CHAPTER 11

Hochschild homology

11.1. Formal Hochschild homology

The Hochschild homology is defined, formally, for any associative algebra. Thus
if A is the algebra then the space of formal k-chains, for k € Ny is the (k + 1)-fold
tensor product

(11.1) AP — A9 A® - @ A

The ‘formal’ here refers to the fact that for the ‘large’ topological algebras we shall
consider it is wise to replace this tensor product by an appropriate completion,
usually the ‘projective’ tensor product. At the formal level the differential defining
the cohomolgy is given in terms of the product, %, by

(11.2)
blag®a; @ -+ ®@ay) =b'(ag ® ay ®-~-®ak)+(—1)k(ao*ak)®a1 - Qak—1,
k—1
bap®@ar @ - @ay) = (—1Yar® - Qaj—1 Qaj+1xa; @ aj12 Q- @ ag.
=0

LEMMA 11.1. Both the partial map, b', and the full map, b, are differentials,
that is

(11.3) (V)2 =0 and b* = 0.

PROOF. This is just a direct computation. From (11.2) it follows that

(11.4) (V)*(ap @ a1 @ ag @ -+ @ am)

m—175—2
= Z Z(_l)](_l)p("'®ap+1*ap®"‘®aj71®aj+1*aj®aj+2®"'®am)
j=2 p=0
m—1 m—2
_ ("'®aj+1*aj*aj_1®"')* Z("‘®aj+21*aj+1*aj*®"’)
J=1 Jj=0
m—3 m—1
+ (—1)j(—1)p*1(a0®- Q0100 41%0; Q0 42+ - - Qapy1xap®- - - ) = 0.
J=0 p=j+2
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Similarly, direct computation shows that
(b= )W(ap® @ ap) = (=1)"" a1 % ag*x am @ - Gm_1)

m—2
+ Z(*l)“rmil(ao*am, Qa1 *a; @ )+ (ao*am,*am—l & )7
=1
bl(b* b/)(ao (SJEE ®am) = (71)m(a1 * Qg * Gy & - 'am—l)
m—2
+ ) (1) (ag * @ -+ @ a1 xa; @ --+) and
1=1

(bfb')Q(a0®~-~®am) =—(ap * Gm * A1 @ - +)
(11.5) (b= +b(b—b)=—(b-1)>
O

The difference between these two differentials is fundamental, roughly speaking
b is ‘trivial’.

LEMMA 11.2. For any algebra with identity the differential b’ is acyclic, since
it satifies

(11.6) b's + sb' = Id where
(11.7) $(ap®@ - ®am) =1d®ag® -+ @ .

ProOOF. This follows from the observation that
m
(11.8) V(Id®ag®@ - @ am) =ag @ -+ ® ayy + Z(—l)%Id@---ai*ai_g ® 0.
i=1

O

DEFINITION 11.1. An associative algebra is said to be H-unital if its b’ complex
is acyclic.

Thus the preceeding lemma just says that every unital algebra is H-unital.
11.2. Hochschild homology of polynomial algebras

Consider the algebra C[z] of polynomials in n variables!, z € R" (or z € C™ it
makes little difference). This is not a finite dimensional algebra but it is filtered by
the finite dimensional subspaces, P,,[z], of polynomials of degree at most m;

Clz] = |J Pumlz], Pulz] C Pmya[a].

Furthermore, the Hochschild differential does not increase the total degree so it is
enough to consider the formal Hochschild homology.

The chain spaces, given by the tensor product, just consist of polynomials in
n(k + 1) variables

(C[x])®(k+1) = Clzo, x1, ..., zx], z; € R™.

1The method used here to compute the homology of a polynomial algebra is due to Sergiu
Moroianu; thanks Sergiu.
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Furthermore composition acts on the tensor product by

p(20)q(z1) = p® ¢ — p(x0)q(x0)

which is just restriction to zg = x1. Thus the Hochschild differential can be written

b:Clzo,...,zr] — Clzg,..., k1],
k—1
(bq)((ﬂ(),.’ﬂl, e ,QI}k,l) = Z(—I)Jp(xo, e 7$j717xjvxjaxj+1u N ,xk,l)
7=0
+ (=1)*q(z0, 21, ..., 2h—1,70).

One of the fundamental results on Hochschild homology is

THEOREM 11.1. The Hochschild homology of the polynomail algebra in n vari-
ables is

(11.9) HH,,(C[z]) = C[z] ® A*(C™),
with the identification given by the map from the chain spaces
9 b . .
Clzg,..., 7] 2 ¢ — — . — dz?* A -+ NdzlF.
[ 0 k] q ISJZLSTL 81“{1 axikp|m:xo:w1:m:zk 1 k

Note that the appearance of the original algebra C[z] on the left in (11.9) is
not surprising, since the differential commutes with multilplication by polynomails
in the first variable, zg

b(r(zo)q(wo, ..., zx)) = r(zo)(bq(zo, - - ., k).
Thus the Hochschild homology is certainly a module over C|x].

PRrROOF. Consider first the cases of small k. If £ = 0 then b is identically 0. If

k =1 then again
(bq)(w0) = q(x0,20) — q(xo, w0) =0
vanishes identically. Thus the homology in dimension 0 is indeed Cl[z].

