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Abstract. The ‘Folk Theorem’ that a smooth action by a compact Lie group
can be (canonically) resolved, by iterated blow up, to have unique isotropy

type is proved in the context of manifolds with corners. This procedure is

shown to capture the simultaneous resolution of all isotropy types in a ‘reso-
lution tower’ which projects to a resolution, with iterated boundary fibration,

of the quotient. Equivariant K-theory and the Cartan model for equivariant
cohomology are tracked under the resolution procedure as is the delocalized

equivariant cohomology of Baum, Brylinski and MacPherson. This leads to

resolved models for each of these cohomology theories, in terms of relative
objects over the resolution tower and hence to reduced models as flat-twisted

relative objects over the resolution of the quotient. As a result an explicit equi-

variant Chern character is constructed, essentially as in the non-equivariant
case, over the resolution of the quotient.
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1. Introduction

In this paper the ‘Folk Theorem’ that the smooth action of a general compact
Lie group, G, on a compact manifold, M, can be resolved to have components
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with unique isotropy type is proved and various cohomological consequences of this
construction are derived. In particular, directly on the resolution, a ‘delocalized’
equivariant cohomology is defined, and shown to reduce to the cohomology of Baum,
Brylinski and MacPherson in the Abelian case. The equivariant Chern character,
giving an isomorphism to the equivariant K-theory with complex coefficients is then
obtained from the usual Chern character by twisting with flat coefficients.

The resolution of a smooth Lie group action is discussed by Duistermaat and
Kolk [5] (which we follow quite closely), by Kawakubo [11] and by Wasserman [15]
but goes back at least as far as Jänich [10] and Hsiang [8]. In these approaches
however there are residual finite group actions, particular reflections, due to the
use of real projective blow up. Using radial blow up, and hence working in the
category of manifolds with corners, these problems disappear and it is shown below
that there is a canonical resolution which simultaneously resolves all isotropy types.
This results in what we call a resolution structure (Y∗, φ∗). Here YI is a collection
of compact manifolds with corners labelled by the set, I, of conjugacy classes of
isotropy groups, i.e. isotropy types, of the action. There are always minimal ‘open’
isotropy types for which the corresponding manifold, Y, (possibly not connected)
gives a resolution of the action on M. That is, there is a smooth G-action on Y
with unique isotropy type on each component and a smooth G-equivariant map

(1) β : Y −→M

which is a diffeomorphism of the interior of Y to the minimal isotropy type(s).
Here, β is the iterated blow-down map for the resolution. This manifold carries a
resolution tower in the sense that there is a G-invariant partition of the boundary
hypersurfaces of Y into manifolds with corners, HI , labelled by the non-minimal
isotropy types, carrying G-equivariant fibrations

(2) φI : HI −→ YI .

Here YI resolves the, generally singular, closure MI ⊂ M, of the corresponding
isotropy type M I ,

(3) βI : YI −→MI , β
∣∣
HI

= βI ◦ φI .

Thus the resolution procedure resolves the inclusion relation between the MI corre-
sponding to the stratification of M by isotropy types, into the intersection relation
between the HI . The resolution tower for M naturally induces a resolution tower
for each YI . The quotient of a group action with fixed isotropy type is smooth
and the resolution tower induces a resolution, Z, of the quotient G\M in a similar
form, as a compact manifold with corners with iterated fibrations of the boundary
hypersurfaces over the quotients of the resolutions of the isotropy types. For the
convenience of the reader a limited amount of background information on manifolds
with corners and blow up is included below.

Once the resolution is constructed, the Cartan model for the equivariant coho-
mology, H∗G(M), is lifted to it and then projected to the quotient. In the free case,
Borel’s theorem identifies this localized equivariant cohomology with the cohomol-
ogy of the quotient. In the case of a group action with unique isotropy type we
show that the equivariant cohomology reduces to the cohomology over the quotient
with coefficients in a flat bundle of algebras, which we call the Borel bundle, which
is modelled on the invariant polynomials on the Lie algebra of the isotropy group –
or equivalently the symmetric part of the total tensor product of the dual. In the
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general case the equivariant cohomology is identified with the relative cohomology,
with respect to the tower of fibrations, twisted at each level by this flat coefficient
bundle; the naturality of the bundle ensures that there are pull-back maps under
the boundary fibrations induced on the twisted forms. Thus the Borel bundle rep-
resents the only equivariant information over the resolution of the quotient needed
to recover the equivariant cohomology. In this construction we adapt Cartan’s form
of the isomorphism in the free case as presented by Guillemin and Sternberg [6] to
the case of a fixed isotropy group.

Using the approach through G-equivariant bundles to equivariant K-theory,
KG(M), as discussed by Atiyah and Segal, ([1], [14]), we give a similar lift of it
to the resolution of the action and then project to the resolution of the quotient.
This results in a closely analogous reduced model for equivariant K-theory where
the Borel bundles are replaced by what we term the ‘representation bundles’, which
are flat bundles of rings modelled on the representation ring of the isotropy group
over each resolved isotropy type. Cartan’s form of the Borel-Weil construction gives
a map back to the Borel bundle.

The representation bundles over the resolution tower amount to a resolution (in
the Abelian case where it was initially defined) of the sheaf used in the construction
of the delocalized equivariant cohomology of Baum, Brylinski and MacPherson ([2],
see also [4]). The close parallel between the reduced models for equivariant K-theory
and equivariant cohomology allow us to introduce, directly on the resolution, a
delocalized deRham cohomology H∗R,G(M) generalizing their construction to the
case a general compact group action. As in the Abelian case, the Chern character
gives an isomorphism,

(4) ChG : KG(M)⊗Z C −→ Heven
R,G (M)

to equivariant K-theory with complex coefficients. These results are also related
to the work of Rosu, [13], and earlier work of Illman, [9], in the topological setting
and likely carry over to other cohomology theories.

The authors are grateful to Eckhard Meinrenken for very helpful comments on
the structure of group actions with unique isotropy type and to Haynes Miller for
topological advice.

2. Manifolds with corners

By a manifold with corners, M, we shall mean a topological manifold with bound-
ary with a covering by coordinate charts

(2.1) M =
⋃
j

Uj , Fj : Uj −→ U ′j ⊂ Rm,` = [0,∞)` × Rm−`,

where the Uj and U ′j are (relatively) open, the Fj are homeomorphisms and the
transition maps

(2.2) Fij : Fi(Uj) −→ Fj(Ui), Ui ∩ Uj 6= ∅
are required to be smooth in the sense that all derivatives are bounded on compact
subsets; an additional condition is imposed below. The ring of smooth functions
C∞(M) ⊂ C0(M) is fixed by requiring (F−1

j )∗(u
∣∣
Uj

) to be smooth on U ′j , in the
sense that it is the restriction to U ′j of a smooth function on an open subset of
Rm. The part of the boundary of smooth codimension one, which is the union
of the inverse images under the Fi of the corresponding parts of the boundary of
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the Rm,`, is dense in the boundary and the closure of each of its components is a
boundary hypersurface of M. Subsequently we also describe the finite union of non-
intersecting boundary hypersurfaces, in this sense, as a boundary hypersurface. We
shall insist, as part of the definition of a manifold with corners, that these boundary
hypersurfaces each be embedded, meaning near each point of each of these closed
sets, the set itself is given by the vanishing of a local smooth defining function x
which is otherwise positive and has non-vanishing differential at the point. In the
absence of this condition M is a tied manifold. It follows that each such boundary
hypersurface (in either sense), H, of a manifold with corners is globally the zero
set of a smooth, otherwise positive, boundary defining function ρH ∈ C∞(M) with
differential non-zero on H; conversely H determines ρH up to a positive smooth
multiple. The set of connected boundary hypersurfaces is denoted M1(M) and
the boundary faces of M are the components of the intersections of elements of
M1(M). We denote by Mk(M) the set of boundary faces of codimension k. Thus
if F ∈ Mk(M) and F ′ ∈ Mk′(M) then F ∩ F ′ can be identified with the union
over the elements of a subset (possibly empty of course) which we may denote
F ∩ F ′ ⊂ Mk+k′(M). Once again it is convenient, and consistent, to describe a
subset ofMk(M) with non-intersecting elements as a boundary face, and then the
intersection of two boundary faces (even in this broader sense) is a boundary face.

By a manifold from now on we shall mean a manifold with corners, so the qualifier
will be omitted except where emphasis seems appropriate. The traditional object
will be called a boundaryless manifold.

As a consequence of the assumption that the boundary hypersurfaces are embed-
ded, each boundary face of M is itself a manifold with corners (for a tied manifold
the boundary hypersurfaces are more general objects, namely articulated manifolds
which have boundary faces identified). At each point of a manifold with corners
there are, by definition, local product coordinates xi ≥ 0, yj where 1 ≤ i ≤ k and
1 ≤ j ≤ m− k (and either k or m− k can be zero) and the xi define the boundary
hypersurfaces through the point. Unless otherwise stated, by local coordinates we
mean local product coordinates in this sense. The local product structure near the
boundary can be globalized:-

Definition 1. On a compact manifold with corners, M, a boundary product structure
constitutes a choice ρH ∈ C∞(M) for each H ∈ M1(M), of defining functions for
the boundary hypersurfaces, an open neighborhood UH ⊂M of each H ∈M1(M)
and smooth vector fields VH defined in each UH such that

(2.3)
VHρK =

{
1 in UH if K = H

0 in UH ∩ UK if K 6= H,

[VH , VK ] = 0 in UH ∩ UK ∀ H,K ∈M1(M).

Integration of each VH from H gives a product decomposition of a neighborhood
of H as [0, εH ] ×H, εH > 0 in which VH is differentiation in the parameter space
on which ρH induces the coordinate. Shrinking UH allows it to be identified with
such a neighborhood without changing the other properties (2.3). Scaling ρH and
VH allows the parameter range to be taken to be [0, 1] for each H.

Proposition 2.1. Every compact manifold has a boundary product structure.

Proof. The construction of the neighborhoods UH and normal vector fields VH will
be carried out inductively. For the inductive step it is convenient to consider a
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strengthened hypothesis. Note first that the data in (2.3) induces corresponding
data on each boundary face F of M – where the hypersurfaces containing F are
dropped, and for the remaining hypersurfaces the neighborhoods are intersected
with F and the vector fields are restricted to F – to which they are necessarily
tangent. It may be necessary to subdivide the neighborhoods if the intersection
F ∩H has more than one component. In particular this gives data as in (2.3) but
with M replaced by F. So such data, with M replaced by one of its hypersurfaces,
induces data on all boundary faces of that hypersurface. Data as in (2.3) on a
collection of boundary hypersurfaces of a manifold M, with the defining functions
ρH fixed, is said to be consistent if all restrictions to a given boundary face of M
are the same.

Now, let B ⊂M1(M) be a collection of boundary hypersurfaces of a manifold M,
on which boundary defining functions ρH have been chosen for each H ∈M1(M),
and suppose that neighborhoods UK and vector fields VK have been found satisfying
(2.3) for all K ∈ B. If H ∈ M1(M) \ B then we claim that there is a choice of VH
and UH such that (2.3) holds for all boundary hypersurfaces in B ∪ {H}, with the
neighborhoods possibly shrunk. To see this we again proceed inductively, by seeking
VH only on the elements of a subset B′ ⊂ B but consistent on all common boundary
faces. The subset B′ can always be increased, since the addition of another element
of B \ B′ to B′ requires the same inductive step but in lower overall dimension,
which we can assume already proved. Thus we may assume that VH has been
constructed consistently on all elements of B. Using the vector fields VK , each of
which is defined in the neighborhood UK of K, VH can be extended, locally uniquely,
from the neighborhood of K ∩H in K on which it is defined to a neighborhood of
K ∩H in M by demanding

(2.4) LVKVH = [VK , VH ] = 0.

