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1.5 7 Four eigenvectors of P = 000 1 arexy = | [, @2 = | o [n23= [ g |, 2= | 6
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The corresponding eigenvalues are A\; = 1, \p =14, Az = % = —1, \y = i°> = —i.
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[.6 12 Find three eigenvalues and eigenvectors of A.
1 2 1 2
A=12|(2 1 2)=[4 2 4
1 2 1 2
1 0 1
Tl = 2 ,)\1:6,:E2: —2 ,/\2:0,3}3: -2 ,)\2:0
1 1 0

1.6 16

1.6 19

.7 23

Suppose A = XAX~!. What is the eigenvalue matrix for A 4+ 2I? What is the eigenvector
matrix?
A+2l = XAX '+ X@2DX ' =X@2I+A)X !

Therefore, the eigenvalue matrix is A + 27 and the eigenvector matrix is still X.
If the eigenvalues of A are (2, 2, 5) then A is positive definite, and therefore:

(a) invertible? Yes, none of the eigenvalues are zero.
(b) diagonalizable? Not necessarily, two of the eigenvalues are the same.

(c¢) not diagonalizable? Not necessarily, distinct eigenvalues is sufficient but not necessary
to prove diagonalizable.

Suppose C is positive definite and A has independent columns. Apply the energy test to
zT ATC Az to show that S = ATCA is positive definite.

If 27 ATC Az is positive for all z, then S is positive definite. We can rewrite this in the
following way:
2T ATC Az = (Az)TC(Ax)
For y = Ax,
2T ATC Az = yTCy
which is positive for all y, since C' is positive definite. Since A has independent columns, it

has full rank, and is therefore invertible. For any x, we can find a y such that Ax = y by
taking © = A~'y. Therefore, ATCA is positive definite.



1.7 24 For Fy(z,y) = %az‘l + 2%y + y? and Fy(z,y) = 2° + 2y — z find the second derivative matrix
Hs. Test for minimum, find the saddle point of F5.

6x 1
m=(7 o)
6z — N (=\)—1=0
AN —6zA—1=0
A=3z+vV922+1

For H, to be positive definite, we need A = 3z — v/9x2 + 1 > 0, but this is never true because
V922 +1 > V9z2 = 31

so this function fails the test for a minimum.

The saddle point is where
oF _or _or _
or Oy 0z
. For F5, this is
30 +y—1=2=0=0
which gives us (z,y) = (0,1) as the saddle point.
[.7 26 Without multiplying, find:

(a) the determinant of S: multiply determinants. This gives 1¥10*1 = 10.

(b) the eigenvalues of S: the values along the diagonal of the central matrix. These are
(2, 5).

. . N 0
(c) the eigenvectors of S: the columns of the outer matrices. This gives x; = <COS > and

sin 0
o — —sind
27\ cost )

(d) a reason why S is symmetric positive definite: the eigenvalues are all positive, and the
eigenvectors are orthogonal.

1.7 28 Suppose S is positive definite with eigenvalues Ay > Ao ... > A,.

(a) What are the eigenvalues of A\;I — S? Is it positive semidefinite?
If we take the eigenvectors vy, vs,... v, and multiple them by A1 — S we get
()\1] — S)’UZ = )\1’UZ' — S’UZ' = /\1 — >\i'Ui = ()\1 - )\Z)UZ

Our new eigenvalues are then 0, Ay — Ao, A\ — A3, ... A\ — Ap, and it is positive semidefinite
since due to how we defined our As, these are all greater than or equal to zero.

(b) How does it follow that \jz’z > 27 Sx for every x?
Since A1 — S is positive semidefinite, we have for all x
2T (\I =8z >0
MazTT —278)z >0
Mzlz —2TSz >0

)\1:17Tx > 2T Sz



(c) Draw this conclusion: The maximum value of 27 Sz /z7z is \;.
Taking our previous equation and diving both sides by 2”7z, we get (for all z)

A > alSx/at e
We can set x = vy to get
(vf (Sv1))/(vf v1) = (vf Mvn) /(v o) = M
And since we have show that 27 Sz/z”x is no larger than \; for all possible z, and that

it attains Aq for at least one x, A1 must be the maximum value.

