY 2.7.2
Conjecture 2.5.2, hence Conjecture 1.1.1, is true if char(F) = char(k) > n.

The proof of Theorem 2.7.1 will be completed in Section 5. At this point, we observe
that the k-schemes | [ M, and N,% are geometrically isomorphic. More precisely,
we have the following.

LEMMA 2.7.3
Let Q = kifk'/ k is split, or let Q@ = k" if k' / k is nonsplit, and we have an isomorphism
of schemes over Q2:

valp(Agp)

[T M, &> NS Q. (2.7.2)
i=0

Proof

After base change to €2, we may assume that £/ F is split. Then the argument is the
same as the proof of Lemma 2.5.4, once we fix an identification R,(E) = R,(F) ®
R,(F). O
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3. Global formulation: The moduli spaces

Let k = [F, be a finite field with char(k) > n. Let X be a smooth, projective, and
geometrically connected curve over k of genus g. Let 7 : X’ — X be an étale double
cover such that X'/k is also geometrically connected. Let o denote the nontrivial
involution of X’ over X. We have a canonical decomposition,

7T*(9X/ = (9)( D £

into 4=1-eigenspaces of . Here & is a line bundle on X such that £ = Oy.
Let D and D, be effective divisors on X. Assume that deg(D) > 2g — 1.

3.1. The moduli spaces associated to s,
Consider the functor M : Sch/k — Grpd

& is a vector bundle of rank n over X x S,
St (€, 9, A, 1W)|p:E— € Qo L(D),
Oxxs(—Dy) Leh Oxs(Dy)

Here, the twisting by (D) or (D) means tensoring with the pullback of the line bundles
Ox (D) or Ox(Dy) to X x S. For each integer i, we define the subfunctor M; of M
by taking only those vector bundles & such that

X (X @ k(s), € @ k(s)) =i —n(g —1)

for any geometric point s of S. It is clear that M, is represented by an algebraic stack
M, over k locally of finite type; M is represented by M = [ [, M;.

Let M be the Hitchin moduli stack for GL,, (with the choice of the line bundle
£L(D) on X) which classifies only the pairs (&, ¢) as above. (For more details about
this Hitchin stack, we refer the readers to [12, section 4.4]).

Let

A =P H(X. £(D)*),
i=1

n—1

B := P H"(X. Ox(2Do) ® L£(D)*)

i=0

be viewed as affine spaces over k. We have a natural morphism,

fi i M; > A X B,
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which, on the level of S-points, sends (€, ¢, A, ) to a = (ay,...,a,) € A and
b= (by,...,b,_1) € B, where

a; =Tr(/\¢) € H'(X x S, £(D)*)

and where b; € HY%X x S, Ox.s(2Dy) ® £(D)®) = Homyyxs(Oxxs(—Dy),
Oxxs(Dy) ® £(D)®) is represented by the following homomorphism:

Oxxs(=Do) 5> € 5 € @ L(DY¥ 55 Oxrs(Do) ® (D),

3.2. The spectral curves

Following [10, Section 2.5], we define the universal spectral curve p : ¥ — A x X
as follows. For each S-pointa = (ay, ..., a,) € A(S), define the following scheme,
affine over X’ x S, as

n—1
Y = SpecX,XS( D OX/XS(—iD)t"),
i=0

where the ring structure on the right-hand side is defined by the relation
" —at" " tat" = 4 (=1)a, = 0.

Let p/, : Y, — X' x § be the natural projection. This is a finite flat morphism of degree
n. The scheme Y over X’ x S naturally embeds into the total space Toty' . s(@Q (D)) of
the line bundle Oy (D) over X’ x S. The free involution ¢ on X’ extends to a free
involution on Y by requiring that o' (t) = —¢. The quotient of Y by o is the scheme

n—1
Yo = mxXSO;é = %xm( @ é’i(—D)®i > 05ti>'
i=0

Let p, : Y — X x S be the natural projection. This is a finite flat morphism of degree
n. The scheme Y, naturally embeds into the total space Toty,s(£(D)) of the line
bundle £(D) over X x S. The quotient map 7, : ¥, — Y, is an étale double cover.

Let A (resp., A%; resp., A*™) be the open subset of # consisting of those
geometric points a such that ¥/, and hence Y,, are integral (resp., reduced; resp.,
smooth and irreducible). Let 8> = B — {0}. Let M™ be the restriction of M; to
A x BX.

LEMMA 3.2.1
The codimension of AY — A™ in A® is at least deg(D).
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Proof

In our situation, + serves as the Hitchin base for GL, and U, at the same time (the
unitary Hitchin stack will be recalled in Section 3.3). The locus A™ is in fact the
intersection of two elliptic loci: A™ = Agl N Af'. Here, A& is the locus where
Y, is irreducible; ,Aﬁ}l is the locus where the set of irreducible components of Y/ is in
bijection with that of Y, see [10, Section 2.8]. In the U, case, the elliptic locus A%“
is the same as the anisotropic locus considered in [12, section 4.10.5], and by [12,

proposition 6.3.6], we have
codim 4o (A% — A}') > deg(D).
In the GL,, case, the same argument also works to prove that
codimyo (A7 — AG ) > deg(D).

In fact, we only need to compute the dimension of the Hitchin bases for the Levi
subgroups GL,,, x - -- x GL,,.
Therefore,

dim(A” — A™) = dim((A” — A] ) U (A7 — AG )) < dim A” — deg(D). O
The following lemma is a direct calculation.

LEMMA 3.2.2
For a geometric point a € A™, the arithmetic genera of the curves Y " and Y, are

gy :==1—x(Y,,Oy)=n(m— 1)deg(D) + (2g —2)n + 1,
gy :i=1—x(Y,, Oy,) = n(n — 1)deg(D)/2 + (g — Dn + 1.

Recall that for a locally projective flat family of geometrically integral curves C over
S, we have the compactified Picard stack Pic(C /8) =11, ﬂl(C /S) over S (see
[1]) whose fiber over a geometric point s € S classifies the groupoid of torsion-
free{coherent sheaves F of generic rank one on Cy such that x(Cy, ) = i. Each
Pic (C/S) is an algebraic stack of finite type over S; it is in fact a G,,-gerb over the
compactified Picard scheme of P_icl(C /S). The scheme P_icl(C /S) is proper over S
and contains the usual Picard scheme Pic'(C/S) as an open substack.

For each a € A™(S) and F € m(Ya/S), the coherent sheaf & = p, ¥ is a
vector bundle of rank n over X x §, which is naturally equipped with a Higgs field
¢ : & - & ®p, L£(D); conversely, every object (E, ¢) € M1(S) over a € AM(S)
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comes in this way. Therefore, we have a natural isomorphism of stacks (see [2]):
Pic(Y /A™) S MU gin. (3.2.1)

Therefore, we can view M}m as a stack over m(Y/ AN,

LEMMA 3.2.3

The stack cM}m represents the following functor:

——i—n(g—1)

ac ANS), F e Pic (Y,/S),
S Ya. 7o, )| 0y, (=Do) S F L wy,xxs(Do) such that y = o a is

nonzero along each geometric fiberof Y, — §

Proof
For a quadruple (a, ¥, o, B) as above, we associate (& = p,.F, ¢) € M,H“ by the
isomorphism (3.2.1). By adjunction, we have

Homy (OXXS(—DO), 8) = Homy, ((9Y,,(—D0), ﬁ),
Homy (8, (DXXS(D())) = Homy, (327, wY“/XxS(D()))-

Therefore, from («, B), we can associate a unique pair of homomorphisms:
by
Oxxs(—Dg) = €& = Oxxs(Do).

Let b = (by,...,b,_1) € B be the second collection of invariants of (&, ¢, A, ().
The composition y = f o « is an element in

Homy, (Oy,(—Dy), wy,/xxs(Dy)) = Homy s (Oy,, Oxxs(2Dy)),

which is given by

n—1

(bo, .. bar) : Oy, = D L(=D)® — Ox.,5(2Dy).

i=0

Therefore, for any geometric point s of S, the condition b(s) 7 0 is equivalent to that
Yy # 0. o

Remark 3.2.4
From the proof of the above lemma, we see that for fixed (a,b) € A™ x B>,
the homomorphism y : Oy,(—Dy) — wy,,x(Dy) is independent of the choice of
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(F,a,B) e M™ . We denote this y by y, ;. Therefore, we get a morphism,
coker(y) : A x B — QUOtZd(a)y/X(Do)/Y/Aim)
(a, b) = coker(ya),

where QUOtZd(a)y/ x(Dg)/ Y/ A™) is the Quot-scheme parameterizing quotients (of
length 2d) of the twisted relative dualizing sheaf wy,,;x(Dy) as a varies in AN,

Remark 3.2.5
Let

d =ndeg(Dy) —n(g — 1)+ gy — 1 = n(m — 1)deg(D)/2 + n deg(Dy).
By the moduli interpretation given in Lemma 3.2.3, M" is nonempty only if
—d—n(g—1) = x(Ya, Oy,(=Dy)) < i—n(g—1) < x(Ya, @y,/x(Do))=d—n(g—1)

(here a € A™ is any geometric point); thatis, —d <i < d.

PROPOSITION 3.2.6
Suppose that n(deg(Dy) — g + 1) > gy. Then for —d < i < d, M}m is a scheme
smooth over k and the morphism f™ : M™ — A x B> is proper.

Proof
Using the definition of d, we see that n(deg(Dy) — g + 1) > gy is equivalent to
d > 2gy — 1. We may assume that i > 0; the argument for i < 0 is similar.

