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Abstract

This paper provides an estimate of the sum of a homogeneous
polynomial P over the lattice points inside a sphere of radius R. The
polynomial P is assumed to be of degree v and have zero mean over
the sphere. It is proved that

Z P(X) — O€7P(Ry+83/64+6)

x€Z3
[x|<R
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1 Introduction: A Historical Review

The Gauss Sphere Problem is a generalization of the famous Gauss Circle
Problem to three dimensions. It asks about the number of lattice points
in a sphere of radius R. While it is easy to see that the leading term is
asymptotically 47 R3 /3, estimation of the error term is still open. Compared
to the two dimensional case, the Gauss Sphere Problem has received less
attention, yet it bears relation with a variety of topics in analytic number
theory: average class numbers of negative discriminants, estimates of L-
functions and Fourier coefficients of modular forms, to name a few.

The trivial observation, already known to Gauss, that the error arises
only from a shell of constant thickness on the surface of the ball, provides an
error term of C'R?, where C is a calculable (effective) constant.

The first breakthrough was made by Van der Corput, who used Poisson
summation formula to transform the lattice in physical space to the one in
frequency space. In this way, counting lattice points translates to summing



the Fourier transform of x p(r), the characteristic function of the ball of radius
R. Although the sum itself diverges, it can be brought convergent by smooth-
ing x (ry, or equivalently multiplication of a cut-off function in the frequency
space. The width H of the range being smoothed, and correspondingly the
radius H~! in the frequency space to be summed, is a parameter that can be
adjusted to obtain an optimal error bound. Using trivial estimates, Van der
Corput obtained an error CRH ! for the sum in the frequency space, and
an error CR*H from the smoothing in the physical space. Balancing these
two errors by setting H = R™'/2 Van der Corput got an error of CR3? for
the Gauss Sphere Problem.

The basic structure of Van der Corput’s argument has remained un-
changed ever since. Subsequent improvements came from a more careful
analysis of both error terms. In the following discussions we shall use Vino-
gradov’s notations:

Definition 1. f = O(g) <= [ < g < g > [ <= 3C > 0 such that
[<Cg. fxg+ f<gandg< f. Subscript variables attached to these
symbols mean that the implicit constant depend on the variables.

In addition we introduce a short hand for the exponential function.
Definition 2. For any z € C. e(z) = exp(2miz).

The frequency side was first exploited for improvements, because the
Fourier transform of xp(, turns out to be (up to some constants)

LeRIED
2
§
Since the denominator can be removed by Abel summation, the summation
in the frequency space essentially involves the partial sum of the exponentials

> e(RlE))

eez3

léI<N
Of the numerous ways inverted to deal with such exponential sums, the two
most important ones are Van der Corput A and B processes. The A process
is also know as Weyl differencing. The B process is Poisson summation and
stationary phase, much in the same spirit as discussed above. These two



processes have been abstracted to give the method of exponent pairs. For
more details the reader is referred to Appendix B and [3].

Improvements in the frequency space culminated in the works of Chen [(]
and Vinogradov [14], in which they independently improved the estimate of
the exponential sum to O.(RH~'/2%¢) in a sufficiently large range so that it
can be balanced with O(R2H) to give the improved error estimate O, ( R*/3+¢).

The results of Chen and Vinogradov stood for another several decades
before Chamizo and Iwaniec turned their attention to the physical space.
Using character sums, they improved the trivial bound O(R?H) on the error
caused by smoothing to O (RY/8+<H7/®) and thus lowered the 4/3 in the
exponent further down to 29/22 [5]. Currently, the world record on this
problem is O, (R?Y/16%€) obtained by Heath-Brown [9] in much the same line
as [5]. His step forward is an improved error bound O (R'/6+<H5/6) of the
character sum.

Last but not least, it should be mensioned that current techniques are
still insufficient to prove the famous conjecture of the true error bound (if

true), which is believed to be O (R'*¢).

2 The Method of Chamizo and Iwaniec: Ex-
tensions, Improvements and Limitations

Chamizo and Iwaniec’s method has gained popularity in a number of related
problems in recent years. Aside from the above-mentioned [9], the reader
is referred to [3] and [1] for more examples, and to [2] for a non-technical
account. This paper provides another application of this method, along with
some improvements. The problem considered here is to sum a homogeneous
polynomial of zero mean on the sphere. In other words, we provide an esti-

mate for
> Px) (1)

xez3
[x|<R

where P is a homogeneous polynomial in three variables such that

| P

It is well-known (see Corollary 2.50 of [7], for example) that P can be written
as a linear combination of spherical harmonics times powers of |x|?. The zero

4



mean of P ensures that the spherical harmonics involved are all non-constant.
Therefore, it suffices to consider only harmonic homogeneous polynomial of
degree v > 0.

Since P has zero mean, there is no main term of the form c¢R**3 as in the
Gauss Sphere Problem. Thus the natural form of the estimate is

> P(x) = O p(R"F)

x€Z3

IxI<R
where we have taken into account of the fact that sup_p P(x) < R”.

Normally, we would expect that (by some abuse of notation) 6, = 6. In

other words, the error in estimating the sum of a homogeneous polynomial
of degree v scales according to the degree of the polynomial. For example,
Van der Corput’s estimate

A R3
> 1= +ORP)
x€z3

[x|<R

easily generalizes to (see the proof of Lemma 3.5 (c) in [11])

Z P(X) _ OP(RV+3/2)
x€z3
IxI<R
Naively, we would expect Heath-Brown’s record-keeping result to give
an error of O, p(R'+?/15%¢) for our problem. While this is true, the expo-
nent 21/16 can actually be lowered (to 83/64) if we examine Heath-Brown’s
method more carefully and try to adapt it to the current case.
As mentioned in the previous section, Heath-Brown decomposed the sum
over lattice points into two parts, the “long sum” and the “short sum”. The
long sum is essentially a smoothed version of the original sum:

OESS |;1|f<|x|>

where f is a cutoff function growing like |x| when 0 < |x| < R and decreasing
linearly to 0 when R < |x| < R+ H, and H is the “width” of the cutoff
function f, a parameter tunable for optimal bounds.