Suppose that k£ > 1 and consider the subspace of C[xg, z1, ..., x| consisting of
the elements which are independent of x1. Then the first two terms in the definition
of b cancel and

k—1
(bq)(l'o, Tlyeoo ,l’kfl) = Z(—l)]p(l'o, ey SUjfl, (Ej, .’tj, 1’j+1, ey Ckal)
j=2
+ (=)*q(zo, z1,...,2x_1,20), Du,q = 0.
It follows that bq is also independent of z1. Thus there is a well-defined subcomplex
on polynomails independend of ;1 given by

Clzo, 22, . .., 2] 3 g — (bq)(20, T2, . .., Tp_1)
k—1 k—1
::j{:(—J)Jp(xo,xQ,xg,xg...,xk_l)4— (—1)
=2 j=3
p(l’o, sy Lj—1, L5, Ljy Tty - - axk—l) + (_l)kq(x07$25 cee axk—laxo)
The reordering of variables (xg,x2,3,...,25) — (22,23,...,2k,zo) for each k,

transforms b to the reduced Hochschild differential &’ acting in k variables. Thus b
is acyclic.
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Similarly consider the subspace of C[xg,x1, ..., x| consisting of the polynomi-
als which vanish at z1 = xg. Then the first term in the definition of b vanishes and
the action of the differential becomes

(11.10)  (bq)(wo,x1,...,2x—1) = P(T0, T1, 21, T2, ..., Tp—1)+
k-1
Z(_l)]p(x(h sy L1, L5, Ly Tjpdy - 7xk71)
j=2
+ (=D *q(zo, x1, ..., xh_1,x0), if b(z0,T0,T2,...) = 0.
It follows that bq also vanishes at 1 = xg.
By Taylor’s theorem any polynomial can be written uniquely as a sum

q(xo, 1,22, ..., x1) = ¢y (To, T1, T2, . .., ) + ¢ (x0, T2, . .., Tk)

of a polynomial which vanishes at 1 = g and a polynomial which is independent
of x1. From the discussion above, this splits the complex into a sum of two sub-
complexes, the second one of which is acyclic. Thus the Hochschild homology is
the same as the homology of b, which is then given by (11.10), acting on the spaces

(11.11) {q € Clzg,x1,...,2x]; q(x0, 21,...) = 0}.

This argument can be extended iteratively. Thus, if & > 2 then b maps the
subspace of (11.11) of functions independent of z5 to functions independent of xo
and on these subspaces acts as b’ in k — 2 variables; it is therefore acyclic. Similar it
acts on the complementary spaces given by the functions which vanish on zo = ;.
Repeating this argument shows that the Hochschild homology is the same as the
homology of b acting on the smaller subspaces
(1112) {g € Clxo,x1,...,2k);q(...,xj_1,25,...) =0, j=1,...,k},

' (bq)(zo, 1, ... xp_1) = (—=1)*q(x0, x1, ..., Tp_1,70).
Note that one cannot proceed further directly, in the sense that one cannot reduce
to the subspace of functions vanishing on xp = xg as well, since this subspace is
not linearly independent of the previous ones?

k—1

op— a0 =y (25, — ;).

j=0
It is precisely this ‘non-transversality’ of the remaining restriction map in (11.12)
which remains to be analysed.

Now, let us we make the following change of variable in each of these reduced
chain spaces setting

Yo = To, Y1 = T; — Tj—1, for j=1,... k.

Then the differential can be written in terms of the pull-back operation
k—1
EP : Rnk — Rn(k+1)7 EP(y()?ylv v 7yk—1) = (yanh ey Yk—1, — Zyj)a
j=1

bg = (—1)"Epq,

2Hence Taylor’s theorem cannot be applied.
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The variable z¢ = gy is a pure parameter, so can be dropped from the notation (and
restored at the end as the factor C[z] in (11.9)). Also, as already noted, the degree
of a polynomial (in all variables) does not increase under any of these pull-back
operations, in fact they all preserve the total degree of homogeneity so it suffices to
consider the differential b acting on the spaces of homogeneous polynomials which
vanish at the origin in each factor

v =1a€C"yr, ..., ulsa(sy) = s™qy), a(yr,--- ¥j-1,0,y541,- .-, yx) = 0}
b: Q' — @iy, bg=(—1)"Epq.
To analyse this non-transversality further, let J; C Clyi,...,yx] be the ideal
generated by the n monomials yf, l=1,...,n. Thus, by Taylor’s theorem,

Ji - {q € C[yla"'vyk};q(ylay27'"7yj—1707yj7yk) = 0.

Similary set
k—1
JP = {qe(c[ylavyk]?q(ylvv_zy]) :0)
j=1

For any two ideals I and J, let I - J be the span of the products. Thus for these
particular ideals an element of the product is a sum of terms each of which has a
factor vanishing on the corresponding linear subspace. For each k there are k + 1
ideals and, by Taylor’s theorem, the intersection of any k of them is equal to the
span of the product of those k ideals. For the k coordinate ideals this is Taylor’s
theorem as used in the reduction above. The general case of any k of the ideals
can be reduced to this case by linear change of coordinates. The question then, is
structure of the intersection of all k41 ideals. The proof of the theorem is therefore

completed by the following result. O
LEMMA 11.3. The intersection Q' N Jp = Q™ - Jp for every m # k and
(11.13) QY nJp = AF(CM).
Proor. When m < k the ideal Q}* vanishes, so the result is trivial.
Consider the case in (11.13), when m = k. A homogeneous polynomial of

degree k in k variables (each in R™) which vanishes at the origin in each variable is
necessarily linear in each variable, i.e. is just a k-multilinear function. Given such
a multilinear function ¢(yi,...,yx) the condition that bg = 0 is just that

(11.14) g1, Yk—1,—Y1 — Y2 — - — Yp—1) = 0.