We have the following Cartesian diagram,

s

M Quot’™ (wy,x(Dg)/ Y / A™) (3.2.2)

E [

. ) (AJas+i)”
Quot™* (wy/x(Dg)/ Y | A™) (Y /A,

——i—n(g—1)
Pic

which, on the level of S-points over a € A™(S), is defined as

p

(F,a, B) coker(F LN wy,/xxs(Do))

Ta Aly_i

o (Alasi)”
COker(Cl)ya/XXs(Do) — ?v) F.
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The only thing that we need to check is that coker(8) and coker(a") are finite flat Q-
modules of rank d —i and d +i, respectively (when S is locally Noetherian). We check
this for @ := coker(B). For any geometric point s € S, the map y; : Oy, (— Do) N

B; . . . .
Fy = wy,,,x,(Dy) is nonzero, and hence generically an isomorphism. Therefore, B,
is surjective on the generic point of Y. Since F; is torsion-free of rank one, we

conclude that S is injective. Since wy,, xxs(Do) is flat over Oy, we have
Tors (@, k(s)) = ker(B,) = 0.

This being true for any geometric point s € S, we conclude that @ is flat over Og.
The rank of @, over k(s) for any geometric point s € S is

X (Ya(s)v wya,x/xx(Do)) — X Vo), Fs) =d —i.

CLAIM 1
The scheme Quotdfi(a)y/x(Do)/ Y /A™) is smooth over k.

Proof
Let S be the spectrum of an Artinian k-algebra. Fix an S-point a € A™(S) and
(¥,B) Quotd*i(wyn/X(Do)/ Y,)(S). Alternatively, we view this point as (&, ¢, 1),
where (&, ¢) is a Higgs bundle and where it : & — Ox.s(Dy).

Similar to the deformation theoretic calculation of Biswas and Ramanan [4] for
Higgs bundles, the obstruction for the infinitesimal liftings of (&, ¢, u) is H (X x
S, K), where K is the two-step complex (in degree —1 and 0)

[—.@l+u”
—

End(&) End(&) ® £(D) ® &"(Dy). (3.2.3)
Here the map u* : End(&) — &Y(Dy) sends ¥ € End(&) to & AN &L Oxs(Dy).
We need to prove that H!'(X x S, K) = 0. Let & be the kernel of the transpose of
(3.2.3). Then Serre duality implies that

H' (X xS, KX)=HX xS, P Qwy)".

Let &’ be the kernel of [¢, —] : End(6) ® £Y(—D) — End(&) (the transpose of

End(&) = End(&) ® L£(D)). We have an exact sequence:

0— P — P — E(—Dy).

We claim that &’ is equal to &. In fact, since P /P’ C &(—Dy) is torsion-free
as an O x-module, it suffices to argue that »" = J over S x Spec K, where Spec K
is a geometric generic point of X. Write S x Spec K as Spec R, with R an Artinian
K -algebra. Over Spec R, we can identify & = R”", trivialize £, Ox.s(D) and
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Oyx«s(Dy), and diagonalize ¢ = diag{cy, ..., ¢,} with ¢; € R (since ¢ is generically
regular semisimple). Write u = (w1, ..., i,) € R™" under the standard dual basis.
Then {u, ¢, . .., "'} form a basis of R™" (this follows from the fact that s :
€ — Oxxs(Dy) is adjoint to an injection B : ¥ — wy, ;xxs(Dy)). This implies that
Wi € R*,Vi. The transpose of the map (3.2.3) restricted to Spec R has the form

gl (R) ® R" — gl (R), (3.2.4)
W, ) [o, Y1+ A

Suppose that [¢, Y] +'u - A = 0 for some ¥ € gl,(R), and suppose that A =
(A1, ..., Ay) € R". Comparing diagonal entries gives u;A; = 0 for all i. Since
Wi € R*, we conclude that A = 0. Hence the kernel of (3.2.4) necessarily lies in
gl,(R); that is, ' = P over Spec R. This implies that ' = .

By Serre duality again, H(X x S, ' @ wx)" = H'(X x S, K') calculates the
obstruction to lifting the Higgs bundle (€, ¢), where K’ is the complex End(&) iy
End(6) ® £(D) (in degree —1 and 0). Since the Hitchin moduli space M| 4 is
smooth by [12, proposition 4.14.1] (here we used the assumption deg(D) > 2g — 1),
the obstruction H'(X x S, ' ® wyx) = 0. By the above discussions, H'(X x
S, K)=H'X xS, P ®wy) = H(X x S, P @ wx)” = 0, hence there is
no obstruction to lifting (&, ¢, w); that is, Quot’*(wy,x(Dy)/ Y /A™) is smooth
over k. O

Sinced +i > d > 2gy — 1, (AJy;;)" is smooth and schematic by [1, Theorem
8.4(v)]. By Claim 1 above, Quotd*i(wy/X(Do)/Y/eAai"t) is a smooth scheme over k.
By diagram (3.2.2), M,i"‘ is a smooth scheme over k.

We have a G,, x G,, action on M™, where (cy, ¢,) acts by changing (¥, o, 8)
to (F, cia, c2B). It is easy to see that (¢, ¢~!) acts trivially so that the action factors
through the multiplication map G,, x G,, — G,,. This G,,-action is free and the
quotient ﬂim exists as a scheme. In fact, we can define ﬂzm by a similar Cartesian

diagram as (3.2.2) (the only difference is that the stack ﬂi_n(g_ l)(Y /A is replaced

by the scheme Pic "™ (¥ /AIM)):

o Quot’™ (wy,x(Dy)/ Y / A™) (3.2.5)

1

| -

, ) W) '
Quot*™ (wy,x(Do)/ Y | A™) Pic "¢y Aim).
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From diagram (3.2.5), we see that ﬂ;m is proper over A™ because the Quot-
scheme Quot’* (wy,x(Dy)/ Y /A™) is proper over 4™ and the morphism AJ,_; is
proper. Moreover, we have a Cartesian diagram,

int —int
M M

1

l f[inl \L F

AN ¢ BX —— AimXPBX,

. . —int .
where the horizontal maps are G,, torsors. Since both M, and A™ x PB* are proper
over 4™, the morphism f/™ is proper. Therefore, f/™ is also proper. This completes
the proof. i

3.3. The moduli space associated to u,
Consider the functor N : Sch/k — Grpd:

&’ is a vector bundle of rank n over X’ x S,

&, h, ¢, W)lh:8& S o*(&")Y is a Hermitian form, that is, c*h" = h,
¢ & — &'(D)suchthato*p™ oh +ho¢d =0,
& — Oxxs(Do)

Here (—)" = Hom,,, ¢(—, Oxxs). It is clear that N is represented by an algebraic
stack N locally of finite type.

Recall that we also have the usual Hitchin moduli stack N for U, classifying
only the triples (&', h, ¢") as above. (For details about this Hitchin stack, we refer the
readers to [10].)

For (&', h,¢', ') € N(S), since 6*¢'V = —h o ¢’ o h~!, we have

a4 = Tr(/\qﬁ/) € HO(X' x S, Oxs(iD)"~"" = HO(X, £(D)®).
Let A =h 'oo*u : Oxys(—Dy) — 0*&"Y — &'. Consider the homomorphism
b Oxxs(—Dg) 2> € L5 €/(D) % Oyrs(Dy+iD).
We have a canonical isomorphism,
L O‘*b;v o~ O_*)L/v o (O_*¢/\/)i OO‘*/,LN
~uohlo(=ho¢ oh™ Y oholX
= (~D) W og" o = (=1)b],
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such that 0*¢¥ = . Therefore, b; comes from a homomorphism:
b; : Oxxs(—Dg) = Oxxs5(Do) ® £(D)*".

In other words, we may view b; as an element in H(X x S, Oxs(2D) ® £(D)®).
The map that sends (&', h, ¢',)') € N(S)toa = (ar,...,a,) € A(S) and b =
(bo, - .., by_1) € B(S) defines a morphism:

g: N —> Ax8B.

Let N™ be the restriction of N to A™ x B>, Similar to Lemma 3.2.3, we can
rewrite N ™ in terms of spectral curves.

LEMMA 3.3.1
The stack N'™ represents the following functor

a e A™NS), F' e Pic(Y/S),h: F' = o*(F"),
S+ 1 (a, F, B)|such that o*h¥ = h and F' > wy,/xs(Dy),
which is nonzero along each geometric fiber of ¥, — S

For (F',h,p) € N™S), let y' = B od, where &/ = h™' o o*B" :
Oy, (—Dy) — F'.Then y' € Homy, (Oy:(— Do), wy:/x«s(Dy)) satisfies o*y" = y'.
Therefore, ' comes from y € Homy, (Qy,(— D), oy, xxs(Dy)) via pullback along
the double cover 7, : Y| — Y,. It is easy to see that this y is the same as the y,
defined in Remark 3.2.4.

PROPOSITION 3.3.2
Suppose that n(deg(Dy) — g + 1) > gy. Then the stack N'™ is a scheme smooth over
k and the morphism g™ : N — A" x B> is proper.

Proof
By the moduli interpretation given in Lemma 3.3.1, we have a Cartesian diagram,

,
s

Nint —— Quot™ (wy,x(Do)/ Y/ A™) (3.3.1)

l r l Al

i ! S2n(g—1) i
NH Pic Ty A,
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which, on the level of S-points over a € A™(S), is defined as

]

(F' h, B) — coker(F’ LN wy;/xxs(Do))

r \L AJz,j
u

(F', h) F.

Here ¥ has Euler characteristic —2n(g — 1) along every geometric fiber of ¥, — §
because ¥’ Z o*F .

Since u is schematic and since Quot2d(a)y/ x(Dg)/ Y’/ A™) is a scheme, we see
that N is a scheme. By [10, propositions 2.5.2, 2.8.4], N it 4 is smooth over k and
proper over 4™, Moreover, sinced = ndeg(Dy—g+1)+gy —1>2gy —1 = 8ys
2d > 2gy; therefore, Al,, is smooth by [1, Theorem 8.4(v)]. Therefore, N int s a
smooth scheme over k.