On the other hand, the short sum is

SR H) = 3 f(lx)

x€73 |X|
R<|x|<R+H
The actual sum (1), when P = 1, is then the difference between S;(R) and
St(R, H), which are estimated in different ways.
The estimation of the long sum S¢(R) essentially follows [5]. More pre-
cisely, in the notation in [3], the operation ABAB is performed to S¢(R) to
obtain the following estimate (thanks to [1] for pointing out a misprint in

[5])

AT R3
Si(R) =

+27THR2+OE((RH71/2_|_R11/8H1/8+R21/16)H76) (2>

The short sum, on the other hand, is converted to a character sum, an
idea dated back to Gauss (see (1.2) of []). Its estimation is made by Chamizo
and Iwaniec, and improved by Heath-Brown to (see (3) in [9])

S¢(R,H) = 2rR?*H + O ((R"/SH®/® + R/ 1 R7/6 T=1/6) Re)

Balancing S;(R) and S¢(R, H) by setting H = R™/%, we obtain Heath-
Brown’s bound

47 R?
1= OE R21/16+e
S 1= ey

erS
[x|<R

where, as Heath-Brown has remarked, the exponent 21/16 comes from trad-
ing the H factors in the term RH /2 in S;(R) and the term R™/SH>/6 in
S¢(R, H). The term R*/16 in S;(R), on the other hand, is not optimal and
has some room for improvement.

The approach taken in this paper is essentially the same as that in [5] and
[9], but two differences should be remarked, the first one more fundamental
than the second.

The first difference is in the estimate of the short sum. While character
sum is used in the case P = 1, in our case when P is a harmonic homogeneous
polynomial of degree v > 0, modular forms come into play. In more detail,

let
an = Z P(x)

xez3
x|2=n
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and
0(z) = Z ane(nz)
neN
It is known (Example 2, P 14 of [12]) that 6 is a cusp form of weight k =
v + 3/2 with respect to the congruence group

To(4) = {(Z Z) E SLQ(Z)A]c}

(when P = 1, 6 is a modular form, but not a cusp form.) Therefore some
powerful estimates of the Fourier coefficients a,, of cusp forms are available,
of which we use Blomer-Harcos’ bound (Corollary 2 of [1])

4y <eg nk/2—5/16+e(n7200)5/8 - Ru+7/8+e(n’ 200)5/8
and the triangle inequality to obtain Theorem 2:
St p(R,H) = O, p(R*™(R¥*H + R)) (3)

which wins a factor of RY® over the trivial short sum estimate O;(R**2H).
(The GCD term, which means the largest power-of-two factor of n, is ab-
sorbed in the process of summation.)

The second difference is a slight improvement of the estimate (2), which is
now necessary because the previously-mentioned improvements on the short
sum pushes H up, making R*/' dominate RH~'/? in the long sum, so
removing the R?'/1% is necessary (and possible, as already hinted by Heath-
Brown). This is achieved by optimizing the two Weyl differencing steps (A
processes). Specifically, in [5], the lengths of the first and the second Weyl
differecing are set to N'/2~¢ and U. This, however, is not optimal in all
cases, especially when N =< RS/® for which the off-diagonal term actually
dominates the diagonal term. This paper improves on this by tuning the
lengths of the two Weyl differencing steps (Y in Lemma 2 and 7" in Lemma
4), if possible, to balance the diagonal and off-diagonal terms. Our new
estimate is Theorem 1, which for any homogeneous polynomial P of degree
v having zero mean on the sphere, says:

S;p(R) = O p(RY(RHY? + RV H-VT)H~) (4)

Now let’s see the effect of balancing (3) and (4). Let’s ignore the common
factor R” and any factor of the form R or H~¢. Moreover, let’s assume
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that in the short sum the term R'/®H dominates (the other term actually
corresponds to 6, = 1), and that in the long sum the term R'7/1[H~1/7
dominates (which is the very reason we want to optimize it). We obtain

R17/14H—1/7 _ R15/8H
which gives H = R~37/%* and
Z P(x) = S;p(R) — Sy p(R, H) = O€7P(3V+83/64+5)

x€ez3
[x|<R

The second term in Sy p(R, H) is clearly dominated, while the first term in
Sp.p(R)is

which is also dominated. Therefore we have succeeded in showing 6, <
1419/64, pushing Heath-Brown’s exponent (for the purpose of our problem)
down by 1/64, or 1/20 in relative terms, which is an improvement of 5%. In
Appendix B we use a recent result of Huxley [10] to sketch a proof that 6,
can be further reduced to < 1+ 35765/121336.

Finally let’s see how far we could possibly go from here. Assuming Lin-
delof Exponent Pair Conjecture [3], we can substitute k = e and | = 1/2 + ¢
in (9) in Appendix B to reach 6, < 1+ 7/24, coming from the term RH~'/2
in the long sum, which can be traced back to the diagonal term in the first
Weyl differencing step. This is probably the best one can expect of the long
sum, unless it is redone from scratch in a radically different way.

On the other hand, improvements on the short sum may have a larger
impact. If we assume Ramanujan’s conjecture on modular forms of half
integral weight, i.e. (ignoring all the €’s in the exponent)

|an| <p n*P72 < REELZ

and use the triangle inequality we get
(R+H)?
Z |an| <y RV+3/2H
n=R2
Balancing this result with Theorem 1 we obtain a significant better result
0, < 14 1/4. If we further assume Lindel6f Exponent Pair conjecture (i.e.
=e¢and | =1/2+ ¢€) in Theorem 3 we obtain an error bound of

3k+31+1

Oe,P<R7/6 + RH' 10k+101+6 )

8



Using [10] we can get 6, < 14 1409/5790. Assuming Lindel6f conjecture we
can get 0, <14 5/22.

Finally we state a conjecture analogous to the famous Gauss Sphere Prob-
lem.

Conjecture 1. 0, = 1. In other words. Suppose P is a homogeneous poly-
nomial of degree v in three variables and P has zero mean on the sphere,

then
Z _ Oeyp(RH_H_E)

x€z3
Ix|<R

A tabular summary of all the proved and conjectured exponents men-
tioned above can be found in Appendix C.