1.8 7 What is the norm ||A — ojujv? || when that largest rank one piece of A is removed? What
are all the singular values of this reduced matrix, and its rank?

Since we can write A as a sum of aiuiviT, the norm of A without the largest rank one piece
is just the second largest o;. The singular values of this reduced matrix are the same but
instead of o1 there’s a 0, and its rank is rank(A) — 1.

[.8 8 Find the ¢’s and v’s and w’s, and verify that A =

o O O
S O N

0
3| = UXVT such that the
0

orthogonal matrices U and V are permutation matrices.

AT A has the eigenvalues 9, 4, 0. A therefore has the singular values o1 = 3,09 = 2,03 = 0.

0 0 1
It has the eigenvectors correspondingly of v1 = [0 | ,v0 = [1]|,v3 = [0]|. AA” has the
1 0 0
0 1 0
same eigenvalues but the eigenvectors are instead u1 = | 1| ,us =0 ,us= 1|0
0 0 1
Putting this all together,
010 3 00 0 01
U=1|1 0 0], X=1]0 2 0f,V=1]0 1 0
0 0 1 0 0 0 1 00

and we can see U and V are indeed permutation matrices.

Extra Here’s my code (matlab) and the histogram:

n = 100;
largEig = ones(1, n);
for i = 1:1000
A = randi([@ 1],n,n);
A=A - tril(A,-1) + triu(A,1)';

zeros = (A == 0);

B = A - zeros;

largEig(i) = max(eig(B));
end

histogram(largEig)
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1.8 4.

1.8 23.

19 1.

1.9 2.

A symmetric matrix S = ST has orthonormal eigenvectors vy to v,. Then any vector z can
be written as ¢jv1 + ...+ ¢,v,. The Rayleigh quotient R(x) can be written in the following
way.

=TSz B Alcf—k...—i-)\nc%
Tz d+...+c2

R(x) =

The maximum of R(x) is A3 subject to what two conditions on ? We need z”v; = 0 and

xTvy = 0, in order to rule out the two eigenvectors with larger eigenvalues. After those two

conditions rule those cases out, the largest possible case left is where x = vg and the values
achieved is As3.

Show that an m by n matrix of rank r has r(m + n — r) free parameters in its SVD: A =
USVT = (m xr)(r x7)(r xn). Why do r orthonormal vectors u; to u, have (m — 1)+ (m —
2) + ...+ (m — r) parameters?

U has m — 1 choices for the first column, because it has to be normalized. There are m — 2
for the second column, because has to be normalized and orthogonal to the first one. There
are m — 3 for the third, because it has to be normalized and orthogonal to the first two. This
pattern continues until you get (m — 1) + (m —2) + ... + (m — r) for the rth column. This
adds up to mr — r(r + 1) choices overall for U.

By an identical train of logic on rows instead of columns, V' has nr — %7’(7‘ + 1) choices.
> has r possible choices down the diagonal.

Putting this all together, we get

(mr—%r(r—i—l))—|—<r>+(m’—%r(r+l)) =mr4+nr+r—r>—r=r(m+n+r)

What are the singular values (in descending order) of A — Ax? Omit any zeros. We know we
can write A as
A= Jlulvip +...+ Jrurvfnp

and that we can write A as
A = JlulvlT + ...+ Jkukvg
so when we take the difference we get
A— A, = Jk+1uk+1vg+l +...+ UT’LLT’U?:
which means that the singular values are o;41 ... 0.

Find a closest rank-1 approximation to these matrices (L? or Frobenius norm).

The closest rank-1 approximation of a matrix is A7 = Jlulvip. Therefore, we have the
following approximations:



300 100\ /3 00\ /100
A=10o20]=(o1o0flo20]||0 10
00 1 001/ \0o01)\0oo01

1 300

A130(100)000)

0 000

()50 6 DE6 )
n=3()0 0-3( 1)

1.9 10. If A is a 2 x 2 matrix with o1 > 09 > 0, find ||A7Y||2 and ||A71|[2.

A~ will have the same eigenvectors, and the eigenvalues will be /\% and %2, the second of

which will be larger, producing os of 0—12 and a% in descending order.