We have a G,,-action on N ™ by rescaling B'. Unlike the case of M™, this action is
not free: the subgroup w, C G, acts trivially. The quotient of N ™ by this G,,-action
is a Deligne-Mumford stack W proper over N Y| 4, and hence proper over A™.
Let (P8B*) be the quotient of B> by the square action of the dilation by G,,. This is
a separated Deligne-Mumford stack. Therefore, N s proper over A™ x (PB).
We have a Cartesian diagram:

N int Wint

l ginl l ﬁ

cAint X £>< S Aint X (]P)ﬂx)/

This implies that g™ : N — A" x B is also proper. O

3.4. The product formulas

We want to express the fibers of /™ in terms of local moduli spaces similar to M}"; b
defined in Section 2.3. To simplify the notations, we only consider fibers M!™ , where
(a,b) € A™(k) x B*(k), but the argument is valid for (a, b) € A™(Q) x B*(RQ)
for any field 2 D &.

Let | X | be the set of closed points of X. Forany x € |X]|,let Ox . be the completed
local ring of X at x with fraction field F, and residue field k(x). Then Oy . is naturally
a k(x)-algebra. Let O, be the completed semilocal ring of X’ along 7 ~!(x) (recall
Notation 1.6.3), and let E, be its ring of fractions. Then E, is an unramified (split or
nonsplit) quadratic extension of F.
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Fix an o-equivariant trivialization of Oy (D) along Spec Oy, which allows
us to identify &£[speco,, With OF . Fix a trivialization of Ox(Dy) over Spec O ;.
Using these trivializations, we can identify the restriction of (a, b) on Spec Ox
with a collection of invariants a, = (a1x,...,dy) and by = (box, ..., by—1x)
such that a; ,, b; . € (g, )’=Y'. Using F,, E,, and (ay, b,) in place of F, E, and
(a, b), respectively, in the discussion of Sections 2.2 and 2.3, we can define the O, -
algebra R, , which is isomorphic to Oy, , (see Notation 1.6.3). The trivializations also
identify R, with wy,;x(Do)lspec @y, and ya, 5, : Ra, — R,/ (defined in (2.2.4)) with
Ya.blspec 0y, (defined in Remark 3.2.4). Asin (2.4.1), R, (E,) has a natural Hermitian
form under which R, (Of,) and R, (Of,) are dual to each other.

With these data, we can define the local moduli spaces of lattices M }?faX b (i €Z)
and N(J'ffbx as in Sections 2.3 and 2.4, which are projective schemes over k(x). To
emphasize their dependence on the point x, we denote them by M; , , and N , .

PROPOSITION 3.4.1
For (a, b) € A™(k) x B*(k), there is an isomorphism of schemes over k:

Miap = ]_[ ( 1_[ Resyo/k Mf-i’avh;”). (3.4.1)

Slk(x):kliy=d—i x€|X]|

Here | X| is the set of closed points of X, and Resy),x means restriction of scalars.
The disjoint union is taken over the set of all assignments x € |X| +> i, € Z such
that erlx‘ [k(x) : kli, = d — i. The product is the fiber product of schemes over k.

Proof

First we remark that the right-hand side in the isomorphism (3.4.1) is in fact finite. Note
that for each x € |X|, there are only finitely many i, such that M; , , is nonempty
(more precisely, 0 < i < val (A, ;,)). For fixed (a, b) € AM(k) x B> (k), the map
Yab : Oy,(—Do) = wy,;x(Dyo) is an isomorphism away from a finite subset Z C |X]|,
and when y, is an isomorphism, ,Mf by = Spec k(x). Therefore, we can rewrite the
right-hand side of (3.4.1) as a finite diSjoint union of

l_[ Resiy ik M 4 b
xXeZ

which makes sense.
By the Cartesian diagram (3.2.2), the assignment (¥, «, ) — coker(f) defines
an isomorphism of schemes,

M; ap = Quot’™(Q/Y,/k),
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where @ = coker(y, ;). Since ), is an isomorphism over X — Z, @ is supported
over Z x S. Therefore, we get a canonical decomposition,

e=@Pea..

xeZ

with each @, supported over x. We get a corresponding decomposition of the Quot-
scheme

Quot'(@/Y,/h= [ (TTReskos Quots(@c/Ry /k()).

D olk(x):kliv=d—i x€Z

To prove the isomorphism (3.4.1), it remains to identify Quot’* (@, / R, /k(x)) with
M but this is obvious from definition. O

ix,yx,by?

Similarly, we have the following.

PROPOSITION 3.4.2
For (a, b) € A™(k) x B*(k), we have the following isomorphism of schemes over k:

Nap = 1_[ Resiy/x N, 4 - (3.4.2)

xe|X|

COROLLARY 3.4.3
For any geometric point (a,b) € A™(Q) x B*(Q), there is an isomorphism of
schemes over S2:

d
L[ Mi,a,b = a,b-

i=—d

Proof
This follows from the two product formulas and Lemma 2.7.3. O

3.5. Smallness

Recall that in [12, sections 3.6.3, 4.4.3], Ngo defines the local and global Serre
invariants for points on the Hitchin base. In our case, for a geometric point a € A(£2),
let ?,, — Y, be the normalization. Then the local and global Serre invariants are

8(a, x) = dimg(Oy, /Oy, x),
8(a) = dimg H'(Y,, 05,/0y) = > 8(a, x).

xeX(2)
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COROLLARY 3.5.1
For any geometric point (a, b) € (A™ x B*)(RQ), we have

dimg N, , = supdimg M, ., < §(a). 3.5.1)

1

Proof
The first equality follows from Lemma 2.7.3. Now we prove the inequality.

For each x € X(2), eMjfaX, », 1s @ subscheme of the affine Springer fiber of GL,
associated to a regular semisimple element with characteristic polynomial a,. On the
other hand, é(a, x) is the dimension of that affine Springer fiber (see Bezrukavnikov’s
dimension formula [3, Main Theorem], and [12, section 3.7.5]). Therefore,

dimg M, , < 5(a, x). (35.2)

Now the inequality (3.5.1) follows from the product formula (3.4.1) (note that we only
formulated the product formula for k-points (a, b) of A™ x B>, but it has an obvious
version for any geometric point of A™ x B*.) O

For each § > 0, let A=% (resp., %4=°) be the open (resp., closed) subset of A
consisting of those geometric points a such that §(a) < & (resp., §(a) > §). Recall the
following estimate of Ngo ([12, proposition 5.7.2], based on local results of Goresky,
Kottwitz, and MacPherson on the root valuation strata [6]). For each § > 0, there is a
number ¢s > 0, such that whenever deg(D) > c¢s, we have

codim4n(A3) > €, VI<e<§. (3.5.3)
Here we write AT to emphasize the dependence of A™ on D.

Finally, we prove the smallness.

PROPOSITION 3.5.2
Fix § > 0. For deg(D) > c; and for n(deg(Dy) — g + 1) > & + gy, the morphisms
[0 MP = MM g — A x B, V—d<i<d,

l

gi(S . J\/Sa = Ni"tuga —> ,A)SS X :BX
are small.

Proof

First, by Corollary 3.4.3, for any geometric point (a, b) € A™ x B> and for any
integer i, dim M, ,, < dim N, p; therefore, the smallness of g=% implies the smallness
of £°.
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Now we prove that gf‘S is small. For each j > 1, let (A™ x B) ; be the locus
where the fiber of g™ has dimension j. By Corollary 3.5.1, we have

(A™ x B%); C A7 x B*.
In particular, (A=° x B8>); is nonempty only if j < 8.

CLAIM 2
For every geometric point a € A™(Q), the morphism g™ : N™ — B* @, Q is
dominant and generically finite when restricted to every irreducible component of

int
N,

Proof
To simplify the notation, we base change everything to Spec(R2) viaa € A (), and
we omit €2 from the notations.

Let 8¢ C B be the open subset consisting of geometric points b such that
Yab : Oy,(—Dy) — wy,/x(Dy) is an isomorphism at all singular points of Y,. It is
clear from the product formula (3.4.2) that if b € B¢, then N, ; is finite and nonempty
over 2 (finiteness follows from the discussion in Lemma 2.5.5).

Note that, by the Cartesian diagram (3.3.1), the morphism r : N — NHi jg
smooth with fibers isomorphic to punctured vector spaces; therefore, each irreducible
component C of N™ is of the form r~'(C’) for some irreducible component C’ of
N By [12, corollaire 4.16.3], MM is equidimensional, and therefore so is N™.
Therefore, it suffices to show that for each irreducible component C of N, ai“t, we have
g;“t(C )NB* # . Because then gj,“‘lc must be generically finite onto its image; but by
the equidimensionality statement, we have dim C = dim N™ = dim 8¢ = dim B,
and therefore g"(C) = 8*.

Now we fix an irreducible component C C N.™ of the form r~'(C’), where
C’ C NMis an irreducible component. We argue that g"(C) N B # <. By [12,
proposition 4.16.1], the locus of (¥, h) € C’, where ¥’ is a line bundle on Y, is
dense. Let (¥, h) € C’ be such a point. Since Y, is embedded in a smooth surface,
and hence Gorenstein; wy,,x is a line bundle on Y, and hence ¥ is also a line
bundle.

Let Z be the singular locus of Y,. By the definition of §(a), we have

#Z < dim H(Y,, 03,/0y,) = §(a),

where ?a is the normalization of Y.
To show that gf;“(C)ﬂ!B“ # &, weonly havetofind 8 € Hom(¥", wy,,x(Do)) =
HO(Y(;, F"(Dy)) such that coker(B’) avoids the singular locus Z' = 7, '(Z) of Y/,
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since the support of coker(y) is the same as the projection of the support of coker(8’)
toY,.
Consider the evaluation map

0= X — F¥(Dy) 22 D Q) — 0.
y'ez

Note that

x(Yy, K) = x(Y;, F"(Dg)) — #Z' = 2n(deg(Do) — g + 1) — 28(a) > 2gy > gy
Therefore, by Grothendieck-Serre duality, H'(Y,, X) = Homy, (X, wy)" = 0.
Hence the evaluation map

HO(v,, #(Dy) =5 P a0
yez'

is surjective. In particular, we can find 8’ € H O(YC:, FV(Dy)), which does not vanish
at points in Z’. This proves the claim. i

Applying Claim 2 to the geometric generic points of A (note that N'™ — A is
surjective because N M| 4 — A is), we see that g™ restricted to every geometric
irreducible component of N ™ is generically finite and surjective.

