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Abstract

Cellular automata are dynamical systems which consist of changing patterns of symbols on a
grid. The changes are locally determined, so that the symbol in a given position is determined by
the symbols surrounding that position in the previous state. Despite the simplicity of their defi-
nition, cellular automata may exhibit large-scale complex behavior. This large-scale complexity
arising from simple local behavior is of interest in modeling many complex phenomena, such as
biological systems and universal computers. In this paper, we consider one-dimensional additive
cellular automata with polynomial transition rules 7', and investigate the line complexity sequence
ar(k), which gives the number of accessible blocks of length k for each k. We have previously
shown that for transition rules 7'(x) = 1 +x+x" (n > 3) with coefficients taken modulo 2, and for
certain sequences s; which are dependent upon a real number x € [1/2, 1], the quotient ar(si)/s7
converges to a piecewise quadratic function of x. Our development was based on recursive expres-
sions for the line complexity sequence. In this paper, we investigate these recursions for general
polynomials with coefficients modulo 2, and determine some characteristics of these polynomials
that enable a generalization of some of our previous arguments. In particular, we characterize the
polynomials for which certain associated maps are injective — an essential feature of these recur-
sions — and show that some intersections that arise in the derivation of such a recursion stabilize in
size for sufficiently large k in the case of general polynomial transition rules. We also view the re-
cursions described above in a more general context, introducing a notion of the order of a recursion
distinct from the order of the transition rule. We investigate the behavior of the line complexity
under powers, and show that the property of “having a recursion of some order” is preserved when
the transition rule is raised to a positive integer power.



1+x+x*+x0
1 +x2+ x*+ x8

Figure 1: Constructing Pascal’s triangle modulo 2

1 Introduction

A cellular automaton is a discrete system which consists of patterns of symbols on a grid. These
patterns change in successive time intervals, and the changes are specified by a transition rule, in
such a way that the symbol in a particular location at a particular point in time is determined by
the surrounding symbols in the previous state.

In this paper, we shall focus on one-dimensional cellular automata. A particular state for such
an automaton is called a configuration, and may be expressed as a Laurent series

[e5)

where the superscripts correspond to the locations of the values a;. For example, the expression
x+ 3x + 2x* represents the string 01032.

Given a configuration @, the transition rule T for a cellular automaton determines a new con-
figuration 7' in such a way that the value at a given index i in T @ is determined by values near i in
®. An additive transition rule is specified by a Laurent polynomial and acts upon a configuration
by multiplication. In this paper, we will use as an alphabet the integers modulo some prime p. Thus
in this case the transition rule acts upon a configuration by multiplication, and the coefficients are
reduced modulo p. We illustrate this process by constructing Pascal’s triangle modulo 2 in Figure
; we take p =2, T'(x) = 1 +x, and start with the initial state @y = 1.

A more complicated example is obtained by taking p =2, @y = 1, T(x) = 1 +x% +x* +x°.
This automaton is illustrated in Figure

Sequences of length k which appear in some configuration are called k-accessible blocks. For
example, the block 110011 appears in line 5 of the automaton shown in Figure [I] and is thus ac-
cessible. We will write ar (k) for the number of accessible blocks of length k for a given transition
rule 7 (it is implicitly assumed that the initial state has been specified). We define ar(0) = 1: the
empty string is always accessible. The sequence ar (k) for k > 0 is called the line complexity of
the automaton.

Garbe [1]] considered the transition rule 7'(x) = 1 4 x with coefficients taken modulo general
primes p and the rule T (x) = 1 +x+ x> with coefficients taken modulo small primes p, and investi-
gated the asymptotic behavior of subsequences of the quotient ar(k)/ k2. In [2], we considered the
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Figure 2: The automaton obtained by iteratively multiplying @y = 1 by the rule 7'(x) = 1 +x* +
x* +x°, modulo 2.

case p = 2 and investigated the general class of transition rules of the form 7' (x) = 1 +x+x", where
n > 3. For certain sequences sy (x), where x € [1/p, 1], we showed that limy_,. ar (s (x))/sk(x)? is
piecewise quadratic in x. Our argument was based upon iterating an abstract generating function

relation of the form
A(2)9(z) = R(z) + A(2")9 ("),

where ¢ is a generating function for the line complexity sequence (possibly with shifted coeffi-
cients), R is a polynomial with R(1) = 0, and A is the reciprocal of a power series whose coeffi-

cients are of the form y(k) = Ck> + f(k), with C > 0, f(0) = 1 and f(k) =0 < ) We showed

that the asymptotic behavior of ar (sg(x))/sk(x)? we observed may be derived entirely from these
functional relations; we derived these relations, in turn, from recursive expressions for the line
complexity sequence of a form which we will describe in Section 3. We proved these relations by
an argument involving the inclusion-exclusion principle; one important feature of these recursions
is that the size of the intersections is eventually constant.

