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Abstract

For n disjoint line segmerts in the plane we construct in optimal O(nlogn) time and
linear spacean encompassingtree of maximum degreethree sud that at every vertex all
incident edgeslie in a halfplane de ned by the incident input segmem. In particular, this
tree is pointed since every vertex has an incident angle greater than . Suc a pointed
binary tree can be augmerted to a minimum pseudo-triangulation. It follows that every
set of disjoint line segmerts in the plane has a constrained minimum pseudo-triangulation
whosemaximum vertex degreeis bounded by a constart.

1 Intro duction

Spanningtrees de ned on disjoint objects in the plane are fundamertal structures in computa-
tional geometry Complex planar objects are often modeled by their boundary polygonswhich,
in turn, can be represenied as planar straight line graphs (PSLGs). An encompassing graph
for a PSLG G is a connected PSLG on the samevertex set that contains all edgesof G, see
Figure 1(b) for an example. Constrained Delaunay triangulations [15] are well-known examples
of encompassinggraphs.

Particularly well-studied are encompassingreesfor disjoint line segmeis in the plane. In this
context, a set of disjoint segmets is regardedasa PSLG that is a perfect matching. It is easy
to construct an encompassingree for any given PSLG in O(nlogn) time; a triangulation, for
instance, of the free spacearound n disjoint line segmetts is an encompassinggraph. Therefore,
most previousreseart|as well asthis paper|[fo cuseson optimizing various parameters(length,
degree,etc.) of encompassingrees.

Encompassing trees for segments. Let ed(n), n 2 , denotethe minimum integer such that
any set of n disjoint line segmets in the plane admits an encompassingtree of maximum
vertex degreeed(n). A simple construction (Figure 1(a)) shaws that not every set of n disjoint
segmets in the plane admits an encompassing path, and soed(n) 3,forn 6.

Somewhat surprisingly, it turns out that ed(n) does not depend on n. Bose, Houle, and
Toussain [4] shoved that ed(n) 3,for all n2 , and henceed(n) = 3,forall n 6. They
also gave an O(nlogn) time algorithm for constructing such an encompassingtree. Both the
degreebound and the runtime are best possible (the latter in the algebraic computation tree
model).

The situation is slightly dierent for minimum encompassingtrees where edgesare weighted
accordingto the Euclidean distance betweentheir endpoints. Boseand Toussair [5] discovered
families of disjoint line segmets for which every minimum encompassingree requiresa vertex
of degreesewen. Conversely a minimum weight encompassingtree of maximum degreesewen
can always be obtained greedily.
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Figure 1: Six segmems which do not admit an encompassingpath (a), and two encompassing
trees: all vertices are pointed (b), the dark vertex is not pointed (c).

Ho mann and Toth [11] showved that for disjoint segmes that are not all collinear there
is always a Hamiltonian encompassinggraph of maximum degreethree. On the other hand,
if segmens are allowed to share endpoints then it is NP-complete to decide whether or not a
given set of segmeits admits an encompassing(Hamiltonian) circuit [18]. For the special case
of corvexly independert segmets (for no segmen both endpoints are interior to the convex
hull) Rappaport et al. [19] gave a polynomial time algorithm.

In this paper, we extend the result of Bose,Houle, and Toussain [4]. For n disjoint line seg-
mernts in the plane we construct a binary encompassingree with an additional useful property:
pointedness

Pointed PSLGs. In recert years, a relaxation of triangulations, called pseudo-triangulations
has received considerableattention. The facesof a pseudo-triangulation are bounded by three
concave chains, rather than by three line segmens. More formally, a pseudo-triangleis a planar
polygon that hasexactly three corvex verticeswith internal angleslessthan , all other vertices
are concave. Pseudo-triangulations, also called geodesic triangulations, were originally studied
for convex setsand for simple polygonsin the context of visibilit y [16, 17] and ray shooting [6, 8].
In the last few yearsthey also found application in robot motion planning [22], kinetic collision
detection [1, 14], and guarding [21].

