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Abstract

Consider infinite many particles on the real line, infinite in both
direction. At next step, we uniformly pick one point between every two
consecutive particles to form the next generation of particles. In this
way, we obtain Markov process with interlacing pattern. In this paper,
we study some basic properties of this Markov chain, such as invariant
measure, convergence, fluctuation and some possible generalization of
this model.
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1 Introduction

Interlacing pattern is a natural object in mathematics. It appears in rep-
resentation theory as Gelfand-Tsetlin pattern, eigenvalues of sub-matrices
of Hermitian matrices etc. Correspondingly, there are some very important
random objects supported on interlacing patterns such as total asymmetric
exclusion process, some Schur and Macdonald process which lead to various
interacting particle systems, GUE corner process, lozenge tiling, bead model
etc. For the probability related to interlacing patterns, we refer to [1], [2],
[3], and reference therein. In this paper, we study a very natural Markov
chain under the interlacing condition.

Consider Markov chain Y,, whose state space is 2% such that it is locally
finite and infinite in both direction. At time 0, Yy = {2V};cz are infinite
points on R. If at time n, Y, = {27 }icz, then Y, 11 = {277 }icz will satisfy
the two rules
Rule 1: 27 < 2™ <2,

Rule 2: 2™ will be independently distributed according to U(z?,x%,),
where U(x}, x},,) is the uniform distribution in the open interval (z, 7, ).

Denote X7 be the distribution of the gap between (7,27, ), Since it is
an Markov particle system, we are interested in two types of questions: equi-
librium and dynamic. In the former direction, we give a family of ergodic
invariant measure and show that all the invariant under some moment as-
sumption are convex combination of these measure. This type of result is
an analogue of that for exclusion process(see [4]). In the latter direction, we
study the convergence to equilibrium under certain initial condition and the
fluctuation of a single particle.

The paper is organized in the following way: in Section 2, we give a family
of invariant measure of this Markov dynamic. In Section 3 we employ moment
method to show that under certain moment condition, all the invariant mea-



sure are convex combination of the measure defined in Section 2. In Section
4 we show that the if the initial gaps form a stationary sequence satisfying
certain moment condition, then it converges to equilibrium. In Section 5, we
replace the uniform distribution by other distribution on [0, 1] and studied
similar questions. In Section 6, we first show that if under extremal invari-
ant measure the trace of one particle is actually a Poisson process. Then we
study the fluctuation of on particle under the lattices initial condition. In
particular we give the order the variance of the position of a particle.

2 Elementary invariant measure

Theorem. If X(p) is a translational invariant measure which has indepen-
dent and identically distributed gap X;(p) whose density function is 4p*ze=* ", (x >
0), then X (p) is a group of elementary invariant measure for the Markov pro-
cess.

Proof. We prove that X(p) has the following properties:

1.X;(p) are mutually independent under the Markov process

Since X;(p) are independent,we want to prove that X}(p) are independent.
It suffice to prove that any consecutive k gap of X} are independent. Assume
f(t) is the characteristic function of X;(p). Then

+oo 1
_ itx 2 —2px o _ .
f(t)—/_oo e 4pre " da:——<1+ct)2,6——z/2p
The characteristic function of X} (p) is fo fltu)du)? = f(t) = 3 +1Ct)2,c =

—i/2p. The characteristic function ole—i— —I—XHF,g L is fo f(tu) du)?f(t)k—1 =
f(t)k therefore X} are independent. Thus X}(p) are 1ndependent

2.The distribution of the gap X;(p) are invariant under the Markov pro-
cess.
Assume Uy and U, are any uniform distributions in [0,1] and f(t) is the char-
acteristic function of X;(p), then

f(t) = (1+ct)2= = —i/2p, fo f(tu) du = 1+ct fo f(tu) du)?
Since X;(p ) are mutual 1ndependent under the Markov process.Hence, (1 —

U1)Xi(p) + UaXita(p) ~ Xi(p)



3. X(p) is translational invariant under the Markov process.
Since X (p) is translational invariant, by the definition of the model, X! (p) is
translational invariant,therefore at any time n the measure is translational
invariant.
Thus, X p is a group of translational invariant invariant measure of constant
density p and the density function of the gap is 4p?ze=2*, (z > 0). O]

3 Classification of invariant measure with fi-
nite moment

Theorem. Assume p is an invariant measure. The distribution of the gap
is X;,i € Z. If X;,i € Z has finite moment EXJ X} ... X]";

11,99, in € Z,j1,92,..-,Jn € N and 3 constant c,s.t.lim(E(Xi)k/k!)% <
c,then p is a convex combination of X (p) of finite moment.