In this paper, we examine these recursions for general polynomials, and determine some char-
acteristics of these polynomials that enable a generalization of some of our previous arguments. In
Section 2, we introduce some useful notation. In Section 3, we will describe the general structure
of the recursion relations, and we will see the importance of the injectivity of several transforma-
tions that we will introduce. In Section 4, we investigate the injectivity of these maps, and provide
a complete characterization of which polynomials induce injective maps on the whole space. In
Section 5, we investigate the asymptotic size of some intersections that arise in Section 3. In
Section 6, we examine some interesting consequences of introducing a notion of the order of a
recursion, and characterize the behavior of the line complexity sequence when the transition rule
is raised to a power.

log,,x

2 Notation

In this section, we introduce some notation which we will use throughout the rest of the paper.
In the following, we will write A, (/;T') for the automaton generated by iteratively multiplying
I by T and reducing the coefficients modulo p. We will assume throughout that I, T € (Z/p)[x].
We will write o7 (k) for the set of accessible blocks of length k associated to such an automaton.
We shall write 1201 = 1101 etc. in block notation; to distinguish this notation from operations
such as squaring, we shall write the latter with square brackets, e.g.

[(111)%] = (1 +x+x%)* = 10101,



whereas
(111)>=111111.

If b=bg-- by, we will write b|;... j=Dbj---bj. At the end of a block, we employ the notation
0; to represent sufficiently many zeros to bring the total length of the block to / + 1; for example
10105 = 101000.

If f and g are polynomials, we will write (f,g) = 1 to indicate that f and g have no nontrivial
common factors.

3 Recursion Formulas for the Line Complexity Sequence

Our study of the asymptotic properties of the line complexity sequence is based upon recursion
formulas for ar(2k) and ar(2k + 1). These recursions hold for sufficiently large k, and their
structure is motivated by the following analysis. We shall focus on the recursion for ar (2k).

Consider an automaton A, (1;7), where T is a polynomial of degree n, and some even row of
this automaton, say 2r. We see that this line of the automaton is of the form

TZr(l) — T2r — (Tr)2‘ (1)

In view of the identity 7'(s>) = T(s)? (mod 2), squaring a polynomial has the effect of inserting
zeros between the original coefficients; thus (in block notation) we have

[(X()Xl)CZ)Z] = x00x10x2.

Since line 2r of the automaton is a square, we see that all accessible blocks of length 2k appearing
in this row must be of the form
xoOxIO- : -xk_10

or of the form
0x00x1 . -0xk_1 .

Moreover, by the identity , it follows that xgx; - - - x;,_1 must be accessible.
We introduce the sets

Al = {XOO)ClO- < Xp—10 1 xpx1 a1 € JZf(k)}

and
Ar = {0)600)61 o Oxp_q i XpX] - Xp_ € %(k)},

and the maps Ty, : 7 (k) — A; defined by
TAI LXoX1 X f—1 x00x10-- -Xk,10

and
Ta, = xox1 -+ Xg—1 +> OxpOxq -+ - Oxg—y.

It is clear that the maps 7Ty, are bijective, so that |A;| = |A2| = ar (k).
The accessible blocks in odd-numbered rows have a more complex structure. We first assume
that n is even, and consider a row 2r + 1 of the automaton. We want to establish a correspondence
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between accessible blocks of length 2k in this row and accessible blocks of some smaller length in
row r. We will use the locally-determined nature of the automaton and the fact that all blocks in
row 2r + 1 arise by applying the transition rule to row 2r.

