18.118 PROBLEM SET 1

SARAH TAMMEN

Collaborators and Sources: I worked with Ricardo Grande-Izquierdo, Jackson Hance,
and Jonathan Tidor.

“Suppose that
N 2
fa) =3 ayetis
j=1

is a trigonometric polynomial whose frequencies are numbers between 1 and N2. Prove
that
1124 o,1) Se NEIF ez (o,1))-” (1)

It is sufficient to prove that
Hf”i‘l([o,l}) Se NE”in?([o,u)- (2)

Computing ||f|]4LQ([071D, we have
2
110y = (17122000
. 2
= (1)

2
N

=l

=1

Thus, to prove , we must show that
2

N
£z oy Se N° > oyl
j=1
Expanding the LHS, we have

oy = [ 115 = [ 1P
[0,1] [0,1]
2 3)

o
_ / Z ajake27rz(] +Ek%)x dz
O hi<jpen
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For each m with 1 < m < 2N?, let

Sm={(j,k): 1 <j <N and j%+k? =m}.

2mima

Using the fact that the functions e are orthogonal on L?([0,1]), we continue from

and use the Cauchy-Schwarz inequality to give

2
4 _ 2mwimax .
1z 0,11y —/ > e > ajar || da
O3 |1<m<an? (4.K)ESm
2
= Z / Zmime Z ajar| dx
1<m<an2  [0:1] (j,k)ESm
2

= D | 2 g

1<m<2N? | (4,k)ESm

Do 1Skl Do lagPlaxl

1<m<2N?2 (4,k)ESm

IN

By the number theory lemma that we discussed in class,
[Sim| Se N°

for all € > 0, so we have

||f”i4([0,1}) S N° Z Z |Clj|2|al<:|2

1<m<2N?2 (§,k)ESm

=N D ol laf?
1<5,k<N
2

N
= N7 Doyl
j=1

NeII Iz o,

as required.

“Suppose that f is supported in [0,1]. In class we gave the intuition that f ‘is roughly
locally constant on length scales smaller than 1.” Here we pursue this question further.
Suppose in addition that

[f(@)] < @+ ]
Prove that if [z1,x2] € [-1, 1], then

|f(x1) — f(x2)] < |x1 — @a|.”

Let 21,29 € [—1,1] be fixed. Let € S(R) so that n = 1 on [0,1]. Then f = fn,

so f = f=*7n. Since n € S(R), 7 is also in S(R). For future notational convenience, let
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@ = 1. In particular, we can write

£ = Jle2)| = | [ Fdetor =y = [ F)ete =y dy]

_ ] [ 16 0~ )~ ot~ ) dy]
< / F@) o1 — y) — o(zz — )| dy

< [+ e - 9) - oo2 = )] dy.

By the Mean Value Theorem, given y € R, there exists 3 = x3(y) between 1 and x5
so that

lp(z1 —y) —plz2 —y)| = |¢' (23 = Yll(x1 —y) — (22 = Y)| = |¢' (23 — y)l|v1 — 22].
Substituting this into , we have

) = Flao)| < Jo1 — o ( [+ ) dy)

= |z1 — a2 </y|21(1 +1yD)™l¢ (23 — y)|dy + /y@(l + 1yl (23 — y)ldy> :
()

Since ¢ is Schwartz, ¢’ is also Schwartz, so for every M there exists C; > 0 so that
1 M
() < C <> |
‘90< )’ = VM 1+ ’Z‘
for all z. In particular, there exists C' > 0 so that
1 12
() < C <) . 6
el < 0 (57 0
To estimate the first integral on the RHS of (7)), note that since since z3(y) is between
x1 and xo for each y, we must have

lz3 —y| = |y — z3| > [y| — |z3| > [y — 1.

(M)m : (uuiw—n)m B (@w)lg'
<

Thus,

Combined with @7 this inequality implies that

/ LA sl < € [ el
Y=
1 12
<cf e ()
ly|>1

=2 —-
ly|>1 y?
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Meanwhile, to estimate the second integral on the RHS of , we write

/ (1+ |y[) "¢ (x5 — y)|dy < HSO'IILoo(R)/ L+ [y dy < 2"01¢/|| oo w)-
ly|<1 ly|<1

Having proved that both

/ (1 + Iy (w3 — y)ldy  and / (1 + [y (5 — y)ldy
ly|>1 ly|<1
are finite, it follows by that

|f(z1) = fx2)] S |21 — 22|

and that the implied constant does not depend on f. In particular, letting C' be as in
(@, we see that f is Lipschitz with Lipschitz constant

dy
20 (e, el )
Y=z

“A decoupling problem. Suppose that
N
Q=i - 147
j=1

Estimate D,(Q2 = Uj-vzlﬁj) as well as you can for p in the range 2 < p < co. To prove
lower bounds, describe examples. To prove upper bounds, combine the argument from
the first problem with tools from our second class: the local orthogonality lemma, the

locally constant lemma, and the parallel decoupling lemma.”

