CHAPTER 4

Isotropic calculus

The algebra of ‘isotropic’ pseudodifferential operators on R™ has global proper-
ties very similar to the algebra of pseudodifferential operators on a compact man-
ifold discussed below. There are several reasons for the extensive discussion here.
First it is pretty! Second it is useful in the sense that it embeds the harmonic
oscillator in a broader context. Thirdly, many of the global constructions here
carry over almost unchanged to the case of compact manifolds and it may help to
see them in a somewhat simpler setting. Finally, it is useful in a geometric and
topological sense as may become clearer below in the discussion of K-theory.

4.1. Isotropic operators

As noted in the discussion in Chapter 2, there are other sensible choices of the
class of amplitudes which can be admitted in the definition of a space of pseudo-
differential operators rather than the basic case of S™(R?*";R") discussed there.
One of the smallest such choices is the class which is completely symmetric in the
variables x and £ and consists of the symbols on R?". Thus, a € S™ (Rinf) satisfies
the estimates

(4.1) |Dg DY a(e, €)] < Cayp(L+ || + €)™~ 11717

for all multiindices a and (3. Recall that there is a subspace of ‘classical’ or poly-
homogeneous symbols

(4.2) (R € SR

defined by the condition that its elements are asymptotic sums of terms a; €
S™(R?") with a; positively homogeneous of degree m — j in |(z,£)| > 1.
If m <0, it follows that a € ST (RZ; R?); if m > 0 this is not true, however,

LEMMA 4.1. For any p and n

N Q+[aP) S (RERE) m <0
(43) Sm(Rern) C 0>r>m
(1+ |z|*)m™/25m (RE; RE), m > 0.
Proor. This follows from (4.1) and the inequalities
L fa] + ¢ < (14 [2)(1 + [£]),
Lt [af +[¢] > (L4 |2)" (1 +1g) 0<t <L

In view of these estimates the following definition makes sense.
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82 4. ISOTROPIC CALCULUS

DEFINITION 4.1. For any m € R we define

(4.4) I (R™) € U7 (R™) C (z)™ ™ (R™)

as the subspaces determined by
A€ UL (R") <= o(A) € S (R*™)

AeTm . (R") <= o1 (A) € S™(R?™).

co—iso

(4.5)

Note however that the notation has been switched here. The space with the absence
of any subscript corresponds to classical symbols, whereas the ‘co — iso’ subscript
refers to the symbols with ‘bounds’ as in (4.1).

As in the discussion in Chapter 2 the ‘residual’ algebra consists just of the
intersection
(46) lelgc())o (Rn) = \Il;oojiso(Rn) = ﬂ \I/Zé—iso(Rn)'

m

From the discussion above, an element of either space on the left has left-reduced
symbol in ST (R1") = S(R?") so its kernel is also in S(R?") and conversely. This
justifies the apparently different sense in which this notation is used in Chapter 3.

As in the discussion of the traditional algebra in Chapter 2 we show the *-
invariance and composition properties of these spaces of operators by proving an
appropriate ‘reduction’ theorem. However there is a small difficulty here. Namely it
might be supposed that it is enough to analyse I(a) for a € S™(R®"). This however
is not the case. Indeed the definition above is in terms of left-reduced symbols.
If a € S™(R?") is regarded as a function on R3" which is independent of one of
the variables then it is in general not an element of S™(R3") (it is an element of
STZ(Ry; R®™) since it is constant in the first variables). For this reason we need to
consider some more ‘hybrid’ estimates.

Consider a subdivision of R3" into two closed regions:

Ri(e) = {(2,,€) € R¥ & —y| < e(1+ |af* + [y[? + |€[*)?}
Ra(e) = {(2,4,6) € R |z —y| > e(1+ 2> + |y> + ¢2) 2 }.

If a € C>°(R®") consider the estimates

(4.7)

((@,y,©)m1o1P=RTin Ra(g)
(&, )+ (g)m " in Ry(5)-

The choice ¢ = % here is rather arbitrary. However if € is decreased, but kept
positive the same estimates continue to hold for the new subdivision, since the
estimates in Ry are stronger than those in Ry (which is increasing at the expense
of R; as e decreases). Notice too that these estimates do in fact imply that a €
{(x)™+ (y)m+ ST (R2™; R™) and hence they do define operators in the weighted spaces
— in principle (z)?™+ @™ (R™) although actually (z)™+ W™ (R") — that were analysed
in Chapter 2.

00|~ ool

(4.8) DﬁﬁD@@wéﬂSGwﬁ{

PROPOSITION 4.1. Ifa € C*°(R3") satisfies the estimates (4.8) then A = I(a) €

g (R™) and (2.58) holds for or,(A).

oco—iso

PROOF. We separate a into two pieces. Choose x € C°(R) with 0 < x < 1,
with support in [fé, %] and with y = 1 on [fé, %] Then consider the cutoff function
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on R3"

(4.9) V(z,y,8) = X <<(|§;y§)>> :

Clearly, v has support in Rl(%) and 1 € SO (R3"). It follows then that a’ = va €
Sm (R3"). On the other hand, a” = (1 — t)a has support in Ra(5). In this region
|z — yl, ((z,y)) and {((x,y,§)) are bounded by constant multiples of each other.
Thus o satisfies the estimates

(4.10) [DYDYDla" (2,y,8)| < Capyla —y[m+ (™1

< Ol (e )™ (€7D, supp(a”) € Ro().

First we check that I(a”) € S(R*"). On Ry(§) it is certainly the case that
z —y| > 1((x,y)) and by integration by parts
9

|z — y|* DXDPI(d") = I(|D¢|** DX D5a").

For all sufficiently large p it follows from (4.10) that this is the product of ((x,y))™*
and a bounded continuous function. Thus, I(a”) € S(R?*") is the kernel of an
operator in ¥, >°(R™).

So it remains only to show that A" = I(a’) € ¥ _; (R™). Certainly this is
an element of (x)™+WZ(R™). The left-reduced symbol of A’ has an asymptotic
expansion, as £ — oo, given by the usual formula, namely (2.58). Each of the terms

in this expansion
jlal
i
ap(A)~ )" JDZD?G(%%@
o
is in the space Sm’2|"“(R2”). Thus we can actually choose an asymptotic sum in
the stronger sense that
ilal
i _
e SR, by = — > —rDiDga(w,§) € 5™ IN(R?) V¥ N.
la|<N

Consider the remainder term in (2.47), given by (2.44) and (2.45). Integrating by
parts in £ to remove the factors of (z — y)® the remainder, Ry, can be written as
a pseudodifferential operator with amplitude

jlal 1
? o «
) = 3 o [ a1 =00 Dga) (1~ s +t0.6).
|la|=N
This satisfies the estimates (4.8) with m replaced by m — 2N. Indeed from the
symbol estimates on a’ the integrand satisfies the bounds

|DED)DIDEDYA/ (1 — t)x + ty, &)
< C(L+ [(w +t(z = y)| + gy~ I=il,

In Ri(g), lo —yl < §{(z,9.9) so |z +t(z — y)| + €] = 3((2,y,€)) and these
estimates imply the full symbol estimates there. On Rs we immediately get the
weaker estimates in (4.7).

Thus, for large N, the remainder term gives an operator in (x) %*N\I/O%_N(R”).
The difference between A’ and the operator B’ € ¥ . (R"™), which is Ry plus an

operator in W "2 (R™) for any N is therefore in W,_>°(R"). Thus A € ¥ (R™). O

co—iso iso iso
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This is a perfectly adequate replacement in this context for our previous reduc-
tion theorem, so now we can show the basic result.

THEOREM 4.1. The spaces ¥ _.. (R™) (resp. I (R™)) of isotropic (resp.
polyhomogeneous isotropic) pseudodifferential operators on R™, defined by (4.5)
form an order-filtered x-algebra with residual space ¥_>°(R™) = S(R2”) (resp. the
same) as spaces of kernels.

180

PROOF. The condition that a continuous linear operator A on S(R™) be an
element of ¥ . (R™) is that it be an element of (1 + |z|?)™/2®™ (R") if m > 0

co—iso

or WZL(R™) if m < 0 with left-reduced symbol an element of S™(R3") :
(4.11) 1 SR(R™™) e W0 (R™).

Thus A* has right—reduced symbol in S (R?"). This satisfies the estimates (4.8) as
a function of z,y and £. Thus Proposition 4.1 shows that A* € ¥ . (R"™), since

oo—iso
its left-reduced symbol is in S™(R?"), proving the *-invariance. Moreover it also

follows that any B € \I/oo lso( ") has right-reduced symbol in $™ (R2"). Thus if
Aec w7 . (R") and B € U7, (R") then using this result to right-reduce B we

see that the composite operator has kernel I(ar,(x,&)br(y,€)) where ay, € ST (R?")
and br € S7 (R?"). Now it again follows that this product satisfies the estimates
(4.8) of order m + m’. Hence, again applying Proposition 4.1, we conclude that
AoBe WZ+?;0(R") This proves the theorem for ¥’ _, (R™).

The proof for the polyhomogeneous space ¥ (R™) follows immediately, since

the symbol expansions all preserve polyhomogeneity. (Il

One further property of the isotropic calculus that distinguishes it strongly
from the traditional calculus is that it is invariant under Fourier transformation.

R") (resp. W (R™)) then A € U™ . (R™)

PROPOSITION 4.2. IfA SV T iso
R™)) where Au = At with 4 being the Fourier transform of u € S(R™).

o0 — lbO(

(resp. U

ISO(

The proof of this is outlined in Problem 2.20.
Also note that asymptotic completeness then carries over from the symbol
spaces. If B; € U7' 7 (R™) then there exists

oo —iso
N—-1
(412) BeWZ: (R"), B~>Y Bjthatis B— » B; € Wl ¥ (R")V N.
J 7=0

4.2. Fredholm property

An element A € U7, (R™) is said to be elliptic (of order m in the isotropic

calculus) if its left-reduced symbol is elliptic in S™(R?").

THEOREM 4.2. FEach elliptic element A € U7
metriz B € O_ ™. (R™) in the sense that

o0 —1S0

(4.13) AoB-1d, BoA—1Id € U_>(R")

1S0

which is unique up to an element of . >°(R™) and it follows that any u € S'(R™)
satisfying Au € S(R™) is an element of S(R™); if A € U (R™) is elliptic then its
parametriz is in U (R™).

(R™) has a two-sided para-

co—iso

1S0 (

1S0
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PROOF. This is just the inductive argument used to prove Lemma 2.7. Never-
theless we repeat it here.

