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Abstra ct. These lectures give an informal exposition of the three topics in
the title. Although the topics are closely related and share notational conven-
tions the three sections should be readable independertly .

The rst section describes Harish-Chandra's Plancherel formula for semi-
simple Lie groups G which is based on the study of the integrals of func-
tions over conjugacy classesin G. The second section deals with the Fourier
transform on the symmetric space X = G=K asscciated with G and selected
applications of this transform to dieren tial equations. In the last section
we discuss irreducibilit y properties of representations of G on eigenspacesof
invariant di eren tial operators on various homogeneous spacesof G.

x1. Orbital Integrals and Planc herel Form ula

1. The Planc herel Form ula.

In this section| shall attempt to describe in an informal way the approad to
the Plancherel formula on a semisimpleLie group via orbital integral theory.

The following notation will be used: C, R, and Z denote the complex number,
real numbers and integers, R* = ft 2 R :t Ogand Z* = R*\ Z. For a
topological spaceX, C(X) and C.(X) denote the spacesof continuous functions,
the subscript ¢ denoting compact support. If X hasa metric d, B, (X ) denotesthe
ball fy 2 X :d(x;y) < rg and S;(X) the spherefy 2 X :d(x;y) = rg. If X isa
manifold we usethe notation E(X) for C! (X) and D(X) for C (X).

Lie groups will be denoted by capital letters, A; B;::: and the corresponding
Lie algebrasby corresponding German letters a; b; :::. The adjoint represernations
of A and a are denoted by Ada (or Ad and ad, (or ad)).

If A is an abelian group with character group R (and Haar measuredx) the
Fourier transform on A is giveg by (see[W])

(1) )= fx (x Hdx 2 R:
A
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With the Haar measured suitably normalized one has the inversion formula

Z
) f(x) = /bfT ) (x)d
for f in a suitable densesubspaceof L1(A). We can write (2) in the form
z
3 = d ;
3 X

where is the delta function of A at eand denotesthe measuref ! f{ ) onA.
Next let G be a semisimpleLie group with nite certer, 8 the setof equivalence
classesof irreducible unitary represenations of G. With 2 ] operating in the
Hilbert spaceH the Fourier transform of a function f on G is de ned by
z

(4) )= Gf(x) (x) dx;

dx being the Haar measureon G. Thus the Fourier transform assignsto f a
family of operators on dierent Hilbert spacesH . For in the principal series
of the complex classicalgroups, Gelfand and Naimark shoved [GN ] that  always
had a character de ned almost everywhere on the group. This was completed by
Harish-Chandra [HC1 ] where he shaved for any G andany f 2 C} (G), 2 8 the
operator f{ ) hasatrace (f) andthat the functional f ! (f) is adistribution

on G, the character of . The principal step in his proof is showing that if K is a
maximal compact subgroupof G and 2 i then the restriction jK contains at
most N dim times (N being a constart). The objective is then, in analogy with

(2), to nd ameasured on 8 such that

z

(5) f(e) = 5 (f)d ; f2C;(G):

If we usethis on the function f f wheref (x) = f(x 1) we would get
z z
if (x)j% dx = ¢ f)H)d :
G e

However (f f )=Tr f{)f{) = kf{ )k? (k k= Hilbert-Schmidt norm) so
we have the Plancherel formula
Z Z

(6) if (x)j2 dx = ki )k?d
G ¢]

The existenceof a measured satisfying (6) (for G locally compact unimodular
and k k a more abstract operator algebra norm) had been proved by Segal[Se].
However (5) is a more precisedecomposition of = ¢ into characters:

z

= d :
(7) 5
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2. Compact Groups.
Following Harish-Chandra let us restate the Peter-Weyl theorem in this frame-
work for G compact and simply connected. It can be written
X

(8) f = d ( f) f 2 C!(G)
28

whered is the degreeand denotescorvolution. Let T G denote a maximal
torusin G andt g their Lie algebras,t®, g° their complexi cations. Considerthe
weight lattice
h; i
= 2tc:2ﬁ22 for 2
hi denoting the Killing form and the set of roots of (g¢;t%). Under the bijection
I e e (expH)=e (M)(H 21t) the lattice is identied with the character

group b. By the highestweight theory the set (+) of dominant weights is identi ed
with @ sowe havewith * the set of positive roots,

8=+ = 2 :h; i 0 for 2 * = =w=P=w;

where W denotesthe Weyl group.
If hashighestweight we have Weyl's formulas
Y h+; i sdetses( * XH)

9) d = T ; (expH) = — i se ™

where s runs through W. Denoting the denominator in the formula by D(t)

(t = expH) we have the integral formula
Z z

(10) jWj Gf(g)d9= TJ'D(t)J'2 Gf(gtg ') dgdt:

We considernow the orbital integral
z

Fr(t)=D(t) f(gtg 1)dg; t2T:
G
Integrating f (g) (g) over G we obtain from (9) and (10) for the Fourier coe cien ts
of F¢
(11) (f)=cAFs) ( + ) ("= const);

a formula which relates the Fourier transforms on G and on T. If  denotesthe
di erential operator , :H (H 2 t°correspondingto ) we obtain from (9)

(F) (+)=cF(+);

whered = d and c® another constart. This (5) implies the orbital integral
formula
(12) f(e)=c( Fi)le (c = const)

The point is now, that since D (t) vanishesat t = e to the sameorder as the
degreeof , formula (12) is quite immediate. Going badwards one canthen derive
the Peter-Weyl decomposition (8).
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3. Orbital Integrals.

