VARIETIES WITHOUT EXTRA AUTOMORPHISMS III: HYPERSURFACES

BJORN POONEN

ABSTRACT. For any field k& and integers n > 1, d > 3, with (n,d) not equal to (1,3) or (2,4),
we exhibit a smooth hypersurface X over k of degree d in P"™! such that X has no nontrivial
automorphisms over k. For (n,d) = (2,4), we find a smooth hypersurface X with the weaker
property of having no nontrivial automorphism induced by an automorphism of the ambient P™**,

1. INTRODUCTION

Let k be a field, and let p be its characteristic, which may be 0. Fix an algebraic closure k of
k. Let X in P"*! be a smooth hypersurface of degree d over k. Let X = X xj k. Let Aut X be
the group of automorphisms of X over k. Call v € Aut X linear with respect to the embedding
X — Pt if 4 is induced by an automorphism of P"*! over k, i.e., by a linear transformation of
the homogeneous coordinates. The linear automorphisms form a subgroup Lin X of Aut X.

We will study Lin X primarily. Before stating our main result, Theorem 1.6, let us briefly survey
known related results. First, it is known that for most (n,d), there is no difference between Aut X
and Lin X:

Theorem 1.1. If X is a smooth hypersurface in P"*! of degree d, where n > 1, d > 3, and (n,d)
does not equal (1,3) or (2,4), then Aut X = Lin X.

Proof. The case n =1 is Theorem 1 of [Cha78]. The case n > 2 is Theorem 2 of [MM63]. O

Remark 1.2. The exclusion of (1,3) and (2,4) in Theorem 1.1 is necessary. When (n,d) = (1, 3), a
choice of flex in X (k) makes X an elliptic curve, and if P € X (k) satisfies 3P # 0, then translation
by P is a nonlinear automorphism of X. (See the proof of Theorem 1.3 below.) For (n,d) = (2,4),
the equality fails only for certain X; an example due to Fano and Severi is described in the proof
of Theorem 4 in [MMG63], for instance. What makes the proofs fail for (n,d) = (2,4) is that the
canonical bundle is trivial, and that Pic X can be larger than Z. In fact, the Tate conjecture
predicts that the latter is automatic for X over F,, with (n,d) = (2,4).

Theorem 1.3. Ifn > 1 and d > 3, then Lin X is finite.

Proof. See the “Historical Remarks” section at the end of [OS77]. The result has apparently been
known for at least one hundred years, at least when p = 0. Matsumura and Monsky [MM63] give
a proof in arbitrary characteristic, at least when n > 2. If n =1 and d > 4, then X is a curve of
genus g = (d — 1)(d — 2)/2 > 2, so Aut X is finite [Sch38].

We are left with the easiest case, in which n = 1 and d = 3. Without loss of generality,
k = k. We can make X an elliptic curve by choosing a flex P as origin. The automorphism group
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Aut(X, P) of the elliptic curve is finite and of order dividing 24 [Sil92, Theorem III.10.1]. Also,
Aut(X, P) C Lin X, since Ox(1) for the embedding X <+ P? is the line sheaf £(3P) on X. The
orbit of P under Lin X is contained in the set of points P’ € X (k) such that L(3P") = L(3P);
this is the set of 3-torsion points of the elliptic curve (X, P), which is of size at most 9. Hence
(Lin X : Aut(X, P)) <9, so #(Lin X) < 216 (with equality if and only if X is supersingular and
p=2). O
Remark 1.4. Suppose that p = 0 and d > 3. In unpublished work, Bott and Tate [BT61] used
homological methods to show that there exists an upper bound for #(Lin X) depending only on n
and d. For n = 1 and d > 4, one can use Hurwitz’s theorem that #(Aut X) < 84(g — 1) for any
curve X of genus g. For n > 2, Howard and Sommese [HS81] prove that there is a constant ¢,
depending only on n such that #(Lin X) < ¢,d™.

Let N = (d+z+1) be the number of monomials of degree d in variables zg, ..., z,1+1. Over any
field k, smooth hypersurfaces of degree d in P™*! correspond to the points of a dense open subset
Hp,a of PN=! on which the homogeneous coordinates are the coefficients of the polynomial defining
the hypersurface. For n > 1, d > 3, and (n,d) # (1,3), Katz and Sarnak [KS99, Lemma 11.8.5]
show that there is an open subset U,, 4 C H,, 4 whose points correspond to the smooth hypersurfaces
X with Lin X = {1}.

Theorem 1.5. Suppose that n > 1, d > 3, and (n,d) # (1,3). Then Uy 4 is nonempty. In other
words, the generic hypersurface X of degree d in P"*! has Lin X = {1}.

Proof. Matsumura and Monsky [MM63] prove this for n > 2, d > 3, and their methods can be
adapted to the case n = 1, d > 4. A proof for n = 1, d > 4 written out in full can be found
in [Cha78] for p = 0, and in [KS99, 10.6.18] for arbitrary p using an alternative method. O

Combining Theorem 1.5 with the Lang-Weil method as in Corollary 11.8.7 of [KS99], one can
show that for these (n,d), there exists N, 4 > 0 such that for any field k with #k > N, 4 (in
particular, any infinite field), there exists a smooth hypersurface X of degree d in P"™! over k with
Lin X = {1}. Our main result is that the same conclusion holds for all k:

Theorem 1.6. For any field k and integers n > 1, d > 3 with (n,d) # (1,3), there exists a smooth
hypersurface X over k of degree d in P"*1 such that Lin X = {1}.

Remark 1.7. The exclusion of (1,3) is necessary. If (n,d) = (1,3), then we may choose a flex to
make X an elliptic curve, and then multiplication by —1 on the elliptic curve is a nontrivial linear
automorphism.

Remark 1.8. There is a small overlap between Theorem 1.6 and the main result of [Poo00a], since
a smooth hypersurface X of degree 4 in P? with Lin X = {1} is the same thing as a genus 3 curve
X with Aut X = {1}.

Our proof of Theorem 1.6 does not use Theorem 1.5, so it gives a new proof of Theorem 1.5. We
can also combine Theorems 1.1 and 1.6 to obtain the following;:

Corollary 1.9. For any field k and integers n > 1, d > 3 with (n,d) not equal to (1,3) or (2,4),
there exists a smooth hypersurface X over k of degree d in P! such that Aut X = {1}.

Remark 1.10. Remark 1.7 shows that the exclusion of (1,3) in Corollary 1.9 is necessary. But it
may be that Corollary 1.9 holds for (n,d) = (2,4).

Section 2 gives the definition of X for Theorem 1.6, which will depend on n, d, and p. Section 3
proves that X is smooth. Most of the rest of the paper is devoted to proving that Lin X is trivial
in the various cases. Finally, in Section 11, we mention a few consequences for the automorphism
group scheme Aut X.
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2. CONSTRUCTION OF X

The hypersurface X in Theorem 1.6 will be the subvariety of P"*! defined by a homogeneous
polynomial f(zg,x1,...,Zn+1). In order to help us control the automorphisms, we will choose an
f that “endows the variables with an ordering.” As a first attempt, we could try

d—1

d—1 d—1
Tox,  + T1xy

but this fails for two reasons: first, the resulting hypersurface is singular at (1:0:0:---:0); and
second, it has nontrivial automorphisms if d — 1 is not a power of p, since one can multiply x,,4+1 by
a nontrivial (d — 1)-th root of unity. In fact, if we choose any form with n + 1 or fewer monomials,
there will be a nontrivial diagonal action of G,, on X in which X € k" acts as

(xo:xy: i @py1) = (APzg : A xg oo A, 1),

for some integers a; not all equal.

These problems can be fixed for most triples (n,d, p) by adding a few terms to the “ends” of f.
In particular, we will show that adding czd and z¢ 41 to f will work when d # 0,1 (mod p), if we
choose ¢ € k\ {0, cpaq }, where

(O M ¢ )

Chad ‘= —d(l_d)nJrl_l(l — d) d c k*,

except that we must also avoid ¢ = 2437 if (n,d) = (2,3). The hypersurface in Case I becomes
singular for ¢ = 0 or ¢ = cpaq. If (n,d,c) = (2,3,2379), then the resulting cubic surface in any
characteristic not 2 or 3 has a nontrivial linear automorphism given by

324 6561 1458 4374

16 324 -72 216
0 0 648 0
48 —972 -216 0

€ PGLy(k).

When d =0 (mod p), we need to add a term to rule out automorphisms mapping zg — xg+ Az
and fixing all other z;. (Actually such automorphisms create a problem only when d is a power of
p.) When d =1 (mod p), we add a few terms in order that some of the second partial derivatives
of f be nonvanishing, because our method for controlling the automorphisms relies on the fact that
most, but not all, of the second partial derivatives of f vanish.

The definition of f in all cases is given in Table 1. The congruence conditions on d defining the
cases are congruences modulo p. Note that in Cases I and II, we have p # 2, and if (n,d) = (2,3)
in Case I, then p # 3 also, so there is always at least one choice for ¢ € k. The reader who prefers
to have ¢ prescribed explicitly may take ¢ = 2¢paq in Case I and ¢ = 2(—2)d_2 in Case II.

3. SMOOTHNESS OF X

This section proves that X is smooth in each case. This is not especially difficult. The hard
part was finding the f for which this would be easy, and for which our methods for controlling the
automorphisms would apply.

Case I: d £ 0,1 (mod p)



\ Case H f Conditions
¢ # 0, chaa
I |d#0,1 cxf + <Z rid 2+1> = (n,d,c) #(2,3,2'379)
d=0 d—2
11 p£2 cxd + 232972 sz z+1 +al, c#0,(-2)
d= d—1 _J0,ifn=1
I p=2 Ty T1tcC (z +29) + (Z% z+1>+~"3n+1 C_{l, ifn>9
d=1 o
v » o 9 zd + Z xmmmﬂ + (Z xmﬁf) + Tzt
i=0
d=
V| p=2 15056(11 To + xoxl Ly x1x2 1y 9521:0 Ly xl g 2
n =
d= 1254 n
VI| p= xﬁl + Z $3ixg;f1x3i+2 + (Z xsz;11> + xn+1aﬁg_1
n>1 i=0 i=1

TABLE 1. Definition of f(xg,x1, ...

