QUESTIONS 18.102 FINAL, SPRING 2013

I expect to choose 6 of these questions on the final. Note that some are rather
straightforward and some are less so, I will choose some of each. Before the day of
the exam, you can ask me for hints.

All Hilbert spaces should be taken to be separable and non-trivial, i.e. containing
an element other than 0.

PROBLEM 1
Let H;, i = 1,2 be two Hilbert spaces with inner products (-,-); and suppose
that I : Hy — Hs is a continuous linear map between them. Suppose that
e the range of [ is dense in Ho
e [ is injective.
e if v, — v (converges weakly) in Hy then I(v,) — I(v) in Ho.
Show that
(1) there is a continuous linear map @ : Hy — Hj such that (u,I(f))2 =
(Qu, /1 V [ € Hi.
(2) as a map from H; to itself, @ o I is bounded and self-adjoint.
(3) as a map on Hy, QoI is compact.
(4) as a map on Hy, I o @ has the same eigenvalues as Q o [ on Hj.

PROBLEM 2

Let A; C R be a sequence of subsets with the property that the characteristic
function, x; of Aj;, is integrable for each j. Show that the characteristic function of
R\ A, where A = |J; 4; is locally integrable.

PROBLEM 3

If H is a Hilbert space let [?(H) be the space of sequences h : N — H such that
S llu(4)||3 < oo. Show that this is a Hilbert space and that there is a bounded
J

linear bijection {2(H) — H if and only if H is not finite dimensional.

PROBLEM 4

Let A be a Hilbert-Schmidt operator on a separable Hilbert space H, which
means that for some orthonormal basis {e;}

(1) Z | Ae;||? < oo.
Using Bessel’s identity to expand || Ae;||? with respect to another orthonormal ba-
sis {f;} show that Z | A* f;]1? = Z || Ae;|?. Conclude that the sum in (1) is inde-

pendent of the othornormal basis used to define it and that the Hilbert-Schmidt
operators form a Hilbert space.
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PROBLEM 5

Let a : [0,27] — L?(0,27) be a continuous map. Show that

Af(a:):/o " a(@)f, e 20,2m)

defines a compact operator from L2(0,2) to C([0,27]) (i.e. the image of a bounded
set is equicontinuous). Conversely show that if A : L2(0,2m) — C([0, 27]) is given
as a compact (in particular bounded) operator for the supremum norm on C([0, 27])
then there exists such a map a.

PROBLEM 6

Let u,, : [0,27] — C be a sequence of continuously differentiable functions which
is uniformly bounded, with bounded derivatives i.e. sup,, sup,¢jgoq) |un(z)| < 00
and sup,, SUp ¢ 2x] Uy, (7)| < 00. Show that u,, has a subsequence which converges
in L2([0, 27]).

PROBLEM 7

Suppose that f € £1(0,27) is such that the constants ¢z = f(o o) f(x)e~ k= ke

Z, satisfy " |ex]? < oo. Show that f € L%(0, 27).
kezZ

PROBLEM 8

Carefully justify each step in the following proof of the uniform boundedness
principle (see Alan D. Sokal, ‘A really simple elementary proof of the uniform
boundedness theorem’, Arxiv math:1005.1585).

Theorem: If a sequence, or more generally a collection 7, of bounded operators
T :V — W, where V is a Banach space and W is a normed space, is such that
for each v € V, suppcr ||T(v)|lw < oo then supper || T < 0.

Proof:

(1) Suppose to the contrary that suppcq ||T|| = oo.
(2) Choose a sequence T}, in T such that || T5| > 4*.
(3) Observe that for a bounded operator, S, between two normed spaces

max([[[S(v + )|, [S(v — )] = %[IIS(U + )+ 1S = )] > [1SV']

(4) Deduce that

sup ||Sul|| > ||S|lr Vv eV and r > 0.
u€B(v,r)

(5) Set vp = 0 and note that for k¥ > 1, proceeding inductively, points vy € V
can be chosen such that [[v; — ve—1]] < 37% and || Tkl > 237F|| Ty ||.

(6) The sequence {vi};2, is Cauchy, hence converges to some v € V.

(7) Since [lv — vil| < 337F, | Thv|| > 375 || Tkl > (4/3)% — .