The commutation condition and other identities follow from this and the fact that
they hold on K. Moreover, the fact that the VK commute in the intersections
of the UK means that these extensions of VH are consistent for different K on
their common domains. In this way VH satisfying all conditions in (2.3) has been
constructed in a neighborhood of the part of the boundary of H in M corresponding
to B. In the complement of this part of the boundary one can certainly choose VH
to satisfy VHρH = 1 and combining these two choices using a partition of unity
(with two elements) gives the desired additional vector field VH once the various
neighborhoods UK are shrunk.

Thus, after a finite number of steps the commuting normal vector fields VK are
constructed near each boundary hypersurface. �

Note that this result is equally true with the wider definition of boundary hyper-
surface above, however it is crucial that the different ‘hypersurfaces’ do not have
self-intersections.

The existence of such normal neighborhoods of the boundary hypersurfaces en-
sures the existence of ‘product-type’ metrics. That is, one can choose a metric g
globally on M which near each boundary hypersurface H is of the form dρ2

H+φ∗HhH
where φH : UH −→ H is the projection along the integral curves of VH and hH is
a metric, inductively of the same product-type, on H. Thus near a boundary face
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F ∈Mk(M), which is defined by ρHi , i = 1, . . . , k, the metric takes the form

(2.5) g =
k∑
i=1

dρ2
Hi + φ∗FhF

where φF is the local projection onto F with leaves the integral surfaces of the k
commuting vector fields VHi . In particular

Corollary 2.2. On any manifold with corners there exists a metric g, smooth and
non-degenerate up to all boundary faces, for which the boundary faces are each
totally geodesic.

A diffeomorphism of a manifold sends connected boundary faces to boundary
faces – which is to say there is an induced action on M1(M).

Definition 2. A diffeomorphism F of a manifold M is said to be boundary inter-
section free if for each H ∈ M1(M) either F (H) = H or F (H) ∩ H = ∅. More
generally a collection G of diffeomorphisms is said to be boundary intersection free
if M1(M) can be partitioned into subsets Bi ⊂M1(M) such that the elements of
each Bi are disjoint and the induced action of each F ∈ G preserves the partition,
i.e. maps each Bi to itself.

Thus a diffeomorphism is boundary intersection free if and only if it sends boundary
faces in the wider sense to boundary faces.

A manifold with corners, M, can always be realized as an embedded submanifold
of a boundaryless manifold. As shown in [12], if F ⊂ M1(M) is any disjoint
collection of boundary hypersurfaces then the ‘double’ of M across F , meaning
2FM = MtM/∪F can be given (not however naturally) the structure of a smooth
manifold with corners and if F is a maximal disjoint subset then the number of
boundary hypersurfaces of 2FM is strictly smaller than for M. After a finite number
of steps, the iteratively doubled manifold is boundaryless and M may be identified
with the image of one of the summands.

3. Blow up

A subset X ⊂ M of a manifold (with corners) is said to be a p-submanifold if
at each point of X there are local (product) coordinates for M such that X ∩ U,
where U is the coordinate neighborhood, is the common zero set of a subset of
the coordinates. An interior p-submanifold is a p-submanifold no component of
which is contained in the boundary of M. A p-submanifold of a manifold is itself a
manifold with corners, and the collar neighborhood theorem holds in this context.
Thus the normal bundle to X in M has (for a boundary p-submanifold) a well-
defined inward-pointing subset, forming a submanifold with corners N+X ⊂ NX
(defined by the non-negativity of all dρH which vanish on the submanifold near
the point) and, as in the boundaryless case, the exponential map, but here for a
product-type metric, gives a diffeomorphism of a neighborhood of the zero section
with a neighborhood of X :

(3.1) T : N+X ⊃ U ′ −→ U ⊂M.

The radial vector field on N+X induces a vector field R near X which is tangent
to all boundary faces.
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Proposition 3.1. If X is a closed p-submanifold in a compact manifold then the
boundary product structure in Proposition 2.1, for any choice of boundary defining
functions, can be chosen so that VH is tangent to X unless X is contained in H.

Proof. The condition that the VH be tangent to X can be carried along in the
inductive proof in Proposition 2.1, starting from the smallest boundary face which
meets X. �

If X ⊂ M is a closed p-submanifold then the radial blow-up of M along X is a
well-defined manifold with corners [M ;X] obtained from M by replacing X by the
inward-pointing part of its spherical normal bundle. It comes equipped with the
blow-down map

(3.2) [M ;X] = S+X t (M \X), β : [M ;X] −→M.

The preimage of X, S+X, is the ‘front face’ of the blow up, denoted ff([M ;X]).
The natural smooth structure on [M ;X], with respect to which β is smooth, is
characterized by the additional condition that a radial vector field R for X, as
described above, lifts under β (i.e. is β-related) to ρffXff for a defining function ρff

and normal vector field Xff for the new boundary introduced by the blow up.
Except in the trivial cases that X = M or X ∈M1(M) the front face is a ‘new’

boundary hypersurfaces of [M ;X] and the preimages of the boundary hypersurface
of M are unions of the other boundary hypersurfaces of [M ;X]; namely the lift of
H is naturally [H;X ∩H]. So, in the non-trivial cases and unless X separates some
boundary hypersurface into two components, there is a natural identification

(3.3) M1([M ;X]) =M1(M) t {ff([M ;X])}

which corresponds to each boundary hypersurface of M having a unique ‘lift’ to
[M ;X], as the boundary hypersurface which is the closure of the preimage of its
complement with respect to X. In local coordinates, blowing-up X corresponds to
introducing polar coordinates around X in M.

Lemma 3.2. If X is a closed interior p-submanifold and M is equipped with a
boundary product structure in the sense of Proposition 2.1 the normal vector fields of
which are tangent to X then the radial vector field for X induced by the exponential
map of an associated product-type metric commutes with VH near any H ∈M1(M)
which intersects X and on lifting to [M ;X], R = ρffXff where Xff and together with
the lifts of the ρH and VH give a boundary product structure on [M ;X].

Proof. After blow up of X the radial vector field lifts to be of the form aρffVff for
any normal vector field and defining function for the front face, with a > 0. The
other product data lifts to product data for all the non-front faces of [M ;X] and
this lifted data satisfies [R, VH ] = 0 near ff . Thus it is only necessary to show, using
an inductive argument as above, that one can choose ρff to satisfy VHρff = 0 and
Rρff = ρff in appropriate sets to conclude that R = ρffVff as desired. �

4. Iterated fibration structures

Recall that a fibration is a surjective smooth map φ : H −→ Y between manifolds
with the property that for each component of Y there is a manifold Z such that each
point p in that component has a neighborhood U for which there is a diffeomorphism
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giving a commutative diagram with the projection onto U :

(4.1) φ−1(U)
FU //

φ
##GG

GG
GG

GG
G

Z × U

πU
||yy

yy
yy

yy
y

U.

Set codim(φ) = dimZ, which will be assumed to be the same for all components
of Y. The image of a boundary face under a fibration must always be a boundary
face (including the possibility of a component of Y ).

The restriction of the blow-down map to the boundary hypersurface introduced
by the blow up of a p-submanifold is a fibration, just the bundle projection for
the (inward-pointing part of) the normal sphere bundle. In general repeated blow
up will destroy the fibration property of this map. However in the resolution of
a G-action the fibration condition persists. We put this into a slightly abstract
setting as follows.

Definition 3. An iterated fibration structure on a manifold M is a fibration, φH :
H −→ YH for each H ∈ M1(M) with the consistency properties that if Hi ∈
M1(M), i = 1, 2, and H1 ∩H2 6= ∅ then codim(φH1) 6= codim(φH2) and

(4.2)

codim(φH1) < codim(φH2) =⇒
φH1(H1 ∩H2) ∈M1(YH1), φH2(H1 ∩H2) = YH2 and ∃ a fibration

φH1H2 : φH1(H1 ∩H2) −→ YH2 giving a commutative diagram:

H1 ∩H2

φH2

$$IIIIIIIII
φH1 // φH1(H1 ∩H2)

ψH1H2

xxqqqqqqqqqq

YH2 .

Lemma 4.1. An iterated fibration structure induces iterated fibration structures on
each of the manifolds YH .

Proof. Each boundary hypersurface F of YH is necessarily the image under φH of
a unique boundary hypersurface of H, therefore consisting of a component of some
intersection H∩K for K ∈M1(M). The condition (4.2) ensures that codim(φH) <
codim(φK) and gives the fibration φHK : F −→ YK . Thus for YH the bases of the
fibrations of its boundary hypersurfaces are all the YK ’s with the property that
H ∩K 6= ∅ and codim(φH) < codim(φK) with the fibrations being the appropriate
maps φ∗ from (4.2).

Similarly the compatibility maps for the boundary fibration of YH follow by the
analysis of the intersection of three boundary hypersurfaces H, K and J where
codim(φH) < codim(φK) < codim(φJ). Any two intersecting boundary hyper-
surfaces of YH must arise in this way, as φH(H ∩ K) and φH(H ∩ J) and the
compatibility map for them is φJK . �

Proposition 4.2. If M carries an iterated fibration structure and X is a closed
interior p-submanifold which is transversal to the fibers of φH for each H ∈M1(M)
then [M ;X] has an iterated fibration structure given by the β∗XφH and φff = βX

∣∣
ff

:
ff([M ;X]) −→ X.
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Recall that submanifolds which do not intersect are included in the notion of
transversal intersection.

Proof. If H ∩ X 6= ∅ the transversality condition ensures that φH(X) = YH and
then φH

∣∣
X

is itself a fibration. At each point p ∈ YH there is a neighborhood U

and a diffeomorphism, F, as in (4.1) such that

F (φ−1(U)) = U × ZH , F (φ−1(U) ∩X) = U × ZH∩X .

The lift of H to [M ;X] is [H;H ∩X] and

[U × ZH ;U × ZH∩X ] = U × [ZH ;ZH∩X ],

so the diffeomorphism F induces a diagram

φ̃−1
H (U)

eFU //

eφH ""FFFFFFFF
U × [ZH ;ZH∩X ]

πU

xxqqqqqqqqqqqq

U

which shows φ̃H = φH ◦ βff to be a fibration.
In this way, each boundary hypersurface of [M ;X] has a fibration. Namely, a

boundary hypersurface H is either the front face of the blow-up, and hence φff = βX
is the restriction of the blow-down map, or is the lift (or possibly a component of
the lift) of a boundary hypersurface from M with the blow-down map as fibration.
It therefore only remains to check the compatibility conditions.