Of patrticular interest are the so-calledminimum pseudo-triangulations which have the min-
imum number of pseudo-triangular facesamong all possible pseudo-triangulations of a given
domain. They were introduced by Streinu [22], who proved that every minimum pseudo-
triangulation of a set S of n points consists of exactly n 2 pseudo-triangles. Minimum
pseudo-triangulations are also referred to as pointed pseudo-triangulations since every vertex
v of a minimum pseudo-triangulation is pointed, that is, v has an incident region whose an-
gle at v is greater than . For example, the dark vertex in Figure 1(c) is not pointed. The
converseis also true: If ewvery vertex of a pseudo-triangulation is pointed (it has an incident
angle greater than ) then this pseudo-triangulation has exactly n 2 pseudo-trianglesand is
therefore minimum.

Pseudo-triangulations, just like triangulations, are PSLGs. But while triangulations of a
planar point setcanhave arbitrarily high vertex degree there is always a pseudo-triangulation of
vertex degreeat most v e[13]. Boundedvertex degreeis a usefulproperty for many applications,
sinceit enableslocal operations or updatesin constart time.

Streinu [22] showved that every pointed PSLGlthat is, a PSLG whereead vertex is pointed|
can be completedto a pointed pseudo-triangulation by greedily adding edgeswhile maintaining
pointedness.But this approat doesnot provide any guarartee regarding the vertex degree.On
the other hand, pointed spanning trees are not omnipresert in planar structures: Aichholzer,
Huemer, and Krasser [3] preseried triangulations which do not cortain any pointed spanning
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tree. Furthermore, both the algorithm of Bose,Houle, and Toussair [4] and that of Ho mann
and T oth [11] violate pointednessdue to their proof techniques. A natural questionis therefore:
Given a set of disjoint line segmets, can one construct an encompassingtree that maintains
the degreebound of previous algorithms but also ensuresthat the resulting spanning tree is
pointed?

Results. We present an algorithm for constructing an encompassingree that respects point-
ednessand has maximum vertex degreethree.

Theorem 1 For any setof disjoint line segmets in the plane, there is an encompassingree of
maximum degreethree suc that for every vertex v all incident edgeslie in a halfplane bounded
by the line through the segmem of S which v is an endpoint of. For n line segmets, sudc an
encompassingree can be computed in O(nlogn) time and O(n) space.

Recerily, Aichholzer et al. [2] shovedthat a boundeddegreepseudo-triangulation constrained
to contain a Hamiltonian circuit (a simple polygon) always exists, with a degreebound of sewen.
With the help of a pointed binary encompassingtree we can extend these results to pseudo-
triangulations constrainedto cortain disjoint line segmets.

Theorem 2 For any setof disjoint line segmets in the plane, there is an encompassingpointed
pseudo-triangulation with maximum vertex degreeten.

Organization. In Section2 we prove Theorem 1 via a tunnel graphthat is de ned for a convex

partition of the free spacearound the n input segmeis. The construction of connected tunnel

graphs is presenied in Section 3 using a dynamic data structure to test connectivity in plane
graphs|[7]. In Section4 we presen a simple geometric algorithm for our problem that doesnot

rely on this generictool. Finally, Section5 shavs how to combine the pointed binary encompass-
ing tree with the algorithm of Aichholzer et al. [2] to construct a pointed pseudo-triangulation

of maximum vertex degreeten. We concludewith a few open questionsin Section 6.

2 Tunnel Graphs

Convex partition and cells. The free spacearound n disjoint line segmets in the plane can
be partitioned into n + 1 convex cells by the following well known partitioning algorithm.
(For simplicity, we assumethat no three segmem endpoints are collinear.) For every segmen
endpoint p of every input segmen sy, extend s, beyond p until it hits another input segmen, a
previously drawn extension,or to in nit y. There may be many di erent partitions depending of
the order in which we considerthe segmen endpoints, but the number of corvex cellsis always
n+ 1 (seeFig. 2).