We claim that
N, 2<p<i4

2

NeNZ 5, 4<p<oo.

(7)

Dy(Q = UL10;) <e
As a motivating example, let f; be a bump function of height 1 which decays rapidly
outside of [—1, 1] and satisfies f1(0) = 1. For each j > 1, let

fi(@) = 00 fy (a).
For f = Z;\le fj, we have that f(0) = N. Since some of the f; oscillate more quickly

than in our analogous example for ) = Uj-V:l[j — 1,4], we expect that there will be

constructive interference on a shorter interval around 0; indeed writing

|f(z)| = ij(x) = fl(x)ZeQM(] 1)z
j:l j=1

- \fl(x)\‘ (1 + cos(3z) + - - - + cos((N? — 1)33)) + i(sin(?):c) 4o+ sin((N? - 1)33) ‘
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we see that to have constructive interference , it is necessary that (N? — 1)z < 7/2. For

a sufficient condition for constructive interference, note that if N2z < 7/4, then

N
[f (@) = [Re(f(2))] = 7

Thus we have |f(x)| ~ N on an interval of width ~ N2 which implies that
;2
[fllze 2 N - N

Since
1/2

N 1
ZHf]H%P NN§7
j=1

we have that
2

Dy(Q) 2 N2 75,

As we will soon prove, this example is sharp up to e-loss for p > 4.

To prove , we use the following proposition, which is an analogue of our result from

problem 1.

Proposition 1.1. Suppose that

supprQ U —1]
7j=1

and that I is any interval of length 1. Then

SIS N e, (3)

for some weight wy.

Before proving Proposition we will show that Proposition implies . We
begin by proving an analogue of the local decoupling lemma; specifically, we will show
that if I is any interval of length 1, w; is the weight in the proposition, and

f=>1
J
with fj supported in [j2 — 1, j%], then

E N ) 1/2
N (S 1B n) 2<p<4
caplo2 1/2 ‘
NeNE (SN ilR,) s pd
First, suppose that p > 4. In this case, given an interval I of length 1, we write
A L T~y AT

S NUF G2 on 11y

1 fllr(ry S

(10)
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By the local orthogonality lemma (proved in class),
182y S 3 16503 (11)
J

(Note: one would actually need a statement of the local orthogonality lemma which gives
an upper bound for || f]|7, (wy) Tather than a bound for || f1I7.2 (ry- However, adapting our
proof from class to the modified statement is not difficult; all that is needed is to omit
the step in which one bounds an integral over I by the integral on R of |f|? times the
weight.) Meanwhile, we use the the triangle inequality, the locally constant lemma, and
the Cauchy-Schwarz inequality to give

p—4

Hf”i;:i(l) < ZHfJHLOO(I)
J

p—4

N
S il - 1
=1

p—d
N 2
p—d
<N DY 1w
j=1
Since R has finite total weighted measure, we have that
1Az @wn) S 122
More generally, if p < ¢, then
I Nzo@r) S 1 lzagn) (12)

Thus,

1oy S N ZHf]HLQ (wn)

Combining this result with , we continue from ((10)) to give
N p/2
120y S NNT ST 1651y
j=1

b/ (13)

N
p—4
SNNZ (D Ml
!

(In the second line, we have used the fact that || [| 2w,y S || -l 2r(w;)-) Taking pth roots
gives the p > 4 case of .
We remark that this proof does not work for p < 4, because, for instance, when we

said that
Jise < sy, 1ot
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we were relying on the fact that p—4 was nonnegative to give the intermediate inequality
—4 —4
T il

To prove that

1/2
N /

1oy S N D2 51

j=1
for 2 < p < 4, note that if we substitute 4 for p in , then the first line implies that
1/2

N
1l S NS0 e | (14)
j=1
Fixing p with 2 < p < 4, we use along with to give
N 1/2
1A z2y S W2 S Ml SN Y1120
j=1

1/2

N
S N© ZHfj”%p(wI) )
j=1

thereby completing our proof of @ Our claim in now follows by the parallel
decoupling lemma.