_ 1
JA7 |2 = —
(%)
12 12
A—l 2 =— 4+ —
147N =+

.11 1. Show directly this fact about vector norms: |[v]3 < ||v]]1]|v]]s

1013 = [v1? + fv2]* + .. + Jvn?
l[olls = Jor] + oa] + .. + vl

[[v]loe = max([v1], [va],. .., [vn])

Let us designate vg to be ||v||so. We then have |v;|] < |vg| for all i. Therefore we have
[vi |2 < |v;| * |vg for all 4.

ol[1][vlloc = for][or] + vallvk| + . . + |vn[[vr]

Looking at each term of ||v||2 and ||v||1||v||o0, We can see that by our inequality above, every
term of |[v]|3 is less than or equal to the corresponding term in |[v]]1||v]|, S0 We have proved
our inequality overall.



I.11 3. Show that always ||v||2 < v/n||v]|ec. Also prove ||v||1 < v/n||v]|2 by choosing a suitable vector
w and applying the Cauchy-Swartz inequality.

Let us again designate vy to be ||v||oo. We then have that
1013 = [o1” + v2]* + ... + Jvn?
nlfv]|3, = nlvx|”

We can see that for each term in [|v||3, we have that |v;|* < |vg|? for all i. We have n such
terms, so ||v||3 < n||v||%,, which gives us our equality when we take the square root of each
side.

For the second half:

1
013 = foal? + ool + .+ foul® = (D2 =) (D il?)

3

From Cauchy-Swartz, we know that

(3 ) = (5 ()

1 2 2
— <
nHUHl <|lvll3

[ol1F < nllv]f3

oIl < Vnllvlls

A. Find the sample covariance matrix S = % and find the line through (0,0, 0) that is closest
to the four columns (from the SVD of A).

1 2 -1 1
S = 3 -1 10 -3
1 -3 2

The line through (0,0,0) that is closest to the four columns of A is in the direction of uq,

which we find from the SVD to be uq = (—0.1371 0.9370 —0.3213)T. The equation for the
line is then (in parametric and then nonparametric format):

(z,y,2) = t(—0.1371,0.9370, —0.3213)
X o Yy o V4
—0.1371  0.9370  —0.3213




B. Find the plane through (0,0, 0) that is closest to the four columns (from the SVD of A).

The plane through (0,0,0) that is closest to the four columns is the plane containing the

vectors u; = (=0.1371 0.9370 —0.3213)" and uy = (—0.8716 —0.2683 —0.4103)", which
has the normal vector:

n=(—0.1371 0.9370 —0.3213)x(—0.8716 —0.2683 —0.4103) = (—0.4706 0.2238 0.8535)

We then can form the equation for the plane:

—0.4706x + 0.2238y + 0.85352 = 0

C. Comparing with Fig 1.16, what shapes (with rough sketches) show these three sets in 3D?

[o1| + |va| + ug| <1

This is a octahedron with points distance 1 away from the origin along the z, y, and z axes.

v} + v+l <1

This is a sphere with radius 1 centered at the origin.

max(|vi|, |va|, |vs]) <1

This is a cube centered at the origin with face centers at the points of the octahedron.

D. If you blow up those 3 sets, where will they touch the plane v1 + 2vs + 5vg = 17 Your 3 points
will be the smallest solutions (in those 3 norms) to that linear equation.

The points are (0,0,0.2), (35, &, ¢), and (0.125,0.125,0.125) in the |[v||1, |[v|]2, and |[v]|s
norms respectively.
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11.2 2.

I1.2 3.

I1.2 5.

Why do A and AT have the same rank? If A is square, do A and A" have the same
eigenvectors? What are the eigenvalues of A™?

We know that

T - 'UiuT
At =VStU' = g —
0

i=1

Each of the v;u! is a rank one matrix, and there is one for each o; in A, so At is the sum of
r rank one matrlces and therefore has rank r.

Eigenvectors of A are in the row space and the column space, since Av; = Av;. We have
AT Az = x when z is in the row space, so

A+(A’Ui) = A+(/\Z"Ui)
A+AUZ' = V; = /\Z'A+UZ‘

—v; = AT,

Therefore, they have the same eigenvectors and the eigenvalues of AT are the inverse of the
eigenvalues of A.