The compatibility maps for the fibrations of the hypersurfaces of M clearly lift to
give compatibility maps for the lifts. Thus it is only necessary to check compatibility
between the fibrations on these lifted boundary hypersurfaces of [M ;X] and that
of the front face. So, let H be a hypersurface of M that intersects X. In terms of
the the notation above, the codimension of φ̃H is the equal to dimZH while the
codimension of φff is equal to dimZH − dimZH∩X . The diagram (4.2) in this case
is

ff ∩[H;H ∩X]

eφH ))RRRRRRRRRRRRRR
βX // H ∩X

φHwwnnnnnnnnnnnn

φH(H ∩X) = YH .

and so the requirements of Definition 3 are met. �

Definition 4. If M carries an iterated fibration structure as in Definition 3 then a
boundary product structure is said to be compatible with the fibration structure
if for each pair of intersecting boundary faces H1 and H2 with codim(φH1) <
codim(φH2)

ρH2

∣∣
H1
∈ φ∗H1

C∞(YH1) near H2,(4.3)

VH2

∣∣
H1

is φH1-related to a vector field on YH1 near H2 and(4.4)

VH1

∣∣
H2

is tangent to the fibers of φH2 .(4.5)

Proposition 4.3. For any iterated fibration structure on a compact manifold, M,
there is a compatible boundary product structure.
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Proof. We follow the proof on Proposition 2.1. In particular, we will use the notion
of consistent boundary data on a collection of boundary hypersurfaces.

First, choose boundary defining functions satisfying (4.3). Let H ∈ M1(M)
and define H ⊂ M1(M) to consist of those boundary hypersurfaces K ∈ M1(M)
which intersect H and satisfy codim(φK) < codim(φH). If L ∈ H, we may assume
inductively that we have chosen ρH

∣∣
K

for all boundary hypersurfaces K ∈ H with
codim(φK) < codim(φL), and then choose an extension to H ∩ L as a lift of a
boundary defining function for the boundary face φL(H ∩L). This allows ρH to be
defined on a neighborhood of H∩K in K for all K ∈ H; extending it to a boundary
defining function of H in M fulfills the requirements.

Next, suppose normal vector fields consistent with the iterated fibration structure
and associated collar neighborhoods have been found for some subset B ⊆M1(M)
with the property that H ∈ M1(M) \ B and K ∈ B implies that H ∩ K = ∅
or codim(φH) < codim(φK). Let H ∈ M1(M) \ B be such that φH has maximal
codimension among the boundary hypersurfaces of M that are not in B. We show
that there is a choice of VH and UH such that (2.3) and the conditions of Definition
4 hold for all boundary hypersurfaces in B ∪ {H}.

As before an inductive argument allows us to find VH in a neighborhood of all
intersections H∩K with K ∈ B with the property that VH

∣∣
K

is tangent to the fibers
of φK . Then VH can be extended into UK using the vector fields VK by demanding
that

LVKVH = [VK , VH ] = 0

thus determining VH locally uniquely in a neighborhood of H ∩ K in M for all
K ∈ B.

If K ∈ M1(M) \ B intersects H, then YK is itself a manifold with an iterated
fibration structure and φH(H ∩K) is one of its boundary hypersurfaces. We can
choose boundary product data on YK – since it has smaller dimension than M we
may assume that the proposition has been proven for it. Under a fibration there is
always a smooth lift of vector fields, a connection, so VH on φH(H∩K) may be lifted
to a vector field VH on H ∩K. In this way VH may be chosen on the intersection of
H with any of its boundary faces. Then VH may be extended into a neighborhood
UH of H in M in such a way that VHρH = 1. By construction the commutation
relations with all the previously constructed vector fields are satisfied and VH is
compatible with the iterated fibration structure at all boundary hypersurfaces in
B ∪ {H}. Thus the inductive step is justified. �

Using Proposition 3.1 and Lemma 3.2 we see that iterated fibration structures
and boundary product structures are preserved when blowing up appropriately
placed p-submanifolds.

Proposition 4.4. If M is a manifold with an iterated boundary fibration structure
and X ⊂ M is a closed interior p-submanifold which is transversal to the fibers
of the fibration of each boundary hypersurface then [M ;X] has a boundary product
structure which is compatible with the iterated fibration structure on [M ;X] given
by Proposition 4.2, is such that the normal vector fields to boundary hypersurfaces
other than the front face are β-related to a boundary product structure on M and
is such that ρffVff is β-related to a radial vector field for X.
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5. G-actions

Let G be a compact Lie group and M a compact manifold (with corners). An
action of G on M is a smooth map A : G×M −→M such that A(Id, ζ) = ζ for all
ζ ∈M and

(5.1) G×M
A

##GG
GG

GG
GG

G

G×G×M

·×Id
88ppppppppppp

Id×A ''NNNNNNNNNNN M

G×M
A

;;wwwwwwwww

commutes; here · denotes the product in the group.
We will usually denote A(g, ζ) as g · ζ. Since each element g ∈ G acts as a

diffeomorphism on M, it induces a permutation of the boundary hypersurfaces of
M. If g is in the connected component of the identity of G, this is the trivial
permutation.

Our convention is to assume, as part of the definition, that the action of G is
boundary intersection free in the sense of Definition 2. That is, the set M1(M) of
boundary hypersurfaces can be partitioned into disjoint sets

(5.2)
M1(M) = B1 tB2 t · · · tBl, H,H ′ ∈ Bi =⇒ H ∩H ′ = ∅,

and s.t. g ·H ∈ Bi if H ∈ Bi.

The contrary case will be referred to as a G-action with boundary intersection –
it is shown below in Proposition 7.2 that by resolution the boundary intersection
can be removed. As justification for our convention, note that the G-actions which
arise from the resolution of a G-action on a manifold without boundary are always
boundary intersection free.

For a given G-action, the isotropy (or stabilizer) subgroup of G at ζ ∈M is

(5.3) Gζ = {g ∈ G; g · ζ = ζ}.

It is a closed, and hence Lie, subgroup of G.
The action of G on M induces a pull-back action on C∞(M). The differential

of this action at Id ∈ G induces the action of the Lie algebra g on C∞(M) where
V ∈ g is represented by a vector field α(V ) ∈ Vb(M), the Lie algebra of smooth
vector fields on M tangent to all boundary faces, given by

(5.4) α(V )f(ζ) =
d

dt
f
(
e−tV ζ

) ∣∣
t=0

, for all f ∈ C∞(M).

Since [α(V ), α(W )] = α([V,W ]), this is a map of Lie algebras, α : g −→ Vb(M).
The differential at ζ ∈M will be denoted

(5.5) αζ : g −→ TζM.

The image always lies in TζF where F ∈ Mk(M) is the smallest boundary face
containing ζ.

Proposition 5.1. For any compact group action on a compact manifold, satisfying
(5.2), the elements H ∈ Bi for each i have a collective defining function ρi ∈ C∞(M)
which is G-invariant, there is a corresponding G-invariant product structure near
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the boundary consisting of smooth G-invariant vector fields Vi and neighborhoods
Ui of supp(Bi) = ∪{H ∈ Bi} for each i such that

(5.6) Viρj =

{
1 in Ui if i = j

0 in Ui ∩ Uj if i 6= j.

Furthermore there is a G-invariant product-type metric on M.

Proof. Any collection of non-intersecting boundary hypersurfaces has a common
defining function, given by any choice of defining function near each boundary
hypersurface in the set extended to be strictly positive elsewhere. If ρ′i is such a
defining function for supp(Bi) then so is g∗ρi for each g ∈ G, since by assumption
it permutes the elements of Bi. Averaging over G gives a G-invariant defining
function. Similarly each of the vector fields VH in (2.3) is only restricted near H
so these can be combined to give collective normal vector fields Vi which then have
the properties in (5.6). Since the commutation conditions are bilinear they cannot
be directly arranged by averaging, but the normal vector fields can be constructed,
and averaged, successively.

A product-type metric made up (iteratively) from this invariant data near the
boundary can similarly be averaged to an invariant product-type metric. In fact
the average of any metric for which the boundary faces are all totally geodesic has
the same property. �

One direct consequence of the existence of an invariant product structure near
the boundary is that, as noted above, a smooth group action on a manifold with
corners can be extended to a group action on a closed manifold. This allows the
consideration of the standard properties of group actions to be extended trivially
from the boundaryless case to the case considered here of manifolds with corners.

Theorem 5.2. Suppose M is a compact manifold with corners with a smooth action
by a compact Lie group G – so assumed to satisfy (5.2) – then if M is doubled
successively, as at the end of §2, across the elements of a partition into l non-
intersecting but G-invariant subsets of the boundary hypersurfaces, to a manifold
without boundary, M̂, then there is a smooth action of Zl2 ×G on M̂ such that M
embeds G-equivariantly into M̂ as a fundamental domain for the Zl2-action.

Proof. (See [12, Chapter 1] and [3, §II.1]) A partition of M1(M) of the stated
type does exist, as in (5.2). Proposition 5.1 shows the existence of a G-invariant
product-type metric, collective boundary defining functions and product decompo-
sitions near the boundary hypersurfaces. First consider the union of two copies
of M, denoted M±, with all points in supp(B1), i.e. all points in the boundary
hypersurfaces in B1, identified

(5.7) M1 = (M+ tM−)/ '1, p '1 p
′, p = p′ in H ∈ B1.

Now, the local product decompositions near each element of B1 induce a C∞ struc-
ture on M1 making it again a manifold with corners. Thus ρ1, the collective defining
function for B1 on M = M+ can be extended to the smooth function

(5.8) ρ′1 =

{
ρ1 on M+

−ρ1 on M−.
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Similarly the corresponding normal vector field V1 extends to be smooth when
defined as −V1 on M−. The action of G on M gives actions on M± which are con-
sistent on supp(B1) and the product decomposition of the group action shows that
the combined action on M1 is smooth. The boundary hypersurfaces of M1 fall into
two classes. Those arising from boundary hypersurfaces of M which meet one of
the elements of B1, these appear as the doubles of the corresponding hypersurfaces
from M. The boundary hypersurfaces of M which do not meet an element of B1

contribute two disjoint boundary hypersurfaces to M1. It follows that the decom-
position of M1(M) in (5.2) induces a similar decomposition of M1(M1) in which
each Bi, i = 2, . . . , l contains the preimages of the boundary hypersurfaces of M,
other than the elements of B1, under the natural projection M1 −→ M. The Z2

action on M1 given by exchanging signs is smooth, by construction, and commutes
with the G-action.

Thus this procedure can be repeated l times finally giving a manifold without
boundary with smooth G-action as desired. �

6. Invariant tubes and collars

As note above the doubling construction allows the standard properties of group
actions on boundaryless manifolds to be transferred to the context of manifolds
with corners. In fact the standard proofs may also be extended directly.

If ζ ∈ M then the stabilizer Gζ acts on TζM and on the metric balls, of an
invariant product-type metric, in TζM. If ζ is contained in a corner of codimension
k ≥ 0, then the exponential map for the metric identifies a Gζ-invariant neighbor-
hood of ζ in M with the inward-pointing vectors in the small ball in TζM, and
hence establishes the basic linearization result.

Proposition 6.1 (Bochner). If ζ ∈ M is contained in a corner of codimension
k ≥ 0 then there is a Gζ-invariant neighborhood Uζ of ζ in M, a linear action
αζ of Gζ on Rm,k, and a Gζ-equivariant diffeomorphism χζ : Uζ −→ B+ to (the
inward-pointing part of) a ball B+ ⊂ Rm,k.

Corollary 6.2. If G is a compact Lie group acting smoothly on a manifold M,
then MG = {ζ ∈M ; g · ζ = ζ for all g ∈ G} is an interior p-submanifold of M.