The orbital integral problem amounts to determining the value of a function on
G at e in terms of its integrals over (generic) conjugacy classes.For G = SL(n; C)
this problem was solved by Gelfand and Naimark [GN ] and used to prove the
Plancherel formula (6). Having determined the characters of the principal series
by a formula analogousto (9), the method above for G compact illustrates their
underlying ideafor proving (6) for SL(n; C). Their method was shortly afterwards
generalizedby Harish-Chandra to all complex semisimpleG [HC2 ].

Recognizingthe importance of the orbital integral problem Gelfand and Graev
[GG1] found in 1953a new elegart solution for all complex classicalG. We sketch
this method.

Consider a quadratic form ! (x1;:::;Xm) and the generalizedRieszintegral

R()= . 0f(xl;:::;xm)!(xl;:::;xm)zzdx 2C
Assume! has signature (s;t) with s odd, t even. Then R( ) is meromorphic
in C with simple poles at
=m 2k (k=0;12::)
and correspnding residues
(13) Res-m 2« R( ) = c(L*F)(0);

where ¢ 6 0 is a constant and L the Laplacian.
If H G isa Cartan subgroupwith Lie algebrahlet be determined by
!

Z Z Z
f(gdg=  ( h)? f(ghg ')dgy dh
G H G=H
o)
Z Z
(14) f(g)dg=  F¢(h)( h)dh;
G H
where F; is the orbital integral
Z
(15) Fi(h)= ( h) f(ghg *)dg :

Let f have support in a neighborhood of e which is a di eomorphic image of a
neighborhood of O in g under exp. Let J(X) = dg=dX and! the Killing form.
Then we have by (14)

z Z
(16)  f(expX)! (X;X)T23(X)dX = Fs(expH)(exp H)! (H;H)72dH :

g h

In order to use(13) we actually needtwo such formulas, namely for ! 0 and for
I < 0. Ignoring this complication let us use (16) for G = SL(n; C), calculating
residuesfor = dimG (= 2n2+ 2). On the left hand side we get cf (€) (c6 0)
and sincedimh=2n 2=dimg 2(n(n 1)) we geton the right hand side

LM D) (o)



ORBIT AL INTEGRALS, SYMMETRIC FOURIER ANAL YSIS AND ::: 5

After somemanipulation this givesthe orbital integral formula

(17) f(e)=( Fr)(e);

where is an explicit invariant di erential operator on H. A minor complication is
that the necessaryparity condition on (s;t) in the residuetheorem is not satis ed
here. This is remediedby going overto the group G1 = fg2 SL(n;C) : detg2 Rg
of dimension2n? 1.

In [HC4 ] Harish-Chandra extended (17) to all semisimpleG, real or complex.
(Seealso [HC3 ] for SL(2;R) and Gelfand-Graev [GG2 ] for SL(n; R)). For this
theorem H hasto be a fundamerntal Cartan subgroup, that is one for which the
compactpart hasmaximal dimension. This method wasbasedon the Fourier trans-
form on g, relative to the inde nite form ! . In [HC7 ], (1975) he gave yet another
method basedon fundamenrtal solutions for powers of the Casimir polynomial !
on g. | shall indicate this method for the case(including G complex) when all the
Cartan subgroupsare conjugate.

Let m = [dimg=2] and a specic fundamertal solution of @' ™). Let g4, n
denote the delta functions on g and h, respectively, and 1, !, the restrictions of

and! to h. Then not only is

(18) @m = g4
but if k = [dim h=2] we have also
(19) @ {) n=cn c6 Oconstart:

Given a function f on g we considerthe Lie algebraorbital integral
z

(20) "1(2)= (2) (2) . f(g Z)dgy: Z2h;

where is the product of the positive roots and (Z) is locally constart (changes
from one Weyl chamber to another). From (18) we have
z

(21) fO)= (@ ™f)(X)dX

g
and sincedX = (Z)?dgy dZ we deducefrom (20)
z

(22) f (0) = const n(Z) (2) ¢,(2)dZ;
h

wheref, = @! ™)f . Howevwer,

(23) fn = @' Q) 1

and a direct calculation shows that

(24) am=a'y)

where is a dierential operator on h with polynomial coe cien ts whose local
expression o at O is a constart multiple of @ ). Substituting (23) into (22) we

get 7
f(0) = const i h(Z)@ K 1 )(Z)dZ
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so by (24) and the mertioned formula o = const @ ) we get
(25) fO)=C(@ ) 1)(0) C= const

Separateargumerts are then neededto lift this formula to the group.
For G complex the principal series | is parameterized by characters B of the
Cartan subgroupH  G. Becauseof the formula indicated for the character Ty of
p onehasin analogy with (11),

(26) Ty(f) = (B )(R)
and since ( F;) = € (€ a certain polynomial on H) the limit formula (17)
implies the Plancherel formula
z
27) = T, R)dR:

The argumert of courserelies on the smoothnessof F; and this remains valid
if G hasjust one conjugacy classof Cartan subgroups. The argumert for (27) can
still be carried out (with € a polynomial).