Using the linearity in the last variable the left side can be expanded as a sum of
k — 1 functions each quadratic in one variables y; and linear in the rest. Thus the
vanishing of the sum implies the vanishing of each, so

a1, Yk—1,Y;) =0V ji=1,... k-1

This is the statement that the multlinear function ¢ is antisymmetric between the
jth and kth variables for each j < k. Since these exchange maps generate the
permutation group, g is necessarily totally antisymmetric. This proves the isomor-
phism (11.13) since A¥(C") is the space of complex-valued totally antisymmetric
k-linear forms.>

Thus it remains to consider the case m > k+ 1. Consider a general element ¢q €
QN Jp. To show that it is in Q" - Jp we manipulate it, working modulo Q7' NJp,

3Really on the dual but that does not matter at this stage.
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and use induction over k. Decompose g as a sum of terms ¢;, each homogeneous in
the first variable, y;, of degree [. Since ¢ vanishes at y; = 0 the first term is ¢,
linear in y;1. The condition bg = 0, i.e. ¢ € Jp, is again just (11.14). Expanding in
the last variable shows that the only term in bg which is linear in y; is

QW1 Yh—1,—Y2 — = Yk—1)-

Thus the coefficient of y; ;, the ith component of y; in ¢, is an element of Q;cn:ll
which is in the ideal Jp(R¥~1), i.e. for k — 1 variables. This ideal is generated by
the components of ys + - - - 4+ yx. So we can proceed by induction and suppose that
the result is true for less than k variables for all degrees of homogeneity. Writing
Yo+ +yr = (y1 + Y2+ - + yx) — y1 It follows that, modulo Q7 - Jp, ¢1 can
be replaced by a term of one higher homogeneity in y;. Thus we can assume that
q; = 0 for ¢ < 2. The same argument now applies to go; expanded as a polynomial
in y; the coeflicients must be elements of QZ:Q N Jp. Thus, unless m —2 =k — 1,
i.e. m = k + 1, they are, by the inductive hypothesis, in QZ“:lz - Jp(R*=1) and
hence, modulo Q7" - Jp, g2 can be absorbed in g3. This argument can be continued
to arrange that ¢; =0 for i < m — k + 1. In fact ¢; = 0 for i > m — k + 1 by the
assumption that ¢ € Q7.

Thus we are reduced to the assumption that ¢ = ¢;,—r+1 € Q' NJp is homoge-
neous of degree m — k41 in the first variable. It follows that it is multilinear in the
last k — 1 variables. The vanishing of bg shows that it is indeed totally antisymmet-
ric in these last k — 1 variables. Now for each non-zero monomial consider the map
J:{1,2,...,n} — Ny such that J(7) is the number of times a variable y; ; occurs
for some 1 <[ < k. The decomposition into the sum of terms for each fixed .J is
preserved by b. It follows that we can assume that ¢ has only terms corresponding
to a fixed map J. If J(i) > 1 for any 4 then a factor y; ; must be present in g, since
it is antisymmetric in the other k — 1 variables. In this case it can be written y; ;¢’
where bg’ = 0. Since ¢’ is necessarily in the product of the indeals Jy - ... Jg - Jp it
follows that ¢’ € @™ - Jp. Thus we may assume that J(i) = 0 or 1 for all i. Since
the extra variables now play no role we may assume that n = m is the degree of
homogeneity and each index ¢ occurs exactly once.

For convenience let us rotate the last k£ — 1 variables so the last is moved to the
first position. Polarizing ¢ in the first variable, it can be represented uniquely as
an n-multilinear function on R™ which is symmetric in the first n — k + 1 variables,
totally antisymmetric in the last kK — 1 and has no monomial with repeated index.
Let Myp_1(n) be the set of such multilinear funtions. The vanishing of bg now
corresponds to the vanishing of the symmetrization of ¢ in the first n—k+2 variables.
By the antisymmetry in the second group of variables this gives a complex

n bn— b
M, (n) —> 7;-1(n)41>"' 2

Ml(n) My 0.

The remaining step is to show that this is exact.

Observe that dim(Mj,(n)) = (}) since there is a basis of Mj,(n) with elements
labelled by the subsets I C {1,...,n} with k elements. Indeed let w be a non-
trivial k-multilinear function of k variables and let w; be this function on RF ¢ R®
identified as the set of variables indexed by I. Then if a € My(n — k) is a basis of
this 1-dimensional space and a; is this function on the complementary R™* the
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tensor products ajwy give a basis. Thus there is an isomorphism

M >q= Y car@uw— Y aow e AFRY).
IC{1, b T =k IC{1, b T=k

Transfered to the exterior algebra by this isomorphism the differential b is
just contraction with the vector e; + ez + --- + ¢, (in the first slot). A linear
transformation reducing this vector to e; shows immediately that this (Koszul)
complex is exact, with the null space of by, on A¥(R") being spanned by those w;y
with 1 € I and the range of by11 spanned by those with 1 ¢ I. The exactness of
this complex completes the proof of the lemma. O

11.3. Hochschild homology of C*(X)

The first example of Hochschild homology that we shall examine is for the
commutative algebra C*°(X) where X is any C° manifold (compact or not). As
noted above we need to replace the tensor product by some completion. In the
present case observe that for any two manifolds X and Y

(11.15) C®(X)®C®(Y) CC¥(X x Y)

is dense in the C* topology. Thus we simply declare the space of k-chains for
Hochschild homology to be C>°(X**1), which can be viewed as a natural comple-
tion? of C°°(X)®*+1) . Notice that the product of two functions can be written in
terms of the tensor product as

(11.16) a-b=D*(a®b), a,b€C®(X), D: X > z+— (2,2) € X°.