Lemma: If an invariant measure with gap distribution X; has finite mo-
ment, then for any distinct 41,1, ...,i, € Z, and Yk, j1, j2, ..., jn € N, j1 +
ot ot jn =k, 3AL € R, st EXPXP L Xn = GGt -l D! 4,

Proof. Assume X} = X, is the distribution containing 0. For k=1,Since X
is either generated by X, Xj(meansXy = (1 — Uy) Xy + U X7) or X_q, Xo.
Denote A = Xy is generated by Xy, X;,then we have 0 < P(A) < 1(if P(A)=0
or 1,then it can’t be an invariant measure).Since Xy is independent with X
when ¢ — 00.Then as |i| — oo,since EXj is finite, we must have

EX;+ EXi
2

EX,+ EX,;_

HGHCG, 11111(EXH_1 - EXI) =0
Therefore, Ve > 0,3M > 0, s.t.|EX; — EX; 11| < €, for any|i| > M.

Since X is arbitrarily chosen, if we choose j and k, s.t. j—t > M, k—i < —M,
then we can conclude that |EX; — EX; 1| < € for any i and €,thus we let
Al == EXz,\V/’l S Z ) ] ) ) )
Fork > 1,set Y'Y 2. Y/" = 28 /(1) (Go+1)! . .. Un+DEX) X2 X"
Then we only have to prove that for any distinct iy,4z,...,1, € Z, and
VE, i, g2y Jn ENJL 4G4 oo+ g = EYTY? Y " are equal.
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Similar to k=1, IM > 0,s.t. when |iy], |ia], ..., |ix] > M

Im(EX;, X, ... X;, —E(1-U1) Xy, +Us X 41) - . (1=Up) Xs, + U1 X5, 41))
=lm(EX;, 11 X1 .- Xip1 — E(1 = U)X, + U Xi11) .. (1= Up) X, +
Up+1Xip41)) =0

Therefore,similar to k=1, we can conclude that EX;, X;, ... X;, = EX;, 11 X141 ... Xi1
= E((1 = U)Xy, + UaXiy 1) .- (1= Up) Xiy, + U1 Xiy41)
=E((1-U)X;y1+0X5) ... (1= Up)Xip—1 + Upa X3,

Therefore,3a;,j,. i, s bjijo..in € R, 5.1

Yz‘1Y;2 s sz = Yz‘1+1Yi2+1 .- -Y;kﬂ

= D imivirtlit=12,k Girdzeic Yin Yo - Vi

- Z(jlt)z‘t,it—l;tl,Q ..... i Ungeeein Yir Yia - - - Vi

Ifwelet X; ~ X;(p), then EX)' X7 ... X/" = EXJIEX? . EX]" =2%/(j;+
DI+ D (i + 1)!

Therefore, we have Y;,Y;, ... Y, = 1.

Since a;, j,...jes Dirjs...je are only related to U therefore by (1) we have Y aj, 4,5 =
thjzu-jk =1.--(2)

Since E((1 — U)X) (UX) = E(1 — U)UIEX " = oy (D ity —

(i+j+1)! 2147
g vitg
s ¥ | B
E(1 - U)X)EUX) = &S0y L Uy 8Ly i+ Therefore,after we

substitute EX7' X7 ... X" by Y'Y ... Y/", the coefficient a;,j,_j.s bjijs. s

1

are all equal,and by (2) they are equal to (
Next by(1)(2)(3)we have Y/ Y7* ... V7" =

1
GG (B

1 Jiv/J2 Jn __
(j1+1)(j2+1)...(jn+1) thZit,it-i-l;t:l,Q ..... n Y;l 1/;2 tot }/;n -

<j1+1)(j23r11)--,-(jn+1) th=it,z't71;t=1,2 ..... Yo Y Vil — —(%),it suffice to prove
that Y;'Y? ... Y are equal:

We prove by contradiction:If Yfl 1Y;g2 . leL" are not equal,since YZ]1 ! Yf; . YZfL"
are finite.

Set A(m) = {YZ]llYé2 . Y;ZL"Hzn—m = m},assume a(m) = maz{a € A(m)},b(m) =
min{b € A(m)},thendminimalt > 0, s.t.,a(t+1)—a(t) > eor b(t+1)—b(t) <
—€.