Y x?’H-l)‘

Suppose P is a singular point. At P the derivative df/0x; must vanish for each i:

0=(d—1)wozd 2 4+ 237!
0=(d—1)z292 4 2371
0=(d—1)z,_1222%+ “7n+1
0=(d— 1)xnxn+1 + d$n+1

Note that if 0 < i < n, and x; = 0 at P, then x;,.1 = 0 by the equation
0= (d— 1)z 137 24 xfﬂl

(or the first equation, if ¢ = 0), so that by induction z; = 0 for all j > i. On the other hand, if

0= cdxg_l + a;‘ll_l

2<i<n+1, and z; =0, we find from

that either ;1 = 0 or ;9 = 0, and the latter also implies x;_1 = 0 by what we just proved, so

0=(d—1)az;_ox?2 + 29~

that z;—1 = 0 in any case. Also, if z; = 0, then zy = 0 by the first equation in (1).

Thus if any x; is zero at P, all are zero at P. Hence if there is a singular point P, all its projective
coordinates are nonzero. Without loss of generality, assume x,+1 = 1. Then from the last equation
1) we find

in (

T, =d(1—d)!

Substituting into the penultimate equation in (1), we find

Tp—1 = d2_d(1
4

_ d)d_3.




Working our way up the list of equations, using all of them up to but not including the first, we
prove by induction on ¢ that

1—(1—d)? 1—(i+1)d—(1—d)?T!
Tpy1—i=d 4 (1—d) 2z
for i = 1,2,...,n+ 1. The values of xg and x; so computed contradict the first equation in (1),

provided that ¢ # cpaq-
Case II: d =0 (mod p), p # 2

This time, the vanishing of the derivatives gives rise to the system

0= 2560:1:‘1172 + a:cllfl

0= —xoxfffz — 2x(2)x51l73 + ngl
(2) 0=—z2d 2+ mgfl
d—2 d—1
0=—xp_12,, "+,
_ d—2
0=—znx,,7.

Asin Case I, if 2 < i <n and z; = 0, then z;1; = 0 by the equation

0= —xi_lx?_z + xf;ll
On the other hand, if 4 <i <n+ 1 and z; = 0, then from
0= —xi_gx?__lz + m?_l

we obtain z;_; = 0 or x;_o = 0, and the latter also implies x;_1 = 0 by what we just proved, so
that x;_1 = 0 in any case.

From the last equation in (2), we obtain x,, = 0 or x,,+1 = 0, so we immediately deduce z; = 0 for
3<i<n+1. If 1 =0, then we obtain o = 0 from the original equation f = 0, and z2 = 0 from
the second equation in (2), which is a contradiction, as desired. Thus we may assume z; = 1, and
then the first and third equations in (2) yield zo = —1/2 and 2 = 0. For (—3:1:0:0:---:0) to

be a point on X we must have
1 d+1 L,
“\T2) Ta 27"

so we obtain the desired contradiction, provided that ¢ # (—2)472.

Case III: d =0 (mod p), p =2

The vanishing of the derivatives gives rise to the system

d—2 d—1
0=uxzy5 "o + 2]

d—1 d—2 d—1
0=uxz5  +xox| ~ + a5
d—2 d—1
(3) 0=uz25 = + a5

d—2 d—1

0=zp1z, “+x,
d—2
0=znpx, 7.
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We deduce as in Case Il that z3 = x4 = -+ = z,41 = 0. If 1 = 0, then we obtain z2 = 0 from
the original equation f = 0, and zp = 0 from the second equation in (3), so all z; are zero, a
contradiction. Thus we may assume 1 = 1, and the third and first equations in (3) yield zo = 0
and xg—z = 1. The original equation f = 0 becomes

20+ 1(1+0)+29+0+0+--+0=0,
a contradiction in characteristic 2.
Case IV: d=1 (mod p), p # 2

The vanishing of the derivatives gives rise to the system

d—1 d—2 | d—1
0=2x27" +2xox] ~ + x4

0= :Ug_l - :U%x‘li_?’
d—1 d—2
0 =23 + 2225
_ .d-1 2,.d—3
(4) 0=uwy  —xyw3
0= :B;iljrll (=22 _ 2973 if nis odd)
_ .d-1
0=uzy .

The last equation implies g = 0. The first then implies 1 = 0, and going down the list of equations
we show by induction that z; = 0 for all 7. (Note that the conditions defining this case imply d > 4,
so the exponent d — 3 and anything larger will be positive.)

Case V:d=1 (mod p),p=2,n=1

The vanishing of the derivatives gives rise to the system

0= :cil_Q:rg + a:il_l
(5) 0= zoz? 320 + l‘g_l

0= chszfll*2 + asgfl + x%ngg.

Working from the bottom up, we find
1=0 = 20=0 = 220=0 = z; =0.

Thus if any x; is zero, all the x; are zero, a contradiction. Hence all the z; are nonzero. Then
the first equation in (5) implies 1 = x9. Substituting zo = x; in the second equation yields
0= xox‘f_2 + :L“li_l, S0 rg = x1 = x2. Substituting these into the third equation, we find acg_l =0,
so xg = 0, a contradiction.

Case VI: d=1 (mod p), p=2,n>1



The vanishing of the derivatives gives rise to the system

0= d721:2
0:1: —I—azox‘l’l 33:2—|—xcll !
OZZL‘ Yo x‘f 2
0:1‘ —I—x4
(6) 0=ad" —|—x3xj‘f 3¢5
O:x 4o a;j‘f 2
0=zt (+2p_12%2% ifn=1 (mod 3))

(To see the pattern, pretend that the exceptional term :1:‘11_1 in the second equation were actually

in the first, and group the equations in threes.) Let m = 3|™k2]. There are zero, one, or two
equations past the first m equations, and these final ones are those that are missing a “second
term,” i.e., that are simply of the form 0 = x?fl for some 1.

By the first equation, either x; or x3 is zero. If x5 = 0, then 1 = 0 by the second equation, so
1 = 0 in any case. The third equation then yields x3 = 0. For i = 3,6,...,m — 3, the (i + 2)-th,
(i 4+ 1)-th, and (i + 3)-th equations show that

;=0 = :L'i+2:0 — :EZ'+1:O — l‘i+3:0,

where we should interpret x,10 as zq if necessary. Thus we deduce x; = 0 for 3 < i < m.

If m = n, we have x,,11 = 0 and xp = 0 automatically from the last two equations in (6). If
m = n+ 1, we have zog = 0 automatically from the last equation. If m = n + 2, we have already
shown xg = x,412 = 0. Thus in every case we have x; = 0 for all 7 except possibly ¢ = 2. Finally,
we obtain x9 = 0 from the second equation in (6).

4. CONTROLLING THE AUTOMORPHISMS: THE IDEA

The remainder of the paper is devoted to proving that Lin X is trivial in each case. In this
section, we explain the main tool to be used, and introduce some notation.

Suppose we are in Case I. Then 0f/0z¢ is killed by 0/0x; for all ¢ > 2. If we have a linear
automorphism of X given by the matrix L = (¢;;) € GLy42(k), and if we set y; = ZnH lijzj, then

(7) f(‘r07x17"'7$n+1) :af(y07y17"'7yn+1)

Tk
for some nonzero scalar o € £k, and

n+1

8 8f y07y15‘°'7yn+1)
— f(xo,x1,...,2 =« E Lio
dz0 ( 0,1 7’L+1 yl

is killed by at least an (n — 2)-dimensional Subspace of the span of the operators 0/0x;, which
is also the span of the 9/0y;. Such considerations will severely constrain the possibilities for the
entries of the matrix L.

In general, let A denote the Hessian matrix of f, Wlth entrles a;j = ax &E . For (column) vectors

v = (vg,V1,...,Vp+1) and w = (wp, W1, ..., Wp4+1) in B , we define a symmetric k-linear pairing
n+1n+1
(v, w) == v Aw = ZZ’UZ ]8
1=0 5=0
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taking values in k[zg,21,...,Znt1]. If L = (¢;;) € GLypyo(k) gives an automorphism of X, then
(v, w) is a scalar multiple of the result of replacing each z; by E;;Lol lijzj in (Lv, Lw). In particular,
and this is mainly what we will use,

(Lv, Lw) = 0 < (v,w) =0.
For a vector v € EnH, define a subspace
Li={we AR (v,w) =0}.

For any subspace V', let codim V' denote the codimension of V' as a subspace of . In the
subsequent sections we will repeatedly use the following (trivial) observation.
Lemma 4.1. The number codimv’ equals the dimension of the k-vector space spanned by the

(polynomial) entries of the column vector Av.
Proof. Both numbers equal the dimension of the image of (Av)*, considered as a linear function on
B 0
For a subspace V C En+2, define a subspace
Vii={w ek (v,w) =0 for allv eV }.

If L gives an automorphism of X, then for all vectors v and subspaces V,

(8) (Lo)t =L (vl) and  (LV): =1L (VL> ,
so in particular
9) codim(Lv)t = codim v+ and codim(LV)* = dim V*.
We let {eg,e1,...,ent1} denote the standard basis for T
For 0 < m < n+ 1, define subspaces
m n+1
S =Y Feen  Tu=>Ee
=0 i=m

Alsoset S, =0ifm <0,and T,,, =0 if m >n + 1.
Once we have taken full advantage of the fact that L respects the pairing, we can usually complete
the proof that L is a scalar multiple of the identity simply by equating various coefficients in (7).

5. CONTROLLING THE AUTOMORPHISMS: CASE I

In this case we have

ho g1 0 0 0 0
g1 h1 g2 O 0 0
0 g2 ha g3 0 0
A=10 0 g3 hs 0 0
00 0 0 -+ hn Ggntr
(00 0 0 - gnp1 hngr)
where g; := (d — 1)z¢72 and
cd(d — 1)z " ifi=0
hi =1 (d—=1)(d — 2)a; 12> ifl1<i<n
d(d = 1) + (d— 1)(d— 2anatsd iiznt1.
8



We will subdivide Case I as follows (recall that p # 2 throughout this case):
e Case I.1: d#0,1,2 (mod p) and d # 3
e Case 1.2: d=2 (mod p) and p # 2
e Case [.3: d=3; p#2,3; and n > 2.

Case 1.1: d #0,1,2 (mod p) and d # 3
In this subcase, g1, ..., gn+1, ho, b1, ..., hng1 are linearly independent over k. In particular, note

that e equals S,,_2 + Tjni2, which is the k-vector space spanned by all the e; except €,_1, €m,
and ep,11.