A slice at ζ ∈M for the smooth action of G is a p-submanifold, S, of M through
ζ such that

i) TζM = αζ(g)⊕ TζS,
ii) Tζ′M = αζ′(g) + Tζ′S for all ζ ′ ∈ S,
iii) S is Gζ-invariant,
iv) If g ∈ G and ζ ′ ∈ S are such that g · ζ ′ ∈ S then g ∈ Gζ .

For ε ∈ (0, 1), set
Sε = χ−1

ζ (αζ(g)⊥ ∩B+(ε))

where B+(ε) ⊂ TζM is the set of inward-pointing vectors of length less than
ε. Since the vector fields in the image of α are tangent to all of the boundary
faces, Sε is necessarily a p-submanifold of M through ζ. Elements k ∈ Gζ satisfy
TζA(k)(αζ(X)) = αζ(Adk(X)), so the tangent action of Gζ preserves αζ(g) and
hence Sε is Gζ-invariant. The Slice Theorem for boundaryless manifolds [5, Theo-
rem 2.3.3], applied to M̂, shows that Sε is a slice for the G-action at ζ if ε is small
enough.
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Similarly, the following result is [5, Theorem 2.4.1] applied to M̂.

Proposition 6.3 (Tube Theorem). If G acts smoothly on a manifold M and ζ ∈M,
then there is a representation space V of Gζ with Gζ-invariant subset V + of the
form R`,k, a G-invariant neighborhood U of ζ ∈ M, a Gζ-invariant neighborhood,
V, of the origin in V + and a G-equivariant diffeomorphism

φ : G×Gζ V + −→ U, s.t. φ(0) = ζ.

It is straightforward to check (see [11, Lemma 4.16]) that the G-isotropy group
of [(g, v)] ∈ G×Gζ V is conjugate (in G) to the Gζ isotropy group of v in V. Thus,
if U is a neighborhood of ζ as in Proposition 6.3 and ζ ′ ∈ U, then

(6.1) Gζ′ is conjugate to a subgroup of Gζ .

Exponentiation using a product-type G-invariant metric allows a neighborhood
of a G-invariant p-submanifold X ⊆M to be identified with a neighborhood of the
zero section of its normal bundle.

Proposition 6.4 (Collar Theorem). If G acts smoothly on a manifold M and
X ⊆ M is a G-invariant interior p-submanifold, then there exists a G-invariant
neighborhood U of X in M and a G-invariant diffeomorphism from the normal
bundle NX of X to U that identifies the zero section of NX with X and for all
sufficiently small ε > 0 the submanifolds

Sε(X) = {ζ ∈M ; d(ζ,X) = ε}

are G-invariant and the G-actions on Sε(X) and Sε′(X) are intertwined by trans-
lation along geodesics normal to X.

Proof. As a p-submanifold, X has a tubular neighborhood in M, which by expo-
nentiating we can identify with

(6.2) Uε = {ζ ∈M ; d(ζ,X) ≤ ε}.

For ε small enough, each ζ ∈ Uε is connected to X by a unique geodesic of length
less than ε, γζ . Since the G-action is distance preserving and short geodesics are
the unique length-minimizing curves between their end-points,

g · γζ = γg·ζ , for every g ∈ G, ζ ∈ Uε.

It follows that G preserves Sε′(X) for all ε′ < ε and that translation along geodesics
normal to X intertwines the corresponding G-actions, as claimed. �

7. Boundary resolution

In this section the first steps towards resolution of a group action by radial
blow-up are taken. Namely it is shown that on the blow-up of a G-invariant closed
p-submanifold, X, the group action extends smoothly, and hence uniquely, from
M \ X to [M ;X]; the blow-down map is then equivariant. Using this it is then
shown that any smooth action, not requiring (5.2), on a manifold with corners
lifts to a boundary intersection free action, i.e. one which does satisfy (5.2), after
blowing-up appropriate boundary faces.

Let J (M) be the set of isotropy groups for a smooth action of G on M.
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Proposition 7.1. If X ⊆ M is a G-invariant closed p-submanifold for a smooth
action by a compact Lie group, G, on M then [M ;X] has a unique smooth G-action
such that the blow-down map β : [M ;X] −→M is equivariant and

(7.1) J ([M ;X]) = J (M \X).

Proof. The blown-up manifold is

[M ;X] = N+X t (M \X)

with smooth structure consistent with the blow up of the normal bundle to X along
its zero section. Thus [M ;X] is diffeomorphic to M \ Uε with Uε as in (6.2). This
diffeomorphism induces a smooth G-action on [M ;X] with respect to which the
blow-down map is equivariant. The result for isotropy groups, (7.1), follows from
(6.1), namely the isotropy groups away from the front face of [M ;X] are certainly
identified with those in M \X and the isotropy groups on ff([M ;X]) are identified
with those in Sε for small ε > 0. �

A general smooth group action will lift to be boundary intersection free on the
total boundary blow-up of M. This manifold Mtb, discussed in [7, §2.6], is obtained
from M by blowing-up all of its boundary faces, in order of increasing dimension.
Blowing up all of the faces of dimension less than k separates all of the faces of
dimension k so these can be blown-up in any order without changing the final space
which is therefore well-defined up to canonical diffeomorphism.

Proposition 7.2. If G acts smoothly on a manifold M, without necessarily satis-
fying (5.2), the induced action of G on Mtb is boundary intersection free, i.e. does
satisfy (5.2).

Proof. Let β : Mtb −→ M be the blow-down map. Any boundary hypersurface
Y of Mtb is the lift of a boundary face F = β(Y ) of M. Since each element G
acts on M by a diffeomorphism it sends β(Y ) to a boundary face of M of the same
dimension as F, say F ′ = β(Y ′). The induced action on Mtb will send the boundary
face Y to Y ′ and, from the definition of Mtb, Y

′ is either equal to Y or disjoint
from Y. Hence the action of G on Mtb is boundary intersection free. �

In fact it is generally possible to resolve an action to be boundary intersection
free by blowing up a smaller collection of boundary faces. Namely, consider all
the boundary faces which have the property that they are a component of an
intersection H1 ∩ · · · ∩HN where the Hi ∈M1(M) are intertwined by G, meaning
that for each 1 ≤ i < j ≤ N there is an element gij ∈ G such that gij(Hj) = Hi.
This collection of boundary faces satisfies the chain condition that if F is an element
and F ′ ⊃ F then F ′ is also an element. In fact this collection of boundary faces is
divided into transversal subcollections which are closed under intersection and as a
result the manifold obtained by blowing them up in order of increasing dimension
is well-defined. It is straightforward to check that the lift of the G-action to this
partially boundary-resolved manifold is boundary intersection free.

8. Resolution of G-actions

The set, J (M), of isotropy groups which occur in a smooth G-action is neces-
sarily closed under conjugation, since if Gζ ∈ J then Ggζ = gGζg

−1. Let I = J /G
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be the set of conjugacy classes of isotropy groups for the action of G on M and for
each I ∈ I let

(8.1) M I = {ζ ∈M ;Gζ ∈ I},

be the corresponding isotropy type. Proposition 6.3 shows these to be smooth p-
submanifolds and they stratify M, with a natural partial order

I ′ 4 I or M I 4M I′ if K ∈ I is conjugate to a subgroup of an element of I ′.

Thus minimal elements with respect to 4 are the ones with the largest isotropy
groups. We also set

(8.2) MI = cl(M I) ⊂
⋃
I′4I

M I′

Proposition 8.1. The isotropy types M I ⊂ M for a smooth action by a compact
group G form a finite collection of p-submanifolds each with finitely many compo-
nents.

Proof. In [5, Proposition 2.7.1], this result is shown for boundaryless manifolds.
By passing from M to M̂ as in Theorem 5.2, the same is true for manifolds with
corners with the local product condition implying that M I is a p-submanifold
following from Proposition 6.2. �

Definition 5. A resolution of a smooth G-action on a compact manifold M (with
corners) is a manifold, Y, obtained by the successive blow up of closed G-invariant
p-submanifolds of M to which the G-action lifts to have a unique isotropy type.

Proposition 7.1 shows that there is a unique lifted G-action such that the iterated
blow-down map is G-equivariant.

Such a resolution is certainly not unique – as in the preceding section, in the case
of manifolds with corners, it is always possible to blow up a boundary face in this
way, but this is never required for the resolution of an action satisfying (5.2). We
show below that there is a canonical resolution obtained by successively blowing
up minimal isotropy types. To do this we note that the blow-ups carry additional
structure.

Definition 6. A full resolution for a G-action on a manifold, M, is a resolution in
the sense of Definition 5 where Y carries an iterated fibration structure in the sense
of Definition 3 with the fibration of each boundary hypersurface, φH : H −→ YH ,
G-equivariant for a smooth G-action on YH which has a unique isotropy type not
present in the action on Y. A partial resolution structure on a manifold Y is such
an iterated fibration structure, with G-equivariant projections to bases with unique
isotropy type not present in the manifold but where the action on Y may itself not
have unique isotropy type.

Thus a full resolution is a resolution which has partial resolution structure.

Proposition 8.2. Let M be a smooth manifold with a smooth boundary intersec-
tion free action by a compact Lie group G and partial resolution structure then
any minimal isotropy type X = M I is a closed interior p-submanifold and if it is
transversal to the fibers of all the boundary fibrations then [M ;X] has an induced
partial resolution structure.
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Proof. As for a boundaryless manifold the minimal isotropy type is closed in M
since its closure can only contain points with smaller isotropy group. It is an
interior p-submanifold by Proposition 8.1, thus the blow up [M ;X] is well-defined.
The G-action lifts smoothly to [M ;X] by Proposition 7.1 and the defining isotropy
type I is not present in the resolved action. The assumed transversality allows
Proposition 4.4 to be applied to conclude that the iterated fibration structure lifts
to [M ;X] and so gives a partial resolution structure. �

Theorem 8.3. A compact manifold (with corners), M, with a smooth, boundary
intersection free, action by a compact Lie group, G, has a canonical full resolution,
obtained by iterative blow-up of minimal isotropy types.

Proof. In view of Proposition 8.2 it only remains to show, iteratively, that at each
stage of the resolution any minimal isotropy type is transversal to the fibers of the
earlier blow ups.

At the first step there is no required transversality condition and subsequent
blow-ups can be carried out. Thus we can assume, inductively, that the partial
resolution structure exists at some level and then we simply need to check that
any minimal isotropy type for the lifted action is transversal to the fibers of each
of the fibrations. Transversality is a local condition and at a point of boundary
codimension greater than one the compatibility condition for an iterated fibration
structure ensures that the fibration of one of the boundary hypersurfaces through
that point has smallest leaves and it is necessarily the ‘most recent’ blow up. Thus
we need only consider the case of a point of intersection of the minimal isotropy
type and the front face produced by the blow up of an earlier minimal isotropy
type in which there are (locally) no intermediate blow ups. Working locally, in the
manifold before the earlier of the two blow ups, we simply have a manifold with a
G-action and two intersecting isotropy types, one of which is locally minimal.