3 Converting the Long Sum to the Exponen-
tial Sum

Suppose P is any homogeneous polynomial of degree v > 0 in three variables,
not necessarily having zero mean on the sphere.
Definition 3. The “long sum” refers to the following sum:
Srp(R) = gr(x)
xeZ3

where gp(x) = P(x)g(x), g(x) = f(|x])/|x|, and f is the cutoff function

z, z € [0, R]
0,z>R+H
Lemma 1.
Sy.p(R)
vy Qul (5) Slﬂ(27rR|€| + M)
:/ P(X)g(X>dX + Z R Z |£’3+V1+2V2 :
R3 v1+rve=v €€7Z3\0

, . Qi (&) sin(mH[E| + T51) cos(m(2R + H) €| + ™52)
+ Z H™ <2R + H) ’ Z |§‘3+V1+V2+2V3
v1+vetrs=v E€Z3\0



where Q,, and QVWQ are homogeneous polynomials of degree v.

Proof. By Poisson summation formula applied to g (whose validity will be
justified later in Lemma 5)

Syp(R) = Z gp(§)
cezs
where the convention of the Fourier transform taken here is
f@ = [ fxe(~¢-x)
R3
and e(z) is defined to be exp(27iz) for all z € C.
If £ =0, then
r() = [ anlxjax
R3

is the integral of the smoothed function gp over R3, which contributes to the
main term of the estimate of the long sum, and which actually vanishes if P

has zero mean on the sphere.
If £ # 0, then by (5.2) in [5], we have

_ sin(2rR[¢|)  Rsin(rH|[¢])

g( ) - Tw H 7T2|§|3 COS<7T(2R+ H)|£|)

SO

(&) = P (—95) (Sin(%R!f\) _ Esin(ﬁfflf\)COS(ﬂ@RJrH)\E!))

2mi 2m2|€|3 H w2|€|3
By induction on v, we can show that

P(ag) (M) Z R" Q., (&) sin(2rR|E| + %)

€F GREEE

v1+rvo=vr

and

Plog) (

sin(rH |€]) cos(m(2R + H)|§|))
ISK

= Y  H"QR+H)"”

v1t+ve+uv3=v

Qs () sin(THE| + T£) cos(m(2R + H)[¢] + ™22)
‘§|3+V1+V2+2V3

where @),, and Q,,WQ are homogeneous polynomials of degree v. O
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Now if we sum over £ € Z*\0 and use trigonometric identities, we get
sums of the following type

e(R (R+H
) Q(¢ |€| Q)e(EIE) or 3 Q¢ |§|;r )IED

£€Z3\0 £€73\0

where () is a homogeneous polynomial of degree v. By Abel summation, it
boils down to estimating sums of the following type

> Q©e(RIE)

ccz3
[€12<N

This is the sort of exponential sum that will play a key role in the esti-
mation of the long sum.

4 Estimating the Exponential Sum

In this section, () denotes a homogeneous polynomial of degree v > 0 in three
variables, not necessarily having zero mean on the sphere. For future conve-
nience (in justifying the convergence of Poisson summation), we introduce a
variable h € Z2, but all the estimates in this section are uniform in h.

Definition 4. The exponential sum we are going to estimate is the following:

Vion(R) = > Q&e(R|E+h-¢)

ecz3
l€|2<N

Lemma 2. If R > 1 then
VN,Q,h(R) <<e,Q NV/2+€(H11H{N3/2,N5/4 + N15/14R3/14})
Remark 1. The right hand side

fV3/2, 1< N« RY/2
< NV/2re ] NI5/14R3/14 RI2 o N « RS/
N5/4, N > R6/5

11



Proof. Clearly it suffices to prove Lemma 2 for Q = a’¥/c* with i +j+k = v.
The fact that Viy g n(R) < N2 comes from the trivial bound

Vion(R) < 3 1Q(O] < #{¢ € 2% |6 < N} sup [Q(e)| < N2
2<N

To prove the second bound, we transform it into an expression that is the

starting place of the estimates in [5]. By dyadic decomposition
log N
Vi.on( Z 25 Q.nl
where

VionB) = Y QEe(Rl¢ +h-¢)

ccz3
l¢12=N

so it suffices to show
V]@,Q,h(R> < Nu/2+6<N5/4 + N15/14R3/14)

For a®> + b*> < N, let x., be a piecewise linear function that is equal
to 1 on ZN[—vVN —a?2—b%+/N —a?2—b?, and 0 on the other integers.
Then by Theorem 7.3 in [8], Xq5(f) is uniformly bounded by K (6), where
| K| 1wy < log N < N€. Therefore, up to the terms where two of a, b and

12



¢ are identical, which sum to (v/N)20O(N"/?) = O(NV/*t1),

Vion(R) < Z e(RVa? + b2 + 2 4 ahy + bhy + chs)a't/ c*

a24b24c2<N
a,b>c

= Z a't’e(ahy + bhy) Z e(RV a2 + b2 + 2 + chz)xap(c)c”
a,b>c le|<VN

= abe(ah +bhy) Y e(R a2+b2+c2+ch3)c’f/>za,b(9)e(ce)d9
abze le|<VN .

= > a'be(ahy + bhy) / Xan(0) Y e(RVa? + b2 + c)cFe(c(0 + hs))do

a,b>c R lc|<vVN

<> (a® b7 / Xan(0) Y e(RVa? + 12 + )cFe(c(0 + hs))do

a,b>c R le|<VN

< Y a0 / K (6) e(RVm T @)Fe(c(0+ hy))| do

0<n=a2+b2=<N |c|<\/7

<. NG 24 / KO S | S e(RvVnT Ace(c(d+ hy))| b

0<nxN le|<VN

&, NUHI)/2He max Z Z e(RVn + c2)cFe(c(d + hs))

0<nxN le|<vVN
Now let’s apply Weyl differencing: for 1 <Y < /N we have

Y Z (RVn + c2)c*e(c(0 + hs))
le|<VN

xz Z e(Ry/n+ (c+d)?)(c+d)*e((c + d)(0 + hs3))

[dI<Y ¢
2ld  letdISVN

= > > e(RYn+(ct+d)?)(c+d)e((c+d)(0+ hs))

<VN4Y 1Y
lel< + le4+d| <V N
2|d

13



By Cauchy Inequality,
2

V2| S AV @ekeleld + h)

le|<VN

<NY2 3T YT eBynt (e kdP) (et d)fel(c+d)(O + hy))
VY| vw
2[d
— N2 Z Z R(\V/n+ (c+d)? —/n+ (c+dy)?))

le|<VN+Y  ld1,2IsY
le+dy 2|<VN
2|dy 2

e+ di)f(c+ do)e((dy —dz)(9+h3))
:N1/2 Z Y (Y =de(R(Vn+ (m+d)? —/n+ (m—d)?))

