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Abstract

We revisit a classicalload balancing problem in the modern context of decerralized systemsand
self-interested clients. In particular, there is a set of clients, ead of whom must choosea sener from
a permissible set. Each client has a unit-length job and sel shly wants to minimize its own latency
(job completion time). A serwer's latency is inversely proportional to its speed, but it grows linearly
with (or, more generally, as the p-th power of) the number of clients matched to it. This interaction
is naturally modeled as an atomic congestiongame, which we call sel sh load balancing. We analyze
the Nash equilibria of this game and prove nearly tight bounds on the price of anarchy (worst-case
ratio betweena Nash solution and the social optimum). In particular, for linear latency functions, we
show that if the serer speedsare relatively bounded and the number of clients is large comparedto the
number of seners, then every Nash assignmentapproachessccial optimum. Without any assumptions
on the number of clients, servers,and serer speeds,the price of anarqu_is at most 2:5. If all servershave
the samespeed, then the price of anarchy further improvesto 1+ 2= 3 2:15. We also exhibit a lower
bound of 2:01. Our proof techniques can also be adapted for the coordinated load balancing problem
under L, norm, whereit slightly improvesthe best previously known upper bound on the competitiv e
ratio of a simple greedy scheme.

1 Intro duction

Consider a set U of n sel sh clients, eatch of whom must choosea serer from a set V, in the absenceof
a coordinating authority. There is a bipartite graph G betweenU and V and a serwer j is permissible for
client i only if (i;j) is an edgein G. Eacd client has a unit-length job and sel shly wants to minimize
its latency (job completion time), and rationally prefers a fast sener to a slowver one. Seners can have
di erent speeds,and a sener's latency is inverselyproportional to its speed,but it is an increasingfunction
of the sener load (the number of clients sened by it).

Each client independertly trying to minimize its latency is essetially engagedin a game with other
sel sh clients. We call this the sel sh load balancing game. Unlik e traditional load balancing, howewer, the
clients are not interested in optimizing the social welfare (e.g., total system-widelatency). Instead, eah
client hasits own private objective. The stable outcomesof these interactions are the Nash Equilibria |
outcomesin which no single client can improve its latency by switching unilaterally. Cenrtralized optimal
solutions, in general, are not stablelone or more clients may improve their latency by switching, while
worseningthe latency for others. On the other hand, the cost of Nash equilibrium solutions can be much
worsethan that of certralized outcomes,and Papadimitriou [17] has coinedthe term \price of anarchy" to
denote the worst-caseratio between a Nash outcome and the sccial optimum. In this paper, we give nearly
tight boundsfor the price of anarchy in the sel sh load balancing game.
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Nash equilibrium is a compelling solution conceptfor decernralized systemswith self-interested players.
Unfortunately, the conceptis descriptive, not prescriptive: it doesnot suggestalgorithms for computing
an equilibrium and computing Nash equilibria remains a topic of current researtr. We, therefore, also
investigate the following obvious greedy strategy: clients arrive in the systemonline in an arbitrary order;
upon arrival, ead client selectsa permissible serner with the least current latency, and this seletion is
irrevaable. The greedy is a myopic strategy|eac h client makes the best choice available to it at the
momert, although future choicesby other clients may make it regret that selection. While greedydoesnot
generally lead to Nash solutions, it does have the advantage of computational simplicity. Thus, a natural
question to askis: how bad is the greedy assignmentin the worst case?

The greedystrategy hasbeenanalyzedbeforein the context of centralized L , norm load balancing [3]|
the goal there is to assignclients so asto minimize the L, norm of the sener loads. Becausethe total
latency of all the clients is intimately related to the squaed sum of the serverloads our techniquesalsolead
to improved boundsfor the competitiv e ratio of the greedysdemeof [3]. Interestingly, the Nash solutions
are strictly better, suggestingthe following conclusion: despitelack of central coordination, sel sh players
nd solutions that are better than greedy, which assumescentralized control but non-sel sh players.

1.1 Motiv ation and Mo del

Our load balancing gameis inspired by the emergingclassof Internet-certric applications like the peerto
peer (P2P) networks, but it has broader implications for any uncoordinated distributed system. In a P2P
system, for instance, data are often replicated to enable a high level of availability and fault tolerance.
Thus, userstypically have choice of many hosts from whom to download their data; ead user wants to
minimize its own latency (time to download); and there is no certral authority to dictate a user's choice.

An instance of the load balancing gameis modeled as a bipartite graph G betweena setU of n clients
and a setV of m seners. A client i can be assignedto sener | only if (i; ) is an edgein G. An outcome
of the gameis an assignmem where ead client is assignedto one of its permissibleseners. Supposesener
j hasspeed ; and is matched to °; clients, then we assumethat the respnse time, or latency, to eah
client i connectedto this serweris ; = f (;)= j, wheref is an increasingfunction of the load *j, and |
is speedof sener j. In general,there are two distinct cortributors to a client's latency: the sener load,
and the network congestion. In this paper, we focus on the latency at the sener, and treat the network
latency to be a constart. Becausethe network topology as well asthe IP route change continuously, the
network latency is both unpredictable and di cult to model. One can incorporate a simplied network
latency in our model by folding it in the sener speed|then a server with a fast connectionto the network
can be distinguished from a similar serer with a slow link. A more accurate modeling of the conmbined
sener and network latency seemschallenging and is left for future work.

