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INSTRUCTOR: LARRY GUTH
TRANSCRIBED BY SAHANA VASUDEVAN

Today we will talk about some applications of decoupling.

The first application is Strichartz inequality on tori. Let 7% = R?/Z4.
For a lattice A C R?, let Ty = R?/A. For instance, we may take the
rectangle [0, A\1] X ... x [0, \4] and identify opposite edges.

Our goal is to study the initial value problem for Schrodinger’s equa-
tion. That is, let u(z,t) : R¥xR — C (or T¢xR — C or Ty x R — C),
where z € R?, T4, or T, and t € R. We want to study the solutions to
the partial differential equation

du = 1Au
with initial conditions u(x,0) = wg(z). The following theorem was
proved in the 1970s.

Theorem 0.1 (Strichartz). Suppose u(z,t) : R?x R — C is a solution

2 2
%. Then

||u||LP(]Rd><R) S HUOHLP(Rd)-

to the Schrodinger equation above. Let p =

Today, as an application of decoupling we shall show an analogue for
tori. Before stating the theorem precisely we need to make a definition.
Given an initial condition ug : Ty — C, we may write

UQ(.CE) _ Z awe27riw~:c‘
weA*
We say that ug has frequency < N if a,, = 0 for |w| > N. We may now
state the theorem.

Theorem 0.2 (Bourgain, Demeter). Suppose u(z,t) : Th x R — C is
a solution to the Schrodinger equation with initial conditions u(xg) =
2(d+2

%. Then

[ullzo(rax 0,1y < Ce)CA)Nuol| L2z
Remarks. (1) C(A) is a nice function on the space of lattices; it is

continuous and so uniformly bounded on compact subsets of the space
of lattices.

uo(x) where ug has frequency < N. Let p =

1
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(2) Why do we restrict to t € [0,1]? On any finite volume Riemann-
ian manifold (not R™), ||u(,t)|| ey = Ju(-, )| 2y = [Juol|z2(ary (the
L*-norm is independent of ¢), hence ||ul|Lr(vrxr) = +00.

(3) The value of p is sharp.

(4) Previously, this theorem was known for 7% and 72, and there
were partial non-sharp results in other cases.

Proof of Theorem 0.2. Let
U()(LL’) _ Z ajw€2m'w-x.

weA* |w|<N
Then
u(e )= Yo aueTertr
weA* |w|<N
Let Q be the set of frequencies {(w,|w|?) : w € A*,|w| < N} which
appear in our expansion of u. Notice that {2 is contained in the parab-

oloid defined by wgi1 = Zle w?. We consider the following rescaling
which moves €2 to a subset of the unit truncated paraboloid:

w w
L(wl, ceey wd+1) = (Nl, ceey %)

Notice that L(Q) is an N~ '-separated set of points on the unit trun-
cated paraboloid. Let

2
— 2#i(%$1+...+wﬁd:ﬁd+%t)
u(z,t) = E a,e :

w
WEA* |w|<N

By local decoupling (on Bf, x Bj.), we have

-~ 2 ﬂler...er—ddeth)
< 5 Jacm (i),
Wl ey 20 e I8 (5 x10)
1/2
=N > faP
weA* |w|<N

S Nluollp2(zy)-
Now note that if (z,t) € By, x By then (£, 1) € BS x Bi. Thus
5,y = Wl

The RHS is ~ H“HLP(TAx[O,u) ~ |lu|lLr(ryx[0,17)- This completes the
proof. O
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Discussion of the proof of Strichartz. There are two key ingre-
dients in the proof:

(1) L* conservation i.e. ||u(-,t)|lr2(m) = [Juollz2(a) holds for any
Riemannian manifold M (in particular R, T¢ and T} ).

(2) We have the dispersive estimate [[u(-, ¢)|| pooray S 72| uol| p1 ray
for RY.