The variables in X**1 will generally be denoted zg, z1,...,2;. Consider the
‘diagonal’” submanifolds
(1117) Di,j = {(2’07 21y - ,Zk); Z; = Zj}, Z,] = O, e,y Z 7& j

We shall use the same notation for the natural embedding of X* as each of these
submanifolds, at least for j =i+ 1 and i =0, j = m,

Di7i+1(l‘0, .. -7Zm—1) = (Zo, .. .,Zi7Zi,Zi+1,. . .,Zm_l) e Di,i-‘,—l, ’L = O,. ce,M — 1
Dm,O(ZO; .. ~7Zm71) = (Zo, .. ~7Zm71720)~

Then the action of b’ and b on the tensor products, and hence on all chains, can be
written

m—1
(11.18) Yo=Y (=1)'Dj, o, ba=ba+ (-1)"D}, ya.

i=0

40One way to justify this is to use results on smoothing operators. For finite dimensional
linear spaces V and W the tensor product can be realized as

V®W =hom(W',V)

the space of linear maps from the dual of W to V. Identifying the topological dual of C°(X)
with Co °(X; ), the space of distributions of compact support, with the weak topology, we can
identify the projective tensor product C*(X)®C>(X) as the space of continuous linear maps from
Co *°(X;9Q) to C>°(X). These are precisely the smoothing operators, corresponding to kernels in
C>®(X x X).
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THEOREM 11.2. The differential b’ is acyclic and the homology® of the complex
(11.19) NS G BN L5 ) WL AN
is naturally isomorphic to C*°(X; A*).

Before proceeding to the proof proper we note two simple lemmas.

LEMMA 11.4. SFor any j = 0,...,m — 1, each function o € C®(X*+1) which
vanishes on D; ;11 for each i < j can be written uniquely in the form

a:o/—}—o/’, 0/, o e Coo(XkJrl)
where o vanishes on D, ;11 for all i < j+1 and &' is independent of zj41.

PROOF. Set o/ =75, (D, ) where m; : X¥+! — X* is projection off the
jth factor. Thus, essentially by definition, o’ is independent of z;y;. Moreover,
mit1Dj 41 =1d so D} ;0" = D3, o and hence D}, a” = 0. The decomposi-
tion is clearly unique, and for i < j,

(11.20) Djjr10omjp1 0 Diiy1 = Diiv10 Fyj
for a smooth map Fj ;, so o vanishes on D; ;11 if « vanishes there. O

LEMMA 11.5. For any finite dimensional vector space, V, the k-fold exterior
power of the dual, AFV*, can be naturally identified with the space of functions

(11.21)
{uec®(VF)u(sv) =sfv, s >0, u | (Vix{0}xVF ") =0 fori=0,...,k—1
andu | G=0, G:{(Ul,...,vk)EVk;’Ul—‘r"'-‘r’Uk:O}}.

PROOF. The homogeneity of the smooth function, u, on V* implies that it is a
homogeneous polynomial of degree k. The fact that it vanishes at 0 in each variable
then implies that it is multlinear, i.e. is linear in each variable. The vanishing on
G implies that for any j and any v; € V, i # j,

(11.22) Zu(vl,...,vj,hvi,vjﬂ,...,vk) =0.

i#]
Since each of these terms is quadratic (and homogeneous) in the corresponding
variable v;, they must each vanish identically. Thus, u vanishes on v; = v; for each
i # j; it is therefore totally antisymmetric as a multlinear form, i.e. is an element
of A*V*. The converse is immediate, so the lemma is proved. O

PROOF OF THEOREM 11.2. The H-unitality” of C>°(X) follows from the proof
of Lemma 11.61 which carries over verbatim to the larger chain spaces.
By definition the Hochschild homology in degree k is the quotient

(11.23) HH,(C®(X)) = {u € C®°(X*H 1) bu = 0} /bC>(XF+2).

The first stage in identifying this quotient is to apply Lemma 11.4 repeatedly. Let
us carry through the first step separately, and then do the general case.

5This homology is properly referred to as the continuous Hochschild homology of the topo-
logical algebra C*°(X).
6As pointed out to me by Maciej Zworski, this is a form of Hadamard’s lemma.

7Meaning here the continuous H-unitality, that is the acyclicity of ¥’ on the chain spaces
Coo(XkHL,
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For j = 0, consider the decomposition of u € C>(X**1) given by Lemma 11.4,
thus
(11.24)

u = ug + u(1), U € WI‘COO(X’“), uy € Jl(k) = {u € C°°(Xk+1);u I Do1 = 0}.

Now each of these subspaces of C>°(X**1) is mapped into the corresponding sub-
space of C>(XF¥) by b; i.e. they define subcomplexes. Indeed,

u e miC®(X*) = Dg yu = Dy 5u so

k—1
u=mv=bu=mBv, B'v=— Z(—l)iD;Hlu + (—1)kD}:7170v.
i=1
For the other term
k—1
i )k * k—
(11.25) buy = Y (~1)'Df ;s quay + (~1)FDi guy = buqy € 1Y,
i=1

Thus, bu = 0 is equivalent to bug = 0 and bu(;y = 0. From (11.3), defining an
isomorphism by

(11.26)  Eg,_1y : C(XF) — C=(XF), Eg1yv(z1, ..., 26) = v(22, ..., 2k, 21),
it follows that
—1
(11.27) B=-E;' W Eu
is conjugate to o’. Thus B is acyclic so in terms of (11.24)
(11.28) bu=0= u—u@) =bw, w=mv.

As already noted this is the first step in an inductive procedure, the induction
being over 1 < j < k in Lemma 11.4. Thus we show inductively that

(11.29) bu= 0= u—u = bw,
ugy € I = {ue (X );u | Diyyr =0, 0<i <j—1}.