(@) (b) (©

Figure 2: Disjoint segmets (a), and two of their corvex partitions (b) and (c).
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Tunnel graphs. Considera set of disjoint segmems S in the plane and a convex partition P (S)
obtained by the above algorithm. Let us assignevery segmem endpoint p to an incident cell
(p) of the partition. We de ne the tunnel graph T(S;P(S); ) for S, a partition P(S), and an
assignmen asfollows: The nodesof T correspond to the convex cells of P(S). Two nodesa
and b are connectedby an edgeif and only if there is a segmeh pg2 S suc that (p) = a and
(g) = b. The tunnel graph is clearly planar; asit hasn + 1 nodesand n edges,it is connected
if and only if it is a tree.

Theorem 3 For any set S of n disjoint line segmems, one can construct in O(nlogn) time
and linear spacea corvex partition P(S) and an assignmen such that the tunnel graph
T(S;P(S); ) is atree.

Note that the choice of the corvex partition is important in Theorem 3: Figure 3(d) shows
four disjoint line segmems and a convex partition suc that there is no assignmem for which
the tunnel graph is connected. (Consider the endpoints of the segmemn s. The left endpoint
is the only segmem incident to cell a and must hencebe assignedto a. Similarly, the right
endpoint of s hasto be assignedto cell b. But then regardlessof the assignmen for the other
points, fa;bg is always a componert of sizetwo in the tunnel graph.) We obtain Theorem 1 as
a corollary of Theorem 3.

Pro of. [of Theorem 1] Considera partition P(S) and an assignmen provided by Theorem 3.
We construct a binary encompassingree asfollows: In ead cell connectall segmen endpoints
assignedto it by a simple path; for example, connectthem in the order in which they appear
along the boundary of the cell.

The resulting graph is clearly a PSLG that cortains all the input segmems. The maximum
degreeis three becausewe add at most two new edgesat every segmemn endpoint. It remains
to prove connectivity. Let p and r be two segmen endpoints. We know that the tunnel graph
is connected,so there is an alternating sequenceof cells and segmeits

such that (pj) = a and (qg) = aj+1, forevery 1 i < k. As all segmemh endpoints assigned
to the samecell are connected,this path correspondsto a path in the constructed graph.

(a) Partition. (b) Tunnel Graph. (c) Encompassing Tree. (d) Disconnected.

Figure 3: An examplefor a partition with an assignmem (a), the
corresponding tunnel graph (b), the resulting tree (¢). A partition for which
no assignmeim givesa connectedtunnel graph (d).
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3 Constructing a Connected Tunnel Graph

This section preserts an algorithmic proof of Theorem 3. Consider a set S of n disjoint line
segmets in the plane and let R be an axis-parallel box which corntains all segmets of S in its
interior. We usea two-phasealgorithm to compute

a partition P(S) of the free spacearound the segmets into n + 1 corvex cells;and
an assignmen of the segmem endpoints to incident cells

The rst phaseis a left-to-right sweep: We extend every input segmem beyond its right endpoint
until the extension hits another segmem, another extension, or the boundary of R. If two
extensionsmeet, an arbitrary one cortinues and the other one ends (Figure 4(b)). The free
spaceof the input segmeits and their right extensionsis a simply connectedsetCqy R. In the
secondphase,the left extensionsof the segmeits are inserted one-by-one in an arbitrary order.

A
/\/

(a) (b)

(d) (e)
Figure 4: Constructing the partition: First all right extensions(b), then the left extensions

are inserted one by one (c) and (d), and from the nal partition together
with the assignmemn we can construct the encompassingree (e).

Denote by Aj, 0 i n, the arrangemert of the input segmets, all their right extensions,

beendrawn yet. We facethe arrangemen A in which there is only one single cell Cy. After
the secondphase,the arrangemer to be consideredis A ,,, which consistsof n + 1 convex cells.