—n+42
Lemma 5.1. For any v = (vg,v1,...,Un41) € B ,
vt = ﬂ ef.
1:0;7#0
2 . : .
Proof. Suppose w = (wg, w1, ..., Wp4+1) € 5", If the i-th coordinate of Aw is nonzero, then at

least one of w;_1, w;, w;11 is nonzero. If w; is nonzero, then h; occurs in the i-th coordinate of Aw
and in no other coordinates. If w; = 0 but w;_1 # 0, then then g; occurs in the i-th coordinate
of Aw and in no other coordinates. If w; = 0 but w;41 # 0, then then g;41 occurs in the i-th
coordinate of Aw and in no other coordinates. The nonzero coordinates of Aw are thus linearly
independent over k, since each involves a g or h not present in the other coordinates. In other
words, the polynomials (e;, w) for i = 0,1,...,n + 1 that are nonzero are linearly independent.
Thus if (v, w) =0 and v; # 0, then (e;, w) = 0. O

Lemma 5.1 and the remark preceding it let us immediately calculate v for any vector v, and also
VL for any subspace V, since V+ = Noer v*. In particular, we obtain the following corollaries.

4

Corollary 5.2. If v € B s nonzero, then codimv— > 2, with equality if and only if v is a

multiple of eg or epy1.

Note that for 0 < m < n, the (m + 1)-dimensional subspace S,, C " has St = Tp40, and
codim S = m + 2.

Corollary 5.3. Suppose 0 < m < n — 2. Let V be an (m + 2)-dimensional subspace of i
containing Sy,. Then codim V= > m + 3, with equality if and only if V = Spi1.

Proof. Write V' = S,,4+k-v,so V+ = S;-not. If v has any nonzero coordinate v; with m+2 < i < n,
then the condition that an element w of S#L be in v' places at least two linear conditions on w,
namely w; = 0 and w;11 = 0, so codimV+ > codim S;- + 2 = m + 4 in this case. Similarly, if
Unt1 # 0, then the condition that an element w of S;- be in v places the new conditions w, = 0
and w41 = 0 on w, so that codim V+ > m 44 again. The only remaining possibility is that v; = 0
for all ¢ > m+2, in which case we must have V = 5,11 and codim V+ = codim Tomis=m+3. 0O

Corollary 5.4. Suppose 3 < m <n-+1. Let V be an (n —m + 3)-dimensional subspace of [
containing Tp,. Then codim V=L > n —m + 4, with equality if and only if V = Tp_1.

Proof. The proof is completely analogous to that of Corollary 5.3. O
Corollary 5.5. The vectors Leg and Leny1 are multiples of eg and en41 in some order.

Proof. This follows from (9) and Corollary 5.2. O
9



We may now subdivide Case 1.1 further into two subcases.

Case I.1.a: Leqg is a multiple of eq

Corollary 5.3 gives a characterization of the flag S1 C Sy C --- C Sy,—1 of vector spaces containing
So that involves only dimensions and the |-operation. Since L preserves Sy by assumption, we
have L(Sy,) = Sp, for 0 < m < n — 1. Similarly by Corollary 5.4, L(T,,) = Tp,, for 2 < m < n + 1.
Together, these imply that L is of the form®

* x 0 --- 0 0 0
0O x 0 --- 0 0 O
00 x --- 0 0 O
L= A A )
Ooo0=O0 -+ % 00
o000 --- 0 x O
_O O 0 --- 0 =« * |

with zeros off the diagonal except possibly in positions fo; and ¢,41,. Since L is nonsingular,
li; # 0 for all 4, and by scaling L, we may assume ¥, 1,41 = 1. By equating coefficients of x,‘iH
in (7), we see that o = 1. Equating coefficients of z& and of x4~'z,,, 1 in

f(xo,z1,. .. Zn, Tnt1) = f(loozo + lor1x1, L1121, - - - s b @iy bk 1 n T, + Tnt1),

we obtain

— d—1 d
0= enn£n+17n + £n+1,n

Multiply the first by (d — 1) and the second by #4115, and subtract to deduce ¢,41, = 0. For
i =mn,n—1,...,1 in turn, we equate coefficients of xletll to find ¢; = 1. Equate coefficients of
wg_lxl and use £y9 # 0 and d Z 0 (mod p) to deduce £yp; = 0. Finally equate coefficients of wox‘f_l
to deduce £pg = 1. Thus L is the identity, as desired.

Case 1.1.b: Leg is a multiple of 41
This time Corollaries 5.3 and 5.4 imply that L(S,,) = Ty+1—m for 0 <m <n —1 and L(T},) =
Sna1—m for 2 < m < mn+1, so that L is of the form

000 -+ 0 % =
000 - x 0
000 -+ % 00
L=1: S A
0 * .- 0 00
0 0O -~ 000
| = 0 -~ 0 0 0]

with nonzero entries on the reverse diagonal, and zero entries off it, except possibly at £y, and

lpt1,1. We may assume {g 41 = 1. Equating coefficients of :cﬁ and of xZ_lan in

f(xo, 21, .. Tn, Tng1) = f(lon@n + Tntt, inTns - - o, ln1 21, bng1,020 + lng1,121)

1Each asterisk in a matrix denotes an element of k which may or may not be zero.
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we find
0= cld, + lont$?
d— d—
0= cdtd 4+ ¢f1.

Subtracting £p,, times the second from the first, we find ¢(1 — d)Egn =0, so £y, = 0. Substituting
back into the second, we find ¢1,, = 0 as well. But this contradicts the nonsingularity of L.

Case 1.2: d =2 (mod p) and p # 2

We have

[2cgo g1 0 O 0 0 0 7
g 0 g2 O 0 0 0
0 g2 0 g3 0 0 0
0 0 g3 O 0 0 0

A= . . . . )

0 0O 0 0 -+ 0 gy 0
0 0O 0 0 -+ g, O In+1

L0 0 0 0 -+ 0 gnt1 29n+1.

and go, g1, - . ., gnt1 are linearly independent over k.

Lemma 5.6. Ifv € s nonzero, then codimv® > 1, with equality if and only if v is a multiple
of eny1-

Proof. By Lemma 4.1, codim e;- 1 = 1, and the same is true for any multiple of e, 1.

Now assume instead that the first nonzero coordinate v; in v occurs for ¢ < n. Then g; appears
exactly once in the coordinates of Av, namely in the (i —1)-th coordinate (or in the 0-th coordinate
if i = 0). If i < n, then g;41 appears in the (i + 1)-th coordinate of Av, since a;;+1,; is independent
of the other entries of its row in A, so the span of the coordinates of Av has dimension at least 2.
If ¢ = n, then g,11 appears in either the n-th or the (n + 1)-th coordinate of Av, so again the span
of the coordinates of Av has dimension at least 2. Thus codimv® > 2 by Lemma 4.1. 0

Corollary 5.7. We have L(Ty11) = Tht1.
The (n — m + 2)-dimensional space T}, satisfies T = Sy, o if 2 < m < n.

Tn—+2 . . . . .
Lemma 5.8. For nonzero v € k , we have codimv’ < 2 if and only if v is a multiple of some
e; or is a linear combination of e, and €,11.

Proof. The “if” direction is clear from Lemma 4.1. Now suppose codim v < 2 and that the first
nonzero v; in v occurs for i < n. We must show that v is a multiple of e;. As in the proof of
Lemma 5.6, g; appears exactly once in the coordinates of Av, namely in the (¢ — 1)-th coordinate
(or the 0-th coordinate if i = 0), and g;+1 appears in the (i + 1)-th coordinate, so at least these
two coordinates are linearly independent. Suppose for sake of contradiction that v; # 0 for some
j > i, and choose the largest such j. If j < n, then g;;1 appears in the (j + 1)-th coordinate of Av
but not before, so it is independent of the (i — 1)-th and (i + 1)-th coordinates, and the span is of
dimension at least 3, as desired. If j = n + 1, then g,+1 appears in the n-th coordinate of Av and
not before, so we are again done, unless i + 1 = n.

To handle the remaining case ¢t = n — 1, 7 = n 4+ 1 we break into cases according as v, = 0
or not. If v, = 0, then g,_1 appears only in the (n — 2)-th coordinate of Av, g, appears only in
the n-th coordinate of Av, and g,y1 appears in the (n + 1)-th coordinate of Av, so these three
coordinates are independent. If v,, # 0, then g,,_1 appears only in the (n — 2)-th coordinate of Awv,

11



a pure multiple of g, occurs in the (n — 1)-th coordinate, and a non-pure combination of g, and
gn+1 occurs in the n-th coordinate, so again the span of the coordinates is at least 3-dimensional.
Hence codim v+ > 3. O

Corollary 5.9. We have L(T,,) = T,,.

Proof. Lemma 5.8 shows that T, is the only 2-dimensional subspace consisting entirely of vectors
v for which codim vt < 2. O

Lemma 5.10. For 0 <i¢ <n—1, Le; is a multiple of e;.

Proof. By Lemma 5.8 and Corollary 5.9, L acts on eg,eq,...,en—1 by scaling them independently
and then permuting them. Equating coeflicients of a:g in (7) we see that Ley must be a multiple of
eg. By induction on ¢ for 1 < i < n — 1, equating coefficients of xi,le_l shows that Le; must be
a multiple of e;. O

Lemma 5.10 and Corollaries 5.7 and 5.9 together imply that L is of the form

*» 00 --- 0 0O
0O« 0 --- 0 0 O
00 = --- 0 0O
L=: : :
0 0 0 * 0
o000 --- 0 0
000 - 0 x

The argument at the end of Case I.1.a now implies that L is (a scalar multiple of) the identity.

Case 1.3: d=3; p+#2,3; andn > 2

We have

Bcxg 1 0 O 0 0 0 0 T
I rog I2 0 0 0 0 0
0 To T1 X3 0 0 0 0
0 0 x3 x9 0 0 0 0

A=2 :

0 0 0 0 Tp—3 Tp_1 0 0
0 0 0 0 Tp_1 Tp_2 Tp 0
0 0O 0 O 0 T Tn+1

L O o o o -- 0 0 T+l T+ 3Tpi1l

Lemma 5.11. Ifn > 2, then codimv' < 2 if and only if v is a multiple of one of the following:
eo, ep + vV 3ceq, 3€en — entl, en+1-
If n =2, the same is true, except that multiples of ey = v/3c(e1 + 3es) are also possible.

Proof. We may assume v # 0. Let j be the largest integer such that v; is nonzero.
If j = 0, then v is a multiple of g, and codim v = 2.
If j = 1, then to have codim v < 2, we must have vg # 0, since codime;- = 3. Assume vy = 1.
Then
Av = 2(3cxg + v121, V120 + 1, v122,0,0,...,0).
12



In order for the span of the coordinates to have dimension at most 2, the first two coordinates must
be dependent. By looking at the coefficients of x1, we see that this would imply

3cxg + vy = vi(vizo + 1),

which holds if and only if v; = £v/3c.