—dg)/2 m=c+(d1+dg)/2

~<y Im|<vVN—d
(m + d)*(m — d)*e(2d(0 + hs))
<NFHY 4 N2 Z Z (Y — \/n—l— m + d)? \/n—i— (m — d)?))

1<|dI<Y |m|<v/N—d
(m + d)k(m — d)ke(2d(9 + h3))

14



Therefore

Z Z (RVn + c2)cFe(c(0 + hs))

0<n=<N le| <V N

<N max Z Z e(RVn + c2)cFe(c(6 + hs))

0<nxN le|<VN

<<Nk N3Y_1 +N3/2Y_1 Z Z
AISY ||y N

> e(R(Vn+ (m+d)? = /n+ (m—d)?))

0<n=<N

NP NPY L4 N2yt ST d(y) Y. elf@y)

y=4md 0<z=n+(m—d)2x<N
y<YVN ( )

<<6Nk+6(N3Y71 + N3/2Y71VN’YW(R>>
where f(z,y) = R(y/x +y— +/z) and

Vwp(R) =)

y=D

> 6(f(ﬂmy))|

O<z=N

Hence we conclude that, for all 1 <Y < v/N,

Vian(R)P <o NH(NY T+ N¥2Y 1V 3 (R))
<. NV*2(N3y -1 4 RUZN2y1/6)
The last step follows from Lemma 3. As a result
V3 on(R) <co N¥/2e(N3/2y =12 | RUANY1/12)
If N> R%5 then we let Y =< v/N to get
Vi on(R) <o N¥/Ze(NB/A . RUAN2S/2Y o Nv/2He N5/4
If RY/? < N <« R%5 then we let 1 <Y =< N¥"R=3/7 < /N to get
Vi on(R) <cq N/2+e \15/14 3/14

If N < RY2, then N'"5/14R3/14 > N3/2 and Lemma 2 reduces to the trivial
bound. =

15



Lemma 3. If R>1 and 1 < D < N, then
Vu.o(R) < (log N)(N3? 4 RYV2D7/6 N~1/12)

Proof. By dyadic decomposition

log D
Vip(R) = ) Vi (R) < (log N) | max Vi p, (R)
k=1
where
VepR) =) 1) e(f(x,y))‘
y=D [0<zxN

If D < Dy = N3?R~"' then

R /1 1 B Ry
1en =5 (- vam) = AT
Therefore by Theorem 2.1 of [¢]

<1
)

& folz,y) P < N¥2R1D™!

> elf(x,y)

0<x=N

so Vnp(R) < N32R-T < N3/2,

Now suppose Dy < D < N. This is possible only when N < R%. By ap-
plying the B process of the one-dimensional Van der Corput’s method (Pois-
son summation and stationary phase, Lemma 3.6 of [3] with FF = RDN~/2)
we get

> e(f(:c,y))‘: S A S Olos(rDN )

0<z=<N Exfu(z,y) |f$$(a(£7 y)? y) |1/2
+ O(R71/2D71/2N5/4) + O(l)

- Z |;x(j(<§’(g)y; ;§|81)/2 + O(log R) + O(R_l/QD—1/2N5/4)
Exfz(z,y) yY),

where a(¢, y) satisfies f.(a(§,y),y) = ¢, and

g(f,y) = f(a(€7 y)>y) - Oé(f,y)g

16



For any n € N, 97 f(z,y) does not change sign, so (replacing n by n + 1)
it is monotone in x. Thus «(¢,y) and hence f,.(a(&,y),y) are monotone in
¢. By Abel summation, we obtain

Vvo(y; R)
inf{xU |fzx(a<€7 y)v y) ’1/2

< RYPDTVENY Wy y(y; R) + R/ D7V2N* 4 log R

<

> e(f(x,y) + RV2DTVANSA 4 log R

0<x=<N

for U < f.(x,y) = RDN~3/2 where

Vvu(y; R) = Ze(g(i,y))‘
ExU
Hence
Vip(B) = | D> elf(z.y))
y=<D [0<zxN
< R71/2D71/2N5/4 Z VN,U(y; R) + R*1/2D1/2N5/4 + DlOgR
y=D

1/2
< RPN (Z Vo (y; R)|2> + RPN 4 Nlog R

y=D
By Lemma 4 below we conclude that

Vip(R) < RTV2NYY(RYV2DN=31 4 RDTONY%) + RN 4 Nlog R
< N3/2 +R1/2D7/6N_1/12

where we have used 1 < D < N < R? to dominate the first two terms over
the last two. O

Lemma 4. If R< N? and 1 < D < N, then

> |Viu(y; R)? < RDN-2 + REDT/AN /3

y=D

17



Proof. Apply Weyl differencing to Vyy(y; R): for some T € [1,U] to be
chosen later,

T_ 2

> > elg€+t,y)
e<U =0
SUY D D elglé+t,y) — g6 +12,9))

ExU t1,ta=0y=<D

— U@ -1 Y elGlE v )

—

T Z Vo (y; R)|2 =

y=<D y=D

[t|<T &<U y=D
SUPTD+UT > > D elGEy.t))
1<|t|<T ¢xU |y=<D

< UPTD + UT? max |Vyp(t, & R)|
I<tI<T

where G(&,y,t) = g(§ +t,y) — g(&, ), and

Vivo(t, 6 R) = e(G(& v, 1))

y=D

From the computations in [5] we know that J;G(§,y,t) < tND™ for
n = 1,2,3, so estimates (2.3.8) and (2.3.9) in [3] are valid (with F replaced
by tN and N replace by D). Note that in this case tN > D, so the first term
in both estimates dominates the second term, yielding