From A and AT show that AT A is correct and that (A*A4)? = AT A = projection.
A= Z O’Z"U,Z'UZ-T
T
viu;
A+ — (il
>

Because of orthonormality in u; and v;, we only need to worry about the terms with the same
index when multiplying, since everything else goes to zero. Also, u} u; = ||u;|| = 1.

Vi
+ (A
ATA = g Z UZ’LLZ E vlu UV; E VU5

Which matches what we are given. In the next half, we can use orthonormality again to get

T
A+A Zv,fu UZ Zvl =ATA

v v = ||v]| = 1.
Suppose A has independent columns (rank r = n; nullspace = zero vector)

(a) Describe the m by n matrix ¥ in A = UXV?. How many nonzeros are there in %7
Because A is full rank, there will be no zeros along the diagonal of ¥, but everywhere
outside the diagonal will be zeros.
> is a m by n matrix, with rank » = n and m > n. The first n rows of 3 form a diagonal
matrix with nonzero entries along the diagonal. The last m — n rows are all zeros.



(b) Show that X7'Y is invertible by finding its inverse. Let’s define m —n = p and also define

Y. in the following way:

oo 0 ... 0

5 = 0 o9 :
0

0 0 o,

by
ETE = [ET OTXP] |: " :| = [Erzr +07“><p0p><7"] = Erzr = E%

Orxp
o? 0 0
0 o3
¥2= 2
0 0 o2

The inverse of a square diagonal matrix with no zeros down the diagonal is just one over

each diagonal entry.

(= 0 0
1
2\-1 0 crL2 E Ty —1
(== = (x7%)
: o0
(0 ... 0 ULQ

(c) Write down the n by m matrix (X7%)~!37 and identify it as 3.

ETS) ST = ()7 [Sr Orxp) = [(E2)718 Opyp]

M1
a7 0 01 [or 0 0 L0 0
1 1
s, = |0 D -,
: .0 : -0 : 0
0 0 L0 . 0 o 0 ... 0 &+

(2Tz)—1zT is therefore equal to ¥ T, since this is the same result as if you had transposed

and then inverted the nonzero diagonals.
(d) Substitute A = UXVT into (AT A)~' AT and identify that matrix as AT,

(ATA)1AT = (uzvhHTwevh)L(wsvhHT
= ((vTuh)ywzvh) Y (vety)
= (veTsvhy~Yvelo)
Due to orthogonality, we know that

(velisyh)=t =y (xTy)~tyT



And so we have
wvxisvhH-YweTo) =vEeTs)y-vTveto)
=vEy)yxTu
=vytu

Which is indeed AT.

Conclusion: AT Az = ATb leads to AT = (AT A)~L AT, but only if A has rank n

I1.2 9. Complete the Gram-Schmidt process in Problem 8 by computing ¢; = a/||a|| and Az =

b— (b"q1)q1 and go = Az/||As|| and factoring into QR.

0 =ofllal = H B [%]

B 3}:[% ) [HSH ||2/{2§|J:[§ —%2%] W Z@]
VZV2
o[22

I1.2 10. If A = QR then AT A = RTR = lower triangular times upper triangular.
I1.2 11. If QTQ = I show that QT = Q*. If A = QR for invertible R, show that QQT = AA*.

QQTQ=Q*I=Q
QTQQT =1xQ" = Q"
(QQT)T = QQT

QTQ)=1"=1=Q"Q

Since QT satisfies the properties of @ and Q% is unique, Q7 = Q.



11.2 12.

11.2 22.

Comp. Q.

Now for the second half. For A with independent columns, At = (AT A)~'AT. We can plug
in A = QR to this. This gives us

AAT = A(ATA) AT = QR((QR)"(QR)) M (QR)" = QR(R"QTQR)'RTQ"

For invertible R and QTQ = I, this works out to:
= QR(RTIR)'R'Q" = QRR™'(R")T'RTQ" = QQ"
With b = (0,8,8,20) at t = (0,1,3,4), set up and solve the normal equations AT Az = ATb.

For the best straight line in Figure I1.3a, find its four height p; and four errors e;. What is
the minimum squared error E = e? + €3 + €3 + e3?

= [ 3 [5]=[1)
=[5=F w [l =w (5 0w -

pi = C + Dt; so our p;s will be 1, 5, 10, 13. This makes our e;s be 1, 3, 2, 7 (signs not given)
for a total minimum squared error of Fy = 63.