The ellipticity of 0,,(A) means that it has a two-sided inverse b € S~™(R*")
modulo $~°(R?") = S(R?"). This in turn means that the equation o(A)c = d
always has a solution ¢ € S—™m+m'~[](R2n) for given d € S ~[1(R2") namely
¢ = bd. This in turn means that given C; € ¥/ R™) there always exists B; €

o0 — ISO(

@I-™ (R™) such that AB; — C; € W/7 llbo( ™). Choosing By € ¥ ™, (R") to
have o_,,(By) = b we can define C; = Id —ABy € ¥, (R"). Then, proceeding

inductively we may assume that B; for j < [ have been chosen such that A(By +
4 By)—ld=-C e U 1SO(}R”) Then using the solvability we may choose
By so that AB; — C; = —Cj41 € \I/oo lbO(R") which completes the induction, since
A(Bo+---+B;)—1Id = AB; — C; = —C)41. Finally by the asymptotic completeness
we may choose B ~ By + B1 + ... which is a right parametrix.
The existence of a left parametrix follows from the ellipticity of A* and the
argument showing that a right parametrix is a two-sided parametrix is essentially
the same as in Lemma 2.7. O

Combining the earlier symbolic discussion and these analytic results we can see
that elliptic operators are Fredholm as an operator
(4.14) A:SR") — S(R™) or A:S'(R") — S'(R™).

ProroSITION 4.3. If A € YT
verse B € W_™. (R™) satisfying

oco—iso

7o (R™) s elliptic then it has a generalized in-

(4.15) AB-1d =TI, BA—1d =1, € U, °(R")

1S0

where 1} and Ty are the finite rank orthogonal (in L*(R™)) projections onto the
null spaces of A* and A.

ProOOF. As discussed above, A has a parametrix B’ € W__
¥-°°(R™). Thus

150

"(R™) modulo

1S0

AB' =1d —Ep, Er € U_°(R"),
B'A=1d-Ey, E; € U_°(R").

Using Proposition 3.2 it follows that the null space of A is contained in the null space
of B’A = Id —Ep, hence is finite dimensional. Similarly, the range of A contains
the range of AB’ = Id —ER so is closed with a finite codimensional complement.
Defining B as the linear map which vanishes on Nul(A*), and inverts A on Ran(A)
with values in Ran(A*) = Nul(A)* gives (4.15). Furthermore these identities show
that B € ¥_". (R") since applying B’ gives

co—iso

180

150

(4.16) B—E.B=BAB =B - B, B— BEp = BAB =B —T,B =
B=DB'— BT, +E.B +E.BEg — EfII,B' € U_"._ (R")

where we use the fact that EBE’ € ¥_°(R") for any continuous linear operator
B on S(R™) and elements E € ¥_>°(R"). O

COROLLARY 4.1. If A € U7 (R™) is elliptic then its generalized inverse lies in
Vi (R™).

150
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4.3. The harmonic oscillator

The harmonic oscillator is the differential operator on R™

H=> (Dj+a})=A+ [z,
j=1

This is an elliptic element of ¥2_(R™). The main immediate interest is in the spec-
tral decomposition of H. The ellipticity of H — A\, A € C, shows that

(4.17) (H—-MNu=0, ueS'R") = ueSR").

Since H is (formally) self-adjoint, i.e., H* = H, there are no non-trivial tempered
solutions of (H — A)u =0, A € R. Indeed if (H — \)u =0,

(4.18) 0= (Hu,u) — (u, Hu) = (A — M\){u,u) = u = 0.

As we shall see below in more generality, the spectrum of H is a discrete subset of
R. In this case we can compute it explicitly.

The direct computation of eigenvalues and eigenfunctions is based on the prop-
erties of the creation and annihilation operators

(4.19) Cj:Dj+i$j7 C;‘:Aj:Dj—ixj,jzl,...7n.

These satisfy the elementary identities

(420) [CJ,CH = [A],Ak} = 0, [Aj,Ck] = 26jk7 j, k= ]., o5

(4.21) H =Y CjA;+n, [C;, H] = =2C;, [A;, H] = 24,
j=1

Now, if A is an eigenvalue, Hu = Au, then
199 H(CJU) :CJ(HU+2U) = ()\"-2)0]’11,,
(4.22) H(Aju) = A;(Hu —2u) = (A —2)Au.

PROPOSITION 4.4. The eigenvalues of H are
(4.23) oH)={n,n+2,n+4,...}.

PrROOF. We already know that eigenvalues must be real and from the decom-
position of H in (4.21) it follows that, for u € S(R™),

(120) (Hu,u) = 3 Azl + nllul
J
Thus if A € o(H) is an eigenvalue then A > n.
By direct computation we see that n is an eigenvalue with a 1-dimensional

eigenspace. Indeed, from (4.24), Hu = nu iff Aju = 0 for j = 1,...,n. In each
variable separately

2
Aju(z;) =0 u(xj) = cexp (—;) .

Thus the only tempered solutions of Aju = 0,¢ = 1,...,n are the constant multiples
of

2
(4.25) Uy = exp <_|x2|) ,

which is often called the ground state.
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Now, if A is an eigenvalue with eigenfunction u € S(R™) it follows from (4.22)
that A —2 is an eigenvalue with eigenfunction A;u. Since all the A;u cannot vanish
unless u is the ground state, it follows that the eigenvalues are contained in the
set in (4.23). We can use the same argument to show that if u is an eigenfunction
with eigenvalue A then Cju is an eigenfunction with eigenvalue A 4+ 2. Moreover,
Cju = 0 would imply v = 0 since C;v = 0 has no non-trivial tempered solutions,
the solution in each variable being exp(z3/2). O

Using the creation operators we can parameterize the eigenspaces quite explic-
itly.

PROPOSITION 4.5. For each k € Ny there is an isomorphism

(4.26)  {Polynomials, homogeneous of degree k on R"} 5 p

|22
— p(C) exp T € E

where Ey is the eigenspace of H with eigenvalue n + 2k.

PrOOF. Notice that the Cj, j =1,...,n are commuting operators, so p(C) is
well-defined. By iteration from (4.22),
(4.27) HC%p = C*(H + 2|a|)ug = (n + 2|a|)C%up.

Thus (4.26) is a linear map into the eigenspace as indicated.
To see that (4.26) is an isomorphism consider the action of the annihilation
operators. Again from (4.22)

o [0 sta
(4.28) 18] = |a| = APC to = {2|a|a!uo 8= .

This allows us to recover the coefficients of p from p(C)ug, so (4.26) is injective.
Conversely if v € Fy C S(R™) is orthogonal to all the C*uq then

(4.29) (A%, up) = (v,C%p) =0V |a| = k.

From (4.22), the A%v are all eigenfunctions of H with eigenvalue n, so (4.29) implies
that A%v = 0 for all |a| = k. Proceeding inductively in k we see that A% Aju = 0
for all |o/| =k —1 and Ajv € Ej_y implies Aju =0, j = 1,...,n. Since v € Ey,
k > 0, this implies v = 0 so Proposition 4.5 is proved. ([l

Thus H has eigenspaces as described in (4.26). The same argument shows that
for any integer p, positive or negative, the eigenvalues of H? are precisely (n+ 2k)P
with the same eigenspaces Ej. For p < 0, HP is a compact operator on L?(R");
this is obvious for large negative p. For example, if p < —n — 1 then

(4.30) e DYH € U9, (R™), o] <n+1,|8| <n+1

1S0

are all bounded on L2. If S C L?*(R™) is bounded this implies that H~"71(9) is
bounded in (z)"*1CL (R™), so compact in (x)"C% (R™) and hence in L?(R"™). It is
a general fact that for compact self-adjoint operators, such as H~ "2, the eigen-
functions span L2(R™). We give a brief proof of this for the sake of ‘completeness’.

LEMMA 4.2. The eigenfunction of H, u, = n~ 4 (21*la))=Y2C%q form an
orthonormal basis of L?(R™).
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PrOOF. Let V C L%(R") be the closed subspace consisting of the orthocom-
plements of all the u,’s. Certainly H~""2 acts on it as a compact self-adjoint
operator. Since we have found all the eigenvalues of H, and hence of H~"~!, it has
no eigenvalue in V. We wish to conclude that V = {0}. Set

T=[H "y =sup{|[H "ol € V. [lo] = 1}.

Then there is a weakly convergent sequence ¢; — ¢, ||¢;|l = 1, so |l¢|| < 1, with
|H""1p,|| — 7. The compactness of H "2 allows a subsequence to be chosen
such that H=""1¢; — 1 in L?(R™). So, by the continuity of H="~1, H=""lp = ¢
and [|[H™" ol =7, ol = LI " €V, ¢ Lo, [l¢'[| =1 then

25 |2 e+’ o o of ([ 272 N L 0(t2

2| Vire I =77 +2¢( @, ') +0(t%)
— <H_2n_2(,0,80/>  p— H_Qn_QSD — 7_2(‘0.

This contradicts the fact that H—2"~2 has no eigenvalues in V, so V = {0} and the

eigenbasis is complete. O

Thus, if u € L?(R")

(431) u = Z Cqlea, Co = <u,uo<>

«
with convergence in L2.

LEMMA 4.3. If u € S(R™) the convergence in (4.31) is rapid, i.e., |co| <
Cn(1+ |a))™ for all N and the series converges in S(R™).

PROOF. Since u € S(R") implies HNu € L2(R"™) we see that
Cn > [(HNu,ua)| = [(u, HNua)| = (n 4 2|al)V|ca| ¥ a.

Furthermore, 2iz; = C; — A; and 2D; = C; + A; so the polynomial derivatives of
the u, can be estimated (using the Sobolev embedding theorem) by polynomials
in «; this implies that the series converges in S(R™). O

COROLLARY 4.2. Finite rank elements are dense in W >°

o (R™) in the topology
of S(R?").

ProOF. Consider the approximation (4.31) to the kernel A of an element of
U (R™) as an element of S(R?"). In this case the ground state is

1'2 2 ZE2 2
o () o (o ()

and so has rank one as an operator. The higher eigenfunctions
CUy = Qalz,y)Uo

are products of Uy and a polynomial, so are also of finite rank. O
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4.4. L? boundedness and compactness

The results above have obvious extension to the case of N x N matrices of
operators, which we denote by W2 . (R™;C¥) since they act on CV valued func-
tions. Recall that U9 _, (R™) C W2 (R") so, by Proposition 2.6, these operators
are bounded on L?(R™). Using the same argument the bound on the L? norm can
be related to the norm of the principal symbol as an N x N matrix.

PROPOSITION 4.6. If A € ¥ (R";CN) has homogeneous principal symbol

a=0p(A)|g., €C(S*" T M(N,C))
then

(4.32) _inf A+ Ellp2@ricvy = sup  [la(p)]].
Bew, = (RnCY) pegan—1

A similar result is true without the assumption that the principal symbol is homo-
geneous. It is simply necessary to replace the supremum on the right by

(4.33) lim  sup [or(A4)(z, 9]
R—00|(2,6)[>R

where the norm on the symbol is the Euclidean norm on N x N matrices.