Using the above Claim 2 again, we see that for any geometric point a € A™ and
J > 1, the locus of b € B*, where dim N, ;, = j, has codimension at least j + 1 in
B*. Therefore, we have

codim gz g+ (A™ x B%); > j+ 1.
Since deg(D) > c¢5 and j < §, we have
codim g g (A™ x B); > codim gm (A™)
+ codim =i g+ (A™ x B%); > 2j + 1.

This proves the smallness. O

4. Global formulation: Matching of perverse sheaves

4.1. A local system on M™
Consider the morphism
. r . . N Alnt . . .
v ML Quot!™ (wy)x (D)) Y /A™) —5 Sym? (Y /A™) — Sym?~ (X /k),
(4.1.1)



202 ZHIWEI YUN

where Iy, 4m is the norm map defined by Grothendieck in [8]. Here Symd_i(Y /AM)
(resp., Symd_i(X /k)) is the (d — i)th symmetric power of Y over 4™ (resp., X over
k), constructed as the geometric invariant theory (GIT) quotient of the fibered power
(Y /A (resp., (X/k)?~") by the obvious action of the symmetric group Z,_;.
The morphism Sym? (Y /A™) — Sym?~(X/k) above is induced from the natural
projection (Y /A~ — (X/k)4".

We will construct an étale double cover of Sym?~(X/k), which will give us a
local system of rank one and order two on Sym? (X /k), and hence on MM,

The groups (Z/2)?~" and %,_; both acton (X’/k)?~, and together they give an ac-
tion of the semidirect product I' = (Z/2)~" x % _; on (X'/k)*~". Then Sym? (X / k)
is the GIT quotient of (X’/ k)¢~ by I". We have a canonical surjective homomorphism
€ : I' - Z/2 sending (v, ..., v4—;, §) = vy + -+ + vy_;, where v; € Z/2 and
s € Xy_;. Let 'y be the kernel of €.

LEMMA 4.1.1
Let Z97" be the GIT quotient of (X'/k)*~" by T'y. Then the natural morphism ¢ :
741 — Sym® (X /k) is an étale double cover.

Proof

Let t = x; + --- 4+ x4_; be a geometric point of Sym?(X/k), and let t' =
(x},...,x,_;) be a geometric point of (X'/k)*~" over t. Then the point ¢" =
(o(x1), x5, ...,x,_;) is another geometric point of (X’/ k)4=" which does not lie

in the ['p-orbit of #'. Therefore ' and t” have different images z’ and z” in Z¢~'. In
other words, the reduced structure of ¢ ~!(¢) consists of (at least) two points z', .
Consider the maps

£ (X)L 74 5 Symdi(X k),

where £ is finite flat of degree 2¢~/(d — i)!. The degree of the geometric fibers n~'(z’)
and n~1(z") are at least 2Y~'~'(d — i)! (because this is the generic degree). This forces
the two degrees to be equal to 2¢7"~!(d — i)!. This being true for any geometric
point of Z9~" we conclude that the quotient map (X'/k)?~" — Z9~ is flat, hence
faithfully flat. Therefore ¢ : Z9~' — Sym“~'(X/k) is also flat (of degree 2). Since
every fiber £ ~!(x) already consists of two distinct points, these two points must be
reduced. Therefore ¢ is finite flat of degree 2 and unramified, and hence an étale double
cover. O

Let LY, be the local system of rank one on Sym?~ (X /k) associated to the étale
double cover Z4~ — Symd_i(X / k) (see Notation 1.6.4). We define

e k7 X
Ldfi =V Ldfi
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to be the pullback local system on M ™.

We describe the stalks of the local system L . in more concrete terms. Let L be
the local system of rank one on X associated to the étale double cover 7 : X' — X.
Let Cy = ker((Z/2)* = 7/2). Then (X'/k)*~'/Cy is an étale double cover of
(X / k)4,

LEMMA 4.1.2
(1) We have a Cartesian diagram,

(X//k)dfi/co . dei

| |

Sd—i

(X/ k=" ——— Sym*"(X/k),

where the maps are all natural quotient maps.
(2)  Wehaves) ,LX , = L¥dD,

Proof

Part (1) follows from the fact that both vertical maps are étale (see Lemma4.1.1). In part
(2), the local system of rank one associated to the étale double cover (X'/k)*~/Cy —
(X/ k)" is clearly L®¥“=) Therefore, (2) follows from (1). O

4.2. The incidence correspondence

Recall that A*™ is the open locus of a € A™, where Y, is smooth (equivalently, the
locus where 8(a) = 0). We assume that deg(D) is large enough (> c¢;) so that A™™
is nonempty, and hence dense in #™. The norm map Ny /Am 18 an isomorphism over
A,

For each —d < i < d, consider the incidence correspondence
Id*i,?,d C Symdfi(Y/tAsm) % SymZd(Y/zAbm)

whose geometric fiber over a € A™ classifies pairs of divisors T < T’ on Y,,
where deg(T) = d — i, and deg(T’) = 2d. Let 7, T’ be the projections of 19> to
Sym? = (Y /A*™) and Sym>? (Y / A*™).

LEMMA 4.2.1
The incidence correspondence 1> is smooth over A™.

Proof
Since Y — A*™ is a smooth family of curves, we may identify the symmetric power
Sym’(Y/A*™) with the Hilbert scheme Hilb’/(Y/A™). We apply the infinitesimal
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lifting criterion to prove the smoothness. Suppose that Ry is a local Artinian ring
and that R is a thickening of Ry. Let a € A (R) with image ay € A™™(Ryp). Let
Ty C Ty C Y,, be flat subschemes of degree d — i and 2d over R,. We want to find
subschemes ' C T’ C Y,, flat of degree d — i and 2d over R, whose reductions
to Ry are precisely Ty C T;. We may assume that 7} is contained in an affine open
subset U C Y,. Let Uy = U NY,,. Since Y, is a smooth family of curves over
Ry, the subschemes T, and 7; are defined by the vanishing of functions f; and
fo € T'(Uo, Oy,), respectively. Since Ty C T;;, we have fj = fygo for some function
8o € I'(Uy, Oy,). Let f, g be arbitrary liftings of fy, go to I'(U, Q) (which exist
because U is affine), and define 7" and 7" to be the zero loci of f and fg, respectively.
Then it is easy to check that T C T C Y, are flat over R of the correct degree. This
proves the smoothness of 79724 over A™. O

We define a morphism,

coker (y) Ny pint

div: A™ x B —— Quot™(wyx(Dg)/ Y /A™) —— Sym*(Y/A™),
which sends (a, ) to the cycle of coker(y, ;) in Y.

LEMMA 4.2.2
We have a Cartesian diagram:

div

M Jd—i2d 4.2.1)

l m l T’

div
AT x BX — Sym* (Y /A™).

Here the morphism div : M™ — 197124 gver a point a € A™ sends (F , «, B) to the
pair of divisors div(B) C div(a, b) of Y,.

Proof

We abbreviate Quot* (wy 1x(Do)/ Y/ AM) by Quot?. Let @ be the universal quotient
sheaf on Y x 4in Quot*®. Then by the moduli interpretation given in Lemma 3.2.3, we
have a Cartesian diagram:

s

M Quot?~ ((Q /(Y X in Quot®?) /QuotZd)

- |

coker(y)

AN x BX Quot*.
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Restricting this diagram to A°™ x B>, we have
Quot?| g = Sym*? (Y / A™),
Quot’™ (@/(Y x 4in Quot™®)/Quot™) | gm = 1472

because the norm maps Iy, 4 are isomorphisms. Therefore the diagram (4.2.1) is
Cartesian. 0

Let LY . be the pullback of the local system LX . via Symd_i(Y/Asm) —

Sym?~(X/ k). Define

—i

Y
Kd—i

= t/T*LY_, € D’(Sym™(Y/A™), Q,).

LEMMA 4.2.3 (Binomial expansion)
Let 7}, Sym* (Y’ / A™) — Sym?! (Y /A*™) be the natural projection. Then there is
a natural isomorphism:

n), Q= @ K) . (4.2.2)

i=—d

Proof

Since the morphism 7’ : 19772 — Sym®!(Y/A*™) is finite and since ¢ is
smooth over k by Lemma 4.2.1, we conclude that K}, being the direct i 1mage of a
local system under 7', is a middle extension on Sym*!(Y /A*™). Similarly, ), J, *Qz 18
also a middle extension on Sym>?(Y /A™). Therefore, to establish the isomorphism
(4.2.2), it suffices to establish such a natural isomorphism over a dense open subset of
Sym* (Y / A™).