The cost of an assignmem M is the total latency of all the clients:

x X g
cost(M) = P = 407 (_J):
i=1 j=1 ]
Under the linear model, the latency of serverj issimply ;= ;. More generally, we considq:;latency functions
of the form Jp = i, forany p 1. In that case,the cost of the matching is cost(M ) = jm:1 ‘Jpz i » Which

corresponds to the p-th power of the weighted L , norm of the sener loads.

A Nashequilibrium assignmem is onein which no client canimproveits latency by unilaterally switching
to another sener. Let M55 be a Nash solution, and let Mg, be the (coordinated) social optimum. The
price of anarchy is the worst-casebound on the ratio betweenthe costsof M nash and M gp.



1.2 Results

Our rst result concernsthe price of anarchy with linear latency functions. We show that if the serer
speedsare relatively bounded and the number of clients is large comparedto the number of seners, then
every Nash assignmentapproachessccial optimum. Without any assumptionson the number of clients,
seners, and sener speeds,the price of ar]@rdwy is at most 2:5. If all seners have the samespeed,then we
can improve the upper bound to (1 + 2= 3) 2:15. We also give a lower bound construction shawving
that the price of anarchy can be at least 2:01, even with equal speedseners and linear latency functions.

We next consider higher order monomial latency functions. In this case,we measurethe L, norm of
the serer loads, and show that the price of anarchy is (p=logp)(1 + o(1)).

We then apply our technique to reanalyzea simple but certralized greedy scheme for load balancing.
The best result known for this problem is due to Awerbucdh et al. [3], who show that the greedy achieves
the competitive ratio (1+ 2)2 5:83 for the squaed L, norm of the server loads even for the unrelated
machine model. We shaw that if all jobs have the samesize and the serers have arbitrary speedsin the
related machine model, then the competitiv e ratio of the greedyis at most 17=3  5:67; nﬁ)re signi cantly,
if all the seners have the samespeed,then we can improve the competitive ratio to 2+ 5 4:24.,

1.3 Related Work

Load balancing. The problem of assigningclients (jobs) to seners (machines) dates bad to the earliest
days of distributed computing or scheduling, and there is an enormousliterature on it. A small sample
of these results includes the following: [12, 18, 20] investigate the online assignmem of unit length jobs
under the L1 norm; [1, 14] consider o ine assignmems of unit length jobs; [2, 6, 8] consider greedy
assignmen of weighted jobs under the L, norm, where the client-server graph is complete bipartite; [16]
considersdynamic load balancing under the L, norm. The work most relevant to us is the L, norm load
balancing with an arbitrary client-server graph [3]. Becausethe total latency of the clients is related to the
squaredL, norm of the sener loads, the setting of Awerbuch et al. [3] can be viewed as the coordinated
or centralized version of our problem.

Congestion games. The load balancinggamebelongsto the generalclassof congestiongamesintro duced
by Roserthal [19] in gametheory. In thesegames,a set of players compete for a set of resources,and the
cost of ead resourcedependsonly on the number of players using it. A key game-theoretic property of
these gamesis that they always have at least one pure strategy Nash equilibrium. Thus, in our work, we
focus on pure strategy Nash equilibria.

Sel sh routing. In network routing games,sel sh agerts route their trac betweena source-destination
pair in a network, where the network delay (latency) on ead link is determined by a monotone increasing
function of the load through the link. The models consideredin the literature dier in many aspects.

The price of anarchy for the maximal latency was consideredby Koutsoupias and Papadimitriou [13].
In their model, the network consistsof m parallel edgesbetween sourceand destination, and every agert
can use any of the links. In [9], Czumaj and Vodking were able to prove tight bounds for this problem.
Recerly, Awerbucdh et al. [5] and Gairing et al. [11] have extended these results to a model where eath
agert can useonly a subsetof the (parallel) links, namely, a permissible set, and Fotakis et al. [10] have
shaved that the samebound holds in layered networks as well.

The price of anarchy for the total ow latency was consideredby Roughgardenand Tardos [23] and
Roughgarden[2]] in generl networks They obtained tight bounds assuming non-atomic agerts, where
actions of an individual agent has negligible impact on others. Roughgarden[22] extends theseresults to
an atomic splittable model, where ageris cortrol a positive fraction of the total trac but ead user'stask
(o w) canbe split arbitrarily acrossmultiple paths. Our load balancing game,by cortrast, is characterized



by atomic players and unsplittable jobs: There are nitely many clients, eat of whom is wholly assigned
to a single sener.

Similarly to our model, Lucking et al. [15] studied the price of anarchy for total ow latency with
unsplittable o ws. Howewer, they consideronly the special casewhere all seners are permissiblefor every
user. In their model, they show that the price of anardy is lessthan 2, while we preser a lower bound of
2:01 in the generalcasewith arbitrary permissible sets.