PROOF. It suffices to prove (4.32) for all single operators A € ¥ _(R"). Indeed

1S0

if j,(2) = zv is the linear map from C to CV defined by v € C then

(4.34) Al g(L2ricny) = sup 7w AdollB(L2(®))-
{v,wel™;|lv||=]Jw|=1}

Since the symbol of j* Aj, is just jXo(A)j,, (4.32) follows from the corresponding

equality for a single operator:

(4.35) inf A+ Ellgreen < sup a(p)], a=o0L(A)|gn .-
Ec¥ 7 (R") pes2n—1

iso

The construction of the approximate square-root of C'— A* A in Proposition 2.7
only depends on the existence of a positive smooth square-root for C' — |al?, so can
be carried out for any

(4.36) C> sup |a(p)*

p682n—1
Thus we conclude that with such a value of C
| Aul?* < Cllul]® + [(Gu,u)| ¥V u € L*(R"),

where G € . >°(R™). Since G is an isotropic smoothing operator, for any § > 0

1S0

there is a finite dimensional subspace W C S(R™) such that
(4.37) I{Gu, u)|| < §||ul|® ¥V ue W.
Thus if we replace A by A(Id —Ily) = A+ E where F is a (finite rank) smoothing
operator we see that
I(A+ E)ul” < (C+0)|Gul* V u € L*(R™) = [[(A+ E)|| < (C +6)2.
This proves half of the desired estimate (4.34), namely

(4.38) inf  [|[A+ E|lpre@e) < sup la(p)|-
EcV, > (R") pES?

—1
iso §2n
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To prove the opposite inequality, leading to (4.32), it is enough to arrive at
a contradiction by supposing to the contrary that there is some A € W9 (R")
satisfying the strict inequality

up a(p)|.

||A||B(L2(]Rn)) < s
peS2n—1

From this it follows that we may choose ¢ > 0 such that ¢ = |a(p)|? for some p €
S?7n=1 and yet A’ = A* A—c has a bounded inverse, B. By making an arbitrariy small
perturbation of the full symbol of A’ we may assume that it vanishes identically
near p. By (4.38) we may choose G € W9 (R") with arbitrariy small L? such
that A = A’ + B has left symbol rapidly vanishing near p. When the norm of the
perturbation is small enough, A will still be invertible, with inverse B € B(L?(R™)).
Now choose an element G € P _(R™) with left symbol supported sufficiently near
p, so that Go A € U >°(R™) but yet the principal symbol of G should not vanish
at p. Thus

G=GoAoB:L*R") — S(R"),
Gx =G =DB*0A" o G*: §'(R") — L*(R").
It follows that G*G : 8'(R™) — S(R™) is an isotropic smoothing operator. This
is the expected contradiction, since G, and hence G*G, may be chosen to have

non-vanishing principal symbol at p. Thus we have proved (4.38) and hence the
Proposition. ([l

It is then easy to characterize the compact operators amongst the polyhomo-
geneous isotropic operators as those of negative.

LEMMA 4.4. If A € U9 (R™;CN) then, as an operator on L?>(R™;CN), A is

1SO
compact if and only if it has negative order.

PROOF. The necessity of the vanishing of the principal symbol for compact-
ness follows from Proposition 4.6 and the sufficiency follows from the density of

U 2(R™;,CN) in ¥} (R";CVN) in the topology of \I!;éiso(R”;(CN) and hence in

the topology of bounded operators. Thus, such an operator is the norm limit of
compact operators so itself is compact. (I

Also as a consequence of Proposition 4.6 we can see the necessity of the as-
sumption of ellipticity in Proposition 4.3.

COROLLARY 4.3. If A € W (R™;C™N) then A is Fredholm as an operator on

150

L2(R™; CN) if and only if it is elliptic.
4.5. Sobolev spaces

The space of square-integrable functions plays a basic role in the theory of
distributions; one reason for this is that it is associated with the embedding of
S(R™) in &’'(R™). We know that pseudodifferential operators of order 0 are bounded
on L%(R™). There is also a natural collection of Sobolev spaces associated to the
isotropic calculus. The isotropic Sobolev space of order m may be defined as the
collection of distributions mapped into L?(R™) by any one elliptic operator of order
—m.
Note that a differential operator P(x,D,) on R™ is an isotropic pseudodif-
ferential operator if and only if its coefficients are polynomials. The fundamental
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symmetry between coefficients and differentiation suggest that the isotropic Sobolev
spaces of non-negative integral order be defined by

(4.39)  HE (R") = {u e L}(R");2*D’u € L*(R") if |a| + |B| < k}, ke N.

150

The norms

(4.40) il o= 3 / 2 DPuf? da
la|+]8]<k ” R"

turn these into Hilbert spaces. For negative integral orders we identify the isotropic
Sobolev spaces with the duals of these spaces

(4.41) HF (R™) = (H_*(R")) — S'(R"), k € —N.

iso iso
The (continuous) injection into tempered distributions here arises from the density
of the image of the inclusion S(R") — HE_(R™).

180

LEMMA 4.5. For any k € Z,
(442) HE (R") ={ue S R");Aue L*(R") Y Aec U}

180 1S0

={ue S (R");3 A e Uk elliptic and such that Au € L*(R™)}

and S(R™) — HE_(R™) is dense for each k € Z.

PrOOF. ! For k € N, the functions z%¢? for |a| + |3| = k are ‘collectively
elliptic’ in the sense that

(4.43) (e, &)= Y (@) = c(jal* + €, e> 0.
lal+|3]=k
Thus Qx = Y. (DPx*2*DP) € U2k (R™), which has principal reduced symbol

|l +[B8<k
qi, has a left parameterix A € \I/._%(R"). This gives the identity

180

(444) Y Rapr®D’ = AQp =1d+E, where
la|+161<k

Rap = ApDP2 ¢ U Mt Rny B e wooR™),

180

Thus if A € UF

180

(R™)
Au=—AFu + Z ARa,gxo‘Dﬁu.

lee|+8]<k
If w € HE_(R™) then by definition 2®D"u € L?(R™). By the boundedness of oper-
ators of order 0 on L2, all terms on the right are in L?(R™) and we have shown the
inclusion of HF_(R") in the first space space on the right in (4.42). The converse is
immediate, so this proves the first equality in (4.42) for k > 0. Certainly the third
space in (4.42) contains in the second. The existence of an elliptic parametrix B
for the ellipic operator A proves the converse since any isotropic pseudodifferential

operator of order A’ of order k can be effectively factorized as
A=A (BA+E)=BA+FE, B eV’ _, (R"), E' € U_2(R").

oco—iso iso

Thus, Au € L*(R") implies that A'u € L?(R™).

I This is an essentially microlocal proof.
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It also follows from second identification that S(R™) is dense in HF _(R™). Thus,
if Au € L%(R") and we choose f,, € S(R") with f,, — Au in L?(R") then, with B a
parametrix for A, u,, = Bf,, — BAu = u+ FEu. Thus u,, = u,, — Fu € SR") - u
in L?(R") and Au,, — u in L?(R") proving the density.

The Riesz representation theorem shows that v € §’(R™) is in the dual space,
H_F(R™), if and only if there exists v’ € HF_ (R™) such that

iso iso

(4.45)  v(u) = (U, )kiso = (U, Qop’) 2, ¥V u € S(R™) — HE (R™)

with Qo = Y DPa*D”.
|a|+|8]<k

This shows that Qg is an isomorphism of HE (R™) onto H_*(R™) as subspaces of
S’'(R™). Notice that Qo € W2k (R™) is elliptic, self-adjoint and invertible, since it
is strictly positive. This now gives the same identification (4.42) for k < 0.

The case k = 0 follows directly from the L? boundedness of operators of order

0 so the proof is complete. O

In view of this identification we define the isotropic Sobolev spaces or any real
order the same way

(4.46) HE (R") ={ueS(R");Aue L*(R")V Ac U S}, seR.

180

These are Hilbertable spaces, with the Hilbert norm being given by || Aul| 2 g~ for
any A € U2 _(R™) which is elliptic and invertible.

150

PROPOSITION 4.7. Any element A € U7 . (R™), m € R, defines a bounded
linear operator

(4.47) A:Hf

iso

(R") — H-™(R"), ¥ s € R.

180

This operator is Fredholm if and only if A is elliptic. For any s € R, S(R") —
H: (R™) is dense and H,.J(R™) may be identified as the dual of H (R™) with

respect to the continuous extension of the L? pairing.

PROOF. A straightforward application of the calculus, with the exception of the
necessity of ellipticity for an isotropic pseudodifferential operator to be Fredholm.
This is discussed in the problems beginning at Problem 4.10. (I

4.6. Representations

In §1.9 the compactification of Euclidean space to a ball, or half-sphere, is
described. We make the following definition, recalling that p € C®(S™™T) is a
boundary defining function.

DEFINITION 4.2. The space of of ‘Laurent functions’ on the half-sphere is

(4.48) L(S™T) = | p = (smh),
keNy
pRC(S™T) = {u € C°(int(S™T)); pFu € ¢ (S™T).

More generally if m € R we denote by p™C>(S™T) the space of functions which
can be written as products u = p™v, with v € C®(S™); again it can be identified
with a subspace of the space of C*° functions on the open half-sphere.
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PROPOSITION 4.8. The compactification map (1.94) extends from (1.96) to give,
for each m € R, an identification of p~™C>(S™*) and ST (R™).

Thus, the fact that the UZ (R") form an order-filtered -algebra means that
p£C>=(S?™+) has a non-commutative product defined on it, with C>°(S?™) a sub-
algebra, using the left symbol isomorphism, followed by compactification.

4.7. Symplectic invariance of the isotropic product

The composition law for the isotropic calculus, and in particular for it smooth-
ing part, is derived from its identification as a subalgebra of the (weighted) spaces
of pseudodifferential operator on R™. There is a much more invariant formulation
of the product which puts into evidence more of the invariance properties.

Let W be a real symplectic vector space. Thus, W is a vector space equipped
with a real, antisymmetic and non-degenerate bilinear form

(449) w: W xW — R, w(wy,ws) +w(we,wy) =0V wy,ws € W,
ww,w)=0¥VweW = w; =0.

A Lagrangian subspace of W is a vector space V' C W such that w vanishes when
restricted to V' and such that 2dim V' = dim W.

LEMMA 4.6. Every symplectic vector space has a Lagrangian subspace and for
any choice of Lagrangian subspace Uy there is a second Lagrangian subspace Us
such that W = Uy @ Us s a Lagrangian decomposition.

PROOF. First we show that there is a Lagrangian subspace. If dim W > 0 then
the antisymmetry of w shows that any 1-dimensional vector subspace is isotropic,
that is w vanishes when restricted to it. Let V be a maximal isotropic subspace,
that is an isotropic subspace of maximal dimension amongst isotropic subspaces.
Let U be a complement to V in W. Then

(4.50) w:VxU—R

is a non-degenerate pairing. Indeed u € U and w(v,u) = 0 for all v € V then
V + R{u} is also isotropic, so u = 0 by the assumed maximality. Similarly if v € V'
and w(v,u) = 0 for all u € U then, recalling that w vanishes on V, w(v,w) = 0 for
all w € W so v = 0. The pairing (4.50) therefore identifies U with V', the dual of
V. In particular dimw = 2dim V.