Dropping the assumption of all Cartan subgroups being conjugate preserns
major obstacleswhich wereeventually overcomeby Harish-Chandra [HC6 ] through
the results sketched below.

While (17) remains valid for general G provided H is fundamertal its useis
complicated by the fact that F; is no longer smooth, in fact its jumps are related
to orbital integrals for other Cartan subgroups(see(32) below for SL(2; R).

Let Hi;:::;H, be a maximal family of nonconjugate Cartan subgroups, all
invariant under a xed Cartan involution of G. Then (14) is replaced by
z X z
28 f(gydg=  ——  F{(h) i(h)dh;
(28) RICLEE ARG

whereF/ is the orbital integral relativeto the group H; and W; is the corresponding
Weyl group. The Jacobiansj ij coincide on the complexi cations of the H;. If
is a conjugacy invariant distribution which equalsF on the regular set of G then
X 1 ZA )
(29) (f)= = F{ (h) i(h)F(h)dh:
i JWij
Let H be one of the H;, A its vector part (with Lie algebraa) and P = M AN a
parabolic subgroup for which M A is the certralizer of A in G and M \ A = feg.
With an arbitrary character a! € (092 of A (2 a), an arbitrary discrete
seriesrepresenation  of M we obtain a represertation . of G induced by the
represeriation man !  (m)e' 93 of P, For 2 a regular . is irreducible.
Let . denoteits character. Denoting by S(G) the L2 Schwartz spaceof G, let
Sh (G) denote the subspaceof functions orthogonal to the matrix coe cien ts of
coming from the other Cartan subgroupsH; 6 H. Then ([HC6 ])

(30) S(G) =, Sui(6)
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and for ead individual Sy (G) one has
z
(31) f(e) = ;(B)dw(s ) f254(G)

Mda

whereM 4 is the discreteseriesof M and 4 acertain explicitly determined positive
measure. Combining (30) and (31) we get Harish-Chandra's formula (5) in an
explicit form.

Example. G = SL(2;R). This casewas settled already in 1952 by Harish-
Chandra. The Lie algebrasl(2;R) is given by

fX = X1 X1+ XX+ X3X3: X1, X2, X3 2 Rg

where

_ 0 1 . _ 1 0 . _ 01

X1= g0 ¢ X2T o 1 0 X g g
It hasthe two non-conjugate Cartan subalgebras
b= RX1; a= RX>»
invariant under the Cartan involution X !  'X. Wewrite £ and # for the
corresponding ' s in (20). The Cartan subgroupsHq, H, are now
i \!
B= k= ¢ N ; A= a;:a-= © Ot o o= 1
sin  cos 0 e

The adjoint action of G on sl(2;R) is X ! gXg !. Under the mapping X !
(X1; X2; X3) the orbits

0 0 . . t 0
G O(>O)G O,(<O), G 0t

are respectively

H. : hyperboloid x x3 x3= 2 (x1 > 0);
H : hyperboloid x3 x3 x3= 2 (x1 < 0);
H : hyperboloid x2 x3 x3= t?;
which are indicated on the gure. Let C denote the upper and lower light cone,

respectively, andC=C, [ C .
Then, asthe geometry suggests,

z
lm ()= f
! + CZ
lim ()= f
! c
sofor the jump of B we have
z

(32) F(O) FO)= Cf= 10):
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Figure 1

On the other hand, d B=d is continuousat 0= 0 and sincethe Cartan subgroup
B is fundamental,

B

(33) dd—f(O) = const f(0):

Formulas similar to (32) and (33) hold for the group orbital integrals (where x9 =
gxg 1)

z
FBk)= € e f(k%dg; (2 2):
Z G
Fi(ay)= & el f(al)dga; (16 0):
G=A
Next we write down the characters of the represertations . above.

For H1 = B there is no vector part sowe just have the discrete seriesof G. It
is parameterizedby k 2 Z f0g and the characters are given by

el ktj ik

(@)= (DT a)= s k)= (signk)
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On the other hand the characters .5 of the represenations of G induced by the

represenations

st

ay! e ay ! (sign )e™

of AN are given by

eSt + e st

rs(@) = +s( &) = W; +s(k)=0
et 4 @ st

s(a) = s(a) = T e q’ s(k)=0

Sincethe Weyl groups Wg and W, have orders 1 and 2 respectively we conclude
from (28)

1
Gf(g)dg= 2 . ¢ e' Ff(a)+F{( a) dt
1 Z,
— e’ € FEk)d:
2
Applying (29)to T =  we obtain
z
1 -
(34) k(f) =3 N el M FA(a) + (D TFA( a) dt
0 1 Z )
+ (signk) — e FE(k)d
2
andfor T = ., sinceFA( a) = FA( a ),
z
(3 =3 Ff@) FA(a) etd
Ao

Formulas (34) and (35) relate the characters to the orbital integrals, the latter
formula being analogousto (26). Finally, one uses(33) combined with (34) to get
the decomposition of into characters. Here the jumps of F® for = 0; come
into play. The full details of the calculation can be found in [HC3 ] and in [K],
Ch. XI x3 and in [L].