We de ne the assignmeh onthe endpoints of sj, i = 1;2;:::;n, assoon asthe left extension
i of s is inserted. At this point we have an arrangemen A; 1 that consistsof i cellsand a
partial assignmen on the endpoints of the rst i 1 segmems. A;j ; and de ne atunnel

graph T; 1 oni nodes. We choosethe assignmen at the endpoints of s; inductively suc that
the resulting tunnel graph T; remains connected. Clearly Ty is connectedbecauseit is a graph
on one node only.

For the induction step considerthe ray ; that splits a cell C; of Aj ; into two ceIIsCiOand Ci00
of A;. Correspondingly, a node of T; 1 is split into two nodesthat are in di erent componerts
of the resulting graph T? ;. The left endpoint p; of s; is incident to both C?and C®because
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p; is the sourceof the ray ; that separatesboth cells. The right endpoint g;, howewver, may
be incident to neither C° nor C? We always assigng to the cell lying above ¢. Then p; is
assignedto CCor C% whichever liesin the componert of T ; which doesnot cortain (g;). As
TO | hasexactly two componerts, this assignmen ensuresthat the resulting tunnel graph T; is
connected

It remains to shawv the time and spacebounds claimed in Theorem 3. The arrangemen
A, can be constructed using two standard line sweepalgorithms in O(nlogn) time and linear
space. First, the right extensionsare handled in a left-to-right sweep. Then, all left extensions
are pre-computed in a single right-to-left sweep; wheneer two left extensionsmeet, the one
with the smaller index according to the insertion order continues and the other ends. The
conmbinatorial complexity of A, is O(n) and we can storeit in a standard DCEL structure. Any
type of incidence and adjacency information|suc h as which two cells a segmem endpoint is
adjacen tojcan be extracted from this arrangemert.

In the secondphase,the pre-computed left extensionsare inserted one-hy-one. To decideon
the assignmen for the left segmem endpoints, we needto maintain the connectivity information
about the tunnel graph under construction. For any arbitrary order of the extensionsand any
assignmen for the segmen endpoints, the graph formed by the tunnel edgesis plane (that
is, a planar graph with a given embedding). Hence,we can employ a dynamic data structure
of Eppstein et al. [7] which maintains the connectedcomponerts of a plane graph under edge
insertions and vertex splits in O(logn) time per update and O(n) space. This structure can
answer connectivity queriesfor any two verticesin O(logn) time.

Therefore, the algorithm can be implemented in O(n logn) time and O(n) space.

4 A Simple Geometric Algorithm

In the previous section, we proved Theorem 3. In this sectionwe presert an alternative, simple,
and geometric algorithm that computes a tunnel graph in O(nlogn) time and O(n) space
without relying on the dynamic data structure by Eppstein et al. [7].

We rst compute the arrangemern A, for an arbitrary insertion order with two line sweepsas
described above. For every segmem s; 2 S, we de ne a left extensioncurve | asfollows: | is
a directed polygonal curve in the arrangemen Ap; it starts from the left endpoint p; along the
left extensionof s; and endswhen it hits another segmen, a right extension, or the bounding
box; if it hits another left extensionin A, then it continuesalongit in right-to-left direction.

Let us denote by B;, 0 i n, the arrangemen formed by the input segmets, their

has a single (non-convex) face. When all n left extension curves are inserted, we obtain the
arrangemen B, = Ay.
Obsernwe that the proof of Theorem 3 holds true verbatim with curves ; instead of the rays
i. Indeed, we have usedonly the properties that ead ; splits a cell C; of B; ; into two cells
c?and C%f B;, and the left endpoint p; is incident to both C°and C°

A particular order of the segments. For computing an assignmen on the n left segmen
endpoints in O(log n) time ead, we insert the curves ; into the arrangemen By in a particular
order . In an arrangemen B;j, let us call the face incident to the lower-left corner of the
bounding box the LL-cell, and all other facesthe terminal cells. We choose suc that in every
arrangemen B;j, i = 0;1;:::;n, every terminal cell is a cell of the nal arrangemen B, = A,.
This is equivalent to the property that for every i = 0;1;:::;n 1;, the curve 41 partitions
the LL-cell of the arrangemen B;.
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Figure 5: A corvex partition (a), every left segmem endpoint de nes an edgeof the auxiliary
graph G (b), an order ~ (c), and the corresponding order  (d).