To produce the accessible blocks of length 2k in row 2r 4 1, we start with a given accessible
block b of length k+ % in line r. It follows that the block 0[b?]0 is a block of length 2k +n+ 1
which appears in row 2r. (Moreover, as we saw in the case of the sets A;, all such blocks are
produced in this way.) We now apply the transition rule to this block, obtaining a block of length
2k+2n+1 in row 2r + 1 (the right side of the block must be padded with zeros to ensure this). We
now eliminate the n entries on either side of the resulting block, obtaining a block of length 2k + 1.
This is necessary because in the context of the entire automaton, the block » does not determine
these n entries on either side. This leaves a block ¢ of length 2k + 1. Finally, define

Tg,b=1p -ty
and
Tsz =1

Briefly, we can write
Tg.b =T (0[6%]0) Onk 2 ntic1mr2etio1 -

For example, consider the automaton A>(1,14x+x%). We outline the above process in the
following schematic:

b 1011
0[b%]0 010001010
Tsz
T(0[b*10)0%+2, 01[1101101 |10
+2n . ~~ )
B

1

In the above example, we note that if there had been a 1 immediately to the left of the block
0[62]0, the two leftmost entries of T (0[5?]0)04; 2, would be changed to 10. We thus see that these
two entries cannot be determined by b alone; this is why n entries must be deleted on either side of
T (0[b*]0)02k421-

We now define

B, =Tp, (o (k+1%))

and
B, =Tp, (7 (k+1%)).

Thus the maps Tp, : <7/ (k+ 5) — B, are clearly surjective.

The case of odd n is similar, but with some modification. Namely, in this case, the map T,
acts upon blocks in &7 (k+“51), and the map Tj, acts upon blocks in o7 (k+ “+1). The sets B; are
defined in an analogous manner.

If we can show that the maps Tp, are injective as well, by the inclusion-exclusion principle we
arrive at the following general recursion:



ar(2k) = 2ar (k) +ar (k+ | 2]) +ar(k+ | =51 ])
- |A1 ﬂAz‘ — |A1 ﬂBl| - |A1 ﬂBz‘ — |AzﬂBl| - |A2 ﬂle — |Bl ﬂBz|
+ ‘Al N B ﬂBz’ -+ ’Az N By ﬂBz‘ + ’Al NAj ﬂBl| + ‘Al NAj ﬂBz’
- |A1 NA, N By ﬂBz|.

We will investigate the injectivity of the maps Tp, in the next section, and we will examine the
intersections in the subsequent section.

4 Injectivity

We will now characterize the polynomials for which the maps T, are injective on the whole space;
for example, if n is even, we will characterize the polynomials for which the maps

Ty, : (Z/2)"% — (2/2)*
are injective; it follows that the maps
TB,- : sz(k-i-%) — B;

are then bijective.
We will express the maps T, in matrix form. The rule 7' can be written explicitly as

T(x)=co+cix+...+cpx".

If we wish to multiply this polynomial by another polynomial S(x) = do +dix+ ...+ dux™, we
construct a matrix with m + 1 columns, of the form

” i
Cc1 Qo
C1
M= |c, : o
ch bl
L Cn_

(TS)(x) is then given by multiplying M by the coefficient vector (do,dy,...,dy), and expressing
the result in the basis (l,x,xz, ...,x"™™)_ Suppose n is even. The action of the map 7, on a
(k+ 5)-block can be described by the action of a matrix [7p, ]| on this block. We obtain the matrix
[T,] from M by deleting columns 0,2,4, etc., and deleting the first and last n rows of the resulting
matrix.
If we define
Cc— |1 -3 ol 0 7
Chn  Cn—2 - €2 Cp



&

Figure 3: The matrix |73, |

we see that [T, ] is the 2k x (k+ %) matrix in Figure
If n is odd, the form of the matrix is also given by Figure [3] but in this case we have

C— Ch—1 Cp-3 -+ €
Ch Cp—2 - (]

The matrix for Tp, of shape 2k x (k+ [5]). The matrix for T, is constructed in an analogous

manner, and is of shape 2k x (k+ | %51 ]). A chart of the matrices for T, is given in Figure @

In the following, we assume that n > 1. We say that a polynomial is suspicious if there exists
k > | 5] for which either T, or T3, is not injective (note that here the domains are (Z/ 2)%+7 in the
even case, instead of &7 (k+ 5)).