\Va.p(t,& R)| < min{TV2NY2 TVEN/S /2y
Therefore

> IWvw(y R)I? < UX(T7'D + min{T"2N'/? TV/SNC DY)
y=<D

Let’s record the numerology of some borderlines. Balancing the first
and the second term yields 7y = D?*3N~'/3. Balancing the first and the
third yields T, = D37N~Y7. Balancing the second and the third yields
Ty = D3¥2N~'. Balancing T} with U = RDN~3/2 > 1 yields D; = N"/?R~3.
Balancing T, with U gives Dy = N'YW8R-7/4 Balancing T3 with U gives
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Dy = R?N~'. Comparing Dy = N32R~', Dy, Dy, Dy and N gives the
following chart:

N ordering
[RS/° R?] D3 < Dy < N, Dy < D
[R, RO/°] Dy < Dyg3 < N

[1, R] Dy < Dy < N < Dy

(1) R%> < N < R?. We always have D3 < Dy and N < D;. Thus
T3 > U, so we always take the first argument of the min, which is then
dominated by T~'D. Therefore by setting 7' = U we get

ZWNU% )} <UD = RD*N*?

y=D

(2) R< N < R°/.

(2.1) D; < D < N. Then we have T} < U, so we balance the first argu-
ment of the min with 771D by setting T = T} > D2/3N 13 = N2R2 > 1
to get

Z ’VNU y7 ’2 < U2D1/3N1/3 R2D7/3N 8/3

y=D
(Although the second argument in the min may be smaller, it does not happen
for large D, so we have to balance the first argument with 77D in this case.)

(2.2) Dy < D <« D;. Then we have U < T1, so we take T'= U to reach
the same conclusion as in (1).

(3) 1< N<R.

(3.1) N2 < D < N. In this case T} > 1, so we can set T' = T} to reach
the same conclusion as (2.1).

(3.2) 1 < D < NY2. In this case we let T = 1:

> Vo (y: R)|P < UX(D + NY°DY?) = R?D3N % 4+ R2D?/2N-17/6

y=D

which is again dominated by (2.1).
Combining (1) through (3) we conclude that for all D < N,

Z Vvu(y; R ’2 < RD>N 32 L R2D7/3N—8/3

y=D
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5 Estimating the Long Sum

Lemma 5. Suppose @ is a homogeneous polynomial of degree v > 0 in three
variables, not necessarily having zero mean on the sphere, and m > v + 3,

then R b
y QoY g

Moreover, the limit on the left hand side converges uniformly (although not
absolutely) in h.

Proof. By Abel summation

S Q(6)e(R|E| +h - &) Z 2N Q(E)e(RIE[ +h - €)

m
0<[¢|?P<N <l §[2=n

N
< 0PV, on(R)| + N7V on(R)]

n=1

where

Vwan(R) = > QE)e(RIE| +h-¢)

1§12 <N

and we have ignored the discrepancy at £ = 0, which is of order Og(1) and
is clearly dominated by other terms. By Lemma 2 we have

lim sup Z Q¢ (R|£7L+h §)
0<[¢]2<N |§|

< E : n—m/2+1//2+1/2+e+R3/14 2 : n—m/2+l//2+1/14+e
1<n<R1/2 R6/11«n< R6/5

+ Z n—m/2+u/2+1/4+e+ lim N—m/2+y/2(N5/4+N15/14R3/14)

N—oo

N—o0

TL>>R6/5
R1/2 3/14, —3/T+e|R/2 —1/44-¢|RS/5
<<In’6|n:1 + R / n / €|n:R6/5 +n / E|n:oo < RE

Moreover, for M > N > R%° we have

Q(§)e(R[¢] +h - §) —1/4+€|N
Z |§|m <<67Q n |n:oo

+ N—m/2+l//2(N5/4 + N15/14R3/14)
N<|gP<M

e 0, as N — 00
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Theorem 1. Suppose P is a homogeneous polynomial of degree v > 0, not
necessarily having zero mean on the sphere, R > 1 and H <1, then

S;p(R) = / P(x)g(x)dx + O, pR"H < (RHY/? 4+ R\/Mg=Y7)
R3
Proof. Consider the function

Syp(h; R) = / P+ 3 dp()e(h-€)

3
R €€Z3\0

where the summation over ¢ in the second term on the right hand side is
taken in the sense of Lemma 5, and gp(€) (for & € Z3\0) is given by

Z RV QVI (£)€(R|£D

’5 ‘ 3+v1+2v2

ﬁp(f) =

v1+ro=vr

vy Quin (€) sin(mHE| + 752) cos(m(2R + H)|€] + 52

|€’3+V1 +v2+2v3

+ Y RH"'(2R+H)

v1t+retv3=v

Since 3+ vy + 215 > v+ 3 > deg ), + 3, Lemma 5 applies to show that

<<€,Q RVJre

L Qu (©e(RIE] +h-€)
R 1
EEZZ:‘\O ulgz,, |€|3+v1+2v2

Similarly, since 3 4+ vy + v5 + 2v3 > deg lew +3,and R+ H < R,

_ Qui (§) sin(rH|E| + ™54 cos(m(2R + H)[¢] + ™2 )e(h - )
vi—1 Vo 1,02 2 2
Z Z RH <2R + H) |§|3+V1+u2+2l/3
6625\0 vy +vgtrz=vr
vy >1

<<e QR1+V2+E S Ru—l-e

(when v =0, i.e. P is constant, this sum actually vanishes), so we conclude
that

SR = Y Y RER+ sl Si““H’fDCT;(;giI H)|¢| + %2)e(h - §)

£€73\0 v2t+v3=v

+ OE,P(RV+6)
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By Abel summation and Lemma 2 we have

Qo,, (&) sin(m H|E|) cos(m (2R + H)[¢| + 2 Je(h - €)
3 (€)