Now, by Proposition 6.3, if ζ is such a point of intersection, with isotropy group
H, it has a neighborhood, U, with a G-equivariant diffeomorphism to L = G×H V +

with V + the inward-pointing unit ball in a representation space V for H. The points
in V with isotropy group H form a linear subspace and H acts on the quotient.
Thus the action is locally equivariantly diffeomorphic to G×H W+ ×B where the
action is trivial on B and W+ ⊂ W is a ball around the origin in a vector space
W with linear H-action such that WH = {0}. Thus any isotropy type meeting
MH at ζ is represented in twisted product by G ×H (V +)I × B where I is an
isotropy class in H. In particular such a neighboring isotropy type is a bundle over
the minimal isotropy type and meets the fibers of a normal sphere bundle of small
radius transversally. Thus, on blow-up it meets the fibers of the front face, which
are these spheres, transversally.

Thus in fact the successive blow-ups are always transversal to the fibers of the
early ones and hence the successive partial resolution structures lift and finally give
a full resolution.

The uniqueness of this full resolution follows from the fact that at each stage
the alternative is to blow up of one of a possibly finite set of minimal isotropy
types. Since these are disjoint the order at this stage does not matter and hence,
inductively, any such order produces a canonically diffeomorphic full resolution. �
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We will see below (Lemma 11.2) that the orbit space G\Y of the full resolution
of a G-action on M is a manifold with an iterated fibration structure representing
the resolution of the quotient G\M.

9. De Rham cohomology and blow-up

Consider a manifold H and the product U = [0, 1) × H. The form bundle de-
composes as

(9.1) ΛkpU = Λkp′H + Λk−1
p′ H, p = (x, p′),

corresponding to the decomposition into tangential and normal parts

(9.2) u = ut + dx ∧ un.

If χ ∈ C∞([0, 1)) is a cut-off function, with χ(x) = 1 for x < 1
2 and χ(x) = 0 for

x > 3
4 then the ‘normal retraction operator’

(9.3) THu = χ(x)
∫ x

0

un(t, ·)dt ∈ C∞(U ; Λ∗H)

has the basic property that u− dTHu is purely tangential in x < 1
2 .

The definition of T can be written more invariantly in terms of contraction
with ∂x, since un(x) = ι∂xu and the integral in (9.3) is along the fibers of ∂x.
In consequence, if VH is a normal vector field for a boundary hypersurface H ∈
M1(M), satisfying VHρH = 1 in a product neighborhood UH = {ρH < 1}, then
the retraction T depends only on the choice of χ and defines

(9.4) TH : C∞(M ; Λ∗M) −→ C∞(M ; Λ∗H), ιVH (u− dTu) = 0 in {ρH < 1
2}.

Lemma 9.1. If φK : K −→ YK is a fibration of a boundary hypersurface K 6= H
and VH is tangent to the fibers of φK then for u ∈ C∞(M ; Λ∗M)

(9.5) i∗Ku = φ∗KvK , vk ∈ C∞(K; Λ∗K) =⇒ i∗K(u− dTu) = φ∗KvK .

Proof. By assumption, u pulls back to a basic form on K with respect to the
fibration φK . Since VH is, by assumption, tangent to the fibers of φK it follows that

(9.6) ιVH i
∗
Ku = ιVHφ

∗
KvK = 0 in UH ∩K

so i∗KTHu = 0 and hence i∗K(u− dTu) = φ∗KvK . �

On a manifold, Y, an iterated boundary fibration, Φ = {φH , YH}, induces a
subcomplex of the deRham complex. This may be represented as a subcomplex of
the direct sum of the deRham complexes for Y and all the bases:

(9.7) C∞Φ (Y ; Λ∗Y ) = C∞(Y ; Λ∗Y )⊕
⊕

H∈M1(Y )

C∞(YH ; Λ∗YH)

fixed by the constraints that (u, vH1 , . . . , vHN ) ∈ C∞Φ (Y ; Λ∗Y ) if and only if

(9.8) i∗Hu = φ∗HvH ∀ H ∈M1(Y ).

Thus the vH are determined by u since each φH is a fibration. Written out in this
form the deRham differential acts diagonally on u and the vH . The cohomology of
this complex will be called the iterated fibration cohomology of Y.
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Proposition 9.2. If X ⊂ Y is a closed interior p-submanifold which is transversal
to the fibers of each φH and Φ̃ = {Φ, βX} is the induced iterated boundary fibration
on [M ;X] from Proposition 4.2 then pull back under the blow-down map

(9.9) β∗X : C∞Φ (Y ; Λ∗Y ) −→ C∞eΦ ([Y ;X]; Λ∗[Y ;X])

induces an isomorphism in cohomology.

Proof. Another basic property of the normal retraction operator is that, in terms
of the inclusions i0 : {x = 0} −→ U, iχ : {χ = 1} −→ U and the projection
π : {χ = 1} −→ H, any closed form u on U satisfies

(9.10) i∗χ(u− dTHu) = π∗i∗0u.

Choosing a boundary product structure and radial vector field in accordance with
Proposition 4.4 this property implies that, for any closed form

ũ ∈ C∞eΦ ([Y,X]; Λ∗[Y ;X]), ũ− dTH ũ = β∗Xu

where u ∈ C∞Φ (Y ; Λ∗Y ) is closed.
It follows that the iterated fibration complex of [Y ;X] retracts onto the lift of

the iterated fibration complex of Y, and so pull-back induces an isomorphism in
cohomology. �

Corollary 9.3. Under iterated blow up of interior p-submanifolds which are suc-
cessively transversal to the fibers of the fibrations of the blow-ups of previous centers
the deRham cohomology lifts canonically to the iterated fibration cohomology of the
blown up space.

10. Equivariant deRham cohomology

Let G be a compact Lie group with Lie algebra g and let M be a manifold on
which G acts smoothly. We recall Cartan’s model for the equivariant cohomology
of M.

The differential of the action of G on itself by conjugation is the adjoint repre-
sentation of G on its Lie algebra, g,

AdG : G −→ End(g).

An inner product on g is AdG-invariant precisely when the induced metric on G is
invariant under left and right translations; by the usual averaging argument, such
a metric exists if G is compact.

The action of g−1 on M is a diffeomorphism M −→ M and so induces a left
action on forms, elements of C∞(M ; Λ∗), by pull-back. Recall that whenever G acts
on two spaces X1 and X2, there is an induced action on F ∈ Map(X1, X2) by

(10.1) (g · F )(ζ) = g ·
(
F (g−1 · ζ)

)
, for every ζ ∈ X1.

An equivariant differential form is a polynomial map

ω : g −→ C∞(M,Λ∗M)

which is invariant in that it intertwines the actions of G. This can also be thought
of as a section of the bundle S(g∗) ⊗ Λ∗ where S(g∗), the symmetric part of the
tensor powers of the dual g∗ may be identified with the ring of polynomials on g∗.
We denote the set of these smooth equivariant forms by C∞G (M ;S(g∗)⊗ Λ∗); they
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form an algebra with respect to the usual wedge product. This algebra is graded
by defining

degree(ω) = differential form degree(ω) + 2 (polynomial degree(ω)) .

The equivariant differential

deq : C∞G (M ;S(g∗)⊗ Λ∗) −→ C∞G (M ;S(g∗)⊗ Λ∗(M)),

(deqω)(v) = d(ω(v))− iα(v)(ω(v)), ∀ v ∈ g,

then increases the degree by one and d2
eq = 0. The resulting equivariant cohomology

groups will be denoted Hq
G(M). A theorem of Cartan shows that, if G and M are

compact,
Hq
G(M) = Hq ((M × EG)/G)

where EG is a contractible space on which G acts freely.
For a manifold Y with a smooth G-action and an iterated fibration structure

all of whose fibrations are equivariant, we define the equivariant iterated fibration
complexes

C∞G,Φ(Y ;S(g∗)⊗ Λ∗) = (S(g∗)⊗ C∞Φ (Y ; Λ∗M))G

with differential deq acting diagonally. The resulting cohomology groups, H∗G,Φ(Y )
will be called the fibered equivariant cohomology of Y.

Theorem 10.1. The complex C∞G,Φ(Y ;S(g∗)⊗Λ∗) for a full resolution of the smooth
G-action on a manifold with corners retracts into the pull-back of the Cartan com-
plex and hence the fibered equivariant cohomology of the resolution is naturally
isomorphic to the equivariant cohomology of M.

Proof. As explained in Theorem 8.3 the full resolution is obtained from M by iter-
ative blow up of interior p-submanifolds of M and, at each step, the p-submanifold
is transversal to the fibers of the fibrations of the boundary fibrations. Thus it
suffices to generalize Corollary 9.3 to the equivariant setting.

For a product U = [0, 1)x ×H with a G-action induced from a G-action on H,
an equivariant form u as in (9.2) decomposes

dUequ = dHequt + dx ∧ (∂xut − dHequn).

It follows that, with TH the normal retraction operator (9.3) and π, i0 and iχ as in
(9.10), u − deqTHu restricted to x < 1

2 is always purely tangential and is equal to
π∗i∗0u near H if u is equivariantly closed. Thus the proof of Proposition 9.2 extends
to the equivariant context by replacing d by deq. �

11. Borel-Cartan isomorphism

For a free action by a compact group on a compact manifold, Borel showed that

(11.1) H∗G(M) = H∗(G\M)

where there is a natural pull-back from right to left. An alternative proof due to
Cartan, exhibits this isomorphism as an extension of Chern-Weil theory. In this sec-
tion, apart from working on manifolds with corners (for boundary-intersection free
compact group actions) we extend Cartan’s argument to the setting, also analyzed
by Borel, where there is a unique isotropy type.

If G acts smoothly and freely on a manifold M then the quotient is a smooth
manifold and π : M −→ G\M is a principal bundle. Forms on M can be interpreted
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as sections of S(g∗)⊗Λ∗, corresponding to the constant polynomials and pull-back
of forms then gives a map

(11.2) π# : C∞(G\M ; Λ∗) −→ (C∞(M ;S(g∗)⊗ Λ∗))G

which induces an isomorphism between ordinary and equivariant cohomology. We
briefly recall the treatment of Cartan’s map, which is a left inverse of this map, by
Guillemin and Sternberg in [6]. This arises from the choice of a connection on M
as a principal G-bundle. Such a connection can be thought of as an Ehresmann
connection, which is to say a smooth (‘horizontal’) subbundle Υ ⊂ TM which is
G-invariant and transversal to the group action. The corresponding connection
form, θ : TM −→ g, is determined by

(11.3)
θm(v) = 0 ∀ v ∈ Υm,

θ(α(v)) = v for all v ∈ g

where α is the differential of the group action from (5.4). The curvature of the
connection is the G-equivariant g-valued two form, Ωθ, defined in terms of the
projection h onto Υ along α(g) by

Ωθ(X,Y ) = −θ([hX, hY ]).

Theorem 11.1. If M is a manifold on which G acts freely, then for any G-
connection the map

S(g∗)⊗ C∞(M ; Λ∗) 3 f ⊗ ω 7→ f(Ωθ) ∧ ωhor ∈ C∞(M ; Λ∗)hor

projects to
CWθ : (S(g∗)⊗ C∞(M ; Λ∗))G −→ C∞(G\M ; Λ∗)

which is a left inverse to π# in (11.2) and induces an isomorphism from equivariant
to deRham cohomology.