The nal result is as follows.

Theorem 1.1 (Harish-Chandra). Let G = SL(2;R). Then we have for
f 2¢t(Q),
X 21
8 f(e) = m m(f)+ —tanh — ., (f)d
0 0o 2 2
z 1
+ . Ecoth > i (f)d :

All the characters representirr educible representationsexept .o which is a sum
of two irr educible characters.

mé

The argumert can alsobe usedto show that ead conjugacyinvariant eigendis-
tribution of the Casimir operator on G is a linear combination of irreducible char-
acters ([S], [H5]).
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For another proof of the theorem in which Rossmann'sformula [Rol] for the
orbital integral plays a prominent role seea beautiful accourt by Vergne[Ve3]. See
also[Vel] and [Ve2]. Yet another approach is in [SW], [He2] and [HW ]. Seealso
Varadarajan's article [V ] for a lucid description of Harish-Chandra's original proof.

For further work on the orbital integral problem for semisimple G seee.g.
Herb [Hel], Bouaziz [Bo] and Shelstad [SI]. Viewing G asG G=diagonal, the
orbital problem seemsof considerableinterest for a semisimple symmetric space
G=H although it remainsto be seenwhether it will play arole in harmonic analysis
as in the group case. For G=H Lorentzian of constart curvature the inversion
problem is solvedin [H1], and for G=H of rank one by Orlo [Or].

In [Ha] Harinck investigatesthese orbital integrals for G¢ =G and obtains the
Plancherel formula for the corresponding spherical transform.

X2. Analysis on Riemannian Symmetric Spaces

1. The Fourier Transform.
The Fourier transform on a semisimpleLie group G
z

@) )= f(x) (x)dx 28
G

has a nice Plancherel formula
Z Z

if(x)j? dx= Kf( )k d ;
G ®

k k being the Hilbert-Schmidt norm. An explicit description of the measured

in terms of the structure of G was given by Harish-Chandra. There is also a
characterization of the range D(G) through e orts of many people, primarily
Arth ur (see[A] and referencesthere.)

Classical Fourier analysis in R", which originated in the study of the heat
equation, certainly has one of its principal applications in the theory of partial
di erential equations. For the semisimple G the Fourier transform is actually a
rather unwieldy gadgetin that it assa@iatesto a function f on G an object f~which
is a family of operators on dierent Hilbert spaces. Thus it is not immediately
suited for applications to di erential equations.

Nevertheless,there has been certain amount of activity in studying invariant
di erential equationson G. It wasprovedin [H7 ] that if D is a bi-invariant di eren-
tial operator on G then D is locally solvable, i.e. there exists an open neighborhood
V of the identity e in G such that for eah f 2 D(V) thereisau 2 E(V) satisfying

Du=f

Sud a result had beenproved by Raes [R] for nilpotent groups, was extended to
solvable groups by Rouviere[Ro] and Duo and Ras [DR ] and by Duo [D] for
arbitrary Lie groups. The Fourier transform however was newver involved in the
proofs.

On the symmetric spaceX = G=K (G semisimplewith nite cernter, K G
maximal compact) one can however de ne a Fourier transform [H4 ] which is scalar-
valued and concrete enoughto be directly applicable to di erential equations.
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Consider the Iwasava decompositions of our semisimpleG
(2) G=NAK g=n+a+k

with N;A and K nilpotent, abelian and compact, respectively, n, a and k their
respgctive Lie algebras. Let be the Cartan inyolution of G with xed group K.
Let  denotethe setof roots for(g; a); for 2 let g denotetpe corresponding
root spaceand m its dimension. Then n = ,P+0 where * is the set of

positive roots. Let a* denote the Weyl chamber wherethe 2 * are positive.
Let a (resp. a;) denote the spaceof R-linear mapsa! R (resp.a.,! C) and
2 a givenby 2 = Tr(adH jn), H 2 a. Let M denotethe certralizer if A in K
and put B = K=M. Wede ne A(g) 2 ain terms of (2) by g= nexpA(g)k and the
vector-valued inner product
A:X B! a
by
A(gK; kM) = Ak 1g):
The Fourier transform f ! f~on X is then de ned [H4] by
z
(3) ;b= f(x)el T+ NAGD) gy
X

for all 2 a., b2 B for which the integral converges. Note that in cortrast to (1)
f{; b) is scalar-valued.
The basic results for this Fourier transform are ([H4 1, [H6], 1970):

a) Inversion. If f 2 D(x) then
Z
f(x)= = ; b)e(i + )A(Xb) g (;b;

w B

a
where w is the order of the Weyl group W = W(g;a) andd = jc( )j 2d dn

Here d , db are suitably normalized invariant measureson a and B, respec-
tively, and c( ) the Harish-Chandra c-function which is given by the following
integral over N = N z

C( ) = e(i + )A(n)) dn
N
and can be expressedn terms of  functions ([GK ]).

b) Plancherel Theorem. Themapf ! f extendsto anisometry of L2(X)
onto L?(a, B;d ) (a, being the positive Weyl chamler in a ).