0<‘£|<H71/2 |€’3+V2+21/3
- Z Z“/IH/{ > Qua(©)cos (w2 + )le] + 22) el - )
é\%zjn
H2/4 H\/_) ~ T
=3 A (j\;ﬂ—H) > Qownl&)cos (r2R+ H)|l + ) elh-€)
oS
+O(H3+u2+2u3 VH—2/4,P,h(R))
H=2/4
<H Y NPy pu(R)| + H* Vi s pu(R)|
N=1
< pH Z N6<N73/4+N713/14R3/14)+H1/2+H6/7R3/14
1§N<<H*2

<<HN6(N1/4+N1/14R3/14)|{172 +H1/2+H6/7R3/14
:H—QG(H1/2+H6/7R3/14)

and similarly

Qo.0, (&) sin(mH|E) cos(m(2R + H)|&| + ™2)e(h - §)
5 (§) sin(m H|[£]) cos(m( )

’6‘3+V2+2V3

|§I>H~1/2
%)

Z AN(W) Z Qo (€ s1n7rH]£\)cos< (2R+H)|§|+T> e(h-¢)

N>H-2/4 cez’
0<|¢2<N

< Z N_5/2_V/2|VN,P,h(R)| <<67P Z Ne(N—5/4+N—10/7R3/14)
N>H-? N>H—?2

<<NE<N—1/4 +N—3/7R3/14)|£{o72 _ H—QG(HI/Z + H6/7R3/14)

Combining the two parts we get

S, p(h: R) = / P(x)g(x)dx + OpR*H-(RH-Y/2 4+ R/ Fr-1/7)
R3
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By Lemma 5 we know that the sum S p(h; R) converges uniformly in h.
On the other hand, by Parseval identity we know that the sum converges in
L3(R3/Z3) to
gp(h) = ) P(x+h)g(x + h)
x€Z3

Since this is a continuous function, it is identical (everywhere) to the uniform
limit Sy p(h; R). In particular, taking h = 0 yields

Srp(R) =) P(x = S;p(0; R)

x€Z3

:/ P(X)g(X)dX+OE,pRVH_e(RH_l/Q—I—R17/14H_1/7)
R3

6 Estimating the Short Sum

Now we turn to the short sum. Suppose P is a homogeneous polynomial of
degree v > 0 in three variables, now having zero mean on the sphere. Note
that deg P = 0 implies P = 0, which is trivial.

Definition 5. By the “short sum” we mean the following:

Spp(RH) = 3 ,;ﬂmxr)

xezZ3
R<|x|<R+H

a, = Yy P(x)

x€Z3
|x|2=n

Moreover, we let

and define the theta-series

= Zane(nz Z P(x)e(]x/?2)

neN xEZ3

where as usual e(z) = 2™,

First we suppose that P is harmonic, then by Lemma 9 in Appendix, 6
is a cusp form of half integral weight k = v +3/2 > 5/2 for I'y(4). For all
n € N we have:
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Lemma 6. (//2], Proposition 1.5.5)
a, <<e,9 nk/2—1/4+5

Lemma 7. ([1], Corollary 2)
<o nk/2—5/16+e(n7 200)5/8

Theorem 2. Suppose P is a homogeneou polynomial of degree v > 0 in three
variables, having zero mean on the sphere. Then

Sip(R,H) <.p R"T(R¥*H + R)
Proof. By Corollary 2.50 of [7], we can write
[v/2]

Z |X| v— 2d

where P,_s4 is a homogeneous harmonic polynomial of degree v — 2d.

If v is odd, then there is no term Py in the sum (and actually a, van-
ishes identically by considering the symmetry x — —x). If v is even, then
integration over the sphere gives

v/2]
O: 1/

so the sum does not include F, either. Now by Lemma 6 and Lemma 7,

|Se.p(R, H)| Z Z I,
n=R? n=R2
[v/2] (R+H)?
<<6,P Z RQd RV_2d+3/2_5/8+E Z (n, 200)5/8 + RV—2d+1+e
d=0 g2

(n,2°)<RH

RH
vre [ p7/8 5k/8
<R (R > 5 2+ R>

k<log RH
< RV+E<R15/8H+R)
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7 Appendix A: Modularity of the Theta Func-
tion

Suppose n > 2. Let C[x]| denote a polynomial with complex coefficients
in the variable x € C". Let C[x], be the subspace of C[x| consisting of
homogeneous polynomials of degree v. Let H[x| denote the subspace of
harmonic polynomials.

Lemma 8. C[x|, N H|[x] = spanc{(zyzl a;z;)”, (a;)p_, € C", Z;’L:I a? = 0}.
Proof. Define a positive definite inner product on C[x] by letting <xa, x? > =
@!d,5. The Laplacian A and the multiplication operator M(f) = f - |x|?
operate on C[x]. Tt is easy to check that they are adjoints under this inner

product. Therefore
H = ker A = (ran M)*

We restrict the whole space to C[x],, where the inner product is still
positive definite, and denote the right hand side by L. It suffices to show
that

L = (ran M)*

Since C[x], is finite dimensional, it is equivalent to
L+ =ran M

For f(x) = 3_|4=q Cax® € C[x], we have

<<Z aj:pj) ,f(x)> = <Z |Zﬁ—llao‘xo“, Z caxa> = |a! Z cea” = |a|lf(a)

j=1 la]=d |er|=d or|=d

Therefore
feLt < fla;) =0, ¥(a;) € (C”,Za? =0+ |x*|f(x) <= f €ran M

=1

where we have used Hilbert’s Nullstellensatz and the fact that (|x|?) is a
radical ideal in C[x] when n > 2. (When n > 3 it is actually irreducible,
or equivalently, prime, in the UFD C[x]. When n = 2 we have |x|> =
(1 +ix9)(z1 — ixe) does not have repeated factors.) O
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Now suppose p, € C[x], N H[x]. Let 0(z) = >, .z po(x)e(|x]|?z). Then
6 is holomorphic on the upper half plane H.

Lemma 9. 0 is a cusp form of weight v +n/2 on I'y(4)\H, where

To(N) = {(Z Z) € SLQ(Z),N|C}

More precisely, for every v € I'g(4) we have

0(vz) = j(v,2)**"0(2)

where

i) = (5) et ez + )2

where (g) is the Legendre symbol as extended by Shimura ([15], point 3 in

1,d=1 d4
Notation and Terminology), €4 = < . o , and all square roots
1,d =3 mod 4

are taken in the principal branch (v/—1 is taken to be e(+1/4).)