Now, choose any Lagrangian subspace U;. We proceed to show that there is a
complementary Lagrangian subspace. Certainly there is a 1-dimensional subspace
which does not meet Uy. Let V' be an isotropic subspace which does not meet U; and
is of maximal dimension amongst such subspaces. Suppose that dimV < dim U;.
Choose w € W with w ¢ V @ U;. Then V 5 v — w(w,v) is a linear functional
on Uj. Since U; can be completed to a complement, any such linear functional
can be written w(u,v) for some u; € Uy. It follows that w(w — uy,v) = 0 for all
v € V. Thus V@ R{w —u; } a non-trivial isotropic extension of V, contradicting the
assumed maximality. Thus V = U, is a complement of Uj. (]

Given such a Lagrangian decomposition of the symplectic vector space W, let
Xi,...X, be a basis for the dual of Uy, and let =4, ..., =, be the dual basis, of U
itself. The pairing (4.50) with U = U; and V = U, identifies Us = Uj so the Z;
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can also be regarded as a basis of the dual of Us. Thus X;...X,,=Z1,...,=2, gives
a basis of W/ = U] @ Uj. The symplectic form can then be written

n

(451) w(wl,wg) = Z(EZ(UM)XI(’U)Q) — Ei(wg)Xi(wl)).

=1

This is the Darbouzr form of w. If the X;, =; are thought of as linear functions
x;, & on W now considered as a manifold then these are Darboux coordinates in
which(4.51) becomes

(4.52) w=Y_d& A du;.

i=1

The symplectic form w defines a volume form on W, namely the n-fold wedge
product w™. In Darboux coordinates this is just, up to sign, the Lebesgue form
dédzx.

PROPOSITION 4.9. On any symplectic vector space, W, the bilinear map on

S(W),
(4.53)
a#b(w) = (2m) 7" /W2 e (W1w2) g (1 4 w1 )b(w 4 we )w™ (w1 )w? (ws), dim W = 2n

defines an associative product isomorphic to the composition of ¥, >°(Uy) for any
Lagrangian decomposition W = U; @ Us.

COROLLARY 4.4. Extended by continuity in the symbol space (4.53) defines a
filtered product on S (W) which is isomorphic to the isotropic algebra on R*" and
is tnvariant under symplectic linear transformation of W.

PrROOF. Written in the form (4.53) the symplectic invariance is immediate.
That is, if F'is a linear transformation of W which preserves the symplectic form,
w(Fwy, Fws) = w(wy, ws) then

(4.54) F*(a#tb) = (F*a)#(F*b) ¥V a,b € S(W).

The same result holds for general symbols once the continuity is established.

Let us start from the Weyl quatization of the isotropic algebra. As usual
for computations we may assume that the amplitudes are of order —oo. Thus,
A € U_>°(R™) may be written

1S0

@55)  Au(o) = [ Ale.g)uly) = )" [ D0 @+ ), ulw)dyd.

Both the kernel A(x,y) and the amplitude a(z,£) are elements of S(R*"). The
relationship (4.55) and its inverse may be written

A bam by = m [[esats e
(4.56)
a(z,§) = /e_ith(x + %’x - %)dt'
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If A has Weyl symbol a and B has Weyl symbol b let ¢ be the Weyl symbol of
the composite A o B. Using (4.56) and (4.55)

(.0 = [ Al + 512 Blers - i

_ —2n iP f E E E E_E
= (2m) ///dtdzdfdne a(2+4+2,£)a(2+2 4,77)

t t
Where<I>:—t-<+(s+§—z).§+(2_5+§).n.

Y =2_1t_8 =2—¢_(and

Changing variables of integration to X = £ + r—i— 5=

H = n — ( this becomes

C(s,C):(2w)—2”4"///deXd5dH
62i(X-H—YE)a(X + 8,2+ C)Q(Y+S,H+ C)

This reduces to (4.53), written out in Darboux coordinates, after the change of
variable H' = 2H, =/ = 22 and ¢’ = 2(. Thus the precise isomorphism with the
product in Weyl form is given by

@S Al = @0 [ (Gt y). 2)u(u)dyde

so that composition of kernels reduces to (4.53). O

4.8. Metaplectic group

The discussion of the metaplectic group in this section might, or might not,
be relevant for later material. For the moment you can freely ignore it, but it is
amusing enough. The operators constructed here are ‘Fourier integral operators’
in the isotropic sense — but by no means all such Fourier integral operator. In
particular they correspond to linear symplectic transformations of the underlying
space, rather than more general homogeneous symplectic diffeomorphisms.

As we shall see below the discussion of the metaplectic group reduces to the
computation of some constants, these are bound up with the standard formula for
the Fourier transform of ‘Gaussians’. Namely, if z € C has positive real part then

T 1
(458) Flesp(—20%) = YT expl- €
where the square-root is the standard branch, having positive real part for z in
this half-plane. One can carry out the integrals directly. In fact both sides are
holomorphic in £z > 0 so it suffices to check the formula on the positive real axis
in z where it is easy.

Now, recall that the symplectic group on R?", denoted Sp(2n), is the group
of linear transformations preserving a given non-degenerate antisymmetric bilinear
form. We will take the standard (well, standard up to sign and maybe constants)
Darboux form

(459) wD(({E,f),({E/,fl)) :gl -x—ﬁ-m’.

Recall that this is not a restriction in the sense that
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LEMMA 4.7 (Linear Darboux Theorem). If w is a non-degenerate antisymetric
real bilinear form on a (necessarily even-dimensional) real vector space then there
is a linear isomorphism to R*" reducing w to the Darboux form (4.59).

BRIEF PROOF. Construct a basis by induction. First choose a non-zero element
e1; and then a second element es such that w(ej,es) = 1, which is possible by
the assumed non-degeneracy. Then look at the subspace spanned by those vector
satisfying w(eq, f) = w(eq, f) = 0. This is complementary to the span of e;, es and
w is the direct sum of wp for n = 1 on the span of e1, e; and w on this complement.
After a finite number of steps one arrives at (4.59) with the z’s corresponding to
the odd basis elements and the &’s to the even ones. ([

We will need properties of the symplectic group below, but I will just work
them out as the need arises.
Let me define a group of operators on L?(R™) which also map S(R") to itself,
by the crude method of taking products of some obvious invertible operators. The
basic list is:-
(F.1) Multiplication by constants.
(F.2) Multiplication by functions ¢’(*) where q is a real quadratic form,
(F.3) The Fourier transforms in each variable

(4.60)

Fiu(z',r,2") = /efhu(a:’,t,x”)dt, = (x1,...,25), 2" = (Tjt1,...,Tp).

(F.4) Pull-back under any linear isomorphism
(4.61) T*u(z) = u(Tz), T € GL(n,R).
Obviously the multiples of the identity in (F.1) commute with the other operators.
Moreover
(4.62) 1T = 7@/ (z) = q((T") " a)

so (F.2) and (F.4) may be interchanged.
In fact it is convenient to reorganize the products of these elements. Observe
that conjugation by the Fourier transform (in all variables) of an operator (F.2)

(4.63) FLeO) Fy(z) = (277)_"/ei(z_y){eiQ(f)u(u)dydf.

gives a convolution operator which we can, and will, denote ¢4(”). Then the oper-
ators in this list which are ‘close to the identity’ are
(S.1) Multiplication by constants near 1
(S.2) Multiplication by functions ¢?(®) where ¢ is a small real quadratic form,
(S.3) Application of ¢'4(P) where ¢ is a small real quadratic form and
(S.4) Pull-back under any linear isomorphism close to the identity.

For definiteness sake:-

DEFINITION 4.3. Let M(2n) denote the space of operators on S(R™) which are
finite products of elements of the form
(4.64) M = ce' Ly Fre' F1 LY
where F; denotes the product of the Fourier transforms in the variables correspond-
ing to i € I for some subset I C {1,...,n}.
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As we shall see, these operators form a Lie group; it contains but is not equal to the
metaplectic group. The products of elements in (S.1) — (S.4) give a neighbourhood
of the identity in this group.

First we need to see how these operators are related to the symplectic group.

LEMMA 4.8. If M is of the form (4.64) then

M(l‘ju) = (Z Aijk + Z Bijk)Mu,
i k

(4.65)
M(Dju) = (> iChjax + Y Dy D) Mu
k

3

where A, B, C' and D are real n X n matrices and

(4.66) S(M) = (g g) € Sp(2n).

Furthermore all symplectic matrices arise this way and all symplectic matrices close
to the identity arise from products operators in (S.1) — (S.4) (one of each of type).

ProOF. To prove (4.66) we will check that it holds for each of the factors in
(4.64). Then from (4.65)

(4.67) S(My My) = S(M)S(Ma),

i.e. this will be a group homomorphism.

For (F.1), (4.65) and (4.66) are obvious, with the matrix being the identity. For
M asin (F.2), A=1d, B=0, D =1d and Cx = —¢/(z) is given by the derivative
of ¢ and

(4.68) S(M) = <I(§1 IC(;) € Sp(2n) for any symmetric C.

The matrix for F; is the identity outside the 2 x 2 block corresponding to x; and
D; where it is just

(4.69) (_OI . 13)

which is certainly symplectic. Finally the matrix for L* is just

(4.70) (15 : Lol)t) .

So this gives a group homomorphism, we proceed to check the surjectivity of
this map to Sp(2n). By the conjugation result (4.62) an operator of the form (4.64)
remains so under conguation by some L*. This in particular conjugates the upper
left block A in S to L=t AL. The rank of the matrix is a complete invariant under
conjugation by GL(n,R) so we may arrange that

(4.71) A = 7}, projection onto the first k& components

without affecting the overall problem. The symplectic condition then implies that

/
(4.72) S(E g),mBﬂdeO
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and where (Id —7,) B’(Id —7%) must be an isomorphism on the range of Id —m, to
preserve invertibility. Thus a further choice of L1, not affecting the special form of
A allows us to arrange that

(4.73) S = Tk N Bra =B

’ —(Id—m,)+B" D)’ )
Again from the symplectic condition it follows that B” is symmetric. Now choosing
I to be the first k elements arranges that A = Id. For the new matrix, B must be
symmetric. ([l

To proceed further consider the operators of the form (4.64) for which S(M) =
Id.

PROPOSITION 4.10. The space of operators M defined by (4.64) is a group with
a multiplicative short exact sequence

(4.74) C* — M — Sp(2n).

PrOOF. Consider the elements of M such that S(M) = Id. By definition of
S(M) these have the property that they commute with x and D, for all j. Recalling
the proof of the invertibility of the Fourier transform, this shows that the kernel of
M satisfies the differential equations

(4.75)  (w; —yj)M(z,y) =0, (Dy; + Dy, )M(x,y) = 0= M(z,y) = ci(z,y)
for some constant c. Thus
(4.76) ker(S : M — Sp(2n)) = C*1d.