If f is K-invariant, i.e. f(k x) f(x) theseresults reduceto the principal
results in Harish-Chandra's theory of spherical functions [HC5]. However, for
applications to analysison X that invariance condition is of coursetoo restrictiv e.

2. Applications.

As is very familiar to analysts the characterization of the Fourier transform
spaceD(R") asthe spaceof ertire functions of exponertial type (the Paley-Wiener
theorem) is an important tool in partial di erential equation theory. The analog
for X is the following [H7].
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c) Paley-Wiener type theorem. TherangeD(X) isidentical tothe space

E 0] I' " (; b) is holomorphicin a, g

' 2E@ B): of exponential type uniformly in b: _
' (i) ' (; bell * NAKDL) dpis W-invariant in @’

The rst application is the following existencetheorem for members D of the
algebra D (G=K) of di erential operators on X = G=K which are invariant under
the action of G.

Theorem 2.1. Eachnonzewo D 2 D (G=K) is surjective on E(X), i.e.
4) DE(X) = E(X):

The rst stepisto get a fundamertal solution for D, i.e. a distribution J such
that DJ = . This can be done by meansof c) in the K -invariant casewhich then
can be extendedto distributions.

Oncethe existenceof J hasbeenestablishedonecan by fairly generalfunctional
analysis methods reducethe problem to the proof of the following implication, V
being the closureof a ball Bg(0) in X (R arbitrary):

(5) f2D(X);  supp(®f) V=) suppf) V

This is an easy consequenceof ¢). In fact the functions x | e (A(xP)) gre eigen-
functions of eath D 2 D (G=K) and

(Df) (5 b =p( ) )b

where p( ) is a polynomial. The conditions f 2 D(X), supp(Df) V imply that
p( )f{; b)isentire and of exponertial type R. From complexvariable theory this
implies that f{; b) hasexponertial type R. Hencesupp(f) V, verifying (5).

The Paley-Wiener theorem in c) assertsthat f ! f~is a bijection between
two function spaces.However, although D(X ) has a natural topology we have not
intro duced any natural topology on the other side. Using the induced topology of
E(X a) would not makef ! f~a homeomorphism.

This can be remedied by specializing the theorem to the subspaceof D(X)
consisting of functions of a given K -type. For 2 10 acting on V. with VM the
xed spaceunder (M) considerthe subspace

(6) D (X) D(X) ( = contragredient to )
consistingof f 2 D(X) of K-type . Then
PG kM) = Tr ()

where f{ ) is the vector-valued Fourier transform
z

(7) f‘()=d()xf(><) o (x) dx

with . the generalizedspherical function (or Eisensteinintegral)
z

(8) - (x) = gl + )AxkM)) (k) dk :

K
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In (7) refersto adjoint and is the complex conjugate of the R -linear function
For a 2 A, . (a) is a linear transformation of VM into itself. If we expand
. (a) neara= eusingthe simpleroots 1;:::; | wehave

X
. (@ = Pm() 1(loga)™  -(loga)™

n

and eath P(,)( ) is divisible by a certain polynomial matrix Q ( ) and we havethe
following result ([H6], 11).

Theorem 2.2. The Eisenstein integral satis es the following functional equa-
tions

(9) Q) !' . (@ is W -invariant in

From this one can deduce a stronger topological version of c¢). Let
H (a.; Hom(V ; VM) denote the spaceof holomorphic functions on a, of expo-
nertial type with valuesin Hom(V ; VM), | (a) the subspaceof W -invariants and

H (a ) the subspaceQ | (a ) with the induced topology.
Theorem 2.3. The Fourier transformf ! f~givenby (7) is a homeomorphism
ofD (X)ontoQ I (a).

Cor ollar y 2.4. The K- nite joint eigenfunctions of D (G=K) are precisely

the integrals
z

(10) f(x)= el * NAKP) E(p) db
B

where F is a K - nite continuous function on B.

Sketch of proof of the corollary ([H61], I1). Fix 2 © and let be a joint eigen-
function of D (G=K). Consider the Harish-Chandra isomorphism : D(G=K) !
I (&) (W-invariants in S(a)) then
(11) Df = (D)(i )f
for some 2 a.. Let E (B) be the spaceof K - nite continuous functions on B of
type ;E (X) the spaceof all f 2 E(X) satisfying (11) and E. (X) the spaceof
K - nite elemers in E (X) of type . The Poissontransform

z

(12) P :F! f(x)= € * NAKPIE(pdb
B

maps E(B) into E (X) and E (B) into E. (X). For at leastones 2 W;Ps is
injective (see Theorem 3.3 below) sosinceEs. (X) = E. (X) for s 2 W we may
assumeP injective. Then

(13) dimE, (X) dimE(B)=dimV dimVv":

The corollary will be concluded by proving the corverseinequality. For this let
h2E. (X). Weview it asa distribution on X, de ne its Fourier transform h as
alinear formon H (a ) by

A =ht)= o)t dx  f2D (X):
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Thenthe map 2| (a)! R(Q )) is a continuous linear functional so by
Theorem 3.1 (for = 1) this map is givenby the Fourier transform of a K -invariant
distribution j on X, i.e.