The reason for the assumption that k > | 7] is the following: if k < [ 5], we have

rank[7p, | < 2k < k+ EJ ,

so that 7p, is definitely not injective.
We write T'(x) =co+c1x+...+cux" (¢ #0) as before, and define

n__
o(x) =cp_1+cp_3x+...+cpx2 !
n
e(x) =cp+cp_ox+...+cox?
if n is even, and

o(x)=cp+cpox+...+ cl)cL%J

e(x) =cp_1+cp_3x+...+ cox2]

if n is odd. We are now ready to present a characterization of the nonsuspicious polynomials.



Figure 4: Matrices for the transformation 7p,.

Theorem 1. Ifn is even, then
i. T, is injective if and only if co # 0 and (0,e) = 1, and
ii. T, is injective if and only if (0,e) = 1.
If n is odd, then
iii. Tp, is injective if and only if (0,e) = 1, and
iv. Tp, is injective if and only if co # 0 and (0,e) = 1.

Corollary 1. T is nonsuspicious if and only if co # 0 and (0,e) = 1.

Proof. Consider the map Tp,, and assume that n is even. We claim that for any k > %, Tp, is
injective if and only if T, is injective in the special case of k = 5. Sufficiency is clear; necessity
follows from the structure of the matrix [T, ], as in the following: we will write Tp, [k = 5] for the
operator 7, in the case where k = 7.
Suppose
Tle = O,

where x = xox1 -+ X411 € (Z/ 2)k+2 . Since the submatrix which consists of the first n rows and
columns of Tp, is precisely [T, ][k = 5], we see that

Xo=x1=--=x,_1 =0.

We now observe that the submatrix which consists of the entries in rows 2 through n+ 1 and
columns 1 through 7 is also precisely [Tp, ][k = 5], so that

Xy =+ =Xp =Xp41 =0.
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Continuing this process, we conclude that x = 0, so that 7, is injective.

We have shown that it is sufficient to analyze the case of Tp, [k = 5]. We now take the determi-
nant of [T, ][k = 5].

We use the fact that the determinant changes only in sign under row permutations. Thus,

Cp—1 Cp-3 - C1
Cn—1 Cp-3 - 1
Ch—1 Cp— cg 0
det [T, ][k = 2] = +det n-l En=3 !
Cn Cp—2 €0
Cn Cp—2 - €0
L Ch Cp—2 -+ €0
By expansion along the last column, we conclude that
Ch—1 Cp-3 - (&1
Ch—1 Cp-3 - 1
C‘ _ C‘ _ .o c
det [T, ][k = 2] = +codet n-l Cn=3 :
Ch Cp—2 = €0
Cn  Cp—2 - €o
L Cn Cp—2 -+ €0

The latter determinant is precisely the resultant of the polynomials o and e defined above. By
Corollary 1.8 in [3], the resultant of o and e is nonzero if and only if (0,e) = 1. We have thus
proved part i.

The proofs of the other assertions are similar; to prove part ii we use expansion in the first
column; the proof of part iii only requires interchanging rows, and to prove part iv we use expansion
in the first and last columns successively. [

5 Intersections

In this section, we investigate the sizes of intersections of the sets A, Ay, By, and B;. We will
consider the case where the elements are of even length, for specificity. We first note that the only
element of A; NAj is the zero string 0%. It follows that

Proposition 1. We have
|A|NAy| = |A1NANB| =]A1NANBy| = |[A]NANBINBy| = 1.
We now turn to the intersection B N B;.
Theorem 2. If T is a general polynomial in (7/2)[x], of degree n, we have
|B1NBy| <ar(n) (2)

and the size of B| N\ By is independent of k for sufficiently large k.

9



Proof. The proof of (2) will be based upon the following observation: All blocks in By N\ By are in
the kernel of the transformation

Cn Cp—1 Cp—2
Cn  Cp—1
S= Cn

o
To see this, suppose b = bob; ---by—1 € B1 N By. We assume for specificity that n is even.
Since b € By, we have b = T, x for some x € ./(k+5). Consider the product STp,. A direct

computation shows that the matrix [STp,] is given by

Ch—1 Cp-3 - C1 0
Cn Cni e co Ch Cp—2 - (&) (&)
" Zf et e o Che1 Cp—3 -+ ¢ 0
o Ch  Cn2 -t €2 €O
Ch Cp—1 - co
C C _ DY C
no el 0 1 Cp3 - ¢ 0
L Ch Cp-2 - C2 (0]
"o - "o -
c% cfl_l c% o --- 0 Cp Cy_il o+ cg O .- 0
1o - 1o
) C% C;%—l 6(2) 0 - 0|l [0 ¢ ¢y - c9o O -+ 0
o - 0 c% C%,l C%_ 0 - 0 ¢ o1 -+ Co

It follows that the ith coordinate of STp,xis 0if i =0,2,... s even.