For j = 1 this is (11.28). Proceeding inductively we may suppose that u = u;) and
take the decomposition of Lemma 11.4, so

(11.30) U(j) = u + Ui+1), UG+1) € J;i)l, u = 7T;+1U S J](k).
Then, as before, bu(;) = 0 implies that bu’ = 0. Furthermore, acting on the space
7r;-‘+1C°°(X’“) N J(kj), b is conjugate to b’ acting in k + 1 — j variables. Thus, it is
again acyclic, so u(;y and u(; 1) are homologous as Hochschild k-cycles.

The end point of this inductive procedure is that each k-cycle is homologous
to an element of

(11.31) JW = P = Ly e (X ) Dfyu=0, i <i<k—1}.

Acting on this space bu = (—1)’“D;70u, so we have shown that
(11.32)
HH,(C®(X)) = M® /(M® nbc=(x*)), M) = {ue J®; D} ju=0}.
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Now consider the subspace
(11.33) M® = {u € c=(X*);
u= > (f(z5) = f(zi41) upy, up; € MP) fec>(X).}.
finite, 0<j<k—1

If u=(f(zj) = f(zj41))v, with v € M*) get

(1134) ’LU(Zo,Zl,...7Zj,Zj+1,Zj+2,...,Zk+1)
= (*1)j(f(zj) = f(Zj+1))v(20, - -+, 255 Zj 125 25435 -+ -5 2k)-
Then, using the assumed vanishing of v, bw = u.® Thus all the elements of M®*)
are exact. ~
Let us next compute the quotient M (*¥) /M (k). Linearizing in each factor of X
around the submanifold zp = z; = - -+ = 2, in V¥ defines a map
(11.35) p:M® sy — o €C(X;TX @@ T*X).

The map is defined by taking the term of homogeneity k in a normal expansion
around the submanifold. The range space is therefore precisely the space of sections
of the k-fold tensor product bundle which vanish on the subbundle defined in each
fibre by v1 + -+ - + vy = 0. Thus, by Lemma 11.5, 1 actually defines a sequence

(11.36) 0— M® — M®) 2, co(X AR X) — 0.
LEMMA 11.6. For any k, (11.36) is a short exact sequence.

PROOF. So far I have a rather nasty proof by induction of this result, there
should be a reasonably elementary argument. Any offers? (I

From this the desired identification, induced by u,
(11.37) HH(C*®(X)) = C>(X; Ak X)

follows, once is is shown that no element u € M®*) with u(u) # 0 can be exact.
This follows by a similar argument. Namely if v € M) is exact then write u = bu,
v € C®(X*) and apply the decomposition of Lemma 11.4 to get v = vy +wv(1)- Since
u =0 on D it follows that bvg = 0 and hence u = bvyy. Proceeding inductively
we conculde that u = bv with v € M*+D. Now, u(bv) = 0 by inspection. O

11.4. Commutative formal symbol algebra

As a first step towards the computation of the Hochschild homology of the
algebra A = UZ(X)/¥~>°(X) we consider the formal algebra of symbols with
commutative product. Thus,

(11.38) A={(a;)2_,:a; € C®(S*X; PY)), a; =0 for j >> 0}.

j=—00"

Here P®*) is the line bundle over S*X with sections consisting of the homogeneous
functions of degree k on T* X \ 0. The multiplication is as functions on 7*X \ 0, so

(aj) - (bj) = (¢j), ¢j = Z a;j_1by

k=—o00

8Notice that V(20,5 2j, 242, -, 2k4+1) vanishes on z;41 = z; for i < jand i > j+ 1 and
also on zg + z1 + - -+ + zx41 = 0 (since it is independent of z; 1 and bv = 0.
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using the fact that P @ P*) = pU+k) We take the completion of the tensor
product to be

(11.39) B® ={uec>(T*X\0)*" M )iu= Y up,
finite

up € C°(S*X; P @ PUD) g ... @ PUW) || = k).

That is, an element of B*) is a finite sum of functions on the (k + 1)-fold product
of T*X \ 0 which are homogeneous of degree I; on the jth factor, with the sum
of the homogeneities being k. Then the Hochschild homology is the cohomology of
the subcomplex of the complex for C*>(T*X)

b, Bk

THEOREM 11.3. The cohomology of the complex (11.40) for the commutative
product on A is

(11.41) HH(A) = {a € C®(T*X \ 0; A*(T*X); o is homogeneous of degree k}.

b

(11.40) LAY (U

11.5. Hochschild chains

The completion of the tensor product that we take to define the Hochschild
homology of the ‘full symbol algebra’ is the same space as in (11.39) but with the
non-commutative product derived from the quantization map for some Riemann
metric on X. Since the product is given as a formal sum of bilinear differential
operators it can be take to act on an pair of factors.

(11.42) M g B ey B

The next, and major, task of this chapter is to describe the cohomology of this
complex.

THEOREM 11.4. The Hochschild homolgy of the algebra, \I/%hg(X)/\Il;}?g"(X),
of formal symbols of pseudodifferential operators of integral order, identified as the
cohomology of the complex (11.42), is naturally identified with two copies of the

cohomology of S*X°
(11.43) HHy(A;0) = H*F(S*X) @ H*" 1% (5" X).

11.6. Semi-classical limit and spectral sequence

The ‘classical limit’ in physics, especially quantuum mechanics, is the limit in
which physical variables become commutative, i.e. the non-commutative coupling
between position and momentum variables vanishes in the limit. Formally this
typically involves the replacement of Planck’s constant by a parameter h — 0. A
phenomenon is ‘semi-classical’ if it can be understood at least in Taylor series in
this parameter. In this sense the Hochschild homology of the full symbol algebra
is semi-classical and (following [3]) this is how we shall compute it.