(14) F¢=nQ ™= =j()

for all K -invariant ' in D(X;Hom(V ;VM). Putting pp( )= (D)( i ) formula
(11) implies easily

pol=po( )A:
Combining this with (14) one provesppj = po( )j which in turn implies Dj =
(D) )j. But j isalsoK -invariant soj = ' A where' s the zonal spherical

function ((8) for ;1) and A 2 Hom(V ;VM). This provesthe corverseof (13) and
the corollary.
An alternativ e proof was later found by Ban and Sdlichtkrull [BS].

3. Multitemp oral Wave Equations.
We now explain another application of Theorem 2.3, namely to the system of
di erential equations

(15) Du= @(D)u D 2D(G=K):

Hereu 2 E(X a), D operatesonthe rst argumert, @p) is the constart coe cien t
operator on a corresponding to p 2 S(a).
The following result is easily established.

Pr oposition. Letf 2 C?(A) and put
u(x;H) = f (exp(A(x; b) + H))e H): b2 B:

Then u is a solution to (15).

Next we imposeinitial conditions on the system (15). We choose a real ho-

mogeneousbhasisp; = 1;pz;:::;pw Of the W-harmonic polynomial on a. Given
f1;:::;fw 2 D(X) we imposethe initial conditions
(16) (@p)u)(x;0)=fi(x) 1 i w

on the solution to (15). The system (15){(16) was rst consideredby [STS] and
then by [Sh] and [PS].
If G=K hasrank 1 the Laplacian Lx on X generatesD (G=K) and ( Lx) =

La | j?2 whereL, is the Laplacian on the 1-dimensional spacea. Also p; = 1,
p2 = H sothe system (15){(16) reduceto the shifted wave equation

o @u
17) (Lx +]j)u= @ u(x;0)= f1(x);  ue(x;0) = f2(x)

On the quotient eld C(S(a)) we considerthe bilinear form

X
(a;b) = ab
2w
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which has valuesin C(I (a)). We determine d 2 C(S(a)) by (¢ ;p) = . If
denotesthe product of the positive indivisible roots it is known from [HC5] I, x3
that d 2 S(a). The matrix A = (A; ) where

(18) Aj = d; (d) 1 0j w

hasertries in | (a) sowe can considerthe matrix A = (Aj ) with ertries in D (G=K)
where (A )= Aj. Givenu;v2 E(X a) de ne the column vectors and by

19) icGH) = (@p)u)(x;H) 1 0w
(20) icGH) = (@p)V)(xH) 1 0 w
The enemy is de ned by

z
(21) E(u;viH) = (" A )(x;H)dx

X

whene\er the integral corverges. For the special case(17) this reducesto the usual
energy 7
E(u;u;0)=c fa(lx +j )1+ jf2j® dx:

X
As proved by Shahshahani[Sh], if u is a solution to (15){(16) then E(u;u;H) is
independert of H. This disagreeswith Proposition 3, x 1.1 in [STS] where the
same statemert is made with a di erent de nition of the energy namely with
missingin (18).

For simplicity put E(u;v;0) = E(u; V). Also let F denote the row vector

F) = (Fa(x):::0 5 fw (X))
andforeah 2 W, 2a.,b2B let be the column vector with componerts
j (H; ;b= @p)y (ei (H)+(i + )(A(x;b)))

We considerthen the linear map
z
E:F(x)! E(F; ):b= (FA )x0;; bdx
X

which mapsD(X) ::: D(X) (w times) into a function spaceona. B.
Theorem 2.6. For each 2 W the map E is an injective horm-preserving
mapof D(X) ::: D(X) onto adensesubs@ce of L?(a B;ddb=j ( )¢( )jz).
Thus z
_— d db L
E(FEF(GD———m=EFF):
a B j()e( )i
For = e a rather complicated proof of this was given in [Sh]. Our more

generalresult is basedon Theorem 2.3 and the following new identit y which relates
E to the Fourier transform f | =
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Theorem 2.7. For each 2 W,

Xy
EF):D= () o) :D:
k=1

For H 2 alet Uy denotethe operator
F(xX)! " (x;H):

Then the translation invariance of (15) implies that Uy, maps ' (x;H) to
' (x;Hp + H). The mapping E in Theorem 2.7 is then easily shown to have
the following property.

Theorem 2.8. For H 2 alet ¢(H) denotethe endomorphism
eH):' (;b)! & M) (;p of L2 a B:d dbg ( )c( )j?

Then
E Uy, = e(Ho)E ; Ho 2 a:

This meansthat the wave motion u(x; H) ! u(x;H + H,) corresponds under
E to the simple map e(H,).

x3. Eigenspace Represen tations

1. The Symmetric Space Case.

Spherical harmonics are by de nition the eigenfunctions on the unit sphere
S" ! ofthe Laplacian L = Lg» :. The name comesfrom the fact that theseeigen-
functions are precisely the restrictions to S" ! of homogeneousharmonic polyno-
mials on R". Givenc 2 C" the eigenspace

(1) Ec= f2E S" ! :Lgn of = cf

is invariant under ead rotation of S" 1. This givesa represenation of O(n) on
E.. The spaceE; is 6 0 if and only if

c= kkk+n 2 k22z*

and O(n) actsirreducibly on E.. Also, sinceS" ! is two-point homogeneousinder
O(n) the only dierential operators on S" * which are invariant under O(n) are
the polynomialsin Lgn 1 ([H1]).