Now Lemma 4.8 combined with this argument shows that M actually consists
of the operators of the form (4.64), without having to take further products. Indeed,
given a finite product M; M, ... M,, of elements of M we can use Lemma 4.8 to
find a single element M € M such that S(M) = S(My)...S(M,). Composing on
the right with M gives a product M ~'M; ... M, which commutes with z; and D;
as above, so is a multiple of the identity, which proves that M; ... M, is of the form
(4.64). The inverse of an element of M (2n), as an operator is not quite of the same
form directly, but the same argument applies. ([l

Thus M is two real dimensions larger than Sp(2n). Notice that all the ele-
ments in the products (4.64) are unitary up to positive constant multiples — and all
multiples occur. So we can kill one dimension by looking at the unitary elements

(4.77) S — (M(2n) N U(L*(R™)) — Sp(2n) is exact.

In fact we can do more than this, namely we can define in a reasonably natural
way a lift of a neighbourhood of the identity in Sp(2n) into M N U(L?*(R"). If
S € Sp(2n) is close to the identity then it has a ‘generating function’. Namely if
we write

(4.78) S(x,&) = (2/,¢') then af/g?O is invertible

since it is close to the identity. So, the corresponding linear map is invertible, and
z and £ may be introduced as linear coordinates on the graph

(4.79) =Z(x, &), ' = X'(x,¢') on the graph of S.
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Now the symplectic condition can be rewritten as
(4.80) —d¢' Ndx' +déNdr = d(E-do+X'-dE') =0 = Z-do+ X' -d¢ = d®(z,¢')

where ® is a quadratic form (since there is no 1-dimensional cohomolgy in R?" such
a smooth function exists but by homogeneity we may replace it by its quadratic
part at the origin) such that

_ 00 (x, & 00 (x, &
— AN ) / no_ } /
(4.81) E(x, &) B X'(x,&) g defines S".
So now we ‘lift’ S to the element
(4.82) M(S)u(z) = c(S)/ew(m’")ﬂ(n)dn

defined by the construction of the generating function above.

PROPOSITION 4.11. For S in a small neighbourhood of the identity in Sp(2n)
here is a unique choice of ¢(S) > 0 in (4.82) such that M € M NU(L?*(R™) and
this choice is smooth in S, the subgroup of Mp(2n) C M(2n) generated by the finite
products of these elements is a Lie group giving a 2-fold cover

(4.83) Zs — Mp(2n) — Sp(2n).

This is either the metaplectic group or else is a faithful representation of it, de-
pending on your attitude; I will call it the metaplectic group!

PROOF. For S close to the identity the discussion above shows that & is close
to x - n as a quadratic form, meaning that

(4.84) Dg(x,n) =qgo(x) + Lz -n+ q1(n), L € GL(n,R).

In fact L is close to the identity. The definition of M(S) in (4.82) can therefore be
rewritten

(4.85) M(S) = c(S)e" = L* F~ et F.

The desired unitarity then fixes ¢(S) > 0 and in fact

(4.86) c(S) = /| detT|

and it follows that M (S) depends smoothly on S € Sp(2n), near Id.
The next important thing to check is that this lift is multiplicative near the
identity, i.e. gives a local Lie group. From the discussion above we know that

(4.87) M(S1)M(Sy) = e M(S1S5), S1, So € Sp(2n) near Id

up to the possibility of factor of absolute value 1 — we proceed to show that there
is no such factor locally, although as we shall see there is one globally.

LEMMA 4.9. If ¢;, i = 1,2, are real quadratic forms which are sufficiently small
and L € GL(n,R) is sufficiently close to the identity then there exist unique small
quadratic forms ql, i = 1,2 and L' € GL(n,R) close to the identity such that

(4.88) el(@) [eia2(D) — §'¢iaa(D) i (@) [/ 5 . 0,
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PROOF. We can move the linear transformations to the left, so it suffices to
show the existence of ¢} and L’ such that

(4.89) M = (@) eie(D) — seitx(D)gidi (@) 1/ 65 ()

under the same hypotheses. By making an overal orthogonal transformation, we
may suppose that gs is a non-degenerate quadratic form in the duals of the first
variables in a splitting z = (2,2”) and is trivial in the second variables. Since
€' is a product of terms in each of the variables, it suffices (by renumbering the
coordinates) to consider the case that ¢z = £2. Then, after another orthogonal
transformation close to the identity, we may suppose that ¢; = ax? + bxy where a,
b and c are all small and we are reduced to two variables which we denote =z and y
with ¢ = ¢£2. Now we will show directly that

(490) eibmy+cb2y2 ei(:D?D _ ei(:D?D eibmyT*7 Ty = ¢ — QCb:% T*y =y

where, up to a constant of absolute value one, this comes from the computation
of the corresponding symplectic transformations. To see (4.90) insert the Fourier
transform on the right and change variables

(ei(:D?D eibmyT* )u(x, y)

=(2n)7 ! /eicgﬂ(x_m,)éeibx/yu(az’ — 2cby, y)dx'dé

— eibxy<2ﬂ_)—l / 61'052—&-i(m—rc”—2(:by)§—&-ib(:c”—&-2(:by)y)u(l,//7 y)dx”df
(4.91)
_ eibzy+cb2y2 (27_(_)71 / eic(§7by)2Jri(m7x”)(§fby)u(x/l7 y)dx/ldg

— eibmy+cb2y2 (27_‘,)71 / eic(E')2+i(zfx”)§'U(I/l7y)dI/ldgl

— eibxy—&-cbzyeicDi w.
where 2/ = 2’ — 2¢by and £ = £ — by. Whilst these are really oscillatory integrals,
the formal manipulation is easily justified by regularization, as usual.
Since (4.90) can be rewritten
(4.92)

. 2.2 . 2
ezbzercb Y GZCD“‘ —e

iba:yeichC ecb2y2 _ eicDi 67Lba:yT* ; eib:}cyeichc — eiCDi eibmyficb2y2T*

we are reduced to the case ¢1 = ax?, go = c£? which is purely one-dimensional. By
a similar computation it can be checked that

. 2 . 2 - I2 e 2
(493) etaw €wD1' = DT*elc D ela'x

if a' = '=c(1 -4 T'z=(1-4 D=1-4
ifa'=1—r,¢c e( ac), T x = ( ac)z, ac

where again the basic formula comes from comparing the symplectic transforma-
tions, namely under the operator on the left

(4.94) x+— (1 —4ac)x + 22D, D, — D, — 2ax
and on the right, before the application of T,
(4.95) x+— 1+ 2c¢Dy, Dy +— (1 —4d'd)D, — 2d'x.

Comparing these leads to (4.93). Thus we know that the sides are equal up to a
multiplicative constant and this can be computed by applying the operators to one
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non-trivial function. For example applying the operators to e~ , and using (4.58),
the right side gives

(4.96) \/71\/% exp(—(ﬁ —ia)(1 — 4ac)z?)
- \/1—*;5/@ exp(~Ba?),
since A = ﬁ —id =(1- 4a0)ﬁ
and on the left

which gives the formula for D and shows most significantly that it is positive. [

Returning to the proof of the Propostion, we have now checked that the lift is
well-defined near the identity and defines a local group. In fact it follows from this
discussion that all the operators of the form

(4.98) M = 1@ [ei2(D)  det [ > 0,

where we no longer assume that the quadratic forms are small, are products of
elements from a neighbourhood of the identity, and hence are in Mp(2n) and have
a unique representation (4.98). Indeed, we can certainly connect such an element
to the identity by connecting L to the identity by a curve L; € GL(n,R) and
replacing g1 and g2 by tg; and tgs. The corresponding element M; € Mp(2n) for
small ¢ and by continuity it follows that it is in Mp(2n) for all ¢ € [0, 1]. Indeed, let
T be the supremum of those ¢ for which it remains in the group, and is therefore
a finite product of elements in a fixed small neighbourhood of the identity for each
t < T. Consider the image curve S(M;) in Sp(2n). For 0 < s < ¢ for some € > 0,
S(M;) = RsS(My—_cys) where [0,€] 3 s — R, is a curve starting at the identity in
Sp(2n). Thus, from the discussion above, R, has a unique lift N as in Lemma 4.9.
The uniqueness of the representation shows that M;_. s = NsM;_, for s < e and
since M;_. has a finite product representation, so does M; for t < € and so this
is true of Myp. Thus, M; € Mp(2n) and the unqueness follows from the earlier
discussion.

In fact we can now check that the metaplectic group, defined by iterated com-
position of the elements near the identity just discussed, consists precisely of the
unitary operators of the form

(4.99) +D exp (%(1 — sgn det(T) — |1|)) it (@) i) £, D > 0.

Notice that if I = 0, so no explicit partial Fourier transforms are present, then the
complex factor is 44 if detT < 0 and +1 if detT > 0 which shows that M is a
double cover of Sp(2n). O

THEOREM 4.3. The metaplectic group of operators on S(R™) acts by conjuga-
tion on WE_(R™) and gives an action of Sp(2n) as a group of outer automorphisms

of the algebra.



102 4. ISOTROPIC CALCULUS

4.9. Complex order

The identification of polyhomogeneous symbols of order zero on R2" with the
smooth functions on the radial compactification allows us to define the isotropic
operators of a given complex order z € C. Namely, we use the left quantization
map to identify

(4.100) UZ (R = p=2C>(S*™Y) c Oi2 | (R™).

iso co—iso

Here, p € C*°(S?™!) is a boundary defining function. Any other boundary defining
function is of the form ap with 0 < a € C>°(S?™1!). It follows that the definition is
independent of the choice of p since a* € C>(S?™1) for any z € Z.

In fact it is even more useful to consider holomorphic families. Thus if Q C C
is an open set and h : 2 — C is holomorphic then we may consider holomorphic
families of order & as elements of
(4.101) UEE(R) = {A:Q — T, (R?);

O3 z— p"BA(z) € (S is holomorphic. }

Note that a map from Q C C into C°°(S*"!") is said to be holomorphic it is defines
an element of C*° () x S?™1) which satisies the Cauchy-Riemann equation in the
first variable.

PROPOSITION 4.12. If h and g are holomorphic functions on an open set 2 C C
and A(z), B(z) are holomorphic familes of isotropic operators of orders h(z) and
g(z) then the composite family A(z) o B(z) is holomorphic of order h(z) + g(z).

Proor. It suffices to consider an arbitrary open subset ' C  with com-
pact closure inside . Then h and g have bounded real parts, so A(z), B(z) €
wM . (R2) for 2 € Q) for some fixed M. It follows that the composite A(z)oB(z) €

WM. (R2"). The symbol is given by the usual formula. Furthermore O

oco—iso

4.10. Resolvent and spectrum

One direct application of analytic Fredholm theory is to the resolvent of an
elliptic operator of positive order. For simplicity we assume that A € U (R"; CV)
with m € N, although the case of non-integral positive order is only slightly more

complicated.