The parameter h is introduced directly as an isomorphism of the space A

Lp:A— A, Ly(a;)i__o = (ha;)i__o, h>0.

j=—00 j=—o00"

9n particular the Hochschild homology vanishes for k£ > 2dim X. For a precise form of the
identification in (11.43) see (?7?).
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Clearly Ly o Ly, = Lpps. For h # 1, Ly, is not an algebra morphism, so induces a
1-parameter family of products

(11.44) axp = (L") (Lya* Lyp).

In terms of the differential operators, associated to quantization by a particular
choice of Riemann metric on X this product can be written
* *
(11.45) axn B= ()= 0or ;=3 _ > h*Pulaji_x.b).
k=01l=—x

It is important to note here that the Py, as differential operators on functions on
T*X, do only depend on k, which is the difference of homogeneity between the
product a;_;4rb;, which has degree j + &k and c;, which has degree j.

Since A with product *, is a 1-parameter family of algebras, i.e. a deformation
of the algebra A with product * = %1, the Hochschild homology is ‘constant’ in h.
More precisely the map Ly induces a canonical isomorphism

L} : HHy (A; %) = HHy (A; *).

The dependence of the product on h is smooth, so it is reasonable to expect the
cycles to have smooth representatives as h — 0. To investigate the consider Taylor
series in h and define

F,p={ac B®): 3 a(h) € =([0,1)4; B®) with a(0) = a and
bpa € hPC* (|0, 1)h;Bk_1)},
Gpr = {a € BM; 3 3(h) € ¢*([0,1)4; BTV with
brB(h) € hP~1C>([0,1)5; B® and (t77b,3)(0) = a}.

Here by, is the differential defined by the product x,.

Notice that the F}, ; decrease with increasing p, since the condition becomes
stronger, while G, increases with p, the condition becoming weaker.'Y We define
the ‘spectral sequence’ corresponding to this filtration by

Ep k= Fp,k/Gp,k-

(11.46)

(11.47)

These can also be defined successively, in the sense that if
ok = {ue Byoypsu=[u], v € F,1}
ok ={e € Bpipsu=[u]]Ju' € Gy}

then Ep,k} = FZ/),k‘/G;),k?'

The basic idea'! of a spectral sequence is that each E, = @, E, x, has defined
on it a differential such that the next spaces, forming F,;,, are the cohomology
space for the complex. This is easily seen from the definitions of F}, ;. as follows.
If @ € F, let 5(t) be a 1-parameter family of chains as in the defintion. Then
consider

(11.48) ~(tPbyB)(0) € BFY,

01f o € Gp . and B(h) is the 1-parameter family of chains whose existence is required for
the definition then B’(h) = hB(h) satisfies the same condition with p increased to show that
o € Gp+1’k.

Hot Leray I suppose, but I am not really sure.
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This depends on the choice of 3, but only up to a term in Gy r—1. Indeed,
let G’(t) is another choice of extension of « satisfying the condition that b3’ €
hPC>=([0,1); B*~1) and let 4" be defined by (11.48) with 8 replaced by 3’. Then
5(t) = t=1(B(h) — B#'(h)) satisfies the requirements in the definition of G 1, i.e.
the difference v/ — v € G, k—1. Similarly, if & € G, then v € Gnk.u The map so
defined is a differential

b(p) . Epyk e Epykfl, b%p) = 0

This follows from the fact that if p = b,y then, by definition, u = (t77b,3)(0),
where o = (3(0). Taking A(t) = t Pbr(t) as the extension of u it follows that
bpA =0, 50 by = 0.

Now, it follows directly from the definition that Fyr = Eor = B®) since
Go,x = {0}. Furthermore, the differential b o) induced on Fj is just the Hochschild
differential for the limiting product, g, which is the commutative product on the
algebra. Thus, Theorem 11.3 just states that

Eir= @ {uec>(T*X \0; A*); u is homogeneous of degree k}.
k=—o0

To complete the proof of Theorem 11.4 it therefore suffices to show that

(11.49) By = H*H(S*X) @ H>"17F(5* X)),
(1150) Ech = Eg,k, v p > 2, and
(11.51) HH (05, (X) /-2 (X)) = plggo E, k.

The second and third of these results are usually described, respectively, as the
‘degeneration’ of the spectral sequence (in this case at the ‘Ey term’) and the
‘convergence’ of the spectral sequence to the desired cohomology space.

11.7. The E5 term

As already noted, the E; i term in the spectral sequence consists of the formal
sums of k-forms, on T* X \ 0, which are homogeneous under the R action. The Es
term is the cohomology of the complex formed by these spaces with the differential
b(1), which we proceed to compute. For simplicity of notation, consider the formal
tensor prodoct rather than its completion. As already noted, for any o € B*) the
function by« is smooth in A and from the definition of b,

k—1
d )
(11.52) %bha(O) = Z(—l)lao @ ®ai—1 @ Pi(ai41,0) @ it @ - Q ag
=0
+(—1)kP1(a0,ak)®a1®---®ak_1, a=ay Q- ® a.

The general case is only more difficult to write, not different.!® This certainly
determines by« if « is a superposition of such terms with bpaw = 0. Although (11.52)
is explicit, it is not given directly in terms of the representation of a, assumed to
satisfy bpaw = 0 as a form on T*X \ 0.

12Indeed, o is then the value at h = 0 of B(t) = t=Pt1by, ¢(t) which is by hypothesis smooth;
clearly b, = 0.