Proof. 1f v is odd then # = 0 by considering the symmetry x — —x. There-
fore we assume v to be even.
By Lemma 8,

6 espane 3 (Z ajx]) (1x[*2) Z

XEL™

Therefore we may assume that 6 is one of the basis vectors on the right hand
side.

Z) € SLy(Z). If ¢ =0, then a = d = £1. In either

case we have j(v,z) = 1, consistent with the fact that 0(z + b) = 6(z) for
any b € Z.

First we suppose (CCL
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Now we suppose ¢ # 0, then

() =0 (6 )

.S Z(z%cxﬁm])e((%—m)\cwmlz)

me(Z/cZ)" xEL™

- Z e(amz/c)z (Zaj(cxj+mj)> €<_czj-d x

mée(Z/cZ)™ xeZ" \i=1
(5)

By Poisson summation formula,

> (iaj(cijrmj)) e <_(czid) ‘X+%

)

xeZ™ \j=1
im-€\ (<~ .\ (@2n)n? 1 cz+d,
— o | A
Z eXp( ¢ > (Z%CZ §]> (M)"/Ze 2mi 8mic “Smic ¢!
geanLn Jj=1 cz+d

o mm - & cz+d\"? [ Y 1 d 9
e gez;zﬂeXp( c )( ic > (;aja@) 6(167T2 <2+5> |§|>

We compute the derivative on the rightmost exponential inductively.

- d 1 d
(; aj('?gj) e <16 5 (z + E) |£]2> =C(z,¢,d,a,§)e <167r2 (z + E) |§]2>

where
C(z,c¢,d,a,8) = Lﬂ( ) <Za]§j>
Suppose

k
- 1 d 1 d
(Z C”a@) (i (++£) ) = Ctmere (s (42 )

(6)
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Then

(iaja&)kﬂe(mlﬂz( )|€|2)— C(z.c.d,a,6) e (ﬁ (ﬂ) |5|2)

+kC(z,¢,d,a, f Zaﬂg z,¢,d,a,¢§)

Since Zj 1 aj = 0, it is easy to see that the second term on the right hand
side vanishes, so by induction we have shown that (6) holds for all £ € N.

Therefore the inner sum of (5) is
cz+d [ ’ 1 d 9
dm (2:: ajgj)] ‘ (167r2 (Z " E) < )

(-1)” Y exp <m -5) <2+ d)"/
(et () o (G (1) er)

Eeanzm
Now we supppose 4|c and carry out the summation over m in (5).

n/2 (
Eezn
Sn(&,a,c) = Z e(w) HSfj,ac
)

mée(Z/cZ)™
where
am? + mé; d(m? + m¢&;)
S(&j,a,c) = Z e (f]) = Z e (%)
meZ/cZ meZ/cL

We now show that if ¢; is odd, then S(&;, a,c) = 0. In fact, since 4|c and
(¢,d) =1, d is odd, so

28(6,0,0) = ¥ {6 (M)+e(d<<m+c/2)2

T <m+c/2>£j>)]

meZ/cZ ¢ ‘
v (M) 1+ e(d(m + /4 + £/2))] =
meZ/cL
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Therefore the sum over ¢ in (5) is reduced to

( n/z gZ: (HS 2, a,¢ ) ( C—i)m (cz + d)’ P(£)"e ((Z + ‘_j) |§|2)

J=1

where the sum over m is reduced to

e () () 3 ()

meZL/cL meZ/cZ

By the well-known Gauf sum,

(1+1d)e; Ve(s), e,d >0
dm?\ ) (1 —i)e_g/c(5), ¢>0,d <0
mgﬂe <T) )@= d)eav—c(), c<0,d>0
(14 d)e_gv/—c(=£), ¢, d < 0

the identities €_4 = z'egl, 1+i=+2,

Vit d/e=Veztd e>0
@/z+%\/—c:i\/cz+d,c<0

and the extension of the Legendre symbol by Shimura, the Gauf sum can
be written uniformly as

d q\ V2
Z e(m) \/_ed vez + ()(z+—)
c d c
meZ/cZ

Therefore,

az+b _ v, —n v+n/2 v 2

0(Zg) = et P Y PO ele)
£ezn

Recall that v is even, so (—1)" = ¢;* =1, and

0 ( - b) = & ez +d) T Y PO e(RIEP) = (7. 2)* 1 6(2)

cz+d ot

It is clear that @ is a cusp form, because the sum in (7) is absolutely
convergent and decays rapidly as Im z — +oo for all v € SLy(Z). m
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8 Appendix B: Better Results with New Ex-
ponent Pairs

Through personal communication with Chamizo, the author realized that
the exponent 83/64 in the estimate

Z P(X) — OE,P(RV+83/64+€>

x€Z3

x|<R
still has some room for improvement using the new exponent pairs recently
obtained by Huxley [10]. Exponent pairs are a useful tool in estimating
exponential sums of the following type

> elf(n)

More precisely, suppose f behaves sufficiently close to a power function
2%, in the sense that there is a constant ¢ > 0 such that for all r € N*,
dr d"

dx" fla)~ Cdaﬂx

then for every € > 0, P > 0, and N > N, p, f is in the class F(N, P, s, c, €) as
defined in P 30, [3]. Exponent pairs allow us to give estimates to the above
exponential sum.

Definition 6. (P 30, [5]) For 0 < k < 1/2 <1 <1, (k,l) is an exponent
pair if we have the following estimate

Z 6(f(n)) < (CN_S_I)kNl + C—le—H

n=N

Remark 2. If f' < cN=°"! > 1, then the second term is dominated by the
first term.

Example 1. By the triangle inequality, (k,l) = (0,1) is an exponent pair.

Exponent pairs are abstractions of the Van der Corput A and B processes
as carried out in the main part of the paper. Specifically, if (k,1) is an
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exponent pair, then by applying Weyl differencing (and optimization of the
length) we can get another exponent pair

k k+1+1
2k +2" 2k +2

Ak, 1) = (

On the other hand, an application of Poisson summation and stationary
phase (the B-process) will give as the pair

B(k,l)=(1—-1/2,k+1/2)
For details and proofs we refer the reader to [3].