(8) Hence suppcr ||| < oo.
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PROBLEM 9

Let B, be a sequence of bounded linear operators on a Hilbert space H such
that for each u and v € H the sequence (Bj,u,v) converges in C. Show that there
is a uniquely defined bounded operator B on H such that

(Bu,v) = ILm (Bpu,v) Y u,v € H.

PRrROBLEM 10

Let T : Hi — H> be a continuous linear map between two Hilbert spaces and
suppose that T' is both surjective and injective.

(1) Let A2 € K(Hz) be a compact linear operator on Ha, show that there is a
compact linear operator A; € K(H7) such that

AT =TA;.

(2) If Ay is self-adjoint (as well as being compact) and H; is infinite dimen-
sional, show that A; has an infinite number of linearly independent eigen-
vectors.

PROBLEM 11

Suppose P C H is a closed linear subspace of a Hilbert space, with 7p : H — P
the orthogonal projection onto P. If H is separable and A is a compact self-adjoint
operator on H, show that there is a complete orthonormal basis of H each element
of which satisfies 1pAmpe; = t;e; for some t; € R.

PROBLEM 12

Let e; = ch’je*IQ/Q, ¢; >0, where j = 1,2,..., and C = —4 + 2 is the
creation operator, be the orthonormal basis of L?(R) consisting of the eigenfunctions
of the harmonic oscillator discussed in class. You may assume completeness in
L?(R) and use the facts established in class that —CZ:{ + 2%e; = (2§ + 1)e;, that
¢ = 2_74/2(3'!)_%71'_i and that e; = p;(x)ep for a polynomial of degree j. Compute
Ce; and Ae; in terms of the basis and hence arrive at a formula for de;/dz. Use

this to show that the sequence j~2 % is bounded in L?*(R). Conclude that if

(2) Hi, = {u€ L*(R); Y jl(u,e))]* < oo}

Jj=1

then there is a uniquely defined operator D : HY, — L*(R) such that De; = %4
for each j.

PROBLEM 13

Let A be a compact self-adjoint operator on a separable Hilbert space and sup-
pose that for any orthonormal basis

> I(Aei, )| < oo

Show that the eigenvalues of A, if infinite in number, form a sequence in [!.
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PROBLEM 14

Consider the subspace H C C[0, 27] consisting of those continuous functions on
[0, 27r] which satisfy

3) u(w) = /0 U, vz e [0,21]

for some U € L?(0,27) (depending on u of course). Show that the function U is
determined by w (given that it exists), that

(4) lull2, = / 2
(0,27)

turns H into a Hilbert space.

PROBLEM 15

Let e; = chje_”Q/Q, ¢j > 0, where C = —4L + z is the creation operator, be
the orthonormal basis of L?(R) consisting of the eigenfunctions of the harmonic
oscillator discussed in class. Define an operator on L?(R) by

o0

Au = Z(Qj + 1)_%(u,ej)Lzej.
=0

(1) Show that A is compact as an operator on L?(R).

(2) Suppose that V € C% (R) is a bounded, real-valued, continuous function on
R. Show that L?(R) has an orthonormal basis consisting of eigenfunctions
of K = AV A, where V is acting by multiplication on L?(R).

PROBLEM 16

Suppose that f € £1(0,27) is such that the constants
cr = / f(x)e ™™ k ez,
(0,27)

satisfy

Z |ek|? < oo.

kEZ
Show that f € £2(0,27).

PROBLEM 17

Consider the space of those complex-valued functions on [0, 1] for which there is
a constant C' (depending on the function) such that

1
(5) lu(z) —u(y)| < Clz —y[> V z,y € [0,1].
Show that this is a Banach space with norm

(6) Jully = sup e + iné

)
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PROBLEM 18

Let B : L?(R) x L*(R) — C be a bilinear form (meaning it is linear in each
factor when the other is held fixed) such that there is a constant C > 0 and

|B(u,v)| < Cllullg2||v|z2 ¥V u,v € L*(R).
Show that there is a bounded linear operator T : L*(R) — L?*(R) such that

/RT(U)(Z‘)U(J?) = B(u,v) ¥ u,v € L*(R).