L3¢ you feel it necessary to do so, resort to an argument by continuity towards the end of
this discussion.
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To get such an explicit formula we shall use the symplectic analogue of the
Hodge isomorphism. Recall that in any local coordinates on X, z;, i = 1,...,n,
induce local coordinates x;, &; in the part of T*X lying above the coordinate patch.
In these canonical coordinates the symplectic form (which determines the Poisson
bracket) is given by

(11.53) w=Y_d& Aduy.
k=1

This 2-form is non-degenerate, i.e. the n-fold wedge product w™ # 0. In fact this
volume form fixes an orientation on 7*X. The symplectic form can be viewed as
a non-degenerate antisymmetric bilinear form on T, (7*X) at each point ¢ € T* X,
and hence by duality as a bilineear form on 7 (7" X). We denote this form in the
same way as the Poisson bracket, since with the convention

{a7 b}(Q) = {da> db}q
they are indeed the same. As a non-degenerate bilinear form on T*Y, Y = T*X
this also induces a bilinear form on the tensor algebra, by setting

{e1@-@er, Lo @ fi,} = [[{e fi}
i

These bilinear forms are all antisymmetric and non-degenerate and restrict to be
non-degnerate on the antisymmetric part, A*Y, of the tensor algebra. Thus each of
the form bundles has a bilinear form defined on it, so there is a natural isomorhism

(11.54) Wy : ARY — AZFY, a AWB = {a, Blw", o, B € C™(Y,AFY),
for each k.

LEMMA 11.7. In canonical coordinates, as in (11.53), consider the basis of
k-forms given by all increasing subsequences of length k,

I:{1,2,....,k} —{1,2,...,2n},

and setting

(11.55) ar =dzpay Adzga) A Adzpy),

(Zla 22y e 7Z2n) = (1‘1;&-171‘2)527 e 7$n7€’n)'
In terms of this ordering of the coordinates
(11.56) Wa(ar) = (1) Doy gy

where W (I) is obtained from I by considering each pair (2p—1,2p) forp=1,...,n,
erasing it if it occurs in the image of I, inserting it into I if neither 2p — 1 nor 2p
occurs in the range of I and if exactly one of 2p — 1 and 2p occurs then leaving it
unchanged; N(I) is the number of times 2p appears in the range of I without 2p—1.

PRrROOF. The Poisson bracket pairing gives, on 1-forms,
—{dw;j, d§;} = 1 = {d¢;, du;}
with all other pairings zero. Extending this to k-forms gives
{ar,a;} =0 unless (I(4),J(5)) = (2p —1,2p) or (2p,2p —1) V j and
{ar,a;} = (D), if (I(§), J(§)) = (2p — 1,2p) for N values of j
and (I(y),J(j)) = (2p — 1,2p) for N — k values of j.
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From this, and (11.54), (11.56) follows. O

From this proof if also follows that N (W (I)) = N(I), so W2 = Id. We shall
let

(11.57) 0w =W,o0do W,
denote the differential operator obtained from d by conjugation,
b 1 C¥(T*X \ 0;A%) — C>°(T* X \ 0, AF71).

By construction §2 = 0. The exterior algebra of a symplectic manifold with this
differential is called the Koszul complex.!* All the oy are closed so

da
dZJ) (— 1)N(1)04W(1)

Ou(aay) =W, ( 5

(11.58)
Z 8zj DNDOW, (dz; A aw(r))s

Observe that!'®
W (dz2p—1 A O4W(I)) = 00/020p, O
Wo (dZQp A aW(I)) = 09/022p_1 I
where, ¢, denotes contraction with the vector field v. We therefore deduce the

following formula for the action of the Koszul differential
2n
(11.59) do(aar) = Z(Hzia)ba/az,;aL
i=1
LEMMA 11.8. With Ey identified with the formal sums of homogeneous forms
on T*X \ 0, the induced differential is

1
(11.60) by = ~ 0

PrROOF. We know that the bilinear differential operator 2iP; is the Poisson
bracket of functions on T*X. Thus (11.52) can be written

k—1
(IL.61)  2ibra = Z(_l)iao ® - ®ai—1 ©{ai41,0i} ® aip2 ® - @ ag
i=0
+ (_1)k{a07ak}®a1 & .- ®ak,1, a = q (SRR ®ak~
The form to which this maps under the identification of E5 is just

k—1
(11.62) 211)10[ = Z(—l)iao A dai_l Ao A d{ai+1, ai} A dai+2 N ag
=0
+ (=1)*{ag, ar} Aday A -+ Adag_y

14Up to various sign conventions of course!

15Check this case by case, as the range of I meets the pair {2p — 1,2p} in {2p — 1,2p},
{2p — 1}, {2p} or 0. Both sides of the first equation are zero in the second and fourth case as are
both sides of the second equation in the third and fourth cases. In the remaining four individual
cases it is a matter of checking signs.
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Consider the basis elements aj for k-forms. These arise as the images of the
corresponding functions in local coordinates on X**1

ar(z0, 2150y 2K) = Z(—l)sgng(z1,01(1) — 20,01(1))
g
X 22,61(1) = #1,01(1)) - - - (21,01(m) = 20,01(m—1))-

Since these functions are defined in local coordinates they are not globally
defined on (T X' \0)**!. Nevertheless they can be localized away from zp = - - - = 2,,
and then, with a coefficient (a;(20))j-_, a; € C®(T*X \ 0) homogeneous of
degree j with support in the coordinate patch, unambiguously define elements of
E; which we can simply denote as a(zg)@; € E;. These elements, superimposed
over a coordinate cover, span ;. Consider b(;)& given by (11.62). In the sum, the
terms with P; contracting between indices other than 0,1 or m,0 must give zero
because the Poisson bracket is constant in the ‘middle’ variable. Futhermore, by
the antisymmetry of &, the two remaining terms are equal so

ib(1)(ad1) = Z (Hzﬂm)a)(—l)sgn(”)dzgl(z) A Ndzgr(r)

cE€Py
= _(Ha)as0,01.