If 2 < j <, then z;4; appears in the (j + 1)-th coordinate of Av but not before, and the j-th
coordinate is a nonzero combination of x;_; and z;, so if codim vt < 2, then the 0-th, 1-st, ...,
(j — 1)-th coordinates of Av are all multiples of the j-th coordinate. In particular, z;_5 does not
appear in the (j —1)-th coordinate of Av, so vj_; = 0. Thus the j-th coordinate of Av is a multiple
of zj_1. But the (j —1)-th coordinate involves z;, so it cannot be a multiple of the j-th coordinate,
a contradiction.

Finally we have the case j = n + 1. Suppose codimv' < 2. If v, # 0, then x,_; appears in
the n-th coordinate of Av and not afterwards, and the (n + 1)-th coordinate is nonzero, so these
coordinates already span a 2-dimensional space, and all others must be dependent on them. In this
case, all coordinates must be combinations of z,_1, x,, and z,41 only. If furthermore 0 < i < n
and v; # 0, we get a contradiction by observing that x;_; (z¢ if ¢ = 0) appears in the i-th coordinate
of Av. Thus, from our assumption v, # 0 we deduce that v is a combination of e, and e,4+1 in
which both appear. The (n — 1)-th coordinate of Av is a nonzero multiple of xz,,, and this can be in
the span of the n-th and (n + 1)-th coordinates only if the (n + 1)-th coordinate also is a multiple
of x,,, which happens if and only if v is a multiple of 3e, — e, y1.

Thus from now on, we may assume j = n+ 1 and v, = 0. If v,_; # vy4+1/3, then the last two
coordinates of Av are independent, so in order to have codimv' < 2, all other coordinates must
be combinations of these last two. In particular, they would all be combinations of x,, and x,41
only. For 0 <i < n — 1, the non-appearance of x;_; (of g if i = 0) in the i-th coordinate of Av
then forces v; = 0, so that v is a multiple of e, 1, and in this case codim vl =2.

Finally we have the case v, = 0, v,—1 = vp41/3 # 0. The (n — 1)-th coordinate of Av is a
combination of z,—; and z,_o in which the latter appears, and the (n + 1)-th coordinate is a
multiple of z,, + 3x,,1. These already span a 2-dimensional space, so if codimv’ < 2, all other
coordinates must be combinations of x,,_9, Tp_1, Tn, and x,r1. Suppose that n > 2. Then for
0 < i < n—2, the non-appearance of z;_1 (of z¢ if i = 0) in the i-th coordinate of Av forces v; = 0.
The (n — 2)-th, (n — 1)-th, and (n 4+ 1)-th coordinates of Av are now nonzero multiples of x,_1,
Tp_o, and x, + 3x,41, respectively, so there are independent, and codim v+ > 3.

We are left with the case n = 2, vy = 0, v1 = v3/3. If v1 # ++/3cuvg, then the 0-th and 1-st
coordinates of Av are independent, and neither involves x3, so the last coordinate is independent
of both of them, yielding codim v’ > 3. Otherwise, if v; = +v/3cvg, then v is a nonzero multiple
of eg \/%(61 + 3e3), and we check that in this case codim vt =2. ]

We next subdivide Case 1.3 according as n =2 or n > 2.
Case 1.3.a: n > 2
Corollary 5.12. We have L(S1) = S1 and L(T,,) = T,.

Proof. By (8), L must permute the five lines generated by the vectors listed in Lemma 5.11. The
only 2-dimensional subspace of EHH containing three of these five lines in Sy, so L(S1) = S1. The
subspace spanned by the other two lines is T},, so L(T,) = T,. O

Lemma 5.13. The vectors Le, and Len+1 are nonzero multiples of e, and en41, respectively.

Proof. By Corollary 5.12, we know L(T,) = T,,. Hence yo,y1,...,Yn—1 are linear combinations of
g, T1,- .., Tp_1 only.
13



Substituting 2o = 1 = -+ = x,—1 = 0 in (7), we find

(10) (7 + $n+1)$i+1 = a(zp + Zn—i-l)zrzm-lv

where z; denotes the part of the linear form y; involving x,, and z,11. By unique factorization, this
implies that z,41 is a nonzero scalar multiple of x,+1. Without loss of generality, we may assume
Zn41l = Tni1; 1.e. Lny1ny1 = 1. Equating coefficients of 23, in (10), we obtain o = 1. Now (10)
implies z, = x,. This gives the desired result. 0

Corollary 5.14. We have L(S,—2) = Sp—2 and L(S,—1) = Sp_1.
Proof. This follows from Lemma 5.13, since e# = S,_o and e,J; 1= Sn-1- ]
Lemma 5.15. For1<m <n+1, T#{ =Sm_2.

Proof. We use backwards induction on m. Clearly TnL+1 =S5,_1. For 1 <m <n,

Tnll = Tnl@-',-l N 6#1 =Sm-1N (Smfg + Tm+2) = Sm_o.

Lemma 5.16. For2 <m <n+1, Le,, is a multiple of e,,.

Proof. We know it already for m = n+ 1 and m = n. We use backwards induction on m. Suppose
2 <m < n—1, and that Le,, is a multiple of e, for m’ > m. Then T,,11 and T),12 are each
preserved by L, and so are S,,—1 = T, and S,, = T, by Lemma 5.15. Hence if v = Ley,,
then v € Sy, since ey, € Sp,. Also v &€ S,,_1, since otherwise L(S,,) C Sy,—1, and L would not be
invertible. Moreover v N S,,_1 has codimension 1 in S,,_1, since 6#1 N .S;,—1 has codimension 1 in
Sm—1. In other words, the span of the 0-th, 1-st, ..., (m— 1)-th coordinates of Av is 1-dimensional.
But z,, appears in the (m — 1)-th coordinate of Av (since v € Sy, \ Sm—1), and not before, so the
0-th, 1-st, ..., (m — 2)-th coordinates must all be zero. This forces vg =v; = -+ = vp,—1 = 0, so
v = Le,, is a multiple of e,,. ]

We have Sy = S1 N 62L, so Sp also is fixed by L. Putting this together with Corollary 5.12 and
Lemma 5.16, we see that L is of the form

[« « 0 -~ 0 0 0]
0O« 0 -+ 000
00 % -~ 000
L=0 0 00
000 - % 00
000 -~ 0 x
000 -+ 0 0 =

The argument at the end of Case I.1.a now implies that L is (a scalar multiple of) the identity.

Case 1.3.b: n =2
The form defining X is
f= cazg + xoa:% + 56133% + 232113% + :cg
For future convenience, we will make the change of coordinates
(w0, 21, 22, 23) = (%0, 21, 3, —T2 — T3/3),
and for the rest of Case 1.3.b, we will work with the new f, which is
3 213
fi=cxd + zo2? — 25 + (T) 3 2i73
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The new A is

3crg x1 0 0
_ r1 X 0 T3
A=2 0 0 —3372 %:L‘g

0 T3 %1‘3 r1 + %1‘2 + %x;g

The set W of vectors v € & such that codim vt < 2 is the union of seven lines, the transform of
those generated by the seven vectors in Lemma 5.11. They are the lines Ey, E», ..., E7 generated
by eo, eo + V/3ce1, eqg — V/3cer, e3, e, eg + V3c(er — 3e), and ey — V3c(e; — 3ea), respectively.
By (8), L must permute the E;.

There are four 2-dimensional subspaces of EA‘ containing exactly three of these lines, namely
Wi := 51D Ey,Ey, Es
Wo := keg + k(e1 — 3e2) D Ey, Eg, Er
W3 = k(eo + V3ce1) + kea D Es, Es, Eg
Wy := k(eo — V3ce1) + key D Es, Es, Er.

The only E; not contained in any W is Ey4, so L(E4) = E4. The span of the other six E; is Sa, so
L(S2) = Ss.
We now know that L has the form

O ¥ % %
O ¥ % %
O ¥ % %
* O O O

Without loss of generality we may assume ¢33 = 1. Equating coefficients of 23 in (7), we find
a = 1. By viewing both sides of (7) as polynomials in x3, we see that the forms cx} + zoz? — 73
and 3x1 + a9 are each preserved by L.

If~ve k" and the plane cubic
(11) (cx% + xox% — x%) +v(3z1 + 332)3 =0

has a unique singularity?, then that singularity is preserved by the automorphism induced by L.
A short calculation shows that the singularities on these curves are at the points (zg : x1 : x2) =
(—9s%:2:25), where s € k \ {0, —3} satisfies ¢ = —ﬁ and v = (3—_‘;)2

For ¢ # —22379,24379 we find that there are four possibilities for s, giving rise to four distinct
values of v for which the curve has a unique singularity. The four distinct points so obtained are
in general position in P2, since they lie on the conic 2x¢z; + 923 = 0. Hence an automorphism of
P2 that fixes them is trivial. Together with the fact that L preserves the form 3z; + z2 (and not
just up to scalar multiple), this implies that the upper left 3 x 3 block of L is the identity, so L is
the identity.

If ¢ = —22377, then we may assume p # 5 in addition to p # 2,3, since cpaqg = —2°379 coincides
with this ¢ in characteristic 5. We dehomogenize the cubic

—223_9953 + a:ox% — a:%’ =0
by setting x = x9/x9 and y = x1/x¢, to obtain the elliptic curve in Weierstrass form
E:y* =23 +2237°

2There is automatically at most one singularity if the cubic is irreducible.
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(As usual, we choose the point at infinity as origin O on E, to make E an algebraic group.)
Then L induces an automorphism o of P? preserving E. The automorphism o also preserves the
line 3y + x = 0, which is tangent to E at P := (2/27,—2/81) and meets E again at [-2]P =
(—1/27,1/81). Hence o(P) = P. The action of o on E is the composition of an automorphism 7 of
E as an elliptic curve (i.e. fixing O), and a translation on E. Since o preserves the class of a line
section, which is the class of the divisor 3 - O, the translation must be a translation by a 3-torsion
point T'. It follows that 7 fixes [3]P = (—2/81,10/729). The six automorphisms of E have the form
(2,y) = (dx,wy), where w? = 1, but z([3]P) and y([3]P) are finite and nonzero in k, so n must be
the identity. Since o(P) = P, it then follows that 7' = O. Thus o fixes E pointwise, and hence is
the identity. Since L does not scale 3x1 + xo, this implies that L is the identity.

The last case ¢ = 2379 (in which two of the four s-values, namely —3/2 4 3i/2 and —3/2 — 3i/2
give rise to the same 7) was ruled out by assumption at the very beginning, so we are done with
Case 1.3.b, and indeed we are done with all of Case I.

6. CONTROLLING THE AUTOMORPHISMS: CASE II

We will subdivide Case II as follows (recall that p # 2 throughout this case):
e Case II.1: d=0 (mod p); d # 3; and p # 2,3
e Case I1.2: d=0 (mod p); d # 3; and p = 3
e CaseIl.3: d=3,p=3,and n > 2.