Since the conferencepublication of our work, Awerbuch et al. [4] and, independertly, Christodoulou
and Koutsoupias [7] have generalizedour results to broader classesof congestiongames. Awerbuch et
al. [4] obtained a tight bound of 2.5 on the price of anarchy for routing gamesin general networks with
linear latency functions. Christodoulou and Koutsoupias [7] discovered that the price of anarchy under
linear latency functions is at most 2.5 for certain congestiongameswhere ead player's strategy is a subset
of the resourcesinstead of a singleton set.

1.4 Organization

Our paper is organizedas following. In Section 2, we establish two key results (Nash Condition and Nash
Inequality), which are certral to our analysis. In Section3, we prove upper bounds on the price of anarchy
with linear latency functions, and also showv a lower bound construction. In Section 4, we extend our
analysisto the latency functions under the L, norm. In Section5, we presert our improved analysis of the
greedy assignmem scheme. Finally, we o er someconclusionsand open problemsin Section 6.

2 Preliminaries

Our primary model is the linear latency model: if a sener hasload ™ and speed then each of its ~ clients
experiencrgslatency = = . If senerj hasload *; and speed ; in an assignmen M, then the assignmen
has cost jmzl ‘J-Z: j» which is the weighted sum of the squaresof sener loads. We will consider higher

order monomial latency functions in Section 4.
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Figure 1. An instance (a), an optimal matching of cost 3 (b), and a Nash but not optimal
matching of cost 5 (c), assumingunit speed madines.

An assignmehn is a Nash equilibrium if no single client can improve its latency by unilaterally switch-
ing to another (permissible) sener. Given an instance of the client-server problem, let M ¢ denote an
assignmen realizing the social optimum, and let M 55n denote a Nash assignmen. (Seea small example
in Figure 1.) For serwer j, let O; and N; denote the set of clients assignedto j in Mgp and M pagh,
respectively. We usethe shorthand notation o = jO;j and n; = jNj]j for the cardinalities of these sets.
The following lemma notes a simple but crucial condition imposedby a Nash equilibrium.



Lemma 2.1 (Nash Condition) Given an optimal assignmentM o and a Nash assignmentM pash, the
following inequality holdsfor any two serversj; k, where j;  are the speeds of theseservers:
n; ng+ 1

j k

if N,-\Oke;: (l)

Proof. If k=] orNj\ O = ;, then the argumert is trivially true, soassumethat k 6 j andNj\ Oy 6 ;
Pick an arbitrary client i 2 Nj \ O. This client has latency nj=; in the Nash assignmem M nash. The
sener k is also permissible for i becausei 2 Ok. By switching to k, the client i can achieve latency
(ng + 1)= . By the equilibrium property, this latency is the same or worse than its latency in M ash.
Thus, nj=j (ng + 1= . 2

This simple Nash Condition leadsto the following important inequality, which is the main basisfor our
upper bound analysis. (Later, we will prove a similar inequality for the greedy assignmetts.)

Lemma 2.2 (Nash Inequalit y) Given an optimal assignmentM qx and a Nash assignmentM paqh, the
following inequality holds:

g X (n+ 1)

. . (2)
j=1 J j=1 J
roof. Sincethe sets Oy, k = 1;2;:::;m, partition the sg,t of clients, we have that nj = jN;j =
rkn=1 iNj \ Oj, for ewery j. Simllarly, we have ox = jOkj = J -1 INj \ Oj, for every k. Using these

equalities, we can rewrite the total cost of a Nash assignmen as follows:

- = —  INjV O = —INj\ Oy
j=1 ! ji=1 1 k=1 k=1j=1 !
XT‘I Xn + 1 Xn + 1)(“
T 2N oy = Dk N\ Oyj
k=1j=1 K k=1 K j=1
X (e + D)o
k=1 k

In this chain of inequalities, we usedthe fact (nj=;)jN;j \ O] ((n + 1)= KJjN;j \ Oj for all j; k. This
is trivially true if jNj \ Oj = O; otherwise, it follows from Inequality (1). 2

Finally we presern a technical lemma which will be usedlater in Section3 and Section 5.

|5emma 2.3 Letn;m be positive integersandx; 0; j > Oforj = 1;:::;m be arbitrary real valueswith
j=1 Xj = n. Then the following inequality holds:

P x 9P P ,

m_ X m + m . m 1 -

Pilzl J = - = 1+ max 4 M. 3)
m ﬁ 2n 1jk m x 2n

=1

Pr oof. Let
P Xj m+qp.m -P.m 1

f(X ..... X ) jzl_j and C(n'm' ) =1 =1 i

1y---3Am pﬁ y T on

=l_]



It issucient to provef (X1;:::;Xm) ¢(n;m; ) becauseit immediately implies (3). In the following we
usethe Lagrangemultipliell_c, method to prove that the maximum valueof f (x1;:::;Xm) is exactly ¢(n; m; )

under the condition that jm:1 Xj=nandx; 0,j=12:::m.