The situation is precisely analogous for 7p,; in this case we conclude that odd coordinates of
STp,y are zero for y € o7 (k+ 7). It follows that Sb = 0, so that b € kerS.

From this we see that c¢,bg +c,—1b1+...+cob, =0, c,b1 +cp_1b2+...+cob,1 =0, etc., so
that b, is determined by by, by, ..., b,_1, by41 1s determined by by, b, ..., by, etc. It follows that
b is determined entirely by bob; - - - b, 1, which is clearly accessible; it follows that

‘Bl f\IBz‘ < aT(n).

We employ similar methods to conclude that the above holds for blocks of odd length. We have
thus proved (2).

Suppose n < j < k. From the above we see that every block in By N B; of length r > n is
generated by a block of length n. The map that assigns to a block of length & the block of length j
with the same generator is injective, so that

[(B1NB2)(j)| = [(B1NB2) (k)|

In particular, the sequence |(B; N By)(k)| is nonincreasing for k > n; since |(B; NBy) (k)| > 1, it
follows that the sequence is eventually constant.
O
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6 Powers of the Transition Rule

So far, our analysis has been based heavily upon the injectivity of the maps 7p,. It turns out,
however, that some suspicious polynomials obey recursions similar to those described above. To
examine this phenomenon more closely, we introduce the order of a recursion.

Suppose p is prime. We say that the automaton A, (I; T) satisfies a recursion of order n if there
exist a constant C and integers n, K such that

j=0r=0

forall k > K.

In the modulo 2 case we considered above, the degree of the polynomial and the order of the
recursion were the same; in general this need not be the case.

In this section we will show that if the automaton A ,(c; ') (with a constant initial state) satisfies
arecursion of order r, then A, (c; T™) satisfies a recursion of order rp*, where s is the largest integer
such that p* | n.

We will say that an automaton is trivial if its transition rule 7" has at most one nonzero coef-
ficient. Such rules can only translate the initial state or multiply it by a constant. The following
proposition shows that non-trivial automata use the entire alphabet available to them.

Proposition 2. Suppose p is prime. If the automaton A,(I;T) is non-trivial, then all the symbols
0,1,...,p— 1 are accessible; that is, ar(1) = p.

Proof. Write T(x) = ap+ajx+ ... +anx". Since a,p(y (k) = ap(y (k) for all k, we may assume
that ap # 0. We also suppose (since the automaton is nontrivial) that a; # 0 for some d > 0; we
choose d so as to be minimal. Then the coefficient of x in the expansion of 7" is rag_lad. Since
p is prime and agp # 0, we have ag(p D=y (mod p) (note that the multiplicative group (Z/p)*
of nonzero integers modulo p is cyclic, so ag has a finite order which divides p — 1). Thus, taking
r=k(p—1)+1, we see that ray 'ay = (1+k(p— 1))ag(p_1)ad = (1+k(p—1))ay. Since (Z/p)™
(the additive group of integers modulo p) is of prime order, it is cyclic and is generated by every
nonzero element. Since ag,p—1# 0, we see that {(1 +k(p—1))ay :k >0} = (Z/p)*, so that the

coefficient of x; assumes all values in Z/p. This completes the proof. [

Proposition 3. Suppose p is prime, c,d € 7/ p, and the automaton A,(d,T) is non-trivial. Then if
be d k), c-be k).

Note: in particular, if we consider the operation of multiplication by a constant as an action
of Z/p on <7 (k), then this proposition implies that all orbits of blocks in .7 (k) are contained in
</ (k): we have

(Z/p)( (k) = o (k) (k>1).