Case I1.1: d=0 (mod p); d # 3; and p # 2,3

We have _ )
ho g1 0 O 0 0
g1 h1 g2 O 0 0
0 g2 h2 g3 0 0
A=1|0 0 g3 h3 0 0
0O 0 0 0 - hy Ggntt
(00 0 0 - gng1 hngr)
where
o —x‘li_2 — 4x0m‘f—3 ifi=1
I= gt if2<i<n+l
and
22472 ifi =0
h; = 2x0:rcll_3 + 6x%x‘f‘4 ifi=1
2a; 12§ ? if2<i<n+l.
The polynomials g1, ..., gn+t1,ho,--.,hnt1 are linearly independent, and hence the same proof as
in Case L.1 shows that L must be of the form
[« %« 0 -+ 0 0 0]
0O« 0 -~ 00O
00 *« --- 000
I — : co ]
000 * 0
000 - 0 0
0 00 0 %
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or of the form

0 0 0 0 *
00 0 - 0 = 0

0 0 0 * 0 0
L= : Co
0 * -« 0 0 O

O --- 0 0 0

s % 0 -+ 0 0 0

The second case is easily ruled out, since equating coefficients of 24222, in

f(xo, 21, Zn, Tng1) = flon@n + Lont1Tnt1, Cinns - - -, ln121, bng1,0%0 + Ung1,121)

yields 0 = fcll; 26(2)”1 11, which contradicts the nonsingularity of L.
In the first case, since L is nonsingular, ¢; # 0 for all ¢. By scaling L, we may assume £y, 41 541 =
1. By equating coefficients of xz 41 in (7), we see that o = 1. Equating coefficients of 312, 1 in

f(xo,21,.. . Tn, Tni1) = f(loozo + lorx1, 1121, - - s bun@n, bnr1n@n + Tng1),
we obtain
0=(d—1)lunll 3.
Since d — 1 and ¢,,,, are nonzero in k, we have lpt1n =0. Fori=mn,n—1,...,1in turn, we equate

coeflicients of xle_zll to find ¢;; = 1. Equate coefficients of x%x‘f‘2, of xga;ﬁl_l and of x‘li to obtain

E(Q)O — 1
20oolo1 + Loo = 1
ngl + £%1 + £4y1 = 0.
The first two equations yield the possibilities (1,0) and (—1,—1) for (4o, %01), but only (1,0) is
consistent with the third equation. Thus L is the identity.

Case 11.2: d=0 (mod p); d # 3; and p =3

When p = 3, there is a single linear relation between the g’s and h’s (as defined in Case I1.1),
namely g1 = hg + h1.

-—n+2 .
Lemma 6.1. For nonzero v € k , we have codim v+

multiple of eg, eg + €1, or en41.

> 2, with equality if and only if v is a

Proof. The values of codim v’ will be exactly the same as in Case 1.1 except possibly for v’s for
which the appearances of g1, hg, h1 in the coordinates of Av are dependent due to the new relation
between them. This happens when vghg 4+ v1g91 is a scalar multiple of vgg; 4+ v1h1 and both are
nonzero. Using g1 = hg + h1, we see that this holds exactly when vy = v; # 0. We may assume
this from now on, since otherwise the inequality and the equality cases are the same as in Case I.1.

Let j be the largest integer such that v; # 0. If j <1, then v is a multiple of eg + e; and we are
done. If j > 1, then g; appears in the (j — 1)-th coordinate of Av but not before, and h; appears in
the j-th coordinate of Av but not before, and the 0-th coordinate of Av is nonzero, so these three
coordinates are linearly independent, and codim vt > 3. g

Corollary 6.2. The vector Ley, 1 is a multiple of ept1, and L(S1) = S1.
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Proof. We have

(eo,e0 +e1) =hog+ g1 = x‘ll_Q — a;ox‘li_S,
<607 €n+1> = 07
<60 + eq, en+1> =0,
unless n = 1, in which case (eg + €1, ep4+1) = —$fl121 instead. If n > 1, the multiples of e, are

distinguished from the multiples of ey and ey + e1 by the fact that they pair to give zero with the
latter two, so L maps e, to itself, and fixes the subspace S generated by the multiples of the
other two. If n = 1, then the multiples of e, are distinguished by the fact that they pair with
multiples of eg or eg + €1 to give perfect (d — 2)-th powers always, so the result again follows. [

Any easy induction on m proves that for 0 < m < mn, Sf;I = Tyn+2, which is of codimension m + 2.

Lemma 6.3. Suppose 1 <m <n—2. Let V be an (m+2)-dimensional subspace 0fEn+2 containing
Sp. Then codim V+ > m + 3, with equality if and only if V = Spy1.

Proof. Write V =S, + k- v, so
Vi =SEnot =T not.

If v has any nonzero coordinate v; with m + 2 < i < n, then the condition that an element w
of Tyui2 be in v places at least two linear conditions on w, namely w; = 0 and w;j+1 = 0, so
codimV+ > codimTj,42 + 2 = m + 4 in this case. Similarly, if v,41 # 0, then the condition
that an element w of S,J,:b be in vt places the new conditions w, = 0 and wy,+1 = 0 on w, so that
codim V1 > m + 4 again. The only remaining possibility is that v; = 0 for all i > m + 2, in which
case we must have V = S, 1 and codim V-4 = codim Tots =m+ 3. O

Corollary 6.4. We have L(S,,) = Sy, for1 <m <mn—1.
Lemma 6.5. We have L(T},) =Ty, for2 <m <mn-+1.
Proof. Suppose n = 1. Then the needed fact L(T3) = T; follows from the first half of Corollary 6.2.

Suppose n > 2. Using S;- = T, .2 and Corollary 6.4 proves the result for all the required m

except m = 2. We know that L(7T%) is an n-dimensional subspace of T containing L(T3) = T3
such that codim L(T%)* = n + 1. Write L(Ty) = T3 + k - v, where v; = 0 for i > 3. Since T3 = S,
which has codimension n, in order to have codim L(73)* = n + 1, the first two coordinates of Av
must be linearly dependent. This is possible only if v is a multiple of eg + e; or a multiple of es.

But L(TQ) nsS; = L(TQ N Sl) = {O}, soey+e & L(TQ). Thus L(Tg) =13+ k- ey = Th. O
Corollary 6.6. We have L(S,,) = Sy, for0 <m <mn—1.
Proof. The new result, L(Sy) = Sp, follows from L(T3) = T, and T2l = 5. O
By Lemma 6.5 and Corollary 6.6, L is of the form

[« %« 0 --- 0 0 O]

0O« 0 --- 0 0 O

00 x --- 0 0 O

L= oo R

000 --- % 00

000 --- 0

000 -~ 0 % *

Repeating the argument at the end of Case II.1 completes the proof in this case.
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Case I1.3: d=3,p=3,n>2

In this case we have

T rzo+x1 0 O 0 0 0 7
To + 1 To zo O 0 0 0

0 ) 1 I3 0 0 0

0 0 Tr3 T2 0 0 0

A=-— :

0 0 0 0 Tpn_2 Tp 0

0 0 o 0 --- Tn  Tp—1 Tptl
L O 0 o 0 --- 0 Tn+l Tn

Lemma 6.7. For nonzero v € EnH, we have codim v > 2, with equality if and only if v is a
multiple of eg, eg + e1, or €n11.

Proof. Let i be the smallest integer such that v; is nonzero. Let j be the largest integer such that
v; 18 nonzero.

If i =0 and j = 0, then v is a multiple of eg, and codim v+ = 2.

If ¢ =0 and j = 1, then we may assume v = ey + ye; for some v € k. If codim vt < 2, then the
first two coordinates of Av must be linearly dependent, which implies v2 4+ + 1 = 0, which yields
v =1 (since we are in characteristic 3). Hence v is a multiple of eg + e;.

If i =0 and 2 < j < n, then xj1; appears only in the (j + 1)-th coordinate of Av, x; appears in
the (j — 1)-th coordinate of Av and not before, and the 0-th coordinate of Av is nonzero, so these
three coordinates are independent, and codim v+ > 3.

If i =0 and j = n + 1, then we branch according as v, is zero or not. If v, = 0, then the
(n+ 1)-th coordinate of Av is a nonzero multiple of x,,, the n-th coordinate of Av is a combination
of z, and z,41 in which x, 1 appears, and the 0-th coordinate is a nonzero combination of zy and
x1, so these three coordinates are independent, and codimv® > 3. If v, # 0 and n > 2, then the
(n 4 1)-th coordinate is a nonzero combination of z, and x,11, the O-th coordinate is a nonzero
combination of xy and z1, and the n-th coordinate involves x,_;, which appears in neither the
0-th nor the (n + 1)-th coordinate, so these three coordinates are independent, and codim v > 3.
Finally suppose v, # 0 and n = 2. The 0-th coordinate of Av is a nonzero combination of zy and
x1, and the 3-rd coordinate of Av is a nonzero combination of xo and x3, so these two coordinates
are independent. If moreover codim v < 2, then the 2-nd coordinate must be a linear combination
of the 0-th and 3-rd. The 0-th coordinate must appear in this combination since x1 appears in the
2-nd coordinate of Av. But zg does not appear in the 2-nd coordinate, so xy cannot appear in the
0-th coordinate, and this implies v; = 0. Then x3 appears while xo does not appear in the 2-nd
coordinate, making it impossible for the 2-nd coordinate to be a combination of the 0-th and 3-rd
coordinates.

If i > 1 and j < n, then the (i — 1)-th coordinate of Av is nonzero, and the i-th coordinate is
not a multiple of it, so these two coordinates are independent. Also, the (j 4+ 1)-th coordinate of
Av is a multiple of x;41, which does not appear anywhere else in Av, so the (i — 1)-th, i-th, and
(7 + 1)-th coordinates are independent, and codim v > 3.

If1<i<n-—1andj=mn+1, then the (i — 1)-th coordinate of Av is a nonzero multiple of z;
(or of g + x1 if i = 1), the i-th coordinate of Av is a nonzero combination of z;_; and x;y1, and
the n-th coordinate of Av involves x,11, which does not appear earlier, so these three coordinates
are independent, and codim v+ > 3.
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If i = n and j = n+ 1, then x,,_1 appears only in the n-th coordinate of Av, the (n — 1)-th
coordinate is a nonzero multiple of x,, and the (n + 1)-th coordinate is a combination of x, and
Tp41 in which both appear, so these three coordinates are independent, and codim v > 3.