The averages of the ¢; and b; are f = 2 and b = 9. Verify that C 4+ Dt = b. Explain!

C+Dt=1+4%2=9=5b

Intuitively, we are weighting all the errors equally, so it should go through the average point
and rotate from there to find the best line. More quantitatively, our first equation from

AT Az = ATb gives us
mé + f) Z ti = Z bi

If we divide by m all through, this gives us

A~ a1 1
C—FDEZQ: Esz
which we can see gives us this same relation.

Create a random 6 by 10 matrix. (You can choose the definition of random) Find its SVD
and its pseudoinverse.

A
{H 6x10 double

1 2 3 4 5 6 7 8 9 10

0.1239 0.5650 0.1057 0.9312 0.9844 0.1339 0.4671 0.3479 0.8985 0.2878
0.4904 0.6403 0.1420 0.7287 0.8589 0.0309 0.6482 0.4460 0.1182 0.4145
0.8530 0.4170 0.1665 0.7378 0.7856 0.9391 0.0252 0.0542 0.9884 0.4648
0.8739 0.2060 0.6210 0.0634 0.5134 0.3013 0.8422 0.1771 0.5400 0.7640
0.2703 0.9479 0.5737 0.8604 0.1776 0.2955 0.5590 0.6628 0.7069 0.8182
0.2085 0.0821 0.0521 0.9344 0.3986 0.3329 0.8541 0.3308 0.9995 0.1002

N U A WwN e



u x|

11

FH 6x6 double
1 2 3 4 5 6

1 -0.4285 0.4671  -0.0432 0.0366 0.2681  -0.7233
2 -0.3663 -0.0076 -0.3694 0.0510 0.6946 0.4942
3 -0.4453 -0.0651 0.7820  -0.3820 0.0772 0.1844
4 -0.3642 -0.7691 0.0147 0.4484 -0.0326 -0.2711
5 -0.4535 -0.1054, -0.4956 -0.5533  -0.4804 0.0241
6 -0.3815 0.4182 0.0654 0.5856  -0.4558 0.3529
75 <1
[ 6x10 double

1 2 3 4 5 6 7 8 9
1 4.0316 0 0 0 0 0 0 0 0
2 0  1.1980 0 0 0 0 0 0 0
3 0 0 1159 0 0 0 0 0 0
4 0 0 0  0.8614 0 0 0 0 0
5 0 0 0 0 0.8439 0 0 0 0
6 0 0 0 0 0  0.3825 0 0 0
7
3 10x10 double

2 3 4 5 6 7 8 9 10
1 -05132 03217 0.0789  0.2208  0.4003 -0.2390 -0.1223 -0.3589 -0.3715
2 0.0065 -0.3417 -0.5690  0.1528 -0.0505 -0.1840 -0.3600  0.4161 -0.3296
3 -0.3997 -0.1713 -0.0709 -0.2130 -0.2920  0.6741  0.2411 -0.0845 -0.3568
4 0.5281 -0.0834 -0.1291 -0.0339  0.4077  0.3924 -0.1551 -0.3892  0.0954
5 0.1296  0.1726  0.1683  0.7554 -0.3579  0.1128  0.2293  0.1088  0.0988
6 -0.1023 05148 -0.2157 -0.2059  0.3516  0.1715  0.2634  0.5680  0.2130
7 -0.1151 -0.3869  0.7069 -0.1279  0.1926  0.0080 -0.1829  0.3714  0.0525
8  0.0733 -0.3808 -0.0916 -0.0802  0.1661 -0.3932  0.7719 -0.0980 -0.0704
9 0.2358  0.3566  0.1132 -0.4901 -0.4859 -0.3055 -0.0782 -0.0862 -0.1707
10 -0.4432 -0.1636 -0.2292 -0.0743 -0.1821 -0.1025 -0.1262 -0.2237  0.7246
11
_J Aplus 1
HH 10x6 double