Suppose that the maximum of f (x1;:::;Xm) is attained at x = (X4;:::;X,) Where there are m°
coordinates x; > 0. In the following we will focus on the casewhere m®= m asc(n; m% ) is maximized
when m®= m. In other words, we can assumethat X; > Oforj = 1;:::;m. By the Lagrange multiplier
condition, there exists a multiplier  such that

@ (Xq5::05%m)
=, 8j=1:1:;m
@; :
P m 2 P m - . .
Let A(x ) =1 (X;)°=j and B(x ) =1 %= - The above equation can be simplied to
A(x) 2B(x)x; = A%x)j; 8j=1L:;m (4)
summing up these equationsfor j = 1;2;::: m, we obtain

_ MA(x) 2ZnB(x)
S Ax )

i

Substituting the value of into ead equation (4), we have

« = A(x) _ mA(é) N

PTBx) D 2BX) T

By plugging in the valuesof x; for all j into A(x ) and B(x ), we get

0 1
A _ xXn (XJ )2 ~ AZ(X ) @X 1 sz A Dn2 .
= = mx) . ot
j=1 J 0 j J Jlj i
X x X
B(x) = 4 = ZA(X)@ 1 pMm” AL pm
= BOO 0 o
Let z B(x )=A(x ), and we get
P ,P 0 .
% ji» i m2 + nm 1.X 1X
z= —P le © i.e., n%z2 nmz 21@ = i m?A = 0:
Z iy 00 m?oan? P

We solve z from the above equation and obtain z = ¢(n; m; ). This completesthe proof of Lemma 2.3. 2

3 Bounds on the Price of Anarc hy

In this section, we prove upper and lower bounds on the price of anarchy. We prove three di erent upper
bounds. The rst upper bound (Theorem 3.1) is in terms of n (number of clients), m (number of seners),
and the sener speeds. This bound is the sharpestin the limit whenm=n! 0 and the ratio betweenthe
maximum and the minimum sener speedsis bounded. For instance, if all serners have equal speed and
m=n approades0, then Theorem 3.1 says that every Nash approachesthe sccial optimum. For arbitrary
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values of m; n and serwer speeds,our secondbound (Theorem 3.2) is the best. It shows that the price of
anarchy is at most 2:5 for any choice of n; m and sener speeds.Finally,.if all seners have the samespeed,
then Theorem 3.3 shows that the price of anarchy is at most (1 + 2= 3)  2:15. We also give a lower
bound construction showing that the price of anardy is at least 2:01, even with equal speedseners. (This
lower bound dashedour original hope that the true price of anarchy was 2.)

Theorem 3.1 With linear latency functions, the price of anarchy is 1+ o(1) giventhat n  m and server
speeds are relatively bounded. Formally, the following is true:

9 p P

cost(M m+ L0 L e
coSMnash) | ' T 1+ 1+ max 2T 5)
cost(Mopt) n 13k m  n
Proof. By using Nash inequality (2) and the fact that njo;  (n? + 0?)=2, we get
!
2 24 2
j=1 i=1 i j=1 j 2
n? X" &+ 20
) - A
P n Pm o
) COS(M nash) — =1y 1+ 2 j=1 7.
coStM gpt) Pm o P o
=17 =1
By Lemma 2.3, we get the desiredresult immediately. 2

Next, we give an upper bound of 2.5 independert of n; m and sener speeds.

Theorem 3.2 With linear latency functions and arbitrary valuesof n; m and server speeds, the price of
anarchy is cost(M pash)=COSt(M gpt ) 2:5.

Proof. Supposethat Moy = fO; j1 j mgis anoptimal assignmeh and Mpash = fNj j1 j  mg
is a Nash assignmenh Fix anindex j, it is straightforward to verify the following equality:

XN p2 X' no + o0 X111 3 1 3
J 1Y ] — 2 2 2
— = — Znf+ -0 Z=(nj =0)°+ O
] ) ] o 371 47 3 39
j=1 j=1 j=1
n? 1 9, 3 1 3
J 2 ! )2
) — — éoj + EoJ E(nJ Eo,)
]=1 J ]=l J

Thus, in order to show



it suces to prove that

9, 3 1 3 % 5, . _
§0j+§0j n; on on, 81 j m

The precedinginequality is equivalent to the following simpli ed form

It holdstrivially if eitheroj = Ooro 2. Becauseo is an integer, thus the only remaining caseis o; = 1,
and in this casethe above inequality is equivalert to 1=4  (n; 3=2)2. Becausen; is an integer, thus this
holds, and the whole proof is complete. 2

3.1 An Impro ved Upp er Bound for Equal Speed Servers

In this section, we show a further improvemert in thepupper bound when all seners have the samespeed.

The upper bound in this caseturns out to be 1+ 2= 3  2:15, which is getting quite closeto the lower

bound of 2:01, shown in the next suk?_,section. Without loss of ggﬁeralily, we assumethat all seners have
m

the unit speed. Thus, cost{Mnash) = L, n? and cost(Mopt) = = |1, 07,

Theorem 3.3 If all servershave equal ?peed and the latency function is linear, then the price of anarchy
is at most CoSt(M pash) =COSM gpt) 2= 3+1 2:15.