Ifi=n+1and j =n+ 1, then v is a multiple of e, 1, and codim v+ = 2. O

Corollary 6.8. The vector Ley,y1 is a multiple of ept1, and L(S1) = 5.
Proof. Since n > 2, we have
(eo,e0 + €1) = —x9 — 2271,
(€0, ent1) =0,
(eo +e1,eny1) =0,

so the multiples of e, are distinguished from the multiples of e and ey + e; by the fact that
they pair to give zero with the latter two. Thus L maps e, to itself, and fixes the subspace 51
generated by the multiples of the other two. O

Lemma 6.9. Suppose 1 < m <n—2. LetV be an (m+2)-dimensional subspace of%n” containing
Sm. Then codim V- > m + 3, with equality if and only if V = Spi1.

Proof. Write V. = S,, + k - v, so
V=St nvt = TNt

We may assume v; = 0 for ¢ < m. We must show that the codimension of T},,12 N vl in T, m—+2 is at
least 1, with equality if and only if v is a nonzero multiple of e,,+1. This is the same as showing
that the span of the (m + 2)-th, ..., (n + 1)-th coordinates of Av is of dimension at least 1, with
equality if and only if v is a nonzero multiple of e, 1.

Let j be the largest integer such that v; is nonzero. If j = m + 1, then v is a nonzero multiple
of em+1, the (m + 2)-th coordinate of Av is a nonzero multiple of z,,42, and all later coordinates
are zero, so we have equality, as desired.

If m+2 < j < n, then the (j + 1)-th coordinate of Av is a nonzero multiple of x;1, but the
Jj-th coordinate of Av involves x;_1, so the span is of dimension at least 2.

If j =n+1 and v, = 0, then the (n + 1)-th coordinate of Av is a nonzero multiple of x,, but
the n-th coordinate involves z,1, so the span is of dimension at least 2.

If j =n+1 and v, # 0, then z,_1 appears in the n-th coordinate of Av, and the (n + 1)-
th coordinate of Av is nonzero but does not involve x, 1, so again the span is of dimension at
least 2. 0

The rest of the proof of this case is exactly analogous to the corresponding final section of the
proof in Case I1.2, from Corollary 6.4 on.

7. CONTROLLING THE AUTOMORPHISMS: CASE III

We have
[0 g1 0 O 0 0 0 T
g 0 g 0 0 0 0
0 g2 0 g3 0 0 0
0 0 g3 O 0 0 0
A= . . . . )
o 0o 0 0 -+ 0 gy, 0
0 0 0 0 - gn 0 In+1
(0 0 0 0 -+ 0 gpyr 0
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where

el al? =1
Jii=q g2 if2<i<n+l1.

)

Note that g1, ..., g1 are linearly independent over k.

Lemma 7.1. Suppose n > 4. If v € "% is nonzero and codim vt < 2 then v is a multiple of
some e;, or v is a combination of ey and ey, or a combination of ey and ea, or a combination of e,
and ent1, or a combination of e,—1 and ent1, or a combination of ey and e, y1.

If n = 2 or n = 3, then the same result holds, except that combinations of ey, ep—1, €nt1 and
combinations of ey, ez, ent1 are also possible.

For all n > 2, only the multiples of eq and the multiples of e, 11 satisfy codim v’ = 1.

Proof. Tt is clear that the listed v’s satisfy codim v < 2. Now suppose codim v’ < 2.

Let i be the smallest integer such that v; is nonzero. Let j be the largest integer such that v; is
nonzero.

Ifi = 0 and j < 1, then v is a combination of eq and e;. If v is a multiple of eg, then codim v’ = 1;
otherwise, the 0-th and 2-nd coordinates of Av are independent and codim v+ = 2.

If i =0 and j = 2, then v; = 0, since otherwise, the 0-th coordinate of Av is a multiple of g1, the
2-nd coordinate of Av is a multiple of go, and the 3-rd coordinate of Av is a multiple of g3, which
makes codim v+ > 3. Hence v is a combination of ey and es. The 0-th and 2-nd coordinates of Av
are independent unless v is a multiple of eg, in which case codim v = 1.

If i =0 and 3 < j < n, then g;4; appears in the (j + 1)-th coordinate of Av but not before, g;
appears in the (j — 1)-th coordinate of Av but not before, and the 1-st coordinate of Av is nonzero,
so these three coordinates are independent, and codim v+ > 3.

If i =0 and j = n+ 1, then the 1-st and n-th coordinates of Av are nonzero and independent
because x,41 appears only in the latter. Thus codim v1 > 2. Hence if codim v+ < 2, then every
other coordinate of Av must be a combination of the 1-st and n-th. In particular, each nonzero
coordinate of Av involves g; or g,+1, so the 2-nd, 3-rd, ..., (n — 1)-th coordinates of Av must be
zero. If n > 4 this forces vy = vo = --- = v, = 0, as desired. If n = 3, then the vanishing of the 2-nd
coordinate of Av forces only v; = vg = 0, so that v is a combination of e, es, and ey, as desired.
Finally, if n = 2, then either v; = 0 or vo = 0, since if all v; were nonzero, then for m = 1,2, 3, the
term g,, occurs in the m-th coordinate of Av but not afterwards, making codim v > 3. Thus v is
a combination of ey, e1, and ez, or a combination of ey, e2, and e3, as desired.

We have now completely finished the case ¢ = 0, and symmetrical considerations prove all cases
in which j = n + 1. Therefore, from now on, we assume 1 < i < j < n. If ¢ = j, then v is
a multiple of e;, and codimv’™ = 2, as desired. Otherwise, if 1 < i < j < n, then g; appears
only in the (i — 1)-th coordinate of Av, g;11 appears only in the (j 4+ 1)-th coordinate of Av, and
gi+1 appears in the (i + 1)-th coordinate of Av, so these three coordinates are independent, and
codim v+ > 3. ]
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Lemma 7.2. The matriz L is of the form

M« x x 0 0 0 0 O
0 «x 00 00 0O
00 x 0 00 0O
0 0 0 = 00 0O
L=1|: : i AERER
00 0O *x 0 0 0
00 0O 0 = 00
00 0O 00 x 0
10 0 0 O 0 * * %
or of the form
0 0 0 0 0 * * ]
0 00O 0 0 x 0
00 0O 0 «x 00
0000 * 0 0 0
L= |: :
0 0 0 = 0 00O
0 0 %« 0 00 0O
0O =00 --- 0000
x x x 0 --- 0 0 0 0J

In other words, either L has monzero entries on the diagonal and zeros elsewhere except possibly
at Lo1, o2, lnt1n—1, lnt1m, or L has nonzero entries on the reverse diagonal and zeros elsewhere

except possibly at Lopn—1, Lon, bnt1,1, Int1,2-

—n+42 . . o
Proof. If n = 1, then the nonzero v € %" for which codim vt = 1 are exactly the combinations
of ey and eo, so L must preserve the subspace Sy + T5; i.e., L must have the form

ko ok ok
L=10 % 0],
ko ok ok

and this is what Lemma 7.2 is claiming in this case.
For n > 2, Lemma 7.1 implies that L maps eg and e, to themselves or interchanges them, up
to scalar multiple. By symmetry, we may assume that Leg is a multiple of ey, and that Le, is

a multiple of e, 1. (The possibilities where Leq is a multiple of e, 11 will give rise to the mirror
reflections of the possibilities for L in the first case.) The subset W := {v : codim v < 2} of B

is preserved by L, and Lemma 7.1 gives an explicit description of W.

If n =2, then e; € e;%, so Le; € (L€3)J‘ = ef; = 81 + T3. Similarly Ley € eé- = Sy + 1. This
completes the proof in the case n = 2.

If n = 3, then the subspace V of i generated by eg, ez, and ey is preserved by L, since by
Lemma 7.1 it is the only 3-dimensional subspace contained in W. Also, L preserves S (resp. T3),
since by Lemma 7.1 this is the only 2-dimensional subspace that contains keg (resp. key), that is
not contained in V', and that is contained in W. These restrictions together imply that L has the
desired shape.

From now on, we assume n > 4. By Lemma 7.1, the 2-dimensional subspaces containing keg
and contained in W are S; = keg + ke; and R := keg + kes. Hence L preserves {S1, R}, and
preserves their sum, which is So. Similarly L preserves T;,_1. It then follows from Lemma 7.1 that
L permutes e3, €4, ..., €,_2 up to scalar multiple, since these (and their multiples) are the only

vectors of W outside Sy + T;,_1.
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We next prove by induction on ¢ that L(S;) = S; for 2 < ¢ < n — 2, and that Le; is a multiple
of e; for 3 < i < n — 2. The base case L(S3) = S5 is already known. Suppose 3 < i < n — 2, and
L(Si—1) = Si—1, and L(e;) is a multiple of e; for 3 < j < i —1. We know already that Le; is a
multiple of some e, k > i, but the only such e that can pair with some vector in S;_1 to give
something nonzero is e;, so Le; must be a multiple of e;. Hence also L(S;) = S;, which completes
the induction step.

In particular, we now know that L(73) = T3. The subspaces S; and R can be distinguished
using the fact that only the latter contains elements that can pair with some vector in 73 to give
something nonzero, so L(S1) = S and L(R) = R. Similarly we deduce that L(T},,) = T,, and that
L preserves the subspace R’ := ke,,_1 + ke, y1. The restrictions we have deduced, taken together,
imply that L has the desired shape. O

Case II.1: n=1

Equation (7) becomes
(12) a3 tey + wox{ ™ + 292d !t + 24
=« [(foofﬁo + Lorx1 + Loama)? My + (Cooxo + Lot + Logwe) (G1a1) !
+ L1121 (baoz0 + Lor21 + Looxa) 1 + (oo + Lara1 + Lonwa)*

Equating coefficients of :cg yields 0 = aEgO, s0 f99 = 0. Since L is nonsingular, g9 # 0. Equating
coefficients of :J:g_%% yields 0 = aﬁga2€01€11, but «, £y, £11 must all be nonzero, so £p; = 0. Equating
coefficients of mg_Qm‘lmg yields 0 = aEgO_QKOQKH, so £p2 = 0. Equating coefficients of x‘li_lxg yields
0= a€1183f2£22, and f11, 22 # 0 by nonsingularity, so fo1 = 0. We now know that L is diagonal.
Without generality assume /22 = 1. Equating coefficients of :c‘zi in (12) shows a = 1. Equating
coefficients of xlxg_l shows ¢17 = 1. Equating coefficients of xoa:cll_l shows £g9 = 1. Thus L is the
identity.