PROPOSITION 4.13. If A € U (R™;CN), m € N, and there exists one point

180

X € C such that A — X' and A* — X both have trivial null space, then
(4.102) (A=)t e o™ (R™;CV)

1SO
is a meromorphic family with all residues finite rank smoothing operators; the span
of the ranges of the residues at any X is the linear space of generalized eigenvalues,

the solutions of
(4.103) (A= X)Pu =0 for some p € N.

PROOF. Since A is elliptic and of positive integral order, m, A — X € U7 (R™)
is and entire elliptic family. By hypothesis, its inverse exists for some A" € C. Thus,
by Proposition ?? (A — A)~! € ¥_(R") is a meromorphic family in the complex
plane, with all residues finite rank smoothing operators.
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Let A be a pole of A — . Since we can replace A by A — A we may suppose
without loss of generality that A = 0. Thus, for some k the product A¥(A4 — \)~! is
holomorphic near A = 0. Differentiating the identities

(A= A=XN)T=M1d=]D\FA - N4 =N
up to k times gives the relations

(4104) AORk,j = Rk,j 0 A= Rk,jJrh ]:O7 ,k— 1,
1401%0:1'2001411(14*1%17 where
(A=NT=RAN*"+R  N*" ...+ Ry+---, Rpy1=0.

Thus AP o Rg—pt1 = 0 = Rp_pt1 0 AP for 0 < p < k, which shows that all the
residues, R;, 1 < j < k, have ranges in the generalized eigenfunctions. O

Notice also from (4.104) that the range of R;_ ;1 is contained in the range of
Ry_; for each j =0,...,k — 1, and conversely for the null spaces

Ran(Ry) C Ran(R;—1) C --- C Ran(Ry)
Nul(Ry) > Nul(Rj_1) O -+ O Nul(Ry).
Thus,
(4.105) u € Ran(R,), p>1<= Ju; € Ran(Ry) s.t. AP uy = u.

4.11. Residue trace

We have shown, in Proposition 3.4, the existence of a unique trace functional on
the residual algebra ¥;_>°(R™). We now follow ideas originating with Seeley, [12],
and developed by Guillemin [6], [7] and Wodzicki [15], [14] to investigate the traces
on the full algebra WZ (R") of polyhomogeneous operators of integral order. We
will prove the existence of a trace but defer until later the proof of its uniqueness.

Observe that for A € U;_>°(R™) the kernel can be written

Alz,y) = (20)" / VEa (2, €) de

and hence the trace, from (3.24), becomes

(4.106) Tr(A) = (27)" / ap(z, ) da de

R2n
just the integral of the left-reduced symbol. In fact this is true for any amplitude
(of order —oc0) representing A :
(4.107)

A= (%)—”/ei(w—y)a(x, y, &) dé = Tr(A) = (27r)—n/ a(z,x, &) dr df .

R2n

The integral in (4.106) extends by continuity to a;, € S™(R?") provided m <

—2n. Thus, as a functional,

(4.108) Tr: U 2" ¢(R") — C, for any € > 0.

00,iso
To extend it further we need somehow to regularize the resultant divergent integral
in (4.106) (and to pay the price in terms of properties). One elegant way to do
this is to use a holomorphic family as discussed in Section 4.9. Notice that we are
passing from the algebra-with-bounds in (4.108) to polyhomogeneous operators.
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LEMMA 4.10. If A(z) € U (R™) is a holomorphic family then f(z) = Tr(A(z)),

defined by (4.107) when R(z) < —2n, extends to a meromorphic function of z with
at most simple poles on the divisor

{-2n,-2n+1,...,-1,0,1,...} CcC.

ProOF. We know that A(z) € ¥Z_(R™) is a holomorphic family if and only if
its left-reduced symbol is of the form

o1 (A(2) = (L+ |2’ + |21)a(z;2,€)

where a(z;x,y) is an entire function with values in SY, (R"). For Rz < —2n the

phg
trace of A(z) is
£ = Cry [ (o 4 6P alei ) do .
R2n
Consider the part of this integral on the ball
A =@n [ (1 e ) el ) de de.
|z|2+]€]2 <1

This is clearly an entire function of z, since the integrand is entire and the domain
compact.

To analyze the remaining part fo(z) = f(2) — f1(2) let us introduce polar
coordinates

= (af? + 172, 0= &) c gt

The integral, convergent in Rz < —2n, becomes

fa(z) = (2m)™" /100 /S%il(l +1r2)*2a(z;r, 0) dor*™ 1 dr.

Let us now pass to the radical compactification of R?" or more prosaically, introduce
t =1/r € [0,1] as variable of integration, so
dt
f2(2) = (2m)~ / / (1 + t2)*2a(z; 9)d0t 2n
SZT: 1 t

Now the definition of S°

g (R?") reduces to the statement that

1
(4.109) b(z;t,0) = (1+t2)*%a(z; £:0) €C=(Cx [0,1] x Sy
is holomorphic in z.
If we replace b by its Taylor series at t = 0 to high order,

k .
(4.110) b(z;t,0) Z + " b (25, 0)
:0

where b (2;t,0) has the same regularity (4.109), then f(z) is decomposed as

(4.111)  fo(z) = (27) Z/ /S%lt—z'ﬂ 0)t—2n rIOr
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The presence of this factor t* in the remainder in (4.110) shows that fz(k) (2) is
holomorphic in Rz < —2n 4+ k. On the other hand the individual terms in the sum
in (4.111) can be computed (for £z < —2n) as

=z ti—2n 1 4o
2m) " | ——— bi(z,0)—
( ﬂ—) |:(—Z+j—2n):|0/§2n—1 j(zv )j'

= (2%)7";/ bj(z,ﬁ)d—e
§2n—1

(z—j+2n) gt
Each of these terms extends to be meromorphic in the entire complex plane, with
a simple pole (at most) at z = —2n + j. This shows that f(z) has a meromorphic
continuation as claimed. (]

By this argument we have actually computed the residues of the analytic con-
tinuation of Tr(A(z)) as

(4.112) lim (2 — j +2n) Te(A(2)) = (2m) " / a;(6) df

z——2n+j §2n—1
when a;() € C>°(S?"~1) is the function occurring in the asymptotic expansion of
the left symbol of A(z):

(4.113) or(A(2) ~ ) (la® +[€1%)7*Ta;(=,6)
§=0
(x,¢)

|z> + [¢* — o0, 6 = (2l + [€[2)72” a;(0) = a;(—2n + j,0).

More generally, if m € Z and A(z) € U“"*(R™) is a holomorphic family then

1S0
Tr(A(z)) is meromorphic with at most

simple poles at — 2n —m + Ny .

Indeed this just follows by considering the family A(z —m).
We are especially interested in the behavior at z = 0. Since the residue there
is an integral of the term of order —2n, we know that

A(z) € U"F*(R™) holomorphic with A(0) =0

4.114
( ) = Tr(A(z)) is regular at z = 0.

This allows us to make the following definition:
Trres(A) = lir%zTr(A(z)) if
A(z) € UF#(R™) is holomorphic with A(0) = A.

We know that such a holomorphic family exists, since we showed in Section 4.9 the
existence of a holomorphic family F'(z) € ¥Z_(R") with F(0) = Id; A(z) = AF(2)
is therefore an example. Similarly we know that Trres(A) is independent of the
choice of holomorphic family A(z) because of (4.114) applied to the difference,
which vanishes at zero.

LEMMA 4.11. The residue functional Trres(A), A € WZ_(R™), is a trace:

1S0

(4.115) Trres([4, B]) =0V A, B € V% _(R™)

180
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which vanishes on W,_2"~H(R™) and is given explicitly by

(4.116) Tres(A) = (27)" / 02 (0) d0

S2n—1
where a_op (0) is the term of order —2n in the expansion of the left (or right) symbol
of a.

PrOOF. We have already shown that Trres(A) is well-defined and (4.116) fol-
lows from (4.112) with a_s,(#) the term of order —2n in the left-reduced symbol
of A = A(0). On the other hand, the same argument applies for the right-reduced
symbol.

To see (4.115) just note that if A(z) and B(z) are holomorphic families with
A(0) = A, and B(0) = B then C(z) = [A(z), B(#)] is a holomorphic family with
C(0) = [A, B]. On the other hand, Tr(C(z)) = 0 when Rz > 0, so the analytic
continuation of Tr(C(z)) vanishes identically and (4.115) follows. O

As we shall see below, Trges is the unique trace (up to a multiple of course) on
VL (R™).

iso
4.12. Exterior derivation
(R™) be a holomorphic family with A(0) = Id. Then
G(2) = A(2) - A(=2) € WO, (R")
is a holomorphic family of fixed order with G(0) = Id. By analytic Fredholm theory
(4.117) G 7(2) e ¥,

It follows that A=1(2) = A(—2)G~!(z) is a meromorphic family of order —z with
at most finite rank poles and regular near 0. Set

(4.118) U (R™) 3 B — A(2)BA™'(2) = B(z).

1S0

Let A(z) € U2

1s0

(R™) is a meromorphic family with finite rank poles.

Thus B(z) is a meromorphic family of order m with B(0) = B. The derivative gives
a linear map.

(4.119) U (R") 5 B o DB — %A(z)BA‘l(z)LZ:o € un (R").

150 180

PROPOSITION 4.14. For any holomorphic family of order z, with A(0) = 1d, the
map (4.119), defined through (4.118), is a derivation and for two choices of A(z)
the derivations differ by an inner derivation.

PRroOF. Since
A(2)B1BoA™ N (2) = A(2) Bi1A™ 1 (2) A(2) B2 A7 (2)

it follows that

d

aA(z)BlBQA_l(sz:o = (DsB1)o By + By o (DaBs).
If A;(z) and Az (z) are two holomorphic families of order z with A;(0) = A3(0) =1d
then

Az(2) = A1(2)G(2)

when G(z) € U2 (R™) is a meromorphic family, with finite rank poles. Thus

180

Ag(2)BAY N (2) = A1(2)G(2)BG(2)AT'(2)
= A1(2)BA™ (2) + 2A1(2)H(2) AT (2) .
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Here H(z) = (G(2)BG~1(2) — B)/z is a holomorphic family of degree m with
H(0) = G'(0)B — BG'(0). Thus

S ABA () mo = - ANDBA () + [6(0), B

which shows that the two derivations differ by an inner derivation, which is to say

commutation with an element of W9 _(R™). O

Note that in fact
Dy .o

1S0

(R™) — U HR") V m

1SO
since the symbol of A(z)BA~1(z) is equal to the principal symbol of B for all z.
For the specific choice of A(z) = H(z) given by
or(H(2)) = (1+[af® + [¢[*)*/?
we shall set
DsB=DgB.
Observe that $log(1 + [z]? + [¢[?) € S (R?™) V € > 0. Thus log(1 + |z|? + [¢[?),
defined by Weyl quantization, is an element of ¥_¢ . (R") for all € > 0. By differ-
entiation the symbols satisfy

1
DB =[5 log(1 +|a[* + |DI?), B] + [G, B]

where G € W, }(R™). Thus Dy is not itself an interior derivation. It is therefore

an exterior derivation.