Pr oof. In order to prove the upper bound cost(M pash) (2=p 3+ 1) cost(Mgypt), it is enoughto prove
the following:

2 2 2
193 COSt(M nash) 193 1 cost{Mpash) + p_§ + 1 cost(Mopt) (6)
_ P _ Pm
By Lemma 2.2 together with j = 1and ;o = n, we obtain that cosf(M nash) n+ 2 njo. To
prove Eq. (6), it is thus su cien t to shaw that
0 1
2 X A 2 2
p= @+ njoA p=+1 of+ p= 1 n? ;
3 j=1 j=1 3 3

and it is equivalen to

— — — — 2
x P3 ) P3 ) X Pz+1 Pz .
n 1+ - 9 + 1 - Woan = | >0 > (7)
j=1 j=1
P P o
Let xj = —51g  —3-1nj, then (7) is equivalert to the following:
o oo P Pg o
n X{; with Xj = > 0j > nj = n (8)
j=1 j=1 j=1 j=1

We prove Eq. (8) by induction on m, which is alsothe number of pairs (0;;n;j). The basecase,m = 1
is trivially true asx1 = n andn? n becausen is an integer. It is also easyto verify for the casewhere
m = 2 and there are two pairs (a;0) and (0; a). Now assumethat m > 1 and Eq. (8) holds for any m®< m.
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P
If there isnoj sud that o = O, thenn = jm:1 o m, and thus
P
X ( L1x)? _ n2
X —_— = — n.
m m

Similarly the above inequality holds if there is noj sud that n; = 0. Now supposethat there is one pair
(9;n;) = (a;0) and another pair (o; nk) = (0;b). Without lossof generality, we assumethat a b 1. If
a = b, then we break the original problem into two subproblems,where the smaller one cortains only two
pairs (a;0) and (0;a). The Ialgger subproblemhasm 2 pairs. By induction, the inequality holds for both
subproblems. If a > b, then j'“:l sz decreasesf we break (a;0) into two pairs (a b;0) and (b;0). Now
we remove two pairs (b;0) and (0;b) to get a subproblemwith m 1 pairs. Sothat by induction Eg. (8)
holds. This also completesthe whole proof. 2

P P
The proof of Theorem 3.3 usessolely the Nash Inequality (2) and jm:1 o = jm:1 nj = n. For

assignmeis satisfying these constraints (but not necessarilyNash), the bound of Theorem 3.3 is the best
possible. The following set of pairs (o;; n;), forj = 1;2;:::;m, attains this bound (the valuesn;, howe\er,
do not correspond to a Nashsolution): Let n = a+ b+ kandm = a+ k+ 1 and consilgera pairlg of (1;0), k
pairs of (1;1), and onepair of (b;a+ b). Setk = (a 1)(a+ b), thenn = a(a+ b) and j nj2 = jon+n.
Now P

pj”jz _k+(a+h? _ 2a°+3ab+tk? a b

joJ?_ a+ k+ 2 a2+ ab+ 2 b

Let b=aapproximate (p 3 1)=2. As a goesto in nit y, the above ratio approaches1 + 2:IO 3.

3.2 A Lower Bound

We now describe a construction showing that the worst-caseprice of anarchy is at least 2:01. Our lower
bound holds even if all seners have equal speed.

Theorem 3.4 In the worst case, the following lower bound holds for the price of anarchy:

COS‘( M nash)

> 2.0L

Pr oof. We rst describe a generalfamily of instancesof the load balancing gamewith a parameterk 2 N,
k 2. Wethen presen onespeci c instancein this family for k = 7 which provides a lower bound of 2:01.

Consider an integerk 2 N, k 2, and let Sk be the set of all monotone increasing sequencess =
(00;01;::::0¢) 2 NK*1 where 1 00, 0k < k, and o 3 Oi o 1+ 1 fori = 1;2;:::;k. We
consruct a bipartite graph G = (U;V) for every sequences 2 Si. A simple example with k = 3 and
(0p;01;00;03) = (1;1;1;1) is depicted in Figure 2. Both V and U are partitioned into k + 1 groups
V= Vo[ Va[ :i:] Wwand U = Ug[ Ur[ :::[ Uk. The permissibleset of every u 2 U; is Vi [ Vis1
fori = 0;1;:::;k 1,and V for i = k. We choosethe cardinalities of U; and Vi, i = 0;1;:::;k 1, as
follows. Let xs 2 N be an integer speci ed belov. We set jUxj = Xs 0k and jUx 1j = Xs(k 0k). The
remaining cardinalities are determined by two recursionformulas: Let jVij = jUjj=q fori = k;:::;1;0; and

letjUij= (i+ 1) jVis1j = ('):11 jUi+1j fori =k 2;:::;1;0. The solution to this recursion givesjVxj = Xs
and jVij = xs'f)k °lk }‘z i2 (’ﬁ ,fori=0;1;:::;k 1. We choosexs to be the minimum positive real number

such that ewery jVij is an integer.