Case I11.2: n > 2

Equating coefficients of a:g in (7) rules out the second possibility in Lemma 7.2, so L is of the
form

M % x 0 0 0 0 07
0 = 0 O 00 0O
0 0 = O 00 0O
0 0 0 =« 00 0O
L= S s o

0 0 0O *x 0 0 O
0 0 0O 0 = 0 O
0 0 0O 0 0 % O
10 0 0 O 0 * * x|

and (7) becomes

(13> f(x(]vxl:"'vxn-i-l)

= af(looxo + Lorz1 + Loax2, L1121, - - - s by b1 n—1Tn—1 + ln 1 n@n + bni 1 n41%n41)-

Note that £; # 0 for all ¢, since L is nonsingular. Equating coefficients of :1;37233% in (13) yields
0= aﬁga2€01€11 so £o1 = 0. Equating coefficients of xg_Qxlxg yields 0 = aﬁgO_ZEOQEH so fgo = 0.
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Equating coefficients of xzflxnﬂ yields 0 = aﬁmﬁiﬁmﬁnﬂmﬂ 50 Un+1.n = 0. Equating coefficients

of :Ef;%mn:nnﬂ yields 0 = aly, Z;%,n—1£n+l,n+1 80 n+1,n—1 = 0. We now know that L is diagonal.
Without loss of generality assume £, 11 ,+1 = 1. Equating coefficients of 22 41 in (13) shows o = 1.
We now prove ¢; = 1 for all ¢ by backwards induction, by equating coefficients of xzxf;f Thus L
is the identity.

8. CONTROLLING THE AUTOMORPHISMS: CASE IV

The matrix A will have L”THJ nonzero 2 x 2 blocks along the diagonal, and zeros elsewhere. For
odd i, define g; := —2xi_1x?_3. Also define

b 2:6?;12 if ¢ is even
ii= A e
21’12711';-1 4 if i is odd.

(Note that d > 4 in Case IV.) The g¢’s and h’s are linearly independent over k.

Case IV.1: n is odd

We have

Tho g1 0 0 0 0 O]

g1 hi 0 0 0 0 0

0 0 hg g3 0 0 O

0 0 g3 h3 0 0 0

A=\ . . . .

0 0 0 0 - hp-1 gn O

O 0 0 0 -+ g h, O

Lo 0 0 0 --- 0 0 0]
Clearly Lep1 is a multiple of e11, because only the multiples of e, 41 pair under (, ) with all
vectors to give zero. For i = 0,2,4,...,n—1, let V; be the k-vector space spanned by e;, €;11, and
en+1- 1t is clear that Vg, Vo, Vi, ..., Vj,_1 are the only 3-dimensional subspaces V' of En+2 such

that codim V+ = 2. Thus L(V;) = V,(; for some permutation 7 of {0,2,4,...,n — 1}. In other
words, L has the form of a permutation matrix, except with 2 x 2 blocks, and with an added row at
the bottom with potentially nonzero entries, and with zeros in an added final column on the right
(except for the lower right corner, which must be nonzero).

If we view both sides of (7) as polynomials in z,,+1 and equate coefficients of mﬁjrll, we find that
Yn is a nonzero multiple of x,,. Thus L(V,,—1) = V,,—1. If we instead equate coefficients of z,11, we
find that yo is a nonzero multiple of zg. Thus L(Vp) = V4.

We now prove by backwards induction that y; is a nonzero multiple of z; fori =n—1,n—2,..., 1.
(We already know it for i = n and ¢ = 0.) First suppose 7 is even. By assumption, y;11 is a multiple
of x;y1, so w(i) = i. It follows that y; is a linear combination of x; and x;41. Moreover, z; occurs
in this combination, since otherwise L would be singular. Suppose ¢; ;11 # 0. Then for each j < 7,
equating coefficients of xja:?_:f in (7) yields

gt

0=ali1;05 4

so ¢;_1; = 0. The block form of L implies ¢;_1; = 0 for j > i as well, so L has a row of zeros,
which is a contradiction. Thus ¢; ;41 must have been zero, and hence y; is a (nonzero) multiple of

€Ty
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Next suppose ¢ is odd, 1 < i < n — 2. For j < i, equating coefficients of xjaci:ll in (7) yields
0= aﬁivjﬁﬁiiﬂ, and ;4141 is nonzero (since y;41 is a nonzero multiple of x;41), so £; ; = 0 for
j < i. On the other hand, the block form of L implies ¢; ; = 0 for j > i also, so y; is a (nonzero)
multiple of x;.

Equating coefficients of x‘fl in (7) yields 0 = aﬁnnﬁfljrllyn, s0 ln4+1,n = 0. For each j < n, equating
coefficients of x‘j_lxn shows that 0 = aﬁnnfﬁlg_i j» SO lpy1,; = 0. Thus y,41 is a (nonzero) multiple
of py1.

We now know that L is diagonal. We may assume foy = 1. Equating coefficients of z¢ in (7)
shows o = 1. Equating coefficients of :Bn“mg*l in (7) shows £, 411 n+1 = 1. We can now show
li; =0fori=n,n—1,...,1 as well, by backwards induction: equating coefficients of a:zxf_:f in (7)
yields giiﬁ?—?ll,i-s—l =1, s0if 4;41,+1 =1, then £;; = 1. Thus L is the identity.

Case IV.2: n is even

The matrix A has the same form as in Case IV.1 except that it ends with two final rows of zeros
and two final columns of zeros, instead of only one of each.

The subspace of v in %" such that (v,w) = 0 for all w in B2 s Tn, so L(T,) = T,,. For
i=0,2,4,...,n — 1, let V; be the k-vector space spanned by e;, €11, €n, and e, 1. It is clear
that Vg, Vo, Vi, ..., V,_o are the only 4-dimensional subspaces V' of %" such that codim V=2
Thus L(V;) = Vz () for some permutation 7 of {0,2,4,...,n —2}. In other words, L has the form
of a permutation matrix, except with 2 x 2 blocks, and with two added rows at the bottom with
potentially nonzero entries, and with zeros in two added final columns on the right (except for the
lower right 2 x 2 block, which may have nonzero entries).

If we substitute xg = z; = --+ = z,—1 = 0 in (7), we obtain

l’nl“gjrll = O‘(gnnxn + gn,n-{—lxn—i-l)(gn—l—l,nxn + En—&-l,n—l—lxn—i—l)dil
By unique factorization, £y, 2y, +%y n+12n+1 is a nonzero multiple of x,,, and ;11 pTn+nt1 n+1Tn+1
is a nonzero multiple of x,+1. Hence the lower right 2 x 2 block of L is diagonal, with nonzero
entries on the diagonal.

View both sides of (7) as polynomials in x,11. Equating coefficients of xi;ll shows that y,, is

a nonzero multiple of x,,. Equating coefficients of x, 1 shows that ygfl is a nonzero multiple of

xg_l, S0 g is a nongzero multiple of xg.

Now view both sides of (7) as polynomials in z,. Equating coefficients of z,, shows that ygj
is a nonzero multiple of xijrll, SO Yn11 is a nonzero multiple of x,, 1. Equating coefficients of 24~
shows that y,_1 is a nonzero multiple of z,_1.

The same backwards induction on ¢ as in Case IV.1 now shows that y; is a nonzero multiple of
x; for all i. (We already know it for i = 0,n — 1,n,n + 1.) Thus L is diagonal. We deduce that L
is (a scalar multiple of) the identity as in the end of Case IV.1.

9. CONTROLLING THE AUTOMORPHISMS: CASE V

Note that d > 5 in Case V. We have

0 l‘clligl‘g xcllfz
A= 2932, 0 zord ™3
x“fo xoxilfzg 0

The greatest common divisor of the entries of A is :ccll*S, SO yffg must be a nonzero multiple of

xcll_?’. Hence y; is a nonzero multiple of 1. Without loss of generality we may assume y; = x7.
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Then (7) becomes

(14) f(xo, 21, 22) = af (looxo + Lorx1 + Lo2x2, 21, L0 + o171 + Lo2x2).
If we set 1 = 0 and use the definition of f, we obtain
LL’Q(lZd_l = Oé(ggomo + gggxg)(&)oxo + fogxg)dfl.

By unique factorization, we deduce that f59 = 0 and ¢y = 0. Now (14) becomes

(15) o Naozd 220 + 2ox{ ' + 2123t + woad ! 4 232d7?)

= (Loowo + Lor1)x 8 2 (bor 1 + Laoma) + (Looxo + Lorx1)xd L + 21 (bor1 + L)

+ (b2121 + L2a2) (Loozo + Lor21)? ™ + 22 (U121 + Laos)

d—1

d—2

Equating coefficients of fngflzz:l yields 0 = 621536 ! The nonsingularity of L guarantees £oo # 0, so
l21 = 0. Equating coefficients of 9:‘11 yields 0 = ¢y1, so L is diagonal.

Equating coefficients of z;24~1 and of 232372 yields
1 _ pd—1

[0 - £22 5

a l=¢d2

Dividing, we find /92 = 1, and then o« = 1. Equating coefficients of zgx now shows fgg = 1.

Thus L is the identity.

d—1
1

10. CONTROLLING THE AUTOMORPHISMS: CASE VI

Let m = SL”T*QJ For i =0,3,6,...,m — 3, define f; := :c?_:f’xiﬁ, gi = :rf;f, and h; := x,xf_:f’
We have ~ ~
0 f() qo 0 0 0
fo 0 hg O O O
qo ho 0 0 0 0
A= 0 0 0 0 f3 g3 ,
0 0 0 f3 0 hs
0 0 0 g3 hg 0

in which there are L"THJ 3 x 3 blocks along the diagonal, and zeros elsewhere. (There will be
(n 42 —m) rows of zeros at the bottom, and also (n 42 —m) columns of zeros at the right.) Note
that fo, 9o, ho, f3, g3, ha, ... are linearly independent over k.

The set of v in k"~ such that (v,w) = 0 for all w in B s T, so L(Ty,) = T,. Note that
dim7,, = (m+2)mod3 =n+2—m. Fori=0,3,6,...,m — 3, let V; be the (n+2 —m) + 3-
dimensional vector space spanned by T;,, €;, €;4+1, and e;42.

Lemma 10.1. If codim v’ < 3, then v € V; for some i.

Proof. If v is not contained in any V;, then there are at least two distinct 4, j € {0,3,6,...,m — 3}
such that v equals a nonzero combination w of e;, €;11, €;+2, plus a nonzero combination w’ of e,
€j+1, €j+2, plus an element of 7},,. Any nonzero combination of the three columns A;, A;41, A2
will have entries spanning a vector space of dimension at least 2, because there will be at least two
nonzero entries, and there will be one form f;, g;, or h; that appears in some but not all of these
nonzero entries. The span of the nonzero entries of this combination does not intersect the span of
the entries of a nonzero combination of A;, A1, Aj 9, so we see that codimvt >2+2=4. O

Corollary 10.2. We have L(V;) = V() for some permutation 7 of {0,3,6,...,m — 3}.
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Proof. By Lemma 10.1, the V; are the only ((n + 2 — m) + 3)-dimensional subspaces V such that

codim V+ = 3. g
Corollary 10.3. For i = 0,3,6,...,m — 3, each of yi, Yit+1, Yi+2 1S a linear combination of x;,
Tjt1, Tjro, where j =7 1(i).