Computing anorder. A suitable order of the n input segmeis canbecomputedin O(n) time
from the arrangemen A,. We de ne and compute an auxiliary graph G with the help of Ap:
The nodesof G correspond to the facesof the arrangemen A ,; two nodesof G are connected
by an edgeif and only if the corresponding cells are incident to a left segmem endpoint (see
Fig. 5).

Prop osition 4 The auxiliary graph G is connected.

Pro of. Suppose, to the contrary, that G is disconnected. One connected componert of G
correspondsto aregionQ R which is the union of cellsof A, and the boundary of Q contains
no left segmem endpoint. That is, there is a cycle in A, that is nontrivial (dierent from
the boundary of R) and does not passthrough any left segmen endpoint. This is impossible
becausehe input segmes and their right extensions(i.e., the arrangemen A ) do not form any
nontrivial cycle and, similarly, the right extensionsdo not form any cycle either. Any nontrivial

cyclein A, must contain a left segmen endpoint. We concludethat G is connected.

Graph G hasn + 1 nodesand n edges,and it is connected,thereforeit is a tree. Let (G;r)
be a rooted tree wherer 2 G is the node corresponding to the cell incident to the lower left
corner of R. We choosean auxiliary order * on the nodesof G: We recursively pick a leaf of
the rooted tree (G;r), weinsert it into * and deleteit until we have processedhe root r.

We compute the order of input segmeis basedon the auxiliary order ~ of cellsof A,. For
any i = 1;2;:::;n, let the i-th element of bethe segmen whoseleft endpoint correspondsto
the edgeof G betweenthe i-th node in ~ and its parent node.

The order has the required property: We argue that the rst i cells (in ~-order) of the
arrangemen A, are terminal cellsin the arrangemert B; (which is obtained by inserting the
curves 1; 2;:::; jin -order). We proceedby induction oni. The claim is obvious for i = 0,
when Bg has no terminal cells. If it is true for every i°< i, then considerB; ; and insert the
left extensioncurve ;. Let D; denotethe i-th cell of A,. The starting point p; of curve ; lies
on the boundary of D;. By the de nition of #, all other -curveswhosestarting points lie along
D; have already beeninserted. Therefore ; splits the LL-cell of B; 1 into D; and the LL-cell
of B;.

Union-nd forest. We insert the curves , i = 1;2;:::;n, one-by-onein -order and choose
the assignmem (p;) similarly to the proof of Theorem 3. We obtain the arrangemen B; by
inserting the left extensioncurve ; into B; 1. Curve ; splits the LL-cell of B; ; into the LL-cell
of B; and a new terminal cell D; (which is a cell of A, by choiceof ). The left endpoint p; lies
on the commonboundary of thesetwo new cells. Curve ; alsosplits the corresponding node of
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the tunnel graph T; 1 into two nodes,and splits T; ; into a forest Ti0 , of two componerts. To
nd the correct assignmen (p;), it is enoughto decidewhether the cell of B; above the right
endpoint g is connectedto D; in T2 ; or not.

For every i = 0;1;:::;n, we maintain a data structure for the terminal nodes of B;. We
represent the tunnel edgesbetween terminal cells of B; in a union- nd seard forest U;. (Note
that U; doesnot represen tunnel-edgesbetweenthe LL-cell and terminal cells, and so U; may
be disconnected.) We construct U; from U; ; asfollows: We create a new node d; represerting
the new terminal cell D;. By traversingthe boundary of D;, we list all terminal cells connected
to D; by atunnel edgeof T; 1. We mergethe corresponding trees of U; 1 and the singleton d;
into onetree accordingto union-by-height. The seart forest U; has height O(logn).