Now we consider the dense open subset U C Sym 4y / A*™) consisting of those
divisors which are multiplicity-free. Let U’ (resp., U resp., U’ ) be the prelmage of U
in Sym*/(Y'/A™) (resp., (Y /A ™); resp., (Y' /A ™)), Then 555 : U — U is an
étale Galois cover with Galois group X,;, and we have a Cartesian diagram:

Therefore, we have
(53,72, Qg = (@H2Q) 15 = @Q & L™ |5,

where LY is the pullback of L to Y.
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On the other hand, we have a Cartesian diagram,

7 d—i2d
]_[JC{l,Z ..... 2d} 4] =d—i U, —1 lu

524
U ’

where for each J C {1,2,...,2d}, 17, C Symd_i(Y/Asm) x U is the graph of the
morphism t; : (yq, ..., Yqg) H> Zj€] v;. Therefore, we have

Y o~ X o~ Y
(550K gDy = (55,07 Ly_ply = @ Ty Ly
JC{1.2,...2dY #T=d—i

For each J C {1,2,...,2d} of cardinality d — i, let p; : U — (Y/A™) be the
projection to those coordinates indexed by J. Then we have a factorization
1, U L (Y/A™) 2 Symd (Y /A™).
By Lemma 4.1.2, we have stZﬂ. & [ YR@=) Therefore
T;Lcll/—i = ij;LL)Z/—i = Pj ((LY)&([H.))'
Finally, we have an 3,,-equivariant isomorphism of local systems on U:
d —
Dokl ez B pAH) =@ o L),
i=—d JC{1,2,....2d)

The last isomorphism justifies the nickname “binomial expansion” of this lemma. This
3,4-equivariant isomorphism descends to an isomorphism,

d
Y ~ Y
@ Kd_i|U = (77"241,*QZ)|U7
i=—d
which proves the lemma. O

4.3. A decomposition of g™Q,
To state the next result, we need to define a technical notion.
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Definition 4.3.1
A commutative diagram of schemes

X — X 4.3.1)

I

Y — Y

is said to be pointwise Cartesian if, for any algebraically closed field €2, the corre-
sponding diagram of 2-points is Cartesian.

For pointwise Cartesian diagrams with reasonable finiteness conditions, the proper
base change theorem also holds.

LEMMA 4.3.2

Suppose that we have a pointwise Cartesian diagram (4.3.1), where all maps are
of finite type and where f, f' are proper. Let F € D’(X, @e) be a constructible
@@—complex on X. Then we have a quasi-isomorphism

B fF = fla"F.

Proof

Let X" =Y’ xy X, and let f” : X" — Y’ be the projection. Let £ : X' — X" be
the natural map over Y’, which is also proper. By the usual proper base change for
Cartesian diagrams, we reduce to showing that for any G € Df (X", @5),

/G = flE*G. (4.3.2)
But, we have
flE°G = flE£°G = f/(G ® Q).

Therefore to show (4.3.2), it suffices to show that the natural map ¢ : @z — E*@e is
a quasi-isomorphism. Since both £,Q, is constructible, it suffices to show that ¢ is an
isomorphism on the stalks of every geometry point x” € X" (£2); that is,

Lo Q= HY(57'(), Q) (4.33)

is an isomorphism. By Definition 4.3.1, £~'(x")(Q2) is a singleton. Therefore, the
reduced structure of £ ~'(x”) is Spec €2, and (4.3.3) obviously holds. O
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Consider the norm map
Ny jam : Quot™ (wyr)xx A(Do)/ Y'/A™) — Sym™ (Y'/A™).

LEMMA 4.3.3
The diagram

Nyr/psmory

N Sm SymZd(Y//Asm)

A x B SymZd(Y/Asm)

is pointwise Cartesian.

Proof
Since N *™ is reduced, to check the commutativity of the diagram, it suffices to check
on geometric points. Therefore, we fix a geometric point (a, b) € A™(R2) x B*(2),
and we prove that the diagram is commutative and pointwise Cartesian at the same
time. Again we omit €2 in the rest of the proof.

Letdiv(a, b) = Y_;_, m,y, with {y,} distinct points on Y,.. Recall that 7r,, : ¥, —
Y, is the étale double cover induced from 7 : X' — X. Let 7, '(y,) = {y/, y/}.
Then a point Oy, (=Dy) C F' C wy;/x(Dy) is determined by the torsion sheaf
@' = wy; x(Do)/ F', whichis aquotient of wy:,x(Do)/ Oy, (— Dy). Since Y, is smooth,
@' is, in turn, determined by its divisor Y _,_, m|y, +m'y/ < 7, '(div(a, b)). The line
bundle ¥ is self-dual if and only if m, + m/ = m, (see the proof of Lemma 2.5.5).
Therefore, the image of the divisor of @ is div(a, b). This proves the commutativity of
the diagram. But this also shows that the map N, , — nzyc;_l(div(a, b)) is a bijection
on 2-points. This completes the proof. O

LEMMA 4.3.4

Fix § > 1,deg(D) > c;5, and n(deg(Dy) — g + 1) > § + gy. Then we have the
following.

(1) Foreach —d <i <d, diV*Kj’_i[dim A + dim B is a perverse sheaf.

) We define

Ky i = ji™(div*K)_ [dim 4 + dim B])[— dim A — dim B],
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where j5™ 1 A x BX < A= x B* is the open inclusion. Then we have a
natural decomposition:

d
Q= @ Kai.

i=—d

Proof
(1) ByLemma4.3.3 and Lemma 4.3.2, we have

sk Y )y ~ _sm)
divim,, ,Q, = gi"Q,.

Since g*™ is finite and since N *™ is smooth, gi‘“@e [dim A + dim B] is a
perverse sheaf. But by Lemma 4.2.3, K} . is a direct summand of nzi,,*@g,
and hence div*K ), is a direct summand of div*r), .Q, = g"Q,. Therefore,
div* K} ,[dim + + dim 8] is also a perverse sheaf.

(2) It follows from the smallness of g= proved in Proposition 3.5.2. O

4.4. The global matching theorem
The global part of the main theorem of the article is the following.

THEOREM 4.4.1
Fix 6 > 1, deg(D) > c;, and n(deg(Dy) — g + 1) > 6 + gy. Then for —d < i <d,
there is a natural isomorphism in D?(A=* x B8>),

L = Koo, (4.4.1)

and hence an isomorphism:

d
@ [ Lai = g2°Q,.

i=—d

Proof
By Propositions 3.2.6 and 3.3.2, M and N are smooth. Moreover, by Proposition
3.5.2, the morphisms ff‘S are small. Therefore both fii’sLd_,- and K,_; are middle
extensions on 4= x B*. Hence it suffices to establish the isomorphism (4.4.1) on
the dense open subset A™ x B> C A= x B*.

The morphism v (see (4.1.1)) restricted on M;™ factors as

v S [ L Symd (Y /AT - Sym? T (X k).
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Therefore, we have
Ly-ilaen = v™ LY, = dv'cLY_.
Applying proper base change to the Cartesian diagram (4.2.1), we get
L = AV LY = divit ot LY,

~ 7 Y
= le*dei = Kd_iIEA.\mX£X. O

5. Proof of the local main theorem

We prove Theorem 2.7.1 in this section. Suppose that char(F) = char(k) = p > n.
We are left with the case K’/ k nonsplit, and we assume this throughout the remainder
of the article. We fix a collection of invariants (a°, b°) with a?, b? € (922(71)1 which is
strongly regular semisimple. Suppose that valz(A,, 5,) is even. Let §(a®) be the local
Serre invariant associated to the algebra R,o; that is, §(a®) = dimk(INan /Rp), where
I~?ao is the normalization of R,o.

5.1. Local constancy of the local moduli spaces

In this section, we prove an analogous statement to [12, proposition 3.5.1] in our
situation. This is a geometric interpretation of Harish-Chandra’s theorem on local
constancy of orbital integrals.

PROPOSITION 5.1.1

There is an integer N > 1 (depending on (a°, b°)) such that, for any field Q2 O k and for
any collection of invariants (a, b) with a;, b; € (O Q)":(’l)i, if(a,b) = (a°, b°)
mod @, then

(1)  (a,b) is strongly regular semisimple;

@ 8a) < 8@®) +n/2;

3) there are canonical isomorphisms of schemes over S2:

loc ~ loc
Mi, Bk Q= 'Mi,aO,bO ®r 2,

»a,

N5 @ Q= NS, & Q.

Proof

We stick to the case 2 = k (the general case is argued in the same way). First of
all, by Lemma 2.2.4, the strong regular semisimplicity of (a, b) is checked by the
nonvanishing of polynomial equations with @ g-coefficients in a;, b;: the discriminant
Disc(P,) of the polynomial P,(t) = t" — a;t"~' + - - - + (—1)"a, and the A-invariant
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Aq.p. Whenever (a, b) = (a°, b°) mod @, we have

Disc(P,) = Disc(Pp) mod @,

Agp = App mod .

If we choose N > max{valg(Disc(Py)), valp(A, 40)}, then whenever (a,b) =
(@®, b°) mod w", Disc(P,) and A, ; are nonzero; hence (a, b) are strongly regular
semisimple.

Now fix this choice of N and any (a, b) such that a;, b; € (O£)°=""" and such
that (a, b) = (a°, b°) mod @ " . Let y° = y,00 and let y = y,,.

By the formula for §(a) (see [3] and [12, section 3.7]), we have

5a) < valz(Disc(P,)) _ valp(Disc(Py)) < 8% + E.
2 2 2
Since N > valp(Ayo ) = valp(A, ), we have
R)/y(Ry) = (R /@"R))/y(R./" R,), (5.1.1)
Ry/7°(Ro) = (R /@ " Ry0) /v (Rao /@ Roo). (5.1.2)

We prove that M}, and M, ,, are canonically isomorphic. First, we have a
canonical isomorphism of O /@ " () p-algebras

L:R,Jo R, = Ry Rpo.

We also have a commutative diagram

Y
R,/w"R, — R /@R

]

y
Ryo/w¥Ro — R\ /@ R,

because y mod @ " depends only on (a, b)) mod @ ". Therefore, from (5.1.1) and
(5.1.2), we conclude that RY /y(R,) as an R, /@™ R,-module is canonically isomor-
phic to R,/ y°(Ru) as an R, /@ R,0-module. Looking back into the definition of

M}"; »» We observe that this scheme canonically depends only on R)/y(R,) as an

R,-module. Therefore we get a canonical isomorphism M, = M}(’;ﬂ p0°
ocC ; |
0Y bﬂ

The argument for the other isomorphism N,% = N, is the same. m
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5.2. Preparations
We fix a smooth, projective, and geometrically connected curve X over k of genus
g with a k-point xy. Also fix an étale double cover 7 : X' — X, also geometrically
connected, with only one closed point x;, above x,. We choose identifications O >
Ox.x and Op = Ox .