Proof. This is a direct consequence of Corollary 10.2 and the fact L(T},) = T),. U

Before proceeding further, we subdivide Case VI as follows.

e Case VI.1: n =0 (mod 3)
e Case VI.2: n=1 (mod 3) and n > 4
e Case VI.3: n =2 (mod 3).

(Also, remember that throughout Case VI, p = 2, d is odd, and n > 1.)

Case VI.1: n =0 (mod 3)

We have m = n. Each of yo, y1, ..., Yn—1 is a linear combination of xg, =1, ..., Tp—1, by
Corollary 10.3. Thus if we substitute zo =21 = --- = 2,1 = 0 in (7), we obtain

d—1 d—1
InTpy1 = a(zn,n-xn + En,n+1xn+1)(£n+1,nxn + Zn+1,n+1xn+1)

By unique factorization, ¢y, p41 = €410 = 0.
If we consider both sides of (7) as polynomials in x,; and equate coefficients of xzjrll, we deduce
that gy, is a multiple of x,,. In particular, the only y; in which z,, appears is y,. If we consider both

sides of (7) as polynomials in x,, and equate coefficients of x,, we deduce that ygﬂ is a multiple

of 2871, 80 yn41 is a multiple of zp11.
If we again consider both sides of (7) as polynomials in z,41, but this time equate coefficients

Lis a multiple of ngl, S0 o is a multiple of xy. Corollary 10.3 implies

of 41, we deduce that ygf
m(0) = 0.

Similarly if we consider both sides of (7) as polynomials in x,, and equate coefficients of x%_l,
we deduce that y,,— is a multiple of x,,_1, and w(m — 3) = m — 3.

We now prove m(i) for all ¢ = 0,3,6,...,m — 3 by induction. Suppose 7 > 3, and we know
m(j) = j for j < i. By Corollary 10.3, the only y-monomial of f(yg,y1,...,Yn+1) Whose expansion
can contain a:i_la:f_l is yi_lyg_l. It follows that y; must involve x;, so 7(i) = i by Corollary 10.3.

Fixi € {3,6,9,...,m—6}. If we expand f(yo,91,--.,Yn+1) and discard all monomials unless they
involve both one of z;_3, ;—2, x;—1 and one of z;, x;11, T;12, then what remains, by Corollary 10.3,
is exactly the expansion of yi,lyf_l. Hence yi,lyf_l is a multiple of azi,lel_l, and by unique
factorization, we see that y;_1 is a multiple of x;_1 and y; is a multiple of x;.

We now know that L is of the form

0 0 0 0 O 0 0 0 0 0]
* x x 0 0 0 00 00O
00 00O 00 00O
000 %= 00 00 00O
0 0 0 * * =* 00 00O
000 0 0 = 00 00O

L - . . . . . . . . )
000 O0O0O *x» 00 00
000 O0O0TO *x x x 0 0
000 O0O0TO O 00 = 00
000 O0O0O 00 0 %= 0

0 0 0000 - 00 0 0 =]




and the diagonal entries must be nonzero, since L is nonsingular.
Equating coefficients of xoazf_l in (7) yields

0 = aliolf?

so £19 = 0. Equating coefficients of x‘fflazg yields

= ol
SO 512 =0.
Let i be a positive multiple of 3. Equating coefficients of xf yields
0= aﬁméi:llﬂ,

5o fi11,; = 0. Similarly, equating coefficients of ‘T;‘1+2 yields

0= a£i+1,i+2£?_:217i+2
SO &.:,.171'_;,_2 = 0.
We now know that L is diagonal. Without loss of generality suppose ¢11 = 1. Equating coeffi-
cients of z¢ in (7) shows a = 1. Equating coefficients of a:n+1xg_1 shows £y 4141 = E(I)O_d. Equating
coefficients of :Unxfbj_ll shows

_ 41-d _(1—d)?
b =030 01 =00 -

By backwards induction on i, we show

(16) gm‘ _ e(()lo—d)nJeri
for all ¢ > 1. In particular,
1=ty = £
— 11 = %00 :

On the other hand, equating coefficients of xox‘ll_sxg, we find

1 = foolay = Lod ™",
Since the exponents (1 —d)"*! and 1+ (1 — d)" are relatively prime, it follows that fog = 1, and
then by (16), ¢;; =1 for all . Thus L is the identity.

Case VI.2: n=1 (mod 3) and n > 4

We have m = n + 2. In what follows, subscripts are to be considered modulo m. Suppose
i € {0,3,6,...,m — 3}. Because of Corollary 10.3, the only y-monomials in f(yo,¥1,.--,Yn+1)
whose expansions could possibly contain xi_le_l are those of the form yj_ly;.l_l for some j €
{0,3,6,...,m — 3}. Moreover, for fixed i, at most one of these y-monomials can contribute an

xi_le_l term. On the other hand, by (7), a;i_lacg_l must appear in one of them, since it appears in

f(zo,z1,...,2nt1). Suppose it appears in yj_ly;-l_l. Then, again by Corollary 10.3, the monomials
in the expansion of yj_ly?_l are exactly those monomials in the expansion of f(yo,y1,-..,Yn+1)

involving both one of z;_3, z;_2, ;-1 and one of x;, x; 11, x;+2. By (7) it then follows that yj,lyc-l*l

J
is a multiple of a:i_lacg_l. By unique factorization, we deduce that y;_1 is a multiple of z;_; and
y; is a multiple of z;. By Corollary 10.3, it follows that 7 (i) = j and (i — 3) = j — 3. (We should
identify —3 with m — 3 when necessary.) Thus 7 acts as a rotation of {0,3,6,...,m— 3}, and there
exists an integer r divisible by 3, determined up to a multiple of m, such that if j # 1 (mod 3),
then y; is a multiple of zj4,. If j = 1 (mod 3), then by Corollary 10.3, y; is a combination of
Tjgr—1, Tjpr, and Tjypy1.
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It follows that the only y-monomial on the right hand side of (7) whose expansion could contain
x¢ is y¢. Thus 7 =0 (mod m).

Equating coefficients of zg in (7), we find f10 = 0. Equating coefficients of a:ongl, we find
f1o = 0. Thus y; is a multiple of 1.

Now suppose j € {4,7,10,...,m — 2}. Equating coefficients of 33?,1 in (7), we deduce that
¢ i—1 = 0. Equating coefficients of “T?H’ we deduce that £; ;11 = 0.

We now know that L is diagonal. The same proof as at the end of Case VI.1 shows that L is (a
scalar multiple of) the identity.

Case VI.3: n =2 (mod 3)

We have m = n + 1. Since T,, is the one-dimensional vector space generated by e,+1, we know
that Le,11 is a multiple of e,41. In other words, the only y; that involves x,+1 i Yn41.

If we view both sides of (7) as polynomials in z,41, and equate coefficients of xf;ll in (7), we
deduce that y, is a multiple of z,. Similarly, equating coefficients of x,4; shows that yg is a
multiple of xy. In particular, we have 7(0) = 0 and w(m — 3) = m — 3.

We now show 7(i) =i for all i € {0,3,6,...,m — 3} by induction on i. Suppose i > 3, and we
know 7(j) = j for j < i. By Corollary 10.3, the only y-monomial in the right hand side of (7)
whose expansion can contain xi_la:?_l is yi_lyg_l. It follows that y; involves x;, and 7 (i) = i, as
desired. In fact, the monomials in the expansion of yi_ly?_l are exactly those monomials in the
expansion of f(yo,y1,...,Ynt+1) involving both one of x;_3, x;_2, x;—1 and one of x;, xit1, Tit2,
and in which the exponents of x;, x;y1, z;12 are even. By (7) it then follows that yi,lyffl is a
multiple of xi,lefl. By unique factorization, we deduce that y;_1 is a multiple of x;_1 and y; is
a multiple of z;.

We now know that L is of the form

« 0 0 0 0 O 0 0 0 0
* x x 0 0 0 00 0O
00 = 000 00 0O
0 00 = 00 00 0O
0 0 0 % x = 00 0O
L=10 0 0 0 0 = 00 0O ’
0 00 00O *x 0 0 0
0 00 00O x % x 0
000 0O0O 0 0 % O
[« % % % * x 1

and the diagonal entries must be nonzero, since L is nonsingular.

Equating coefficients of :coxil_l in (7), we find 0 = aﬁmﬁ‘f;l, so £10 = 0. Equating coefficients of
:Ef)l, we find 0 = a€n+1,0€gal, 50 ln41,0 = 0. Thus yo is the only y; that involves xg.

If we view both sides of (7) as polynomials in z(, and equate coefficients of xg_l, we deduce that
Yn+1 is a multiple of x,41.

Equating coefficients of xcll_lacg, we find 0 = aﬁclll_lﬁlg, so 19 = 0.

Now suppose j € {4,7,10,...,m — 2}. Equating coefficients of 33?—1 in (7), we deduce that
¢ i—1 = 0. Equating coefficients of 9:?+1, we deduce that ¢; ;41 = 0.

We now know that L is diagonal. The same proof as at the end of Case VI.1 shows that L is (a

scalar multiple of) the identity.
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11. THE AUTOMORPHISM GROUP SCHEME

Finally, we consider the automorphism group scheme Aut X of a smooth hypersurface X over k.
One can recover Aut X as the group of k-points of Aut X, but the triviality of Aut X cannot be
deduced immediately from the triviality of Aut X, because a priori Aut X could be non-reduced.
Fortunately, it is usually reduced:

Theorem 11.1. If X is a smooth hypersurface in P" of degree d, where n=>1d>3, and (n,d)
does not equal (1,3), then the connected component of the identity of Aut X is trivial.

Proof. Let T denote the tangent sheaf of X over k. Under the hypotheses on (n,d), we have
H°(X,T) = 0 by [KS99, Theorem 11.5.2]. Thus the tangent space at the identity of Aut X is
trivial, so the connected component of the identity of Aut X is trivial. O

Combining Corollary 1.9 and Theorem 11.1, we obtain:

Corollary 11.2. For any field k and integers n > 1, d > 3 with (n,d) not equal to (1,3) or (2,4),
there exists a smooth hypersurface X over k of degree d in P™! such that Aut X is trivial.
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