The L?-conservation and the dispersive estimate together can be used
to prove Strichartz. The proof is clever but only uses Holder, duality,
ete. In particular, whenever we have (1) and (2) Strichartz follows. In
GR, people care about Strichartz (for the wave equation) on curved
spacetime. The L?-conservation is automatic, but people put a lot of
work into proving the dispersive estimate.

The dispersive estimate is false on 79. Take uy to be a frequency
< N approximately delta function with width 1/N with [uy, =1. On
R?, the dispersive estimate implies that if [t| ~ 1, then

/2

Jul, D)l ey S llwoll pr vy = 1.

On T if |t| ~ 1,
w(-, )| oo (ray 2 Jul, 0) || 2eray = ||uol| p2¢ray = N2,

It can be even worse. On the unit cube torus, u is 1-periodic in ¢, which
we can read off from the formula for «

U/(I, t) = Z awe2ﬁi(wx+‘w|2t).

wEZM,|w|<N
So
(-, Dl oo ray = [u(:, 0) | oo (ray ~ N
for the example above.

Proof sketch of dispersive estimate. Note that
U(w, t) = To(w)elr,
hence
u(z,t) = / To(w)e™ tdw = S, * ug(z)
R4
where Sy(x) & t~%2e~1#/t . We have,
(- )| oo ey = 1St * uo | oo (rey
< 1St oo ey uo| 1 (ra)
2 |ug|| L1 (gay-

as desired. O
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On T4, if
Uo(l') _ Z aw627riwa:
weZ™,|w|<N
then
u(x, t) _ Z awe27ri(wa:+\w|2t).
wWEZM |w|<N

Basic fact: for wy,wy € Z", e¥1% 5y 27928 — () if W # wy and e¥TwT
if wy =wy =w. So
u(z,t) = Ky * up(x)

where

KN,t<w) _ Z 627ri(wa:+|w|2t)‘
wWEZ™,|w|<N
Let us see what S; and Ky, look like.

Picture 1. Picture of S;. For a fixed t, S; oscillates with uniform
height, frequency of oscillation increases. As t increases, picture of S;
becomes shorter and wider, but still oscillating with uniform height
and increasing frequency.

Note that ||Kn||p2(o5a+1) ~ N2, This suggests that |Ky(z,t)| ~
N2 at a typical point (x,t). But Ky also has some much taller
peaks. From the formula for Ky, we can read off that Kn(0,1) =
Kn(0,0) ~ N% Ky also has tall peaks near rational points (with
small denominators). For instance, consider the special case d = 1 and

N

KN(072/3) = Z e2ﬁi(2/3)‘w‘2 — Z 6271'1'(2/3)(4}2

weZ4 |w|<N w=—N

Notice that e2(2/3* only depends on w modulo 3. So if N is a
multiple of 3, we get

2

0 2/3 N 262771(2/3
=0

The sum on the right-hand side is not zero, and so |Kx(0,2/3)| ~ N
and we see that Ky has another tall peak near (0,2/3).

Weyl’s differencing method gives a good way of estimating | K (x,t)].
This method plays an important role in the circle method in analytic
number theory, and we will discuss it more in the second half of the
course (coming soon). Using Weyl’s method, people have proven that
| K| has peaks only near to rational points of small denominator. In
Bourgain’s work on periodic Strichartz estimates in the early 90s, he
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was able to control the effect of these tall peaks using a mix of restric-
tion theory and the circle method.

From the description so far, Ky already sounds a lot more compli-
cated than the Schrodinger kernel S;. But we haven’t yet mentioned
the most technically difficult aspect. While S; oscillates in a regular
way — with the speed of oscillation increasing smoothly — Ky oscillates
in a chaotic way, with the speed of oscillation speeding up and slowing
down in a jagged fashion. These oscillations presumably lead to a lot
of cancellation, which would explain why the kernel Ky has almost the
same LP estimates as S;, even though it is much larger. But actually
proving that the chaotic-looking oscillations of K; lead to cancellation
was out of reach before decoupling.

Picture 2. Picture of Ky in terms of x and t. Big peaks near ra-
tional points (related to Weyl estimates and circle method), irregular
oscillations.