Proof. Since A,(d;T) is non-trivial, Proposition [2| shows that ¢-d € <7(1). Suppose that c-d
appears in line r. We first note that 77(s) = T(s”) (mod p) for any polynomial s, since p is
prime. Thus if j > 1, line p/r includes the block 0/(c-d)0/. The block b appears in some line,
say /. If j > (degT)r/, then lines 0, 1,..., 7" of the automaton, multiplied by ¢, appear in the lines
pir,...,pir+r. In particular, we can take j = (deg T )’ + 1; then c- b appears in row p(deeT)r'+1, 4
. This completes the proof. [
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In the following theorem, we show that taking the transition rule to powers relatively prime to
the modulo does not change the collection of accessible blocks.

Theorem 3. Suppose that p is prime, (p,n) =1, ¢ € Z/ p, and suppose that A, (c;T) is non-trivial.
Let a7,(k) denote the set of accessible blocks of length k associated to Ap(c;T"). Then for all k,
we have

2 (k) = e (k),

and in particular,
ar (k) = darn (k)

Proof. Since a,r () (k) = ar(y)(k), we will assume that 7' has a nonzero constant coefficient. We
first note that line k of A, (c;T") is the same as line kn of A,(c;T), since at each stage A, (c;T")
applies the transition rule n times. From this it clearly follows that <7,(k) C <7 (k) for all k. To
show that o7, (k) D .27 (k), suppose that b is a block of length k in A, (¢; T), appearing on some line
r. We will show that b appears on a line L =0 (mod n). This is clear if =0 (mod n); we will
thus assume that r Z 0 (mod n).

As in the proof of Proposition [3} we have T'(s)” = T(s”) (mod p) for any polynomial s. Thus
if j>1land T'(x) =to+tix+...+1,x", line 1 of A,(c;T) is given by (c-tg)---(c-1,), so that line
p/ is given by (c-19)0/(c-#,)0/---0/(c-1,). Thus, as in the proof of Proposition[3} if j > nr, lines
0,...,r of the automaton A, ((c-19); T) appear in lines p/,...,p/ +rof Ap(c; T).

Since (p,n) = 1, we have p?™ =1 (mod n) by the Euler-Fermat theorem. In particular, p is of
finite order m. Thus, there exists 51 such that p*'” =1 (mod n) and sym > rn, so that #y - b appears
inline r+p" and r+ p*" =r+1 (mod n). If r+1 =0 (mod n), then we have ty-b € o7, (k).

Otherwise, we repeat the above reasoning with r replaced by r+ p*": we know that 7y - b
appears in row r -+ p*1" + p/ if j > n(r+ p*'™). Thus there exists s, such that p®>" =1 (mod n) and
som > n(r—+ p*1™). It follows that 1 - b appears in row r+ p*1" + p*2" ‘and r+ pS1" 4 p*2" = r + 2
(mod n). If r+2 =0 (mod n), then 1y - b € o,(k); otherwise, we proceed in this manner until
r+i=0 (mod n) for some i (Note that at most finitely many steps are necessary).

We have shown that 7 -b € <7,(k). Since Z/p is a field, #p has an inverse. By applying
Proposition [3] to the automaton A, (c;T™"), we see that 7, ' - (o - b) € <%,(k). We have shown that
) (k) = <,(k). The conclusion follows. O

Theorem 4. Suppose p is prime and 0 < r < p. Then we have
arr(pk+r)=(p—r)ar(k)+rar(k+1)+1—p
forallk > 1.

Proof. First, suppose that r > 1. We will use the notation <7, of Theorem[3] In view of the identity
T(s?)=T(s)” (mod p), we see that the accessible coefficient blocks of length pk + r must belong
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to one of the following sets:

Ar = {x007 1x 0Pt 0P I 0 kg € A (k4 1))
Ay = {0x007 11077 x 0P I 02 ixge € A (k+1)}

Ay = {01007 1077 0Py ixg o€ A (k+ 1))
Arp1 = {07x007 1077 L0771 0P i xg -y € e (K))

Ap = {0P " xg0P 107 077 g 107 g xp g € A (K)}

Thus «7,(pk+r) =A;U---UAp. Note that for i < r the mappings m; : &/ (k+ 1) — A; defined
by m; : xg-- - x5 — 0 Ixg0P~1x; 0P~ 1. x4 0P~ 1x, 07~/ are bijective, and the same is true of the
analogous mappings m; : < (k) — A; (i > r). It follows that

ar(k+1) i<r
|Ail = .
ar (k) i>r.