Example 2. From (k,l) = (0,1) we can get B(k,l) = (1/2,1/2) and AB(k,l) =
(1/6,2/3), which are basically the pairs we used to bound Vi p(t,&, R).

From Van der Corput A and B processes we can get a host of exponent
pairs. This is, however, not the whole story. Bombieri and Iwaniec (BI,
?7), using large sieve inequalities, obtained a new exponent pair (k,l) =
(9/56 + €,37/56 + €) which is unreachable from A and B processes. Their
results were subsequently improved by Huxley, giving one more exponent
pair (32/205 + €,269/410 + €) in [10].

New exponent pairs can offer further optimizations. In [3], Chamizo and
Cristébal applied the exponent pair (k,1) = BA*(32/205 + €,269 + 410 + ¢)
to the following sum

Vin(t, & R) =) e(G(E,y,1))

which occurs in the proof of Lemma 4. The result is Proposition 3.6 of [3],
which in our notation says

Lemma 10. If (k1) is an exponent pair, R < N? and 1 < D < N, then

> Vau(y; R) < RD 5 N3z 4 RYZp¥/2y—3/4
y=D

Plugging Lemma 10 into the final lines of Lemma 3 we get

V&D(R) < R-1/2p—1/2 \5/4 Z VN,U(Z/; R) + R-1/2p1/2 N5/4 + NlogR
y=D
2k+14+2 k—1

<, N3/2+e + RY2D 213 Nirta
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which implies the same estimate for Viy p(R). Finally, backtracing to Lemma
2, we get
Vion(B)P <o N (VY™ + RVPNPHAR Y ) ®)

Balancing the two term gives

3k—1+5 k+1

Yy = Nak+2i+a R 2k+1+2

Comparing Yy with vV N gives
2k+2
Ny = R*2133

Therefore when N > Ny, Yy, > VN , so we take Yy < V/N and the first term
in (8) dominates. Otherwise, when N < Nj, we can balance the two terms

in (8) by setting Y = Y to get

k43141

Vion(R)? <cq Nv+e Rzesire N2 airaire

Combining the two estimates and adding up dyadic intervals we conclude

k43141

|VN,Q,h(R)| <0 NV/2+6(N5/4 + R4ki§ll+4 N1+8k+4l+8)

which improves Theorem 1 to

Theorem 3. If f, P and R are as in Theorem 1, then

k4+31—-1

Syp(R) = / P(x)g(x)dx + O pR*H “(RH™/? 4 R**assisa [ ~aks7iva )
R3

Now we balance the error terms in Theorem 3 and Theorem 2 using
Lemma 2.4 of [¢] to obtain

Z P(X) = Oe’p(Ru+1+6(R7/24 + R4105:i4205T214)) (9)
erS
[x|<R

Plugging in the exponent pair (k,1) = BA%(32/205 + €,269 + 410 + ¢) =
(743/2024 + ¢€,269/506 + €) we get the dominant exponent

v+ 1+ 35765/121336 + €

which is a further improvement on the previous exponent v + 83/64 + e.
The latter can in turn be recovered by taking the well known exponent pair

(k, 1) =(1/2,1/2) = B(0,1),
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9 Appendix C: Summary of Proved and Con-
jectured 6,

This section summarizes all the proved and conjectured exponents mentioned
in Section 2 (and some more). For simplicity, we have omitted the normal-
izing factors R”, the O symbol and all €’s in the exponents. References and
decimal values are included in parentheses. The ellipsis refers to terms that
are clearly dominated by the main term, and question marks indicate con-
jectures. The last column refers to the optimal value of a such that setting
H = R“ gives the desired error bound. The reader is referred to Remark
3 for meaning of the acronyms and to Section 2 for a detailed account of
relevant terminology.

Long sum estimates Short sum estimates 0, 1132 g Applicability
RH~! (Van der Corput) R%H (Trivial) 3/2 —1/2 VP
(1.5) (—.5)
RH'V? 4 ... R2H (Trivial) 4/3 —-2/3 VP
([6] and [14]) (1.33333) (—.66667)
RH-/? 4 R?/16 RV/BHTS 4 29/22 —7/11 P=1
+RWEH-1/8 ([5]) ([5]) (1.31818) (—.63636)
RH~/2  R¥/16 RWOHS/6 4 21/16 —5/8 P=1
+R\W/BH/E ([5]) ([9]) (1.3125)  (—.625)
RH-Y? 4 RVT/M4g—1/7 RY/SH + R 83/64  —37/64 [P =0
(Theorem 1) (Theorem 2) (1.29688) (—.57813)
RH-/? 4 R332 H 5220 RYSH + R 157101 —deL [P =0
(Theorem 3 with [10]) (Theorem 2) (1.29476) (—.58024)
RH~Y2 4+ RS/5g~1/1077 RYSH + R 31/247  —7/1277 [, P=0
(Theorem 3 with LEP) (Theorem 2) (1.29167) (—.58333)
RH-Y2 4 R4 =17 R32HY277 23/1877  —4/977 P=
(Theorem 1) (GLH) (1.27778) (—.44444)
RH~Y2 4 RS/5g~1/1077 R32HY277 5/477 ~1/27? P=1
(Theorem 3 with LEP) (GLH) (1.25) (—.5)
RH-/? 4 R4 g-1/7 R32H?? 5/477 —1/477 Je2P =0
(Theorem 1) (RC) (1.25) (—.25)
RH-V/? 4 R1217 H3t51 R32H?? %27 M7 [L,P=0
(Theorem 3 with [10]) (RC) (1.24662) (—.25338)
RH~Y2 4+ RS/5g~1/1077 R3/2H?? 27/2277  =3/1177 [, P =0
(Theorem 3 with LEP) (RC) (1.22727) (—.27273)
Ultimate Conjecture i.e. Conjecture 1: 17777 7777 VP
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Remark 3. Acronyms:
LEP = Lindeléf Exponent Pair Conjecutre [5].
GLH = Generalized Lindeldf Hypothesis [7].
RC = Ramanujan Conjecture [17°].
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