Finally, we look up the cell above the right endpoint g; and the terminal cell D; in the seard
forest U;. If they are in dierent trees, then we assignp; to Dj, otherwise we assignp; to the
LL-face of Bj. The argumert in the proof of Theorem 3 guaraneesthat we obtain an assignmen

for which the tunnel graph T(S;P(S); ) is connected.

Runtime analysis. The arrangemen A,, can be constructed using two line sweep algorithms
in O(nlogn) time and O(n) space.The order can be computed from A, in O(n) time. The
curves ; may overlap, but we compute them only until they split a cell of B; into two cells,and
B, hasthe samecomplexity asA, that is O(n). Finding aterminal cell in the union- nd forest
U; takes O(log n) time which implies that we can choosethe assignmen for ead left segmen
endpoint in O(log n) time. Therefore our algorithm runs in O(nlogn) time and O(n) space.

5 Bounded Degree Pseudo-Triangulations for Disjoint Segments

For the proof of Theorem 2, we combine Theorem 1 with the algorithm of Aichholzer et al. [2],
according to which a simple polygon can be pseudo-triangulated such that the degreeof every
convex vertex is at most four and the degreeof every re ex vertex is at most v e, that is, every
corvex (re ex) vertex hasat most two (three) newincident edgesin addition to the two incident
polygon edges.In fact, we usea special caseof their result:

Theorem 5 ([2]) For any weakly simple polygon P with two consecutive corvex vertices u
and v there is a pointed pseudo-triangulation of the interior of P suc that

ewvery re ex vertex of P receivesat most three additional edges;

ewvery corvex vertex of P receivesat most two additional edges;

u receivesat most one additional edge;

v doesnot receive any additional edge.

Let D(T;S) denotethe arrangemer formed by the binary pointed
encompassingtree T provided by Theorem 1 and the convex hull
CH(S). The facesof the arrangemen D(T;S) are weakly simple
polygons.

Prop osition 6 Every face P of the arrangemern D(T;S) has ex-
actly one edgewhich is part the corvex hull CH(S) but does not Figure 6: D(T: S).
belongto T.

Pro of. If P hasonly edgesthat belongto T then T hasa cycle. SoP has at least one edge
from CH(S) nT. But P can not have more than one edgefrom CH(S) nT, otherwise T would
be disconnected.
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We obtain a boundeddegreepseudo-triangulation of the input segmems by pseudo-triangulat-
ing ead faceof D(T;S) using the algorithm by Aichholzer et al. [2].

Pro of. [of Theorem 2.] Consider a weakly simple face P of the arrangemen D(T;S). By
Proposition 6 P has an edgee which is part of CH(S) but doesnot belongto T. We label the
vertices of e by u and v sud that tv is oriented courterclockwise along CH(S). Now we apply
Theorem5to P, u, and v.

D(T;S) cortains two types of vertices: Convex hull vertices pny; and interior vertices pint .
Every interior vertex piy: is pointed and has maximal degree3. Sopj, is incident to at most 3
angular domains, one of which is re ex. By Theorem 5, the degreeof pi,; increasesby at most
3+ 2+ 2= 61to at most 10.

Every corvex hull vertex pny has degreeat most 3 in T and therefore degreeat most 5 in
D(T;S). We distinguish three casesaccordingto the type of the two corvex hull edges,e; and
&, incident to pny | (seeFig. 6).

(a) If both e; and e, are edgesof T, then ppy | is incident to at most 2 angular domains, all of
which are convex. In this case,the degreeof pny | is at most 3in D(T;S), and it increases
by at most 2+ 2= 4to at most 7.

(b) If either e; 62T or e, 62T (but not both), then pny is incident to at most 3 angular
domains, all of which are corvex. In this case,the degreeof pny is at most4in D(T;S).
W.l.o.g. we assumee; 62T. Then ppy; is labeled either u or v with respect to the face of
D(T;S) adjacert to e;. HenceTheorem 5 implies that the degreeof pn | increaseshy at
most 2+ 2+ 1= 5to at most 9.