of Uj to a sener in V;, and ewery sener of V; hasload oj, for i = 0;1;:::;k. We next describe a Nash
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solution M pash: It assignsevery job in U; to asenerin Viyg fori = 0;1;:::;k 1;and it assignsevery job
in Ug to a senerin V. Every senerin Vi hasload nj = i fori = 0;1;:::;k.

minimum integer x = 4. We obtain (jVoj;jVaj;:::;iV7j)) = (1800 1§00 900 300, 75; 30; 10; 4), atotal of 4919
rners. The social costsin the two solutions are cost(M gpt) = i7:0 iVij 0,2 = 5276 and cost(M nash) =
i7=0 jVij i%2 = 10606;sothe price of anarchy is 2+ 27=2638 > 2:01. 2

Figure 2: Our construction for k = 3 and (0p; 01;02;03) = (1;1;1;1): an optimal assignmen
(left), a worst case Nash assignmem (right). Complete bipartite sub-graphs of G between
groups are indicated by dashedlines.

We have preseried a lower bound construction with k = 7 from a generalfamily of instances. A natural
guestion is how far can this construction be pushed? We have systematically tested all instancesin this
family up to k = 29. The construction rst yields a lower bound strictly larger than 2 for k = 6. The
price of anarchy then increasesslonly and monotonically with k, reacing 2:012066948431when k = 29.
With such a slow rate of growth, it seemsunlikely to us that this construction will yield a signi cant
improvemert over 2:01. In fact, we conjecture that an upper bound of the ratio using this construction is
2:0121.

4 Price of Anarc hy with the L, Norm

In this section, we considerhigher order monomial latency functions, and useL , norm to measurethe cost
of an assignmem. For any constart p 1, we assumethat a serer with load ~ and speed has latency
P 1= Thus, eath of the °j clignts matched WBh serer j incurs latency ; = P = ;. The L, norm
measureof the total latency is ( ., NP = ( jm:1 ‘J-pz j)l:p. The casep = 1 is the extreme casewhere
a sener's latency is independent of its load|in sudh a case,all Nash equilibria are optimal. Thus, the
interesting casesare only when p > 1. Our main result in this subsectionshows that the price of anarchy
with this latency measureis (p=logp)(1+ o(1)). (By comparison,the greedyscdemeof Awerbuch et al. [3],

discussedin the next section, has competitiv e ratio cp(1 + o(1)) wherec 1.77.)

Theorem 4.1 With the L, norm latency measure and arbitrary server speeds, the price of anarchy is
bounded by Cos{M nash)=c0ost(Mqpt)  (p=logp)(1 + 0(1)).

Py oof. Let Masn be a Nash a}§signmem and Moy be an optimal assignmem, then costM nasn) =
(;nP=j)P and cost(Mopt) = ( ; o= ;)P Supposethat there exists a constart cp, for xed p> 1,
sud that cosf{Mpasn)  Cp COSt(Mopt), or equivalertly,

xXn njp xn oJP xn njp xn njp xn ij
— ()P — ' P — (P 1 i C ) L 9)
j=1 ! j=1 j=1 j=1 j=1

In the simple casewhere o; = 1 for all i's, we have x = 1, and it is easyto verify that cost(Mopt ) = n, and cost(M nash ) =
2n 1. This relativ ely simple construction givesa lower bound of 2 1=n, which is slightly below 2.
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We have the following chain of inequalities:
xn njp xn njp Ixn _ _ X0 njp 1_ _
— = — JNj \ Oj = —INj \ Oj
j=1 J =1 ) k=1 k=1j=1

XX +1p1 xn +1pl
(ne + 1) iNj \ O = (N + )7 "ok,

k=1 j=1 k k=1

(10)
k

In the above chain of inequalities, we usedthe fact that (nJP = PN\ Okj (N + 1)P 1= K)INj \ Oyj
for all j; k. This is trivial if N; \ Ok = ;; otherwise, the derivation is similar to Nash Condition (1). Due
to Eq (10), in order for Eq (9) to hold, it is su cien t to prove the following:

SERURE I BT YA ¢
j=1 ] j=1 j=1 |
In fact, we prove the following much stronger inequality:
p(nj + 1) g (P Dl + ()P 81 | m: (11)
If g = 0, Eq. (11) is trivially true. Thus we assumethat o; 1. We rewrite Eq. (11) asthe following:

ni 1 p 1 n; P

—+ — 1) — P 12

5" o GRS CY (12)
Letf(x) p(x+ 1P T (p 1)xP;x2[0;1). Sincel=q 1, it follows that the left side of Eq. (12)

is boundedby f (nj=q). It is easyto seethat f (x) is bounded above. Let the maximum value of f (x) be

f (xo) wherexo 0, and set ()P = f (Xg). Sincexg is an extreme point, it follows that f Yxp) = 0, which

meansthat

PP LDxo+ 1P 2 plp 1(xo)® *=0; ie, (xo+ 1 2= (xo)* - (13)
It is easyto derive from Eq. (13) the following bound on xg: Xg = $(1+ o(1)). Now we can bound

the value of ¢, as follows:

G = Pxo+ 1P (p Do) TP = pxo+ Dxo)P L (p xo)P T
1 1=p p 1=p
= Xo pl+x_0 (p 1) = Xo l+%
1=p — p .
1+ p)" xo —Iogp(1+ 0(1)):
This completesthe proof of Theorem 4.1. 2

5 Analysis of Greedy

The cost of an assignmet is related to the squaredsum of the sener loads. An elegalil) result of Awerbuch

et al. [3] shaws that a simple online greedy scheme achieves competitive ratio (1 + 2)2  5:83 for this

measureof centralized load balancing. The greedy scheme assignsead client to a permissibleserer so as

to minimize the increasein the total objective. Speci cally, a client is assignedto sener j that minimizes
. 2 2 s

the quantity ©*0- L= 217

j j j

11



The greedy stheme does not, in general, lead to equilibrium assignmems. Howewer, it does have a
computational advantage|it is easyto implemert. While the greedypolicy above is designedfor optimizing
the scocial welfare, it is also a natural sel sh strategy. Each client is essetially choosing the best possible
sener at the time it makesits selection. When all seners have equal speed, ead client is simply choosing
the sener with mlnlmum load. With arbitrary speeds the greedyaskseach chent to moosethe ser\erj
that minimizes 1=
priority hasa mlnusculee ect on our bounds.

In this section, we reanalyzethe greedy schemeand presen improved bounds on its competitiv e ratio.
The basisfor our analysisis the following Greedy Inequality:

Lemma 5.1 (Greedy Inequalit y) If servershave arbitrary speeds and the latency function is linear,
then the following holds for an optimal assignmentM o, and any greedy assignmentM greedy, Where o =
i0ji;g = iGjj, and O; (resp. Gj) is the set of clients assignel to serverj in Mopt (resp. M greedy):
2
g X 2gorg, (14)
=t 1]

Pr oof. Supposethe cIients arrive in the order 1;2;:::;n. Let X = (Xj1;::: 'x.m) denote the aSS|gnmem

where Xjj ;y; 2 f0;1g and = 1xIJ = = 1yIJ = l We uselLi = (Fj1;:::; im) to denote the load
vector for the greedy scheme after the rst i clients have been assigned,for i = 0;:::;n. Notice that
Lo= (0;:::;0) and L, = (01;:::;0mn). Since greedy minimizes the total increasein the latency at eadh
step, we have

Xni Xn\izl;j X Ciogg + )2 Xn\izl;j :XnYi?‘*ZYij\i L

Summing up theseincremerts for i from 1to n, we get

X 9_12 XX yE+ 2y %1 _ XX iy + 2 1)

j=1 J i=1 j=1 j j=1i=1 j
XXy 1+ 2g) _ 0 (2g + 1)g
j=1 i=1 j j=1 i
In the above chain of inequalities, we usedthe fact that *j 1;; g andy; 1foralli;j, ;yj = 0
for all j. The proof is complete. 2

With the Greedy Inequality, we can prove the following theorem.

Theorem 5.2 With linear latency functions, the ratio of a greedy solution to the optimal solution is at
most 4+ o(1) assumingthat n  m and the server speeds are relatively bounded. Formally, we have the
following:

ap p
m+ Mo L —
COSHM greedy) 4+ =1 =l 4+ 1+ max b

1 r
1
cost(M gpt) n 13k m g

m .
" (15)
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Pr oof. By using the Greedy Inequality (14) and the fact that 2g; g (1=2)gj2 + 2oj2, we get
|
XN o2 X' 200 + O xn 2 '

2 2 _
) xn Ei_ xn 4q + 20
]=1 J ]=1 J
Pm o Pm o
) cost(M greedy) _ =1 4+ 2 =1,
i=1 i=1
By Lemma 2.3, we get the desiredresult immediately. 2

For arbitrary valuesof n; m and arbitrary server ﬁpeeds,our secondtheorem givesan upper bound of
17=3 5:67, which is a slight improvemert over the (' 2+ 1)2 5:83 bound proved in [3].

Theorem 5.3 If servershavearbitrary speeds and the latency function is linear, then the following bound
holds: cost(M greedy) =COSt(M opt ) 17=3. Formally, we have

g g
j 3 '

j=1 j=1

Pr oof. It is easyto verify the following equality:

2, 5, 2 5 2
G0 =g+ £ g 39
From Lemma 5.1, we know that
!
g Xawgorog M1 o2, 5, 2 5 %
T ,- 5979 5 9 3 j
j=1 j=1 j=1 |
) o L 25,,5 2. 5 2
- — &Y iz Y 350
j=1 j=1 6 3 3 2
Pm o P o .
In order to prove =1 9= | (A7=3) j=1 0= j, it issucient to shaow that
25, 5 2 5 2 17 _
on2+ 3% 3 G 7’ onz; forallj = 1;:::;m:
The above inequality can be simplied to the following:
9 10 5 2
27 9 29 2% -

This inequality is obviously true if o = Oor g 2. Sinceg; is an integer, there is only one remaining
caseo = 1, wherethe inequality simplies to 1=4 (g 5=2)2. This holds becauseg; is an integer. This
completesthe proof. 2
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5.1 An Impro ved Bound for Servers of Equal Speed

If all seners have the same speedsthen we can further improve the upper bound for the greedy First,
theorem 5.2 implies that cost(M greedy)=COSt(Mqpt) 4+ 2m=n. Thus, the competitiv e ratio of the greedy
approaches4 asm=n! 0; in practice, this is not a bad assumption since the number of cligr_rts often far
exceedsthe number of seners. A more complicated analysis gives an upper bound of 2+ ~ 5  4:24 for
arbitrary m;n.