Proof. Directly from the definition it follows that CWθ ◦π# = Id .
The G-action on M makes C∞(M,Λ∗) into a G∗ algebra in the sense of [6,

Definition 2.3.1] and the connection induces the structure of a W (g)∗-module in the
sense of [6, Definition 3.4.1]. For a W (g)∗-module ‘Cartan’s formula’ is analyzed in
[6, Chapter 5] where it is shown that π# ◦CWθ is cohomologous to the identity. �

For manifolds with corners, Theorem 11.1 gives a result in the setting of absolute
equivariant and deRham cohomology, but the relative version also follows from the
same argument. There are several complexes realizing relative cohomology. One of
the standard complexes is forms with compact support in the interior, to which this
proof applies unchanged. More naturally in the present context one can consider
smooth forms which pull back to zero on each boundary face. Then, provided the
connection is given by projection onto the orthocomplement of the image of the Lie
algebra using a G-invariant product-type metric on M the argument carries over.

If the action of G on M is not free but has a unique isotropy type, then the
quotient G\M is still smooth and M fibers smoothly over it but in general it is not
a principal bundle, as shown by Borel – see [5, Theorem 2.6.7].

Proposition 11.2 (Borel). Let M be a manifold with a (boundary intersection
free) G-action with a unique isotropy type, if N(K) is the normalizer of an isotropy
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group K then M is G-equivariantly diffeomorphic to G×N(K)M
K and the inclusion

MK ↪→M induces a diffeomorphism

(N(K)/K)\MK = N(K)\MK ∼= G\M.

Proof. We follow the proof of [5, Theorem 2.6.7] in the boundaryless case. It is
shown in Proposition 8.1 that for a fixed isotropy group MK is a smooth inte-
rior p-submanifold. The normalizer N(K) acts on MK with isotropy group K
so the quotient group W (K) = N(K)/K acts freely on MK . Thus the quotient
W (K)\MK is smooth. The diagonal action of N(K) on the product

(11.4) N(K)× (G×MK) 3 (n, (g,m)) 7−→ (gn−1, nm) ∈ G×MK

is free, so the quotient G×N(K) M
K is also smooth. Moreover the action of G on

M factors through the quotient, gm = gn−1 · nm, so defines the desired smooth
map

(11.5) G×N(K) M
K −→M.

This is clearly G-equivariant for the left action of G on G ×N(K) M
K and is the

identity on the image of {Id} ×MK to MK . The Slice Theorem shows that the
inverse map, m 7−→ [(g,m′)] if m′ ∈MK and gm′ = m is also smooth, so (11.5) is
a G-equivariant diffeomorphism.

The quotient G\(G×N(K) M
K) = N(K)\MK is smooth and the smooth struc-

ture induced on G\M is independent of the choice of K. �

12. Borel Bundle

Thus for manifolds M with a unique isotropy type the quotient G\M is a man-
ifold and it is therefore natural to hope for an extension of (11.1) to this more
general setting. We will see that this is possible provided the deRham cohomology
of the quotient is twisted by a flat bundle, which we now define and call the Borel
bundle.

From Proposition 11.2 it follows that, in this case of unique isotropy type, the Lie
algebras of the isotropy groups form a smooth bundle over M on which the adjoint
action of G is equivariant. The bundle of polynomials on the fibers of this bundle
is similarly equivariant for the adjoint action – although infinite dimensional this is
just the direct sum of the finite dimensional bundles homogeneous of each degree.
This action descends to the subbundle of invariant polynomials, with fibre S(k∗m)Km ,
for the adjoint action of the isotropy group at each point. As an equivariant bundle
this descends to the quotient, giving, by definition, the Borel bundle, B, over G\M.

This bundle is non-trivial in general. For instance, let M be the connected double
cover of the circle with the associated free Z2 action. This action can trivially be
extended to an action of the twisted product G = S1 o Z2 (where commuting the
non-trivial Z2 element past an element z ∈ S1 ⊆ C replaces z with z) since the
twisting does not affect the Z2 product. Now M has a unique isotropy group,
K = S1, which is normal in G. The Weyl group of K in G is Z2 and it acts non-
trivially on R1, the Lie algebra of K. The Borel bundle will thus be a non-trivial
line bundle on M/Z2 = S1.

Lemma 12.1. For an action with unique isotropy type, the Borel bundle over the
quotient has a natural flat structure induced by any choice of isotropy group, K,
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as the quotient of the trivial bundle S(k∗)K over MK by the action of W (K) =
N(K)/K, in which the connected component of the identity acts trivially.

Proof. By Borel’s theorem above, G\M is diffeomorphic to N(K)\MK and hence
to W (K)\MK . Let W0(K) be the connected component of the identity in W (K)
and let N ′(K) ⊂ N(K) be the inverse image of W0(K) in N(K). Then N ′(K) is a
normal subgroup of N(K) with finite quotient.

The Lie algebra k of K is a Lie subalgebra of n, the Lie algebra of N(K). Choosing
an Ad invariant metric on n, the Lie algebra,w, of W (K) may be identified with k⊥.
The Ad-invariance of k implies the Ad-invariance of w; thus k and w Lie commute.
Exponentiating the Lie algebra w into N ′(K) gives a subgroup W ′(K)′ ⊂ N ′(K)
which is a finite cover of W0(K) and which commutes with K.

It follows that the adjoint action of N ′(K) on S(k∗)K is trivial and that the
trivial bundle S(k∗)K over MK descends to be flat over N(K)\MK as the quotient
of the flat bundle S(k∗)K × N ′(K)\MK under the finite group N(K)/N ′(K). If
K̃ is another choice of isotropy group and g ∈ G is such that gKg−1 = K̃, then
gN(K)g−1 = N(K̃) so the diffeomorphism g· : MK −→M

eK intertwines the N(K)
and N(K̃)-actions and descends to a diffeomorphism

(12.1) W (K)\MK −→W (K̃)\M eK .
The adjoint action of g sends k to k̃, so it identifies the Borel bundle B over

W (K)\MK with the Borel bundle B̃ over W (K̃)\M eK and pulling back via the
diffeomorphism G\M −→W (K)\MK gives the Borel bundle B. �

Given the natural diffeomorphism between G\M and W (K)\MK , a smooth
section γ ∈ C∞(G\M ;B ⊗ Λ∗) is naturally identified with an element of

C∞(W (K)\MK ;B)⊗C∞(G\M) C∞(G\M ; Λ∗).

Thus, it is equivalently thought of as a smooth, G-invariant, basic, differential form
on M with coefficients in the bundle of invariant polynomials on the Lie algebra
of the istotropy groups. Given a fixed choice of Ad-invariant metric on g, there is
therefore a well-defined ‘pull-back’ map which we denote

(12.2) π# : C∞(G\M ;B ⊗ Λ∗) −→ (C∞(M ;S(g∗)⊗ Λ∗))G .

Here, an Ad-invariant polynomial on the Lie algebra of Gζ is extended to be con-
stant on the orthocomplement. By the Ad-invariance of the metric, this gives a
G-invariant form on M.

Theorem 12.2. For a smooth action, with unique isotropy type, by a compact
Lie group G on a compact manifold (with corners) M, π# in (12.2) is a map of
complexes and induces an isomorphism between B-twisted deRham cohomology on
G\M and G-equivariant cohomology on M.

Proof. The image under π# of an element of C∞(G\M ;B⊗Λ∗) is basic as a form,
and hence, for any choice of isotropy group K can be regarded as a basic form on
each MK . It follows that the action of deq on these G-invariant forms reduces to
the action of deq for the W (K)-action on MK which on these basic W (K)-invariant
forms is just the action of d.

Thus it suffices to show that the subspace of N(K)-invariant forms on MK which
are basic with coefficients in S(k∗)K generates the N(K)-equivariant cohomology
of MK . This is a form of Borel’s theorem for free actions.
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Thus we may just assume that the action of G on M has a fixed, normal, isotropy
group K. In the normal case we may use the notation from the proof of Lemma
12.1. With G′ ⊂ G the lift of the connected component W0 of W = G/K the G-
equivariant cohomology of M is, essentially by definition of the Cartan complex, the
G/G′-invariant part of the G′-equivariant cohomology of M. Since the Lie algebra
splits g = k + w, with w the Lie algebra of W, the polynomial coefficients may be
identified with S(k∗) ⊗ S(w∗). Since the adjoint action of K on w is trivial, as is
the action of W0 on k, the Cartan forms for the action of G′ on M are simply the
elements of

(12.3) S(k∗)K ⊗ C∞W0
(M ;S(w∗)⊗ Λ∗).

The equivariant differential is just the W0-equivariant differential on the second
factor, acting trivially on the first. Thus, Cartan’s isomorphism applied to the
second factor here shows that the G′-equivariant cohomology is precisely given by
the action of d on basic forms:

(12.4) S(k∗)K ⊗ C∞(W0\M ; Λ∗).

As noted above, the G-equivariant cohomology in this (normal) case is the G/G′

invariant part of the G′-equivariant cohomology, which is precisely the B-twisted
cohomology of G\M, in the normal and hence the general case. �

Suppose H and Y are manifolds with smooth G-actions with unique isotropy
types and φ : H −→ Y is a G-equivariant map. If ζ ∈ H then the isotropy group
at ζ, Gζ , is a closed subgroup of the isotropy group Gφ(ζ) at φ(ζ). The invariant
polynomials on the Lie algebra of a group restrict to be invariant polynomials
(for the action of the subgroup) on the Lie algebra of any subgroup. Thus it
follows that any section of the bundle of invariant polynomials on the Lie algebras
of the isotropy groups on Y pulled back to H and restricted at each point, is a
section of the corresponding bundle on H. Thus the projection of the map to the
quotients, which is necessarily smooth, induces a pull-back map on sections of the
Borel bundles tensored with forms which we denote

(12.5) φ# : C∞(G\Y ;B ⊗ Λ∗) −→ C∞(G\H;B ⊗ Λ∗).

Note that it involves both pull-back and restriction to the Lie subalgebra at each
point.

Lemma 12.3. Let H and Y be manifolds with smooth G-actions, each of which
has a unique isotropy type, and suppose that φ : H −→ Y is a G-equivariant smooth
map then φ# in (12.5) is flat – that is, the pull-back of a closed (local) section is
closed.

Proof. As noted above, a (local) section of B ⊗ Λ∗ on G\Y may be identified with
its pull-back which is a basic G-invariant form with coefficients in the corresponding
bundle of invariant polynomials on the isotropy Lie algebras. When the polynomial
coefficients are extended, using an Ad-invariant metric, to polynomials on g, the
equivariant differential reduces to the standard differential since the forms are basic.
Thus, a closed local B-twisted form on G\Y lifts to an equivariantly closed, basic,
G-invariant form (on the preimage) with values in the polynomials on g which
vanish on the orthocomplement of the isotropy algebra at each point. Restricting
this form to a submanifold HK for any choice of isotropy group gives a closed form
in the ordinary sense, with polynomial coefficients. Since the bundle of isotropy
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algebras for the action of G on HK is trivial, the restriction of the polynomial
coefficients to k gives a basic closed form. This form does not depend on the earlier
choice of Ad-invariant metric since k is a subspace of the isotropy Lie algebra for
the image point. Since the form is basic, this lifts to a unique form on H along HK .
Moveover, the G-invariance of the lifted form implies that the forms for different
choices of the isotropy group combine to give a G-invariant form which is basic and
equivariantly closed, since this follows from its G-invariance and the fact that it is
closed on each HK . Moreover, it is the image of the lift of a section of B⊗Λ∗ from
(the preimage of the open set in) G\H. Thus in fact the map φ# does map sections
to sections, is defined on the fibres and intertwines the (twisted) differentials. �

13. Reduced Cartan model

The resolution of a compact group action on a manifold X in §8 gives a resolution
of the quotient as a manifold with corners with iterated fibration structure. With
the resolution denoted by Y, let Z = G\Y be the resolution of the quotient; this is
smooth since G acts with unique isotropy type on Y. The boundary hypersurfaces
of the quotient may be identified with the equivalence classes under the action of
G of the boundary hypersurfaces of Y and the boundary fibrations of Y, being
G-equivariant, descend to give an iterated fibration structure on Z, ψH : H −→
ZH and consistency maps ψHK on the boundary faces of the ZH . Each ZH =
G\YH carries a natural Borel bundle and by Lemma 12.3 there are pull-back maps
(involving restriction to a bundle of subalgebras) between sections of these bundles,
covering the ψH and ψHK . We will denote the iterated fibration structure on Z by
(Z∗, ψ∗) or simply Ψ.