Having proved that Proposition [1.1] implies our claimed upper bound, we now prove
Proposition

Proof. (Proof of Proposition. Let 6 > 0 such that 6 < 1/4. Let  be a non-negative
real-valued bump function that is identically 1 on I, decays rapidly outside I, and has
Fourier transform supported in [, d].

We take n? as a weight function to give

12t = (I12)” = ([ 11 '2”2>2 = (/LI *ﬁDZ
9\ 2
= /Rz<fj*ﬁ)

J

For each j, fj % ) is supported on [j2 — 1 — 4, j% + d]. Since we chose § < 1/4 < 1/2,
then intervals [j2 — 1 — §,j2 + d] are disjoint, so by orthogonality,
2

2
oy = (2 [ 15208 ) = (Sl | - (15)
J J
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Thus, we must show that
2

/I e N (S, | (16)
J

Since 7 is nonnegative and is identically 1 on I, we have that

Jises [it = [ 1

= 120?72
2

— |72 42
H fZxn ‘LQ(R) (Plancherel)
73,2l
_/R‘f e (17)
2
~ [ X Giedasien)
Rl1<jk<N

=/]R SO ()« (o)

1<j.k<N

For each pair (j,k), the convolution (f] % 7)) * (fr * 7)) is supported on the interval
[52 + k? — 2 — 20, 52 + k? + 24]. For each m > —1, let Q,, be the interval [m,m + 1).
An interval of the form [j2 + k? — 2 — 26,52 + k% 4 24] can intersect €, only if m €
{2 +Kk*—3,72+ k* — 2,52+ k? — 1,52 + k%, 2}. By the number theory lemma from
problem 1, if m < 2N? = N2 + N2, then each of the equations

m=j>+k*—2
m=j2+k -1
m=j2+k -1
m=j2+k +1
has <, (2N?)7 solutions for any v > 0. Thus, for each m,
#{(G k) : [P+ K —2-20,7 + K +20]NQp # o} S N°

for any € > 0. By Lemma [1.2] stated and proved below,

2
2

[ Griethon| sone 3 [|deiGeri)
Rl1<jk<nN 1<j, k<N
-~ > [l (18)
1<), k<N

SN Welliegey [ 1P

1<j,k<N



18.118 PROBLEM SET 1 9

We claim that
| fxnll ooy S Ikl 2t (wp)-

To prove so, we mimic the proof of the locally constant lemma from class: Let ¢ € S(R)
satisfy 1 = 1 on [—2,2], and let

or(x) = h(x — k?).

Since f, * 7 is supported on [k2 — 1 — 8, k2 + 1 + 8], we have
(fr*D)er = fo* 1,

which implies that

Jen = (fxn) * Gk

For any = € R, we have

| (fem) ()|

‘ [ oty dy'

IN

X /R Fewn@)]

= ||l oo @) 1 fll L1 (w))-

Thus,
| fxnllLoery S Ikl 21 (wr)s
and the implied constant does not depend on k. As discussed in class, || - [[zr(w;) S
| -l zp () for p < g, so we have that
1 fell 2wy < 1 fellz2(wr)-
Continuing from gives
2
LIS Geetosn)| sS85 Ml [ 150
R l1<jk<n 1<j,k<N
= N* Z ”fk77||%2(w,)||fj77||%2(w1)
1<), k<N
2
= N°® Z Hfj77|’%2(w1)
1<j<N
Combining this result with gives , as required. This completes our proof of
Proposition modulo the proof of our lemma, which is provided below. O

Lemma 1.2. Suppose that 0 C R™ is the disjoint union

0= |_|Qm,

meN
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and that g € L?(Q) is given by
N
9=> g
k=1
for some functions g € L*(Q). For each m, let
Sm=4{k:1<k<N and suppgr N Qy, # I}

If |Sm| Se N¢ for all m, then
2 < N¢ / 2
AN 9k|”
[ 1a > o

Proof. Since the sets €, are disjoint, we have

/|9!2=;/Qm 9> = %:/Q

For each x, we have by the Cauchy-Schwarz inequality that

Z/ 1| da.

m k‘GS

2

> gr@) -1 < 1Sml Y lge@)P SN Jgwla

kESm kESm kESm

Thus,

/|g|2<Na§j§j/ e NEZZ/ oul? = NEZ/ aul?.

m k€S, k=1 m



	