Fix an integer § > 8(a®) + n/2. Fix effect divisors D = 2D’ and Dy on X,
disjoint from x, such that

deg(D) > max{cs,2¢g + Nn + 1},

—1
deg(Do) > —

) 1
deg(D)+2g+maX{ ,(l—l——)N}.
n

n

These numerical assumptions will make sure that all the numerical conditions in the
propositions or lemmas of the article (including those which we are about to prove)
are satisfied.

For each closed point x : Spec k(x) — X, let @, be a uniformizing parameter of
Ox ., and let F, be the field of fractions of Oy ,.. Let Frob, be the geometric Frobenius
element in Gal(m/ k(x)). Let E, be the ring of total fractions of O . Let n, be
the quadratic character of F* associated to the quadratic extension E, /F.

Recall that the double cover w : X’ — X gives a local system L according to
Notation 1.6.4. Let L, = x*L be the rank one local system on Spec k(x) given by the
pullback of L via x : Spec k(x) — X. Then we have

ne(w,) = Tr(Frob,, L,). (5.2.1)
Let Ag x By C A x B be the affine subspace consisting of (a, b) such that

(a,b) = (@° b°) mod w".

LEMMA 5.2.1

Let A}y C AgN A= be the open locus of a such that Y, is smooth away from p; ' (xo).
Ifdeg(D) > 2g + 2Nn + 1 and if 2deg(Dy) > 2g + N — 1, then A and By are
nonempty.

Proof
First, we have to make sure that 4y and 8B, are nonempty. For this it suffices to show
that the following evaluation maps at an Nth infinitesimal neighborhood of x are
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surjective:

H(X, £(D)®) = Op/", 1<i<n,
H°(X, Ox(2Dy) ® L(D)®') = Op/w", 0<i<n-—1.

This is guaranteed as long as deg(D) > 2g + N — 1 and 2deg(Dy) > 2g + N — 1.

Next, we make sure that sy N A™ is nonempty. By Proposition 5.1.1, any a € 4,
is strongly regular semisimple at x,, hence, in particular, R, is reduced. This implies
that 4A( C A”. By Lemma 3.2.1, we have

codimo(A” — A™) > deg(D) > Nn > codim o ().

Therefore, A N A £ &,

Finally, we prove that +#; is nonempty. We base change the whole situation to k.
We use the argument for Bertini’s theorem (for details, we refer to [12, proposition
4.7.1]). We only point out that for deg(D) > 2g + N + 1, the evaluation maps at both
Xo and any other x € X k),

ev(xo) ®ev(x) : H(X @k, £(D)*) — O & k/w” @ Oxein/ P,

are also surjective. This is all we need to apply the Bertini argument.

We still have to check that for each a € A, 8(a) < 8. But since Y, is smooth
away from pu‘l(xo), we have 8(a) = 8(a, x) < 8(a’) + n/2 < § by Proposition
5.1.1Q2). O

Since Ay, is an open subset of an affine space and nonempty, it contains a k,,-point for
every m > my. Here k,, is the degree m extension of k. Now we fix m > m and fix
apoint a € 4Ay(k,). We base change the whole situation from & to k,, (in particular,
we let R,y = Ry Qi ks Eyy = E ® ks Xin = X ® ky, and so on). Since D and
D, are disjoint from x, the trivializations that we fixed allow us to get o -equivariant
isomorphisms:

R,(Og,) = Oy, », = Oy(—Do)lspec o (5.2.2)

Yhg

R;(OF,) = oy xlspeco,,,, = 0yyx(Do)lspeco,, , - (5.2.3)

PROPOSITION 5.2.2
Ifn(deg(Dy) — g+ 1) = (n+ 1)N + gy, then there exists b € By(k,,) such that, for
each closed point x # xy of X, Na)i,bx (kp(x)) #£ 2.

Proof
We first choose any b € By (k,,) (which exists because By # < is an affine space over
k). The pair (a, b) determines y = Y, : Rym — R;m.
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CLAIM 3

There exists ' € Pic(Y)) and a homomorphism h : ¥ <— o*F " such that

(1)  o*hY =h;

(2)  his an isomorphism away from p/~'(x();

3) there is an R,(Og,, )-linear isomorphism t : F'|gpec O = R,(Og,) (compat-
ible with the identification (5.2.2) such that the following diagram is commu-

tative:
lrodd h * A%
5 |Spec@ylrl.x(J — 'F |Spec0y],_x()
l t o*tY T
OROY
R,(Op,) ——— R]/(Og,).
Proof

Condition (1) in fact follows from conditions (2) and (3). Since Y, is geometrically
irreducible, & and o*h" agree up to a scalar and this scalar must be 1 by (3).
Suppose that ; is a line bundle on ¥/ with an isomorphism kg : ¥ — o*F;"
satisfying o*hy = ho. Such a line bundle exists because we have a Kostant sec-
tion A™ — N s by [10, Section 2.3] when D = 2D’. The existence of
the Kostant section requires that char(k) > n. Choose an R,(Of, )-linear isomor-
phism ¢y : F'| Spec Oy, = R,(Og,) compatible with the identification (5.2.2). Let
U =Y, — p"'(x(), and let U] be the punctured formal neighborhood of p/'(xg)
in Y. Since RY is an invertible R, ,-module, there is a unique invertible element

a,m

B € R,(E,,) such that the following diagram is commutative:

lrod hg
Folu, —— o vy, (5.2.4)

l lo o'y T
-1

ogoy)-B

¢
R.(Of,) —— R)(Og,).

Since both sy and y are Hermitian, we actually have § € R,(F},).
Suppose that we can choose a § € Pic(Y,) withamap s : § = o*§~!, which is
an isomorphism over U’, together with an R,(Og, )-linear isomorphism,

P g|Spec(9yéJo = Ra(OEm)’
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such that the following diagram is commutative:

Glu, . o gy, (5.2.5)

oRopf

Then the triple (F' = ¥, ® §,hy @ 5,1 ® p) satisfies the requirement of the
claim. Hence our task is to find the triple (&, s, p) such that the diagram (5.2.5) is
commutative. We can translate this problem into the language of ideles. Let K (resp.,
K") be the function field of the geometrically connected curve Y, (resp., Y) over
ky. Let Ag (resp., Ag/) be the ring of adeles of K (resp., K'). Let Oy, C Ay and
Oy, c Ak be the product of completions of local rings of ¥/ and Y,, respectively.
Let Nm : Ay, — Ay be the norm map. Then R,(E,,) is the product of local
fields corresponding to places of K over xo. Thus we get a canonical embedding
R,(E,) C Ag. In particular, we can identify S with an idele (8,) € Ag which is
nontrivial only at places v|xo.

A choice of the triple (9, s, p) as above (up to isomorphism) is the same as
the choice of an idele class 0 € K/X\AX,/@X; = Pic(Y))(k,,) such that Nm(6) =
6 - 060 = B as an idele class in K*\Ay /Oy . Let Wy and Wi be the Weil groups
of K’ and K, respectively. By class field theory, we have the following commutative
diagram,

Nm
K™ \AY, —= KX\A% 7)27 —— 0

ziArtkr ziArtK lz

wP w Gal(K'/K) — 1,

where the map 9 is defined by

€)= > valg, (&) mod2,

v nonsplit

where v runs over all places of K (which is nonsplit in K’) and where k, is the
residue field of Ok, . Now to solve the equation Nm(@) = S; the only obstruction is
d(B). Since xy is nonsplit in X/, , a place v over x, is nonsplit in K’ if and only if
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[k, : k,,] is odd. Therefore, we have

0By = Y valg(B) =D valg, (Bl : kyl mod 2.

v|xo,[ky:k, ] odd v]xo

From the diagram (5.2.4), we see that y - B~ : R,(E,) = RY(E,,) sends
R,(Og, ) isomorphically to R (O, ). Therefore
leng(QFm (Ra.m : ,B(Ra,m)) = leﬂgoFm (R:,/m : V(Ra,m))
= ValFm(Aa,b) = ValF(Aao,hO)
is even. Hence
> valk,(B))lk < kn] = lenge, (Rum : B(Ram)) (5.2.6)
v|xg

is also even. This shows the vanishing of 3(8) in Z/2Z. Therefore we can always find
0 € K"*\A¥, such that Nm(f) = B. Translating back into geometry, we have found
the desired (&, s, p), and hence the desired (¥, h, 1). O

Now we pick such a triple (¥, &, t) from Claim 3. By construction, we have

valE”(Aa,b)

x(Y,, F)y=-2n(g—1)— >

CLAIM 4
There is a homomorphism o : Oy, (—Do) — F' such that the composition

~ o .
LOOt/ : Ra((gE )= (9Yli,xn - }V/|SpeC0Y£~X0 - Ra((gE )

m m

is the identity modulo w" .

Proof

Consider the following evaluation map at the Nth infinitesimal neighborhood of
1=1¢4./ /.

Dl (xg) C Yl

ev: F'(Dg) = F'(Do)lspeco,, = Ra(Or,) @0, (Or /™).

Let KX be the kernel of ev, which is a coherent sheaf on Y a’ By Grothendieck-Serre
duality, we have

Hl(Ya/, JC) = HOH]YA(J{, a)y‘;)v
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But since

x(Y,, K) = x (Y., F'(Dy)) — 2nN
—valg, (Ayp)

- 2
> 2n(deg(Dy) — g+ 1) — 2n + DN

+ 2n(deg(Dy) — g + 1) — 2nN

> 2gy > gy — 1 = x(Y,, oy)),
we must have Hom(K', wy,) = 0. Therefore, H '(Y/, X) = 0. This implies that
ev : Homy, (Oy,(=Dy), ¥') = H*(Y,, ¥'(Dy)) = R.(Of,) ®o, (Or /o)

is surjective. Hence there exists &’ € Homy, (Qy,(— Do), ') such that t o ev(a’) = 1
mod oV, O

Now let ¢’ be the composition

* IV
o

(DY(;(_DO) i/) 37, i) O’*?N _oz) (,()y[;/x(Do).