This examplemotivatesthe de nition of a fairly generalclassof represeration
which | called eigenspce representationsin [H6]. Givena Lie group L and a closed
subgroupH let D (L=H) denotethe algebraof di erential operatorson L=H which
are invariant under L. Givena homomorphism :D(L=H)! C considerthe joint
eigenspace

) E =ff 2E(L=H):Df = (D)f for D2 D(L=H)g

with the topology induced by that of E(L=H). Let T denotethe natural represen-
tation of L onE ,i.e. (T ()f)(xH) = f(C IxH).

If D(L=H) is not commutativ e it would be natural to replaceit by a commu-
tativ e subalgebrain order to have a rich supply of joint eigenfunctions. It might
also be natural to passfrom eigenfunctionsin (2) to eigendistributions. Further
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natural generalizationis obtained by replacing functions in (2) by sectionsof vector
bundles.

Coming back to T above the following problem arisesnaturally:

For which is T irr educibleand what are the representationsof L so obtained?

Note that in our setup there is no Hilb ert spacein sight; in particular there is
no particular emphasison unitary represerations.

Example. ConsiderR" asthe quotient spaceM (n)=0(n) where M (n) is the
group of isometriesof R". Here D (M (n)=0(n)) consistsof the polynomials in the
Laplacian L = Lgn~. Here our problem has a simple solution ([H8]). Given 2 C
considerthe eigenspace

(3) ER"Y= f2ER"):Lf = 2 ;
and let T denote the corresponding eigenspacerepresenation.
Theorem 3.1. T isirreducibleif and only if 6 O.

Pr oof (Sketch). If = 0 the spaceof harmonic polynomials of degree k
form a closedinvariant subspacefor eact k. For the corverselet 6 0 and consider
the Poissontransform

(4) P:F2ES"1 1 f2E (R

given by 7
f(x) = ¢ SIFE@)d
Sn 1
This mapping commutes with the O(n) action and is injective for 6 0. Using
PDE techniques one can prove ([H6] '70) that there exists a sphereS = S, (0) (r
depending on ) sud that the restriction map

(5) f2E (R")! fjS

is injective. Let the subscript refer to the spacesof O(n)- nite functions of type
. Then from the injectivit y of the maps (4) and (5) we deduce

(6) dim E(S" 1) dim E (R") dim E(S)

The extremeshaving the samedimension equality holds in (6) so

(7) ER" =P ES"Y

Consider the Hilbert space
z
H = f(x)= e CIR@)d tF2L3S" Y
SI‘I 1
the norm of f taken asthe L2 norm of F. Expanding f 2 E (R") accordingto its
-componerts, f = f with f 2 E (R") weseethat H is densein E (R").
The action of M (n) on H is easyto analyze and irreducibilit y follows quickly.
Using the density of H in E (R") it is easyto deducethe irreducibility of T .
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Consider now the caseof a symmetric spaceG=K of the noncompacttype. We
adopt the notation from x 2 and let ( denote the set of indivisible roots. With
asin x 2 considerfor eadh 2 a, the joint eigenspace

E(X)=ff 2E(X):Df = (D)(i )f for D2D(G=K)g:

Each joint eigenspacss of this form for some 2 a. and Es (X) = E (X) for eath
s2 W. Let T denotethe eigenspacerepresenation of G on E (X ). When is it
irreducible?

Consider the product

Y
x()= 2 Im +1+H; o 2 im +my +h; o
2 9
\the Gamma function of X" where ¢ standsfor =h; i. This x( ) is the

denominator in the Gindikin-Karp elevich formula for ¢( )c( ). The counterpart
to Theorem 3.1 for the symmetric spaceG=K is the following result ([H61]).

Theorem 3.2. Let 2 a.. Then T s irreducibleif and only if
1
x ()

The proof involvesa study of the Poissontransform
Z

(P F)(x)= el ™ NAKD)E(h) db:
B

Here the principal property is the following result ([H6], | and I1).

Theorem 3.3. Let 2 a,. Then
1

- 6 0:
x ()

P is injective ()

Here 3 () equals x ( ) exceptthat the product rangesonly over ¢ =

o\ T. Wecall simpleif P is injective so Theorem 3.2 states that T is
irreducible if both  and are simple. Here is a sketch of the proof, using
Corollary 2.4.

Suppose rst both and are simple. Let V. E (X) be a closedinvariant
subspace.Then clearly' 2 V. Since is simple the functions

X
bl aje( i+ )A(g Ob) 32C; g2G
j
form a densesubspaceof L?(B). On the other hand' hasthe following symmetry
property ([H61], I, p. 116):

1

x)= el * NAGD) gl i+ )NAGOD) .
B

sowe can concludethat V cortains the spaceH of functions
z

(9

f(x) = gl + )A(xb) F (b) db; F 2 LZ(B):
B
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On the other hand the proof of Corollary 2.4 showed that
E. (X)=P (KB) )

so we conclude that V contains eacdh E. (X). Howewer, each f 2 E(X) can be
expandedin a Fourier seriesaccordingto K,
X
f = f
21

andthenf 2 E. (X). Consequetly V is densein E (X) soV = E (X), proving
the irreducibilit y. The corverse, T irreducible ) and simple involvessimilar
ideas.