Since this is just (11.59) the lemma follows. O

With this lemma we have identified the differential on the F; term in the spec-
tral sequence with the exterior differential operator. To complete the identification
(11.49) we need to compute the corresponding deRham groups.

PRrROPOSITION 11.1. The cohomology of the complex

i N oo ) i N oo ) d
Y R (TIX N0 AR) =S > e (TFX N\ 0 AR 5
Jj=—00 j=—00

in dimension k is naturally isomorphic to H*(S*X) @ H*1(S*X).

PROOF. Choose a metric on X and let R = |£| denote the corresponding length
function on T*X \ 0. Thus, identifying the quotient S*X = (T*X \ 0)/R* with
{R = 1} gives an isomorphism 7*X \ 0 = S*X x (0,00). Under this map the
smooth forms on 7% X \ 0 which are homogeneous of degree j are identified as sums

Cﬁgmu) (T*X \ O,Ak) = e}
(11.63) Gt n . dR / 0o [ q* k " 0o [ Q* k—1
= R (afj + o /\f)’ o € CP(S*X;A%), of € C=(S*X; A,

The action of the exterior derivative is then easily computed

doj = fj, B = R’ (8} + B; =" A(%R)»
B =da, B =da +j(—1)""al.
Thus a k-form (a;)7__, is closed precisely if it satisfies
(11.64) joy = (=1)*da}, do/y =0V j.

It is exact if there exists a (k — 1)-form (v;)5__, such that

(11.65) o = dvj, off =dvf Jrj(fl)k’y;.
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Since the differential preserves homogeneity it is only necessary to analyze these
equations for each integral j. For j # 0, the second equation in (11.64) follows
from the first and (11.65) then holds with v} = 1(—1)¥a/ and 7} = 0. Thus the

J
cohomology lies only in the subcomplex of homogeneous forms of degree 0. Then

(11.64) and (11.65) become
dogy =0, dag = 0 and of = dv), af = dvy)

respectively. This gives exactly the direct sum of H*(S*X) and H*~!(S*X) as the
cohomology in degree k. The resulting isomorphism is independent of the choice of
the radial function R, since another choice replaces R by Ra, where a is a smooth
positive function on S*X. In the decomposition (11.63), for j = 0, « is unchanged
whereas «f, is replaced by af, + o A dloga. Since the extra term is exact whenever
oy is closed it has no effect on the identification of the cohomology. ]

Combining Proposition 11.1 and Lemma 11.8 completes the proof of (11.49).
We make the identification a little more precise by locating the terms in FEjs.

PROPOSITION 11.2. Under the identification of Ey with the sums of homoge-
neous forms on T*X \ 0, Es, identified as the cohomology of ., has a basis of
homogeneous forms with the homogeneity degree j and the form degree k confined
to

(11.66) k—j=dmX, —dimX <j <dimX, dimX > 2.

PrOOF. Provided dim X > 2, the cohomology of S*X is isomorphic to two
copies of the cohomology of X, one in the same degree and one shifted by dim X —
1.6 The classes in the first copy can be taken to be the lifts of deRham classes from
X, while the second is spanned by the wedge of these same classes with the Todd
class of S*X. This latter, n — 1, class restricts to each fibre to be non-vanishing.
Thus in local representations the first forms involve only the base variable and
in the second each terms has the maximum number, n — 1, of fibre forms. The
cohomology of the complex in Proposition 11.1 therefore consists of four copies of
H*(X) consisting of these forms and the same forms wedged with dR/R.

With this decomoposition of the cohomology consider the effect on it of the map
W,,. In each case the image forms are again homogeneous. A deRham class on X in
degree [ therefore has four images in E5. One is a form of degree k1 = 2n — [ which
is homogeneous of degree j; = n —I. The second is a form of degree ks = 2n—1—1
which is homogeneous of degree jo = n — [ — 1. The third image is of form degree

ks = n—1[1+1 and homogeneous of degree j3 = —+ 1 and the final image is of form
degree k4 = n — [ and is homogeneous of degree j, = —I. This gives the relations
(11.66). (]

11.8. Degeneration and convergence

Now that the E5 term in the spectral sequence has been explicitly computed,
consider the induced differential, b5y on it. Any homogeneous form representing a
class in F5 can be represented by a Hochshild chain « of the same homogeneity.
Thus an element of E; in degree k corresponds to a function on C((T*X)\)*+!)
which is separately homogeneous in each variable and of total homogeneity k — n.
Furthermore it has an extension 3(t) as a function of the parameter h, of the same

16T hat is, just as though S$*X = 8”1 x X, where n = dim X.
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homogeneity, such that b;3(t) = t*y(t). Then by = [y(0)], the class of ¥(0) in Es.
Noting that the differential operator, P;, which is the jth term in the Taylor series
of the product *; reduces homogeneity by j and that b, depends multilinearly on
xp, it follows tha b,y must decrease homogeneity by r. Thus if the class [y(0)] must
vanish in Fy by (11.66). We have therefore shown that by =0, so B3 = E3. The
same argument applies to the higher differentials, defining the E, = E5 for r > 2,
proving the ‘degeneration’ of the spectral sequence, (11.50).

The ‘convergence’ of the spectral sequence, (11.51), follows from the same anal-
ysis of homogneities. Thus, we shall define a map from E5 to the Hochschild ho-
mology and show that it is an isomorphism.

11.9. Explicit cohomology maps
11.10. Hochschild holomology of ¥~*°(X)
11.11. Hochschild holomology of ¥%(X)

11.12. Morita equivalence