Definition 7. The reduced Cartan model, C∞B,Ψ(Z; Λ∗), on the resolution of the
action of a compact group G on a compact manifold M is the relative flat-twisted
deRham complex consisting of the subcomplex of the direct sum

(13.1) C∞(Z;B ⊗ Λ∗)⊕
⊕

H∈M1(Z)

C∞(ZH ;B ⊗ Λ∗)

which satisfies the natural consistency conditions under pull-back under all ψH (and
hence ψHK .)

Theorem 13.1. The cohomology of the reduced Cartan complex for the resolution
is naturally isomorphic to the equivariant cohomology of the space, with the pull-
back under π# inducing the isomorphism.

Proof. To prove that π# induces an isomorphism in cohomology we pass to a rel-
ative form of both the lifted Cartan complex of §10 and of the reduced Cartan
complex above. Thus, let B ⊆ M1(Z) be a collection of boundary faces which is
closed below, in the sense that it contains any boundary face which corresponds to
an isotropy type containing the isotropy group of an element of B. Thus B can also
be identified with the image of a G-invariant subset BY ⊂ M1(Y ) with the same
property. Then consider the subcomplex of (13.1)

C∞B,Ψ(Z; Λ∗;B) = {(u, v1, . . . , vN ) ∈ C∞B,Ψ(Z; Λ∗); vi = 0 for all Hi ∈ B}

and correspondingly for the resolved Cartan complex on Y. Again the pull-back
map π# acts from the reduced complex to the resolved complex.
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In the case that B =M1(Z) we already know that π# induces an isomorphism
in cohomology since the cohomology is simply the relative cohomology of the main
manifold with its group action with unique isotropy type and hence Theorem 12.2
applies.

Now, consider two such subsets B ⊂ B′ which differ by just one element H ∈
M1(Z). This gives a two short exact sequence of complexes with maps induced by
π# :

(13.2) C∞B,Ψ(Z; Λ∗;B′) //

π#

��

C∞B,Ψ(Z; Λ∗;B) //

π#

��

C∞B,Ψ(H; Λ∗;B)

π#

��
C∞G,Φ(Y ; Λ∗;B′Y ) // C∞G,Φ(Y ; Λ∗;BY ) // C∞G,Φ(HY ; Λ∗;BY ).

Here of course H is really the orbit of one hypersurface in M1(M) under the G-
action. Since the action is always assumed to be boundary intersection free, the
elements are disjoint.

Now, proceeding by induction over the dimension of M we may assume that
π# induces an isomorphism on cohomology when acting on H. Also inductively,
starting from M1(Y ), we may assume that it induces an isomorphism for the co-
homology relative to B′. Thus the Fives Lemma applies to the long exact sequence
in cohomology to show that it also induces an isomorphism on cohomology relative
to B and hence in general. �

Note that the reduced Cartan cohomology can also be identified directly with a
cohomology theory over the quotient G\M for any smooth G action by a compact
group on a compact manifold. Namely the Borel bundle induces a sheaf over G\M
where sections over an open set are precisely sections over the preimages of the
open set in the resolution (Z∗, ψ∗) with the compatibility condition under lifting
and restriction. Then the (Čech) cohomology with coefficients in this sheaf can
be identified, by standard arguments, with the cohomology of the reduced Cartan
complex.

14. Equivariant K-theory

Next we turn to an analysis of the lifting and identification of equivariant K-
theory under resolution in parallel to the discussion of cohomology above.

We use the model for equivariant K-theory as the Grothendieck group based on
equivariant (complex) vector bundles over the manifold. Thus if M is a compact
manifold with corners with a smooth action of a compact Lie group G then an
(absolute) equivariant K-class on M is fixed by a pair of vector bundles E± each of
which has an action of G as bundle isomorphisms covering the action of G on the
base:

(14.1) L±E(g) : g∗E± −→ E±.

The equivalence relation fixing a class from such data is stable G-equivariant iso-
morphism so (E±, L±E) and (F±, L±F ) are equivalent if there exist G-equivariant
vector bundles A and B and bundle isomorphisms

(14.2) T± : E± ⊕A −→ F± ⊕B
commuting with the G-actions. The regularity of the data is an issue here, the
standard choice is to take all data to be continuous but the alternative of smooth
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data is more relevant for the construction of the Chern character. In fact these two
choices give the same theory:-

Proposition 14.1. For a smooth compact group action on a compact manifold
the inclusion of smooth data, with smooth equivalences, induces an isomorphism of
equivariant K-theory based on smooth and continuous data.

Both theories are therefore denoted KG(M).

Proof. This is a standard result but a proof actually follows from the discussion
below. �

On the resolved manifold, with its resolution structure, Y, φH : H −→ YH for
each H ∈ M1(Y ) there is a ‘relative’ version of equivariant K-theory. Namely, a
K-class is represented by a family of pairs of G-equivariant vector bundles, E± over
Y and E±H over each YH with the compatibility conditions that

(14.3) E±
∣∣
H

= φ∗HE
±
H with their G-actions.

Looking at intersections of hypersurfaces, (14.3) implies the corresponding com-
patibility conditions between E±H restricted to a boundary hypersurface of H and
E±K under the fibration φHK to the appropriate YK . There is a natural notion of
equivalence as in (14.2) where the bundles A and B are of this same form and all
maps factor through the fibrations φH over boundary faces. We denote the corre-
sponding Grothendieck group as KG,Φ(Y ) – of course it depends on the resolution
data and not just the manifold Y.

Proposition 14.2. For K-groups, based on either continuous or smooth data, lift-
ing from M to Y induces a canonical isomorphism

(14.4) KG,Φ(Y ) = KG(M).

Proof. For continuous data this is immediate since the lift of a G-equivariant bundle
to each YH gives a bundle satisfying the compatibility conditions (14.3). Conversely
such data defines a continuous bundle over M by taking the quotients under all the
φH ; thus there is an isomorphism at the level of the bundle data.

For smooth data this is not quite the case, a smooth bundle certainly lifts to give
smooth compatible data on the resolution but the converse does not hold. Nev-
ertheless, normal retraction easily shows that any smooth compatible data on the
resolution can be deformed by G-equivariant homotopy, and hence G-equivariant
isomorphism, to be the lift of a smooth G-bundle over M. The same argument
applies to equivalence so the smooth equivariant K-theory groups for M and the
relative smooth K-group for the resolution are again canonically isomorphic. �

We do not need to analyze odd K-theory separately since it may be defined, as in
the untwisted case, as the null space of the pull-back homomorphism corresponding
to ι : M ↪→ S×M, m 7−→ (1,m) :

(14.5) K1
G(M) // K1

G(S×M)
ι∗ // KG(X)

where G acts trivially on S. As in the standard case, pull-back under the projection
S×M −→M induces a decomposition

(14.6) KG(S×M) = K1
G(M)⊕K0

G(M).



28 PIERRE ALBIN AND RICHARD MELROSE

This discussion carries over directly to the relative K-theory of the resolution to
define K1

G,Φ(Y ) and gives the analogue of (14.6).
As in the case of G-equivariant cohomology we wish to pass from this ‘resolved’

model to a reduced model over the quotient of the resolution by the G-action, which
is the resolution of the quotient. Again we start with the easy cases.

Lemma 14.3. For a free action by a compact group on a compact manifold the
equivariant K-theory is canonically isomorphic, under the pull-back map, to the
K-theory of the quotient.

Proof. In the free case M −→ G\M is a principal G-bundle and an equivariant
bundle over M projects to a bundle over G\M with any G-equivariant bundle
isomorphism projecting to a bundle isomorphism. This identifyies theG-equivariant
K-theory of the total space with standard K-theory of the base, in both odd and
even cases. �

15. Representation bundle

As is clear from the discussion above, the fundamental case needed to reduce
K-theory to a model on the quotient is that of an action with unique isotropy type.
As before we first consider the case of a fixed, hence normal, isotropy group, K ⊂ G.
Thus G acts through a free action of the quotient W (K) = G/K. As discussed in
§11, if W (K) is connected then it is the image under the projection of a connected
group in G which commutes with K. In the general case this is true of W0(K), the
component of the identity in W (K).

So, consider the special case in which G acts through a free action of W0(K) =
G/K which is assumed to be connected. ThenK acts fiberwise on anyG-equivariant
bundle over M. The Peter-Weyl Theorem shows that a G-equivariant vector bundle
over M decomposes as a direct sum of tensor products of chosen irreducible repre-
sentations forming the representation ring, Wi ∈ R(K), of K and of vector bundles
Vi over M :

(15.1) E =
∑
i

Wi ⊗ Vi.

Here the fiber of Vi at m ∈M can be fixed by choosing a non-zero matrix element
for Wi in C∞(G) and taking the K-span of the image of the average of the K-action
against it. The action of G induces an action of W0(K) on this bundle covering the
free action on M ; thus Vi projects to a bundle over G\M.

Lemma 15.1. If G acts on M through a free action of a connected quotient
W0(K) = G/K with respect to a normal subgroup then

(15.2) KG(M) = R(K)⊗Z K(G\M)

is the tensor product of the representation ring of K with the K-theory of the quo-
tient.

Proof. This can be seen in close parallel with the discussion of deRham cohomology
above. �

As noted earlier, if the G-action has a fixed isotropy group K even if W (K) =
G/K is not connected, there is a subgroup G′ ⊂ G, generated by K and a lift of
the connected component W0(K) of W (K) such that G′/K = W0(K). In this case
G/G′ acts on R(K) through the adjoint action of a lift of W (K) into G in which
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the component of the identity commutes with K and since the adjoint action of
K on R(K) is trivial. Moreover G/G′ = W (K)/W0(K) is normal in W (K) and
so acts on M/W0(K). The natural group-theoretic extension of Lemma 15.1 then
follows.

Lemma 15.2. If G acts on M with fixed isotropy group K then setting W (K) =
G/K with W0(K) as component of the identity

(15.3) KG(M) = (R(K)⊗K(M/W0(K)))W (K)/W0(K)

is the W (K)/W0(K)-invariant part under the adjoint action of W (K)/W0(K) on
R(K).

To get a more geometric formulation of this result observe that the Borel bundle
discussed in §11 above, has an analogue in terms of the representation ring.

Lemma 15.3. In the setting of Lemma 15.2 the quotient by the adjoint action of
W (K)/W0(K) on R(K) induces a flat bundle, which we denote R(G\M) over the
quotient, G\M, with fiber R(K).