4.13. Regularized trace

In Section 4.11 we defined the residue trace of B as the residue at z = 0 of the
analytic continuation of Tr(BA(z)), where A(z) is a holomorphic family of order z
with A(0) = Id. Next we consider the functional

_ 1
(4.120) Tra(B) = liE%(Tr(BA(z)) - Trres(B)) .
In contrast to the residue trace, Tra(z) does depend on the choice of analytic
family A(z).

LEMMA 4.12. If A;(2), i = 1,2, are two holomorphic families of order z with
A;(0) =1d and G'(0) = L A5(2) A7 (2)|2=0 then

(4.121) Tra,(B) — Tra, (B) = Trres(BG'(0)) -
PROOF. Writing G(z) = Ay(2)A7'(2), which is a meromorphic family of order
0 with G(0) = Id,
Tr(BAz(2)) = Tr(BG(2)A1(2))
= Tr(BA(2)) + 2 Tr(BG'(0) A1 (2)) + 2* Tr(H (2) A1 (2))
where H(z) = £(G(z) — Id—2G’(0)) is then meromorphic with only finite rank

poles and is regular near z = 0. Thus the analytic continuation of 22 Tr(H (2)A(z))
vanishes at zero from which (4.121) follows. O

This regularized trace Tra (B) therefore only depends on the first order, in z,
term in A(z) at z = 0. It is important to note that it is not itself a trace.
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LEMMA 4.13. If By, By € VZ_(R") then
(4.122) Tra([B1, B2]) = Trres(B2DaBy1) .

PROOF. Since Tra([B1, Ba]) is the regularized value at 0 of the analytic con-
tinuation of the trace of

(4123) BlBgA(Z) — BQBlA(Z) = BQ[A(Z), Bl] + [Bl, BQA(Z)]
= By([A(2), BIA™ () A1 (2) + [Bi By A(2)]

The second term on the right in (4.123) has zero trace before analytic contin-
uation. Thus Tr4([Bi, Bz]) is the regularized value of the analytic continuation of
the trace of Q(z)A(z) where

Q(2) = By|A(2), B1]A™Y(2) = 2DAB; + 2%L(2)

with L(z) meromorphic of fixed order and regular at z = 0. Thus (4.122) follows.
O

Note that
(4.124) Trres(DaB) =0V B € VZ

1s0

(R")
and any family A. Indeed the residue trace is the residue of z = 0 of the analytic

continuation of Tr(H (z)A(z)) when A(z) is any meromorphic family of fixed order
with H(0) = D4 B. In particular we can take

H(z) = L(A(z)BA™'(2) — B).
Then H(z)A(z) = 1[A(z), B] so the trace vanishes before analytic continuation.
4.14. Projections
4.15. Complex powers
4.16. Index and invertibility

We have already seen that the elliptic elements

(4.125) B2, (R™CY) € Wl (R CY) < B(LA(R™;CM))

define Fredholm operators. The index of such an operator

(4.126) Ind(A) = dim Nul(A) — dim Nul(A4*)

is a measure of its non-invertibility. Set

(4.127) E, ,(R™CN) ={A € E) (R*;C");Ind(A) =k}, k € Z.

PROPOSITION 4.15. If A € E2 (R™;CN) and Ind(A) = 0 then there exists

10

E € U_°(R™;C"N) such that A+ E is invertible in B(L*(R™;C")) and the inverse

180

then lies in W _(R™; CN).

1S0
PROOF. Let B be the generalized inverse of A, assumed to be elliptic. The
assumption that Ind(A) = 0 means that Nul(A) and Nul(A*) have the same di-
mension. Let eq,---,e, € S(R*;CY) and f1,---,f, € S(R*;CY) be bases of
Nul(A) and Nul(A*). Then consider

(4.128) E=Y fi(z)e;(y) € T X (R™CV).
=1
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By construction E is an isomorphism (in fact an arbitrary one) between Nul(A) and
Nul(A*). Thus A+ E is continuous, injective and surjective, hence has an inverse in
B(L?(R™; CN)). Indeed this inverse is B + E~! where E~! is the inverse of F as a
map from Nul(A) to Nul(A*). This shows that A can be perturbed by a smoothing

operator to be invertible. O
Let
(4.129) G (R™CN) C EY, o(R™;CN) € EL,(R™;CY) C W00 (R™; CY)

denote the group of the invertible elements (invertibility being either in B(L?(R; CY)
or in ¥ (R™;CM)) in the ring of elliptic elements of index 0.

COROLLARY 4.5. The first inclusion in (4.129) is dense in the topology of
v (R™;CN).

150

ProoFr. This follows from the proof of Proposition 4.15, since A + sE is in-
vertible for all s # 0. O

We next derive some simple formule for the index of an element of E2_(R"; CV).
First observe that the trace of a finite dimensional projection is its rank, the di-
mension of its range. Thus

(4130) Ind(A) = T‘I‘(HNuI(A)) — T\r(HNul(A*))

where the trace may be reinterpreted as the trace on smoothing operators. The
identities, (4.15), satisfied by the generalized inverse of A shows that this can be
rewritten

(4.131) Ind(4) = — Tr(BA — 1d) + Tr(AB — 1d) = Tr([4, B)).

Here [A, B] = IIxui(a) — IINui(a~) is a smoothing operator, even though both A and
B are elliptic of order 0.

LEMMA 4.14. If A € ES_(R™; CV) the identity (4.131), which may be rewritten

(4.132) Ind(A4) = Tr([A, B)),
holds for any parametriz B.

ProOOF. If B’ is a parametrix and B is the generalized inverse then B’ — B =
E € U_*(R™;CY). Thus

[A,B']=[A,B]+[A, E].

Since Tr([A, E] = 0, one of the arguments being a smoothing operator, (4.132)
follows in general from the particular case (4.131). O

Note that it follows from (4.132) that Ind(A) = Ind(A + E) if E is smoothing.
In fact the index is even more stable than this as we shall see, since it is locally

constant on E2_(R™;CY). In any case this shows that

(4.133) 1Ind: &

1S0

(R™;CN) — Z, Ind(a) = Ind(A) if a = [A],
EQ(R™; CY) = EL (R CN) /W > (R™ CY)

1SO 1S0 1S0
C Ao (R™; CY) = Wi, (R™; CY) /0. 2° (R CT)
is well-defined.
The argument of the trace functional in (4.132) is a smoothing operator, but

we may still rewrite the formula in terms of the regularized trace, with respect to
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the standard regularizer H(z) with left symbol (1 + |z|> 4 |£|?)3. The advantage
of doing so is that we can then use the trace defect formula (4.122). Thus for any
elliptic isotropic operator of order 0

(4.134) Ind(A) = Trres(BDg A).
Here B is a parametrix for A. The residue trace is actually a functional
Trres : AZ (R™;CY) — C,

so if we write a~! for the inverse of a in the ring £2 (R™; CV) then

(4.135) Ind(a) = Trres(a™*Dya), Dy : A% (R™;CN) — A (R™;CN)

being the induced derivation (since Dy clearly preserves the ideal ¥, >°(R™; CY).
From this simple formula we can easily deduce two elementary properties of
elliptic operators. These actually hold in general for Fredholm operators, although

the proofs here are not valid in that generality. Namely

(4.136) Ind : &2, (R™;CY) — Z is locally constant and

(4.137) Ind(ajaz) = Ind(a;) + Ind(az) V a1, az € 2 (R™;CN).

The first of these follows the continuity of the formula (4.135) since under deforma-
tion of a in &2 (R™; C™) the inverse a~! varies continuously, so Ind is continuous

and integer-valued, hence locally constant. Similarly the second, logarithmic addi-
tivity, property follows from the fact that Dy is a derivation, so

DH(a1a2) = (DHal)ag +a1Dygas
and the the trace property of Trres which shows that

(4.138)
Ind(ajas) = Trres((a1a2) ' Dy (aaz) = Tr(a;lafl ((Dgay)as + a1 Dpas)

= Tr(ay 'a;  (Dgai)ag) + Tr(ay ' Dyas) = Ind(a;) + Ind(as).

4.17. Variation 1-form

In the previous section we have seen that the index

(4.139) Ind: EY (R™;CYN) — Z

150

is a multiplicative map which is the obstruction to perturbative invertibility. In the
next two sections we will derive a closely related obstruction to the perturbative
invertibility of a family of elliptic operators. Thus, suppose

(4.140) Y 3yr— A, € B, o(R%CY)

is a family of elliptic operators depending smoothly on a parameter in the compact
manifold Y. We are interested in the families perturbative invertibility question.
That is, does there exist a smooth family

(4.141) Y 3 y+— E, € ¥ >°(R™; C") such that (4, + E,) € G (R";CN) V y.

180
We have assumed that the operators have index zero since this is necessary (and
sufficient) for E, to exist for any one y € Y. Thus the issue is the smoothness (really
just the continuity) of the perturbation E,,.
We shall start by essentially writing down such a putative obstruction directly
and then subsequently we shall investigate its topological origins.
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PROPOSITION 4.16. If a smooth family (4.140), parameterized by a compact
manifold Y, is perturbatively invariant in the sense that there is a smooth family as
n (4.141), then the closed 2-form on'Y

(4.142) B = TrRes( Ydyay A ay dyay - ay ' Dpay) € C°(Y;A?),
ay [ ] € glso O(Rn;CN)a
s exact.

PrOOF. Note first that 3 is indeed a smooth form, since the full symbolic
inverse dependb bmoothly on parameters. Next we show that § is always closed.
The 1-forms a, Yd,a,a ; and da, are exact so differentiating directly gives

g = TrReg( 'd,a, Aay, 'd,a, Ad(a, 'Dyay))

1
2TrRe§( td yQy N ay Ld yay N a, d a, DHay))

(4.143) )
+- TrRCS(a day/\a day/\a 'Dy(day))

1
=3 TrReS(a; dyay N a, Ydya, N DH(aglday)).

Using the trace property and the commutativity of a 2-form with other forms the
last expression can be written

1
(4.144) 6 Trres(Dp(ay ' dyay A ay ' dyay A ay'day)) =0

by property (4.124) of the residue trace.

Now, suppose that a smooth perturbation as in (4.141) does exist. We can
replace A, by A, + E, without affecting 3, since the residue trace vanishes on the
ideal of smoothing operators. Thus we can assume that A, itself is invertible. Then
consider the 1-form defined using the regularized trace

(4.145) a =Tru(A, 'dyAy).