1 2 3 4 5 6

1 -0.8656 0.6299 0.4541 0.1078 -0.2119 0.1693
2 0.1666 0.1627 0.0441 -0.2480 0.4543  -0.5048
3 0.3500 -0.4845 -0.2041 0.4480 0.2756  -0.3358
4 -0.5316 0.5542 0.2140 -0.6554 0.1664 0.5277
5 1.0077 0.1474, -0.0275 0.2649  -0.6039  -0.5335
6 -0.7758 0.1281 0.6225 -0.2621 0.0908 0.3024
7 -0.3702 0.3395 -0.4504 0.3352 -0.1564 0.6967
8 -0.2789 0.2826 -0.1248 -0.1957 0.2944 0.1579
9 0.8932 -1.0998 -0.0533 0.3150 0.0517 0.0373
10 0.1751 -0.2287 -0.0471 0.3213 0.3196/ -0.4202
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I1.4 2

I1.4 3

I1.4 4

(for functions) Given a(z) > 0 find p(z) > 0 by analogy with problem 1, so that

1 = 1 M T is a minimum
/0 p(z)dzr =1 and /0 (@) d

U (al(z))2 1 1
L(p(z), \) :/0 (a(z)) dm—i—/o )\p(az)daz—/o Adx

p(z)

L(p(z),\) = /01 [(C;((xx)))2da: + M\p(z)dz — )\] dx

And this minimizes our integral.

Prove that n(a? + ... +a2) > (a1 + ... + a,)?. This is problem 1 with p; = 1/n. Back in
Problem Set I.11 you proved that ||a||; < v/nllal|2-

We take p; = % and so

which is the left side of our equation. In problem 1, we saw that choosing p; correctly gives
the minimum value of V', which is (3°1" a;)?. Since this is a minimum, the choice of any p;s
must yield a value for V' greater than or equal to that value, which gives us

n n
n) af> (3 a)
i=1 i=1
which is the inequality we wanted.

If M =117 is the n x n matrix of 1s, prove that n] — M is positive semidefinite. Problem 3
was the energy test. For Problem 4, find the eigenvalues of nl — M.

The eigenvalues of nl — M are the solutions to the equation det(nl — M — A\I) = 0.

det(nl — M — XI) =det((n —A\)I —M)=0



I1.4 6

We can see that A = n gives us just det(—M ) and since this is the all ones matrix, this will be
zero. The nullspace of M is going to be n — 1-dimensional, which gives us n — 1 eigenvectors
with A =n.

We can also see that every entry down the diagonal of nf — M will be n— 1, and all the other
n — 1 entries of each row will be —1, so the total sum of entries down each row will be zero.
This gives us an eigenvector of the all ones vector, with an eigenvalue of 0.

In the end, all the eigenvalues are either n or 0, which makes nl — M positive semidefinite.

The variance computed in equation 7 cannot be negative! Show this directly:

IABI[3 < (3 llaxll 1163 1)

By the Triangle Inequality (||P + Q||r < ||P||r + ||Q||F):

1481 = (1 atfllr)” < (3 loxtflle)”
k=1 k=1

By the definition of the Frobenius norm,

(3 lealle)” = (3 laelelef e’ = (3 lowll 16£1)°
k=1 k=1 k=1

which is what we wanted to show

Computational Problem

Take a matrix A where A is 0 below the diagonal and 1 above and on the diagonal and is of order
1000 by 1000. Compare the actual SVD of A to the randomized SVD of A reduced to Y = AG:
the first Gaussian random matrix G is 1000 by 10 and the second G is 1000 by 100.

After implementing this algorithm, I found that the Frobenius norm of the difference be-
tween the singular value matrix found by randomization and the actual singular value matrix

was 3.0774 x 10~'2 when using G 1000 by 10 and 2.9577 x 10~'? when using G 1000 by 100, show-
ing that this is a very accurate method.

Martinsson’s 4 steps are:

1.
2.
3.
4.

Y = AG
Factor Y = QR
Find the SVD of QTA =UDVT

The approximate SVD of A is (QU)DVT

Here is the code I used:



A = triu(ones(1000));
[U1,S1,V1] = svd(A);
G = normrnd(0,1, [1000,10]);

Y = AxG;

[Q,R] = qr(Y);
[U2,52,V2] = svd(Q'*A);
Uapp = 0QxU2Z;

Sapp = 52;

Vapp = V2;

err = norm(Sapp-S1, 'fro');