Theorem 5.4 If all servershavethe sanespeaj and the latency function is linear, then the ratio
COSH(M greedy)=COSt{(M gpt) is at most 2+~ 5

Proof. In order to prove the inequality COS{M greeaqy) (2 + P E)cost(Mopt), it is enoughto prove the
following:

p_ p

5+ 1 5 1 p_
cost(M greedy) cost(M greedy) + (2+ 5)cost(M opt): (16)
P P
Lemma 5.1, together with the fact j = 1and ;o = n, implies that cos{Mgreeqy) N+ 2 jmzl 07 -
To prove Eqg. (16), it su ces to show the following:
0 1 ]
P P :
5+ 1 a x p_ 5 1
@n+2 oggA (2+ B)o?+ 5 @ 17)
j=1 j=1
and it is equivalen to
| |
_ _ - — _ T2
X 3+'052 3 IO52 X P51 P54 .
n - > o + > g 209 = - > 0j > g (18)

p_ P
Let x; = —5g  —3-1g, then Eq. (18) is equivalert to the following:

o oo Prope Py
n X, with Xj= — 0j >

i g =n (29)

j=1 j=1 j=1 j=1
We prove Eqg. (19) by induction on m. The inductive proof is similar to the proof of Eqg. (8) in
Theorem 3.3 and we omit the details. This completesthe proof. 2

5.2 Some lower bounds

The bound of Theorem 5.4 is the best possibleusing only the Greedy Inequality. Consider the following
exam,gle: There arsa pairs of (1;0), k pairs of (1; 1) and one pair of (b;a+ b). Letk=(a b 1)(a+ b=2,

then 1, g*=2 [ og +nwith n=a+ b+ k. Now

m 2

izt Y _ k+(a+ D2 38+ P+ 4ab (a+ b

o2 atkP+k a2+P+a b

Let b=aapproximate (p 5 1)=2. As a goesto in nit y, the above ratio approaces?2 + P 5.
The following theorem establishesthat the cost of greedyis strictly more than 3 times the optimal in
the worst case.
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Theorem 5.5 In the worst-case, COS{(M greedy) =COS{(Mopt) 3+ 1—12 3:08, evenwith equal speed servers

and linear latency functions.

Pr oof. Considerthe bipartite graph G = (U;V) with n = jUj = 66 and m = jVj = 64. The edgesetis
dened asE = f(uj;vj)jj minfi; 6499

The cost of an optimal assignmenm, which assignsjob i to server minfi; 64g, is cost(M gpt) = 63+ 9=
72. One worst-casegreedy assignmen maps ead client 1;2;:::;64 to a permissible serner minimizing
the increasein L, norm, it breaks ties by choosing the sener with higher index. Its cost amourts to
cOSM greedy) = 16+ 8 22+ 4 32+ 2 42+ 1 52+ 1 92 = 222. Thus, the ratio Cost(M greedy)=COS{M opt)
=3+ 1/12 3.08 > 3. 2

6 Closing Remarks

The usersof a decerralized systemslike the Internet are sometimesbest modeled as sel sh and strategic
players, who want to optimize their own private utilit y. Our sel sh load balancing game models one suc
fundamertal situation, where a set of clients must eat choosea sener. We shaved that the worst-case
Nash solution of this gameis within a small constart factor of the social optimum.

The sum of the clients' latency is related to the squaredsum of the serwer loads. In that respect, our
problem can also be viewed as the uncoordinated version of the classicalL » norm load balancing [3]. We
reanalyzedthe simple online greedy scheme and gave improved bounds on its competitiv e ratio.

The uncoordinated greedy scheme can also be viewed as a myopic strategy for the clients: they choose
the best sener available when they arrive and are not allowed to switch afterwards. By contrast, a Nash
solution requiresthat clients reach a stable point, where no client hasan incentive to switch. Our analysis
shaws that, despite lack of certral coordination, sel sh players nd solutions that are better than greedy
which assumescertralized cortrol but non-sel sh players.

Interestingly, the Nashand the greedycan be viewed astwo extremesof a server switching cost model|
in greedy the costto switch is in nite; in Nash, it is zero. An intriguing open questionis to investigate the
tradeo s of a nite switching cost. Another open questionrelatesto the e ect of sener speeds. Our upper
bounds are better for equal speedseners, but we know of no lower bound construction that givesa worse
solution for arbitrary speedsthan equal speeds. Do arbitrary speedshelp or hurt the price of anarchy?
Finally, there remains a small gap betweenour upper and lower boundsfor the equal speedseners, and it
would be interesting to determine where the truth lies.
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