This is an extension of the 1-form dlog detr on G;_.>°(R"; CIV). The extension is not
in general closed, because the regularized trace does not satisfy the trace condition.

Using the stanadard formula for the variation of the inverse, dA, 1 — -A, 1dAyA; L
the exterior derivative is the 2-form
(4.146) doi = — Tru (A, N (dyA) A, dy Ay).

The 2-form argument is a commutator. Indeed, in terms of local coordinates we
can write

_ DA
AN (dyA) AL A, Z A, A, (ay )dy; A dys,
7,k=1
1y L, 0A A 0A
_ -1/ " _A—l el A
1 & L1 0A
=5 Z A5 (5, Ny Ay

7,k=1
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Applying the trace defect formula (4.122) shows that

_ 1 _ _
(4.147) da = = Trres (A, 'dyAy A D (A dyAy)),

locally and hence globally.
Expanding the action of the derivation Dy gives

1
(4.148)  da@ = B — 5 Trpes (A, dyAy N ANy (D Ay)) = B — dy, where

1
7 = Trhes (A, dyAy N A Dy Ay) .
We conclude that if A, has an invertible lift then 3 is exact. O

Note that the form v in (4.148) is well-defined as a form on SiOSO,O(R";(CN),
and is independent of the perturbation. Thus the cohomology class which we have

constructed as the obstruction to perturbative invertibility can be written

(4.149) 18] = [8— dn] € H? (2, o(R™;CY)).

s0,0

4.18. Determinant bundle

To better explain the topological origin of the cohomology class (4.149) we con-
struct the determinant bundle. This was originally introduced for families of Dirac
operators by Quillen [11]. Recall that the Fredholm determinant is a character
(4.150)  detp, : Id+¥_2""Y(R™;CY) — C,

detp (AB) = detp,(A) detg (B)Y A, B € Id+¥ 2"~ 1(R™; CV).

180
As we shall see, it is not possible to extend the Fredholm determinant as a mul-
tiplicative function to G _(R™; CV), essentially because of the non-extendibility of
the trace.
However in trying to extend the determinant we can consider the possible values
it would take on a point A € G_(R™;C") as the set of pairs (4, z), z € C. Thus

1S0
we simple consider the product

(4.151) D’ =GY xC,

where from now on we simplify the notation and write G = Gis(R"; CV) etc.
Although it is not reasonable to expect full multiplicative of the determinant, it is
more reasonable to expect the determinant of A(Id+B), B € ¥~2"~1 to be related

to the product of determinants. Thus it is natural to identify pairs in D°,
A, z) ~, (A7) if

(4.152) Do ( ), p (A7)

AA eG, A'=A(Id+B), 7 =detpe(Id+B)z, B € ¥7, p < —2n.

The equivalence relations here are slightly different, depending on p. In all cases
the action of the determinant is linear, so the quotient is a line bundle.

LEMMA 4.15. For any integer p < —2n, and also p = —oo, the quotient
(4.153) D) =D/ ~,

is a smooth line bundle over gg =GY/GP.
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PROOF. The projection is just the quotient in the first factor and this clearly
defines a commutative square

(4.154) Do —2 PO

4.19. Index bundle
4.20. Index formulae
4.21. Isotropic essential support
4.22. Isotropic wavefront set
4.23. Isotropic FBI transform
4.24. Problems
PROBLEM 4.1. Define the isotropic Sobolev spaces of integral order by
(4.155)
{ue L2(R");2°Dlu € L*(R") V |o| + |B] < k} keN
HF (R") =

1S0

{u eS'R;u= > a2°DBu,gp, uap € LQ(R")} ke —N.
lal+|Bl<—k

Show that if A € U2 _(R") with p an integer, then A : HE (R") — HEOP(R”) for

any integral k. Deduce (using the properties of elliptic isotropic operators) that the
general definition

(4.156)  HZ(R") = {ueS'(R"); Au € L*(R"), V A UV "(R")}, meR

150

is consistent with (4.155) and has the properties

(4.157) Ae UM (R") = A: H?(R") — H™ M(R"),
(4.158) ﬂHm (R™) = S(R™) UHm (R") = S'(R™)

(R™), u € S8'"(R"), Aue H™ (R") => u € H™ ~"™(R"),
ProBLEM 4.2. Show that if € > 0 then
HE,(R™) € (1+ Jal)~IA(R") N HE(R")
Deduce that HE (R") — L?(R") is a compact inclusion.

150

(4159)  AcU

1S0

PrROBLEM 4.3. Using Problem 4.2, or otherwise, show that each element of
(R™), € > 0, defines a compact operator on L?(R™).

—E
ISO

PROBLEM 4.4. Show that if E € U_>°(R"™) then there exists F € U

1S0 (Rn)
such that

180

(Id +E)(1d +F) = 1de with G € W
that is, G - S(R™) is finite dimensional.

°°(R"™) of finite rank,

150
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PROBLEM 4.5. Using Problem 4.4 show that an elliptic element A € I (R™)

180

has a parametrix B € ¥ '"(R") up to finite rank error; that is, such that Ao B—1Id

and B o A —Id are finite rank elements of ¥; >°(R™). Deduce that such an elliptic
A defines a Fredholm operator

A: HM

iso

(Rn) N H~M_m(Rn)

150

for any M. [The requirements for an operator A between Hilbert spaces to be
Fredholm are that it be bounded, have finite-dimensional null space and closed
range with a finite-dimensional complement.]

PROBLEM 4.6. [The harmonic oscillator] Show that the ‘harmonic oscillator’

H = |D* +|z|?, Hu= ZDJQu + |z|u,
j=1

2

is an elliptic element of Wz,

tors
(4160) Cj :Dj+i£L'j, Aj :Dj 721’1']' :C;,
and show that

(R™). Consider the ‘creation’ and ‘annihilation’ opera-

(4.161) H=) CjAj+n=>Y_ A;C;—n,
j=1 j=1

[A;,H] =2A4;, [C;,H] = —-2Cj, [C},C;] =0, [A,A;] =0, [4,C;] =26, 1d,
where [A, B] = Ao B — Bo A is the commutator bracket and d;; is the Kronecker
symbol. Knowing that (H — A)u =0, for A € C and v € S’'(R"™) implies u € S(R™)
(why?) show that

(4.162) Ex={ueSR");(H—-Nu=0}# {0} < X\ en+2Ny
(4.163) and E_, 4o = Z caC%exp(—|z]?/2), ca €C ¢, k € Ny.
la|=k

PROBLEM 4.7. [Definition of determinant of matrices.]

PROBLEM 4.8. [Proof that da = 0 in (3.32).] To prove that the 1-form is
closed it suffices to show that it is closed when restricted to any 2-dimensional
submanifold. Thus we may suppose that A = A(s,t) depends on 2 parameters. In
terms of these parameters

A A
(4.164) o =Tr(A(s,t)! dA(s,t) )ds + Tr(A(s, t) 7! d ((; ‘) )d.
Show that the exterior derivative can be written
(4.165) do = Te([A(s, ) dAC(l‘;’ D (s, dAC(ZS’ D1vds A dt

and hence that it vanishes.

PROBLEM 4.9. If E and F are vector spaces, show that the space of operators
v (R™ B, F) from S'(R™; E) to S'(R™; F) is well-defined as the matrices with
entries in U (R™) for any choice of bases of F and F.

1S0

PROBLEM 4.10. Necessity of ellipticity for a psuedodifferential operator to be
Fredholm on the isotropic Sobolev spaces.
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(1) Reduce to the case of operators of order 0.
(2) Construct a sequence in L? such that ||u,| = 1, u, — 0 weakly and
Au,, — 0 strongly in L.

PRrROBLEM 4.11. [Koszul complex] Consider the form bundles over R™. That is
AFR™ is the vector space of dimension (Z) consisting of the totally antisymmetric
k-linear forms on R™. If ey, es, ..., e, is the standard basis for R™ then for a k-tuple
a e” defined on basis elements by

k
(e}
€ (61‘1, ‘e 7€ik) = H 61jaj
j=1

extends uniquely to a k-linear map. Elements dz® € AFR™ are defined by the total
antisymmetrization of the e®. Explicitly,

dz®(vy,...,v05) = ngnﬂeo‘(vm, ey Un,)
T

where the sum is over permutations 7 of {1,...,n} and sgnr is the parity of =.
The dz® for strictly increasing k-tuples « of elements of {1,...,n} give a basis for
AFR™. The wedge product is defined by dz® A dz® = dx®P.

Now let S’(R"™; A¥) be the tensor product, that is u € S'(R™; A¥) is a finite sum

(4.166) u = Zuadxa.
[0}

The annihilation operators in (4.160) define an operator, for each k,

D:S'(R"A%) — S’ (R AMY), Du =" Ajuada’ Adz®.
j=1
Show that D? = 0. Define inner products on the A*R™ by declaring the basis

introduced above to be orthonormal. Show that the adjoint of D, defined with
respect to these inner products and the L? pairing is

D* : S'(R™; AF) — S'(R™; A*1), D*u = ZCjuaLjda:O‘.
j=1
Here, ¢; is ‘contraction with e;;’ it is the adjoint of dx’ A . Show that D + D* is an
elliptic element of Wl (R™; A*). Maybe using Problem 4.6 show that the null space

150

of D+ D* on §'(R™; A*R™) is 1-dimensional. Deduce that

(4.167) {u € S'(R™); Du = 0} = Cexp(—|z|*/2),
{u e S'(R"; AF); Du =0} = (S'(R™; AF~1), k> 1.

Observe that, as an operator from S’'(R™; A°dd) to S'(R™; A®V*"), D + D* is an
elliptic element of Ul (R™; A°dd Acven) and has index 1.

1s0

PROBLEM 4.12. [Isotropic essential support] For an element of S™(R™) define

(isotropic) essential support, or operator wavefront set, of A € U7 (R™) by

(4.168) WFis(A) = conesupp(or(A)) € R*™\ {0}.
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Show that WFis,(A) = cone supp(or(4)) and check the following
(4.169) WF, (A + B) UWF, (Ao B) C WF._(A) NWF._(B),

150 150 150

(4.170) WF (A) =0 < A€ U_>R").

150

PROBLEM 4.13. [Isotropic partition of unity] Show that if U; C S"~! is an open
cover of the unit sphere and U; = {Z € R?" \ {0}; % € U,} is the corresponding

conic open cover of R\ {0} then there exist (finitely many) operators A; €
¥ (R™) with WFi (A;) C U;, such that

150 150

(4.171) Id— Y A; € U0 (R™).

PROBLEM 4.14. Suppose A € ¥ (R™), is elliptic and has index zero as an

operator on §’(R™). Show that there exists E € U _>°(R"™) such that A+ F is an
isomorphism of &’(R™).

PRrROBLEM 4.15. [Isotropic wave front set] For u € S'(R™) define

(4.172) WFiso (1) = (| {WFis(A); A € T (R"), Au € S(R™)}.

1S0 180