Moreover, it is clear that all pairwise intersections of the sets A; contain only the string 0”**”. The
inclusion-exclusion principle thus gives

arp(pk+1) = | p(ph+1)| = A1 +...+ A+ Y (=DVI- 1(”;0
2<|J|<p

=(p—r)ar(k)+rap(k+1)+ Z |J\ 1<P)

2<|JI<p |J‘

= (p—ar(k) +rar(k+1) — i(—l)"(}.’)

i=2
= (p—r)ar (k) +rar(k+1)+ Xp: ( >

=(p—r)ark)+rar(k+1)+(1—p)—(1+(-1))?
= (p—r)ar(k)+rar(k+1)+(1—p).

The case r = 0 follows by precisely analogous reasoning — in particular, we can use the same sets
A; as above, if we consider the symbol 0! as “backspace;” these sets then all have cardinality
ar (k). This completes the proof. O

Corollary 2. If A,(I;T) satisfies a recursion of order n, then A,(I;T?) satisfies a recursion of
order pn.

Proof. From the last theorem, we have

arv(k Z QH’DH— for k > p.
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If C and K are as in the definition above, then for k > p(K + 1) we have k > p, L%J > K, so
that

p—1p—1p—1 V—“J +jntr
p
an(k):ZZZaT —— | | +Cp+1-p
i=0 j=0 r—0 p
p—1p—1p—1 \\k—i—jgn—}—iJ +r
Yy repsiog
i=0 j=0 r=0 I p
p=1p=1 . .
k4 jpn-+i
:Z [arp({LJ)—(l—p)}—l—Cp—l—l—p
i=0 j=0 p
p—1p—1 . .
k+jpn+i
=Y Y (| S epr - p - 2)
i=0 j=0 p
so that arp satisfies a recursion of order pn. The conclusion follows. [

We can now combine the above results to give the following:

Theorem 5. Suppose p is prime, c € L/ p, and n € Z*. Let s be the largest integer such that p® | n.
Then if A,(c;T) satisfies a recursion of order r, A,(c; T") satisfies a recursion of order rp°.

Proof. Since s is maximal, we can write n = p°m, where (p,m) = 1. It follows that arn(k) =
arps (k) for all k, by Theorem [3| and repeated application of Corollary [2| shows that A, (c;TPb)
satisfies a recursion of order rp®. The conclusion follows. [

7 Conclusion

We have investigated recursion formulas for the line complexity sequence where the number of
accessible blocks of length 2k is expressed in terms of the numbers of accessible blocks of several
different smaller lengths. These recursions are intimately connected with the sets A;, B; and the
maps Ty,, Tp, introduced above; in particular, we require these maps to be injective. The maps Ty,
are always injective, but the same need not be true of the maps 7p,. By closely analyzing the maps
Tp,;, we have precisely characterized the polynomials that are not suspicious, i.e. those for which
the maps Tp, are injective on the whole space. We have also proved that for general polynomial
transition rules 7', the intersection |B; N By | is of constant size for sufficiently large k.

We have also investigated the behavior of the line complexity sequence when the transition rule
is raised to different powers; by introducing a notion of the order of a recursion distinct from the
order of the transition rule, we have seen that if an automaton modulo p with a constant initial state
and a transition rule 7 satisfies a recursion of some order r, the automaton whose transition rule is
T" (for any n) satisfies a recursion of order rp®, where s is the largest integer such that p* | n.

Our results suggest the following conjecture:

Conjecture 1. Suppose T is a polynomial transition rule that is not suspicious. Then for sufficiently
large k, we have

ar(2k) =2ar (k) +ar(k+ | 2]) +ar(k+ |21 ])+C
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and
aT(2k+ 1) :aT(k)+aT(k+ 1)+aT(k—|— L&ZIJ)‘FaT(k—f— LgJ + 1)+C,

where C is a constant dependent only on T.

Indeed, we have seen that the size of the intersection By N B, stabilizes for sufficiently large
k, even if T is suspicious. This raises the possibility that all intersections of A; and B; stabilize in
size, perhaps regardless of whether 7' is suspicious. This is the most immediate direction of further
research. Additional research directions include investigating the transformations 7p; for blocks of
odd length, and considering automata with coefficients taken modulo p, to see if the behaviors that
arise in these situations are analogous to those we have observed in the present case.
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