Assume we have a(t +1) —a(t) > e(For b(t +1) — b(t) < —e¢,the proof is simi-
lar), then by (¥) either 3(j, + 1) < (ju+J1), Yy Y2 Y > VY2 Y
or a(t +2) —a(t+1) > € (if not we have 0 > (jo+1)... (jo_1 + e — (j2 +
1)...(Jn-1+ 1)e = 0 which leads to a contradiction.)

Since j, + j1 < kand (a(t 4+ 2) — a(t + 1)) > 2(a(t + 1) — a(t)) always holds,

; _ yiiyi2 Jn ; ;
therefore lim,, .o a(m) = Y;'Y;? ... Y/" — oo,when [i, — 41| — o0
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, which leads to a contradiction with finite moment. Thus for any distinct

i1y02, -y in € Zyand Vk, j1, o, - .., jn € N, jitfot. . o = k, YY2 L Y are

) S 12
equal.

Proof of the theorem: By lemma,if we set ¥; ~ %.Then we have EY;{lYZf . Yzi”

Ar(j1 +J2+ ...+ jn = k).Since 3 constant c,s.t.lim(E(Xi)k/k!)% < ¢, there-
fore Y; equal to the same distribution Y. X; ~ Y Xy(p),s0 the gap X; is a
convex combination of X;(p). Now we only have to prove that the distri-
bution of 0 in X is unique,then p is a convex combination of X(p). As-
sume X’ is the distribution of the gap between 0 and x;. Then, we have
X' =X+ Ule,ifX/ < UoXO;X/ — UoXo,ifX/ > Up Xy

Therefore, (Xg, X')forms a Markov chain and (Xy, X’) is ergodic on R*R.
Thus the invariant joint distribution of the Markov process is unique. Il

4 Convergence to invariant measure

Theorem. Consider initial measure p which has independent and identical
distributed gap X;,1 € Z. If the initial gap X; has finite moment E(X;)™, m €
N, then p converge to an invariant measure.

Proof. We only have to prove that for any m € N, lim E(X;)"3 and 3 con-
stant ¢,s.t.lim(E(X;)*/k!)E < c.

We prove by induction on m thata, = lim £(X;)"3.

First, E(X/) = E(X;) exist. Since p is transitional invariant, we set p =
1/EX,.

Assume for m < n, a, = lim B(X;)" = &t

; (2p)"
independent.(EXZ)” = E((l—Ul)X1+U2X2)n = #E(Xl)n—FnL_HE(XQ)n—F

nl(n—1)

sthen for m = n, since E(X7) are

(2o)n
Therefore,lim F(X;)" = (212;)12!
Thus, p converge to X (p) which is an invariant measure. O

5 Replace uniform distribution by general dis-
tribution on |0, 1]

Theorem. If U is a general distribution on [0,1], EU*+ E(1—-U)? # 1, then
3 invariant measure of the Markov process and all invariant measure are the



convex combination of a group of particular invariant measure X (U, p).

Proof. In section 3, we have prove that if X, is the gap of invariant mea-

sure X (U, p), then for any distinct iy,14g,...,4, € Z, and Vk, j1, jo, ..., jn €
N*,j1.+j.2+...‘+jn:k

IEX] X . X]"3, then 34, € R, s.t. E(X,, /X (U, 1))(X,,/X (U, 1))% ... X (i, X (U, 1))’ =
A

Therefore, consider the k-order moment EX7' XJ? ... Xi». Since EX]'XJ? ... X/ can
be written as the linear combination of EXleg2 XTI g gat e =k

If we assume vector v=(EX7' X3* ... X/ ji+ja+...+jn = k), then we have
v=Av, A is a |v| * |v| matrix. We now have to prove that the linear equa-

tions have a non-zero solution. In section 4,since EU? + E(1 —U)? # 1 =

EU" 4+ E(1 — U)™ # 1. Hence the initial coefficient of EXJ' XJ> ... Xin j, +

o+ ...+ jn=k=1—EU"— E(1l—-U)" > 0. We have prove that if

we start from an initial measure p which has i.i.d gap distribution X;, then

lim EX{' X3 ... X/, j1 + jo + ...+ jn = k3. Therefore, the solution of the

linear equations exist and must be a distribution of the limit measure which

is also an invariant measure. Thus, all invariant measure are the convex
combination of a group of particular invariant measure X (U, p) satisfying

6 Dynamics of a single particle

6.1 Invariant initial condition

Theorem. If we start from an invariant measure X (p), then the fluctuation
of a particular point xj is a Poisson process.