(c) If e1 62T and e, 62T, then pny; is incident to at most 4 angular domains, all of which are
convex. In this case,the degreeof pny is 5in D(T;S). ppull is labeledu and v for the
two facesof D(T;S) adjacert to e; and e,. Note that thesefacesare necessarilydistinct
by Proposition 6. Therefore the degreeof pny | increasesby at most2+ 2+ 1+ 0= 5to
at most 10.

This completesthe proof of Theorem 2.

. P

Figure 7: Lower bound construction (left), casel (middle), case2 (right). D 10 is shaded.

In the remainder of this section, we preser a con guration of ten disjoint segmeis (planar
straight line matching) such that for any pseudo-triangulation there is a vertex of degreeat

on the sides psk+2 Pak+3, and another v e are on the diagonals pax+1 Pak+4 for k = 1;2;:::;5,
seeFigure 7. The segmeis partition their convex hull into v e corvex quadrilaterals and a
corvex 10-gonD1g. Every vertex of the 10-gonis incident to a quadrilateral. Note that ewvery
pseudo-triangulation of a corvex polygon is a triangulation. We distinguish two cases:
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Case 1: A vertex pis incident to at least 3 diagonalsof D 19. The degreeof p is at least 5
in the triangulation of D ;9. Togetherwith the hull edgeof the adjacert quadrilateral, the total
degreeof p is at least 6.

Case 2: Every vertex is incident to at most 2 diagonalsof D 1p. The diagonalsof D 19 form
a path and so the dual graph of this triangulation is also a path. Among the 10 vertices of
D19, there are 2 consecutive pairs incident to lessthan 2 diagonals of D 19. Therefore, there
are 3 consecutiwe vertices along D 19 such that ead of them is incident to 2 diagonals of D 1.
So there is an input segmen s = (p;qg) along Do such that both its endpoints are incident
to two diagonals of D1g9. W.l.0.g., we may assumethat q is alsoincident to a diagonal in the
triangulation of the convex quadrilateral adjacert to s. The degreeof qis 4 in D 19 and 3 in the
gquadrilateral, soits total degreeis six.

6 Conclusion

We derived a constart (vertex-)degreebound for pseudo-triangulationsof disjoint line segmets:
There is always a pseudo-triangulation of (vertex-)degreeat most ten. What is the smallest
(vertex-)degreebound for pointed pseudo-triangulations of disjoint line segmets in the plane?

A colorful extension of the result of Bose et al. [4] on binary encompassingtrees was con-
sidered. A graph is vertex-wlored if every vertex has a color and no edgeis monochromatic.
The set of input segmers can be consideredas a vertex-colored matching. Hurtado et al. [12]
shaved that every vertex-colored PSLG without singleton componerts admits a vertex-colored
encompassinggraph. Extending techniques of Hurtado et al. [12] and Ho mann and Toth[10],
Souwaineand T oth [20] have recenly obtained an optimal degreebound for encompassingyraphs
of vertex-colored PSLGs. They can augmert any vertex-colored PSLG with n vertices and no
singleton componerts to a vertex-colored encompassinggraph suc that the degreeof ewvery
vertex increasesby at most two. On the other hand, Grantson, Meijer, and Rappaport [9] have
recenly shawn that a vertex-colored minimum encompassingtree for a set of colored disjoint
line segmeis may require a vertex of linear degree.

Our Theorem 1 doesnot generalizeto PSLGs: By a result of Souvaine and Toth [20], there
is pointed PSLG sud that it cannot be augmerted to a pointed encompassinggraph suc
that ewvery vertex degreeincreasesby at most two. A common generalization of the colorful
encompassingtrees and our Theorem 1 may still be possible: Can an encompassingtree for
disjoint segments have all three properties conbined: For a set of vertex-colored disjoint line
segmens in the plane, doesthere exist an encompassingtree suc that (i) it has maximum
degreethree, (ii) it is pointed, and (iii) vertex-colored?
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