Then y’ gives back another b’ € B(k,,). From the construction it is clear that b =
b mod w", and therefore b’ € By(k,). Now for each closed point x # x, of
X, the local moduli space N b, (k,(x)) is nonempty because it contains a point
given by F'[spec o, .. (This is self-dual because 4 is an isomorphism over x #
Xy by constmction)u.y Therefore, the pair (a, b') satisfies the requirement of Propo-
sition 5.2.2. O

5.3. The proof

Now for each m > my, we have a pair (a,b) € Ay(k,) x Bo(k,) such that the
condition in Proposition 5.2.2 holds. Using Theorem 4.4.1 (taking the stalks of the
two complexes in (4.4.1) at the point (a, b)), we get an isomorphism of graded Frob;
modules:

d
@ H*(M; 0 p R, kLo = H* (N, B, k, Qo). (5.3.1)

i=—d
By the product formulas (3.4.1) and (3.4.2), we can rewrite (5.3.1) as

® <@ H* ((Reskm(x)/km Mliqumbx) ®km %, Reskm(x)/km Lf’i’() )

x€lXml iy

= ® H'((Reskm(x)/km Nu)i,br) ®km %, @Z)

X€E[ Xl
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Here Resy, (v, L« is the local system of rank one on Resy,, (v)/x, Spec k,,(x) induced
from L,. We have such a tensor product decomposition on the left-hand side because
the local system L,_; on M;,, when pulled back via the isomorphism (3.4.1),
becomes X, ¢|x, | Resy, vk, LE on [Leix, Rest, ok, M7 4, 5, (see Lemma 4.1.2).

We use the abbreviations

M){ = @ Hj ((Reskm(x)/km Mi’axqu) ®km E, Reskm(x)/km L?l})’
N/ := H ((Resg, ok, Ny ) O, k. Q).

valp (A0 ,0)
M= @ H(M% ®k Qulms)™).
i=0

N({ = HJ(N;gfbo ®x k, @z),

where the first two are Frob;’-modules and where the last two are Frob,-modules.
By Proposition 5.1.1, we have

M =M] and N} =N

as Frob;’-modules.

On the other hand, since we have assumed that Y, is smooth away from p;l(xo)
for any x # xo, the local moduli spaces M; , , and N , are zero-dimensional,
and hence have no higher cohomology. For x # XO, we write M, (resp., N,) for M )?
(resp., N f). Therefore, for each j, we get an isomorphism of Frob;'-modules

me( @ m)=ve( & N).

XoFXE| X XoFXE| X |

Taking the traces of Frob;' and using the Lefschetz trace formula for M} , , and
C/Va"hbr, we get, for any j > 0,

TeEroby, M) [T (X @) # o, (kn@))  (5:32)

XFXE|Xom| iy

= Tr(Froby', Ny)  [] #N:, (ku(x)). (5.3.3)

XoFXE[Xom|

Here we used (5.2.1). Since Y, is smooth away from pa_l(xo), for x # xo, R,, = Oy, «
is a product of DVRs, and we can apply Lemma 2.5.5 to conclude that
Z nx(wx)ix#d%i,a“bx (km(x)) = #“Nai,b (km(x)), Vx ;é X0-

x

i.’(
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Moreover, the right-hand side for each x # x; is nonzero because (a, b) satisfies the
condition in Proposition 5.2.2. Therefore (5.3.2) implies that

Tr(Frob!", M}) = Tr(Frob", N}), Vj = 0.

Since this is true for any m > mg, we get an isomorphism of semisimplified
Frob,-modules:

JiSS ~ arJ.Ss
M = NP

But by Lemma 2.7.3, M({ and N({ are isomorphic as Frob;-modules. Therefore we
can conclude that M; = N({ as Frob,-modules since the unipotent part of the Frob,
action is uniquely determined by that of Frobi by taking the square root. This proves
the main theorem.
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Appendix. Transfer to characteristic zero

JULIA GORDON

The purpose of this appendix is to point out that the work of Cluckers, Hales, and
Loeser [1] implies that the transfer principle of Cluckers and Loeser [4] applies to
the version of the fundamental lemma proved in this article. Thus, Conjectures 1.1.1
and 1.1.2 are true when F' is a local field of characteristic zero with sufficiently large
residue characteristic.

We need to emphasize that even though these conjectures in the equal character-
istic case are proved here for the fields F' of characteristic larger than n, the transfer
principle leads to a slightly weaker result for the fields of characteristic zero—namely,
that there exists (an algorithmically computable) constant M such that the conjectures
hold for the characteristic zero local fields F of residue characteristic larger than M.
However, we hope that such a result is sufficient for some applications.

Since this appendix is of an expository nature, the references often point not to
the original sources, but to more expository articles. All the references to specific
sections, conjectures, and definitions that do not mention a source are to Yun’s article,
for which this appendix is written.

A.1. Denef-Pas language

The idea behind the approach to transfer described here is to express everything
involved in the statement of the fundamental lemma by means of formulas in a certain
first-order language of logic (called the Denef-Pas language) Lpp (see, e.g., [1, Section
1.6] for the detailed definition), and then work with these formulas directly instead
of with the sets and functions described by them. Denef-Pas language is designed for
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valued fields. It is a three-sorted language, meaning that it has three sorts of variables.

Variables of the first sort run over the valued field; variables of the second sort run

over the value group (for simplicity, we shall assume that the value group is Z); and

variables of the third sort run over the residue field.

Let us describe the set of symbols that, along with parentheses, the binary relation
symbol = in every sort, the standard logical symbols for conjunction, disjunction, and
negation, and the quantifiers, are used to build formulas in Denef-Pas language.

° In the valued field sort, there are constant symbols 0 and 1, and the symbols +
and x for the binary operations of addition and multiplication. Additionally,
there are symbols for two functions from the valued field sort: ord(-) to denote
a function from the valued field sort to the Z-sort, and ac(-) to denote a function
from the valued field sort to the residue field sort. These functions are called
the valuation map and the angular component map, respectively.

) In the residue field sort, there are constant symbols 0 and 1, and the binary
operations symbols + and X (thus, restricted to the residue field sort, this is
the language of rings).

° In the Z-sort, there are 0 and 1, and the operation +. Additionally, for eachd =
2,3,4, ..., there is a symbol =, to denote the binary relation x = y mod d.
Finally, there is a binary relation symbol >. (This is Presburger language for
the integers).

Given a discretely valued field K with a uniformizer of the valuation @, the functions

ord(-) and ac(-) are interpreted as follows. The function ord(x) stands for the valuation

of x. It is in order to provide the interpretation for the symbol ac(x) that a choice of
the uniformizing parameter e (so that ord(zw) = 1) is needed. If x € O% is a unit,
then there is a natural definition of ac(x); it is the reduction of x modulo the ideal

(). For x # 0 in K, ac(x) is defined by ac(x) = ac(zw ~°™x) and, by definition,

ac(0) = 0.

A formula ¢ in £pp can be interpreted in any discretely valued field (once a
uniformizer of the valuation is chosen) in the sense that, given a valued field K with a
uniformizer @ and the residue field kg, one can allow the free variables of ¢ to range
over K, kg, and Z, respectively, according to their sort (naturally, the variables bound
by a quantifier then also range over K, kg, and Z, respectively). Thus, any discretely
valued field is a structure for Denef-Pas language.

A.2. Constructible motivic functions

In the foundational articles [3] and [4], Cluckers and Loeser developed the theory of
motivic integration for functions defined by means of formulas in Denef-Pas language,
and proved a very general transfer principle. We refer to [1] and [2] for the introduc-
tion to this subject and all definitions (note that the article [1] is self-contained and
essentially covers everything in this appendix).
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Here we need to use the terms definable subassignment and constructible motivic
Sunction. Let h[m, n, r] be the functor from the category of fields to the category of
sets defined by

hlm,n, r|(K) = K((t))" x K" x Z".

The term subassignment was first introduced in [5]. Given a functor F from some
category C to Sets, a subassignment X of F' is a collection of subsets X(A) C F(A)
for every object A of C. A definable set is a set that can be described by a formula
in Denef-Pas language, and a subassignment X of the functor h[m, n, r] is called
definable if there exists a formula ¢ in Denef-Pas language with m free variables of
the valued field sort, n free variables of the residue field sort, and r free variables
of the value group sort such that, for every field K, the set X(K) is exactly the set
of points in K((¢))" x K" x Z" where ¢ takes the value “true.” Note that there are
slightly different variants of Denef-Pas language, depending on the sets of coefficients
for a formula ¢ allowed in every sort (the smallest set of coefficients is Z in every
sort; however, one can add constant symbols that can later be used as coefficients—
one such variant will be discussed below). We emphasize, however, that regardless
of the variant, the coefficients come from a fixed set and are independent of K.
Definable subassignments form a Boolean algebra in a natural way, and this algebra
is the replacement, in the theory of motivic integration, for the Boolean algebra of
measurable sets in the traditional measure theory.

For a definable subassignment X, the ring of the so-called constructible motivic
functions on X, denoted by €(X), is defined in [3]. The elements of €(X) are,
essentially, formal constructions defined using the language £Lpp. The main feature
of constructible motivic functions is specialization to functions on discretely valued
fields. Namely, let f € €(X). Let F be a non-Archimedean local field (either of
characteristic zero or of positive characteristic). Let @ be the uniformizer of the
valuation on F. Given these data, one gets a specialization Xy of the subassignment
X to F, which is a definable subset of F™ x k% x Z’ for some m, n, r, and the
constructible motivic function f specializes to a (Q-valued function fr on X, for
all fields F of residue characteristic bigger than a constant that depends only on the
£ pp-formulas defining f and X. As explained in [1, Section 2.9], one can tensor the
ring €(X) with C, and then the specializations fr of elements of €(X) ® C form a
C-algebra of functions on X .