Proof. Assume z) = 0. Then z§ = UpX) + U1 X} + ... + U, X} U; are
independent uniform distribution on [0, 1], suppose g(t) is the characteristic
function of U; X{.

olt) = [ ftu)du=1/01=i/2)

Therefore,U; X} have the same distribution which is an exponential distribu-
tion with density function 2pe~2* z > 0. We want to prove that U, X} are
mutually independent: In section 2,we have found that f(¢) = g(¢)? and X"
are mutually independent, therefore U;X{ is independent with (1 — U;) X{.
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Hence, Uy X| is independent with U, X} = Uy ((1 — Up) X + U X?). Assume
for min Up Xy, ..., U,, X" are mutually independent. Then for m=n, since
U X0 =U,(1=U,_ )Xy '+ U X7, Up XY, ..., U, 1 X§~ ! are indepen-
dent with X7~ U’ |, U, Similarly we have U, ;X{ ' and (1 — U,_;)X{*

are independent. Thus, UpX{), ..., U, X? are mutually independent Therefore
g is a Poisson process. Thus we have == ~ normal distribution. O

6.2 Lattices initial condition

In this section, we study the dynamic of the interlacing particle system under
the lattice initial condition,which means Yy = {z; =4,i =0,1,...,n}.

Theorem. Assume the distribution is U andEU = a, EU? = b,a®? < b < a,

We have there exists constant ci,co,5.t.,0 < ¢1 < Var(zg) Co
n/logn

Proof. Assume o2 is the deviation of 2" = a7,
a, BU? =b Ex™ = an
"=x+U(y—z),2’ =x+ (y—1x)/2

Then we have 02 = E(x + U(y — x))*> — (an)?
= (1 —2a+b)Ex?* + bEy* + 2(a — b)Exy — (an)*

(1= 20+ b+ 2(a— )02, + (aln — 1)*] + blo?_, + (aln — 1) + 1)%) +
2(a —b)Ex(y — x) — (an)?

_ n—1 _n—1 _
r=uw" "y =z}, .EU =

=02+ (a®>+b—2ab)+2(a—b)E(2(y—x) —an) — (a—b)E(y —z)* (1)

n

Substitute a by 1-a,b by 1-2a+b,then U is change to 1-U: due to symmetry
we also have:

02 =02 +((1—a)*+b—2(1—a)b)+2(a—b)E(y (y—x)—an)—(a—b) E(y—x)*
(2)

By(1)(2)= 02 =02 |+ (a—a*) — (a —b)E(y — z)*

n

=02+ (a—a®) — (a—b)EX;™ — —(3)



Set af = EXFXF then EX? > = a2~ we have:

ap™ = (1 —2(a — b))af + 2(a — a*)ak
" = (1—a—b)ak + (1 —2a+2a*)a} + (a — a*)d}
af™ = (a—a®)al_; + (1 - 2a + 2a*)af + (a — a®)al,,i > 1
SinceVi, a) = 1,Hence,assumeal) = A,a$ + Bpal +...= A, + B, + ... (Ag =
1, By = 0)
Set S, = A, + B, +... Thenal = S,, and S,, = S,,_1 + (2b—2a*)A,,_1 — (b—
a*)B,_1 By(*),A, = (1 —2(a—b))A,_1 + (a —b)B,_1 =

—a? b—2a?
Eyn712 — ,n—1 _ Snf — a a —
0 %o ! a—>b a—>b

Ana (4)

n—1

Thus, we only have to find the estimation of ¢, 1 = > Ay By(*), A, is
k=1
derived by two sequences:

1—-2b
Apo =2bA, 1 + T(BoAn + BiA, 1+ ...+ B,Ap)

Bn+2 - 1/2Bn+1 + 1/16(Ban + Ban,1 —|— .ot BnBO)

Ay=1,A; =1—-2(a—1),By = 0,B; = 2(a — a*) First it is easily to prove

that dconstant ¢q, ¢, s.t.,c1 < 41’/%1 < ¢y
nil Ak
Therefore,dconstant ¢, ca, 5.1.¢1 < oot aﬁ:&le e oA < (2
where A is
1 1/2 ... 1/n
0 1 ... 1/(n—1)
0 0o ... 1
Set J=
0 1 0 0
0 0 1 0
0O 0 0 0



Then the sum all the entries of A™! is the coefficient of x on (nf(x) —

f'(@)), f(x) = —ggi—y>which is ~ oo O
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