For semisimplesymmetric spacesG=H (H xed point group of any involution)
the eigenspaceaepreserations have beenrelatively little studied. However for G=H
isotropic the irreducibilit y question was completely answered by Sdlichtkrull (by
classi cation) and the composition seriesdetermined for ead case([Sc]). For the
real hyperbolic spacesrelated results had beenobtained by Rossmann([Ro2]).

2. The Principal Series.

Next | shall discussthe principal seriesfrom the point of view of eigenspace
represenations.

Given 2 M operating on the vector spaceV and 2 a, considerthe space

of smooth functionsf : G! V satisfying

(8) f(gman)  (m hel' 9 Df(g):
Let . denotethe represenation of G on . givenby
(9) ( (9 )(g) = f (o %)

This family of represertations is called the principal series

Let us rst considerthe casewhen G is complex. In this caseM A is a Car-
tan subgroupH of G and dimV = 1. Let D(H) (respectively, D (G=N)) denote
the algebrasof left invariant di erential operators on H (respectively G-invariant
di erential operators on G=N). Given U 2 D(H) we can de ne the di eren tial
operator Dy on G=N hy

(10) (Duf)(gN) = fU-(f (ghN))g.. :

The operator Dy is well de ned since~Nh 1 N and it is clearly a G-invariant
di erential operator on G=N. We now have the following result relating these
algebras([H3], [H6], I).

Theorem 3.4. The mapping U ! Dy is an isomorphism of D(H) onto
D (G=N). In particular, D(G=N) is commutative.

As a consequencéhe joint eigenspacesre precisely the spaces
(11) E, =ff 2E(G=N):f(ghN) ! (=)f (gN)g

as! runs through the C! characters of H. Comparing with (8) we therefore
conclude



20 SIGURDUR HELGASON

Cor ollar y 3.5 (G complex). The principal seriesrepresentationsof G are
precisely the eigenspce representationsfor G=N.

In order to treat real G in the same spirit it is corveniert to use the famil-
iar connection betweeninduced represenations and vector bundles. Consider the
represernation 1 of M N which de nes a vector bundle

G unV:
The sectionsof this bundle are the mapsF : G! V satisfying
(12) F(gmn) (m HF(g):

Let D (A) (respectively, D (G=M N)) denotethe algebrasof left invariant di eren tial
operators on A (respectively G-invariant di erential operatorson G=M N). Given
U 2 D(A) we de ne the G-invariant di erential operator Dy on GEM N hy

(Duf)(@MN) = fUa(f (gaM N ))g,_ :
In analogy with Theorem 3.4 we have ([H3]):

Pr oposition 3.6. The mappingU ! Dy is an isomorphism of D (A) onto
D(G=MN).

The operator Dy also operateson the sections(12) of the bundle G, V by
(DuF)(gmn) = fUa (F(gamn))g,- :
Then in fact
(DuF)(gmn) = (m *)(DyF)(g)
and the functions (8) are the joint eigenfunctionsof D (G=M N). This proves

Theorem 3.7. Let 2 M. Then the principal seriesrepresentations . ( 2
a.) are the eigenspoce representations for the algeba D (G=M N) acting on the
sections of the bunde G ,, V.

3. The Discrete Series.

In the casewhenrank G = rankK; G has a discrete series([HC6 ]). This has
beendisplayed in sewral models but Hotta's realization of the discrete series(or
most of it) ts bestin the above framework ([Ho]). Schmid's earlier model ([Sm])
is setup in similar spirit.

Considerthe irreducible represeriation  of K onV with lowestweight +2
(2 « = sumof the positive compactroots) relative to a compact Cartan subalgebra
h  k Consider the corresponding vector bundle G ( V . Then the Casimir
operator is an invariant di erential operator on this bundle. Let denote the
spaceof corresponding smooth squareintegrable sectionsand put

E =ff 2 cf=(th+; + i h; i)fg:

Assumeh + ; i < Ofor all roots > 0. Then there exists a constart a > 0
such that if jn + ; ij > afor all noncompactroots then E realizesthe discrete
seriesrepresenation whosecharacter is on a maximal turns T of K is given by

w, (dets)est * )

op €7 € 7

w_ r$2
<
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Here Wg = B=T where ¥ is the normalizer of T in G, P is the set of positive roots
for (G;T) and " is a power of ( 1).

Thus the discrete series arises as eigenspacerepreserations for the algebra
generatesby .

4. G=H with G nilp otent.

Here the eigenspacerepresertations have been analyzed rather completely by
Stetkaer and Jacobsen. This goes beyond the Kirillo v theory in that the results
are not restricted to unitary represernations. They have also extendedthis to some
solvable groups.

Referencedo this work and other results on eigenspaceepresenations can be
found in [H9], especially Chapter VI.
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