A.3. Integration and transfer principle

In [3], Cluckers and Loeser defined a class IC(X) of integrable constructible motivic
functions closed under integration with respect to parameters (where integration is
with respect to the motivic measure). Given a local field F' with a choice of the
uniformizer, these functions specialize to integrable (in the classical sense) functions



THE FUNDAMENTAL LEMMA OF JACQUET AND RALLIS 223

on X r, and motivic integration specializes to the classical integration with respect to
an appropriate Haar measure when the residue characteristic of F is sufficiently large.

From now on, we will use the variant of the theory of motivic integration with
coefficients in the ring of integers of a given global field. Let €2 be a global field with
the ring of integers (9. Following [2], we denote by A the collection of all p-adic
completions of all finite extensions of €2, and we denote by B the set of all local
fields of positive characteristic that are 9-algebras. Let A s (resp., Bo.u) be the set
of all local fields F in 4Ag (resp., Be) such that the residue field k has characteristic
larger than M. Let £ be the variant of Denef-Pas language with coefficients in
O[[z]] (see [2, Section 6.7] for the precise definition). This means, roughly, that a
constant symbol for every element of (@[[¢]] is added to the valued field sort so that
a formula in Lo is allowed to have coefficients in ([[¢]] in the valued field sort,
coefficients in €2 in the residue field sort, and coefficients in Z in the value group
sort.

Then the transfer principle can be stated as follows.

THEOREM A.1 (Abstract transfer principle; see [1, Theorem 2.7.2.])

Let X be a definable subassignment, and let ¢ be a constructible (with respect to the
language £¢) motivic function on X. Then there exists M > 0 such that, for every
K, Ky € Ao U Bo .y with kg, = kg,,

pg, =0 ifandonlyif ¢k, =0.

Remark A.2

In fact, the transfer principle is proved in [4] for an even richer class of functions,
called constructible motivic exponential functions, that contain additive characters of
the field along with the constructible motivic functions. However, we do not discuss
it here since the characters are not needed in the present setting.

The goal of this appendix is to check that the conjectures proved in this article can
be expressed as equalities between specializations of constructible motivic functions.
We emphasize that all the required work is actually done in [1]; here we just check
that it indeed applies in the present situation.

A.4. Definability of all the ingredients
Here we go through Section 2.1 and check that every object appearing in it is definable.

A.4.1. The degree 2 algebra E | F
Following [1, Section 4], we fix, once and for all, a Q-vector space V of dimension
n, and we fix the basis ey, . .., ¢,_; of V over Q.
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As in [1, Section 3.2], we introduce a parameter (which we denote by €) that will
appear in all the formulas that involve an unramified quadratic extension of the base
field. We think of € as a nonsquare unit, and we denote by A be the subassignment of
h[1,0, 0] defined by the formula ord(¢) = 0 A ﬂx : x> = €. From now on, we only
consider the relative situation: all the subassignments we consider will come with a
fixed projection morphism to A (in short, we are considering the category of definable
subassignments over Aj; see [3, Section 2.1]). That is, we replace all the constructions
that depend on an unramified quadratic extension E/F (such as the unitary group),
with the family of isomorphic objects parameterized by a nonsquare unit € in F'. Now
imagine that we fixed the basis (1, 4/€) for the quadratic extension E. Then E can be
identified with F?2 via this basis, so from now on we shall think of the elements of E
as pairs of variables that range over F. The nontrivial Galois automorphism o of E
over F' now can be expressed as a (2 x 2)-matrix with entries in ' and can be used in
the expressions in Denef-Pas language.

The nontrivial quadratic character ng,r can be expressed by a Denef-Pas formula
ner(x) = 1 & 3a,b) € F? : (a* + €b®> = x), or simply by ng/r(x) = 1 &
ord(x) =0 mod 2.

In the case E/F split, we just treat elements of E as pairs of elements of F'.

A.4.2. The groups and their Lie algebras

In Sections 2.1 and 2.2, one starts out with free @ p-modules W and V and then
proceeds to choose a basis vector e, with certain properties. We shall reverse the
thinking here. We fix a basis ey, . . ., e,_;, and we fix the dual basis ¢fj, ..., e;_, such
that e;(ep) = 1 and such that the Hermitian form (-, -) on V, with respect to this basis,
corresponds to a matrix with entries in the set {0, =1}, and where (ey, ¢p) = 1 and
(eo,ej) =0forl < j <n—1.Welet W be the span of the vectors e, .. ., e,_;. With
this choice of basis, we think of the elements of gl,, as n*-tuples of variables A = (a;;).
(Formally speaking, we identify gl, with the definable subassignment h[n?, 0, 0].)
All the split algebraic groups are naturally defined by polynomial equations in these
variables and thus can be replaced with definable subassignments of h[n?, 0, 0]. The
embedding GL,_; — GL,,, where

A (A ) ,
1
is clearly definable.

To find the definable subassignments that specialize to s,, u,, and U,, we in-
troduce the parameter € as in Section A.4.1. Then s, naturally becomes a definable
subassignment of A[2n%,0,0] x A C h[2n* + 1,0, 0]. Indeed, as discussed above,
the Galois automorphism o can be used in £pp-expressions when we think of the
elements of E as pairs of F-variables: we replace each variable a;; ranging over E
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with a pair of variables (x;;, y;;) ranging over F. The Hermitian form that is used
to define the unitary group, given the choice of the basis, gives rise to polynomial
equations in (x;;, y;;) that define the unitary group. Hence, u, and U, can also be
replaced with definable subassignments of 2[2n* + 1, 0, 0].

A.4.3. The invariants

By definition, @;(A) are the coefficients of the characteristic polynomial of A. In
particular, they are polynomial expressions in the matrix entries of A, and therefore
they are given by terms in £pp, and the map A + (a;(A))1<i<, is definable (recall
that a function is called definable if its graph is a definable set).

First, let us consider the case when E/F is a field extension.

The linear functional e on V (defined in Section 2.1) with our choice of the bases
is just the covector (1,0, ..., 0). Then the invariants b;(A) of Section 2.2 are also
given by terms in £pp.

The vectors A’eg are clearly just columns of polynomial expressions in the matrix
entries (x;;, y;;j) of A. The condition that a collection of vectors forms a basis of a given
vector space is a predicate in Lpp. Hence, the set of semisimple elements in gl,(E)
that are strongly regular with respect to GL,,_;(E)-action (in the sense of Definition
2.2.1) is a specialization (to F) of a definable subassignment of 2[2n> + 1, 0, 0].

We observe that A, ;, = det(ef A’/ eg)o<; j <n—1 (of Definition 2.2.3) is also a
polynomial expression in (x;;, y;;).

Recall the subassignment A from Section A.4.2 that specializes to the domain for
a parameter € defining the extension E. Since the image of a definable subassignment
under a definable morphism is a definable subassignment, we have the definable
subassignment & over A, which we denote by > — A, that corresponds to the set
of pairs (a, b) € E*" that are invariants of some strongly regular element of gl, (E).
More precisely, & is a subassignment of A x h[4n, 0, 0] that satisfies the condition
that there exists N > 0 such that, for every local field FF € Ag y U Be y and for
every € € Ay, the fiber P, of P at € specializes to the set of pairs (a, b) that are
invariants of some A € gl,(E), strongly regular with respect to GL,,_;(E)-action (in
the sense of Definition 2.2.1), where E is the field extension corresponding to €.

If E/F is split, the same argument works, except that there is no need to consider
the relative situation over A.

Since we have a symbol for the F-valuation in £pp, the parameter v(A) of
Definition 2.2.2 is also an expression in &£pp.
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A.4.4. The orbital integrals
Since the quadratic character 1z, only takes the values =1, we can break the orbital
integral O(A?L”’l'” (15"((9”) into the difference of two integrals:

GL,—1, )
0, """ (Ley0p) = / L,,0,(8 ' Ag)dg
GL, 1 (F)N{glne,r(detg)=1}

-/ Lo, (s Ag)ds.

GL, 1 (F)N{glne/r(det g)=—1}

By the remarks in Section A.4.1 above, both domains of integration are de-
finable sets. For each point A in the subassignment of strongly regular elements,
1,,0,) (g ' Ag) is, by Section A.4.2 above, a specialization of a constructible motivic
function of g. We need to briefly discuss the normalization of the measures. The p-
adic measure to which the motivic measure specializes is the so-called Serre-Oesterlé
measure (defined in [7]). The Serre-Oesterlé measure on a classical group G is the
Haar measure such that the volume of the maximal compact subgroup is g™ ¢ Hence,
the Haar measure dg differs from the Serre-Oesterlé measure by a factor of q_(”_”z,
where ¢ is the cardinality of the residue field, since, as in [6], the Haar measures
here are chosen so that the standard maximal compact subgroups have volume 1. This
factor is the specialization of the (constant) constructible motivic function L1
(see, e.g., [1, Section 2.3] for the discussion of the symbol IL). We conclude that
OiL"'l‘” (15”((9,,)) is a specialization of a constructible motivic function of A.

By a similar inspection, we see that the integral OX’,”‘ (Ly,0,) is a specializa-
tion of a constructible motivic function of A’, and thus so is the right-hand side of
Conjecture 1.1.1(1).

Finally, recall the subassignment & from Section A.4.3 that specializes to the set
of invariants. Consider the subassignment X of s, x u, defined by (A, A") € X if
and only if A and A’ have the same invariants. Since as we discussed above, the map
that maps A to its collection of invariants is a definable map, this is a definable
subassignment (note that it has a natural projection to #). We have shown that the
difference of the left-hand side and the right-hand side of equation (1) in Conjecture
1.1.1 is a constructible motivic function on X . Therefore, the transfer principle applies
to it.

By inspection, all the ingredients of all the other variants of Conjecture 1.1.1 and
Conjecture 1.1.2 are definable in the language £, and hence the transfer principle
applies in all these cases.
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