Proof. This is essentially a tautology since we have a free action of the finite group
W (K)/W0(K) on R(K)×M/W0(K) covering its free action on M/W0(K). �

Now, standard complex K theory over a manifold can be extended to the case
of coefficients in a ring, resulting in the tensor product of the cohomology, but can
also be extended to the case of a flat bundle of rings over the space.

So, instead of the formulation (15.3) we can say

Corollary 15.4. For a group action with fixed isotropy group, the equivariant K-
theory of the space is canonically isomorphic to the K-theory with coefficients in the
flat bundle of representation rings for the isotropy group over the quotient.

The general case of a group action with fixed isotropy type is similar. In that
case we can consider the representation rings of the isotropy groups as a bundle,
with discrete fiber, R(Km) over M. Borel’s isomorphism from Proposition 11.2,
shows that this bundle is trivial and moreover the quotient, R(G\M) under the
adjoint action of G is a flat bundle over G\M. In fact, for any choice, K, of isotropy
group, it is naturally isomorphic to the quotient of R(K)×MK by N(K) ⊂ G and
hence is the same bundle as discussed above. Thus,

Proposition 15.5. For the action of a compact Lie group with fixed isotropy type
on a compact manifold M, Corollary 15.4 extends to identify the equivariant K-
theory of M with the R(G\M)-twisted K-theory of G\M.

In case of two G-actions with fixed isotropy groups and a fibration φ : M −→ Y
intertwining them there is a natural ‘Peter-Weyl’ pull-back map. Namely for each
point m ∈M the isotropy group at m is identified with a subgroup of the isotropy
group at φ(m). This induces a decomposition of an element W ∈ R(Kφ(m)) as a
finite sum of elements of R(Km). By the equivariance of φ the induced map on the
quotients

(15.4) φ̃ : G\M −→ G\Y
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induces an identification of each element of R(G\Y )φ(m̃) with a finite sum of ele-
ments in the fiber R(G\M)m. This induces a pull-back construction, so that if

(15.5)
V a bundle with coefficients in R(G\Y ) =⇒

φ̃#V is a bundle with coeffiencients in R(G\M).

This allows reduced K-theory to be defined on the quotient of the resolution in
close analogy with the definition of the relative K-theory for the resolution.

Definition 8. The reduced K-theory groupKR,Ψ(Z) for a compact group action on a
compact manifold is the Grothendieck group constructed from pairs of objects, each
consisting of a collection of vector bundles with coefficients in the representation
bundles of the isotropy groups, one over the resolution Z = G\Y and one over each
ZH = G\YH such that restricted to each boundary hypersurface the bundle is the
pull-back under ψ̃#

H (or more generally ψ̃#
HK) of the bundle over the image. The

equivalence is stable isomorphism over each space consistent under these pull-back
maps.

Theorem 15.6. For any compact group action on a compact manifold M with
resolution Y and Z = G\Y with induced iterated boundary fibration Ψ and repre-
sentation bundle R, there is a natural isomorphism

(15.6) KG(M) = KR,Ψ(Z).

Proof. This amounts to a repetition of the proof of Theorem 11.1. �

16. Delocalized equivariant cohomology

The reduced Cartan model for (localized) equivariant cohomology in §13 and
the corresponding model for equivariant K-theory in §14 above are directly com-
parable and immediately suggest a model for delocalized equivariant cohomology
as introduced by Baum, Brylinski and MacPherson [2]. Namely, in Lemma 15.3
the flat bundle of (discrete) rings R(G\M) is defined for any smooth group action
with unique isotropy type and we may therefore consider in that case the space of
smooth deRham forms

(16.1) C∞(Z;R⊗ Λ∗)

twisted by the representation ring – this can always be constructed as a quotient
by a finite Weyl group action.

In the case of the quotient of the full resolution of a G-action on a manifold with
corners, all the quotients Z = G\Y and ZH = G\YH carry such representation
bundles and there is a natural pull-back map generated by the ψH . Thus the relative
deRham complex is well-defined as the subcomplex of the direct sum satisfying the
compatibility conditions:

(16.2) C∞R,Ψ(Z; Λeven) =
{

(u, v∗), u ∈ C∞(Z;R⊗ Λeven),

vH ∈ C∞(ZH ;R⊗ Λeven), ψ#
HvH = uH

∣∣
H
∀ H ∈M1(Y )

}
and similarly C∞R,Ψ(Z; Λodd). Since the coefficient bundle is flat the deRham dif-
ferential projects under the quotient in (16.1) and is intertwined by the pull-back
maps ψ#

H .
We shall denote the cohomology defined by this complex as

(16.3) Heven
R,Ψ (M) and Hodd

R,Ψ(M).
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Although defined directly on the quotient these rings are well defined since the res-
olution and other structures used to defined them have been shown to be canonical
above.

Theorem 16.1. In the case of a smooth Abelian group action the cohomology
groups H∗R,Ψ(M) are naturally isomorphic to the delocalized cohomology groups of
Baum, Brylinsky and MacPherson.

Proof. In the Abelian case there are no issues with Weyl group quotients and the
definition of delocalized cohomology given above just amounts to twisting the deR-
ham complex by the representation ring on each of the manifolds Y and YH . Fol-
lowing the arguments above it is straightforward to check that this is precisely the
resolution of the coefficient sheaf used in the definition in [2]. �

The identity of the cohomology groups also follows from the discussion of the Chern
character in the next section.

17. Equivariant Chern character

It is not immediately apparent that H∗R,Ψ(Z) fixes a contravariant functor for
smooth G-action, since in general a smooth G-equivariant map between manifolds
does not lift to a smooth map between the resolutions of the quotients as defined
above. Nevertheless this follows immediately since we can identify these rings with
G-equivariant K-theory with complex coefficients.

Theorem 17.1. The Chern character, defined locally by a choice of compatible
connections, defines a map

(17.1) ChG : KR,Ψ(Z) −→ Heven
R,Ψ (Z)

for any smooth action of a compact Lie group on a manifold and this map induces
a (Baum-Brylinski-MacPherson) isomorphism

(17.2) ChG : KR,Ψ(Z)⊗ C −→ Heven
R,Ψ (Z).

Proof. A compatible connection on the component bundles of a pair defining an
element of KG(M) in the reduced model discussed in §14 can be introduced by start-
ing from the ‘bottom’ of the resolution tower and successively extending. Since the
coefficient bundles are flat rings, or by lifting to the finite cover by W (K)/W0(K)
at each level, the Chern character is then given by the standard formula

(17.3) vh = exp(∇2/2πi) ∈ C∞(ZH ;R⊗ Λeven).

These forms are clearly compatible so define the class ChG ∈ Heven
R,Ψ (M). The stan-

dard arguments in Chern-Weil theory show that the resulting class is independent
of choice of connection. Thus the Chern character (17.1) is defined as in the setting
of smooth manifolds.

In the case of a manifold with unique isotropy type, Lemma 15.2 allows this map
to be derived from the standard, untwisted, Chern character. Namely the quotient
is then a single manifold with corners and the Chern character as defined above is
simply the quotient under the finite group action by W (K)/W0(K) of the standard
Chern character

(17.4) K(MK/W0(K)) −→ Heven(MK/W0(K)).

It therefore follows that it induces an isomorphism as in (17.2) in that case. More-
over, this is equally true for absolute and relative K-theory and cohomology.
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The proof that (17.2) holds in general follows the same pattern as the proofs
above of the identity of G-equivariant K-theory and cohomology with the reduced
models. Namely, for K-theory and cohomology the partially relative rings can be
defined with respect to any collection of boundary B ⊂M1(G\M) which contains
all hypersurfaces smaller than any element. In the corresponding long exact se-
quences in K-theory and delocalized cohomology, which in the second case either
can be deduced by analogy from the case of coefficient rings or else itself can be
proved inductively, the Chern character then induces a natural transformation by
the Fives Lemma. �

Appendix. The circle action on the sphere

According to Guillemin and Sternberg [6, §11.7], whenever a torus acts on a sur-
face with non-empty fixed point set, the surface is diffeomorphic to the sphere and
action is effectively the rotation of the sphere around the z-axis. Their subsequent
computation of the equivariant cohomology makes use of equivariant formality and
we now show that it is straightforward to carry out this computation, even for
non-commutative groups, by resolving the sphere.

Thus consider a compact group G (not necessarily Abelian) acting smoothly on
M = S2. Suppose that G has a codimension one normal subgroup H that acts
trivially on M , and that the quotient S1 = G/H acts on M by rotating around the
z-axis (in the usual embedding of M into R3).

Thus the G-action has two isotropy types: the ‘north and south poles’, {N,S}
constitute an isotropy type corresponding to G, and their complement constitutes
an isotropy type corresponding to H. This action is resolved by lifting to

Y = [M ; {N,S}].

The boundary of Y is the disjoint union of two circles and the boundary fibration
is the map from each circle to the corresponding pole. In this case

C∞G,Φ(Y ;S(g∗)⊗ Λ∗) =

{(ω, fN , fS) ∈ C∞G (Y ;S(g∗)⊗ Λ∗)⊕
⊕
N,S

S(g∗)G; i∗Nω = fN , i
∗
Sω = fS}

where we are identifying fN with fN ⊗ 1 ∈ C∞G (S1;S(g∗)⊗ Λ∗) and similarly with
fS .

We can identify the quotient Y/G with the unit interval, and in this case the
Borel bundle is the trivial S(h∗)H bundle. Thus the reduced Cartan complex is

C∞B,Ψ([0, 1]; Λ∗) =
{

(ω, fN , fS) ∈
(
S(h∗)H ⊗ C∞([0, 1]; Λ∗)

)
⊕
⊕
N,S

S(g∗)G;

i∗0ω = r(fN ), i∗1ω = r(fS)
}

where r : S(g∗)G −→ S(h∗)H is the natural restriction map, and the differential is
the exterior derivative on the first factor. Since the interval is contractible, we find

H∗G(S2) = H∗(C∞G,Φ(Y ;S(g∗)⊗ Λ∗), deq) = H∗(C∞B,Ψ([0, 1]; Λ∗), d)

= {(fN , fS) ∈ S(g∗)G ⊕ S(g∗)G; r(fN ) = r(fS)}

and so Hq
G(S2) is trivial if q is odd and is non-trivial for all even q ≥ 0.
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The representation bundle is also trivial in this case, so the same reasoning shows
that

K0
G(S2) = {(τN , τS) ∈ R(G)⊕R(G); ρ(τN ) = ρ(τS)}, K1

G(S2) = 0

where ρ : R(G) −→ R(H) is the restriction map. Indeed, classes in KR,Ψ([0, 1])
consist of vector bundles over the interval and its end points with, respectively,
coefficients in R(H) and R(G) and the compatibility condition is induced by the
restriction map.

Finally note that the complex (16.2) in this case is given by

C∞R,Ψ([0, 1]; Λ∗) =

{(ω, τN , τS) ∈ (R(H)⊗ C∞([0, 1]; Λ∗))⊕
⊕
N,S

R(G); i∗0ω = ρ(τN ), i∗1ω = ρ(τS)}

with differential given by the exterior derivative on the first factor. Thus the delo-
calized equivariant cohomology in this case is

Heven
R,Ψ (M) = {(τN , τS) ∈ R(G)⊕R(G); ρ(τN ) = ρ(τS)}, Hodd

R,Ψ(M) = 0.

The Chern character from equivariant K-theory to delocalized equivariant coho-
mology is the identity, while the Chern character into (localized) equivariant coho-
mology is localization at the identity in G.
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