CONVERGENCE OF EIGENVALUES TO THE SUPPORT OF
THE LIMITING MEASURE IN CRITICAL g MATRIX MODELS

C.FAN i A. GUIONNET T, Y. SONG §, AND A. WANGH

ABsTraCT. We consider the convergence of the eigenvalues to the support of
the equilibrium measure in the 8 ensemble model under a critical condition.
We show a phase transition phenomenon, namely that all eigenvalues will fall
in the support of the limiting spectral measure when 8 > 1, whereas this
always fails when 8 < 1.

1. INTRODUCTION AND STATEMENT OF THE RESULT

1.1. Definitions and Known Results. Let B be a subset of the real line. B can
be chosen as the whole real line, an interval, or the union of finitely many disjoint
intervals. For now, let V' : B — R be an arbitrary function, and let 5 > 0 be a
positive real number. In this paper, we consider the S ensemble, i.e a sequence of
N random variables (A1, ..., A\y) with law “Xfil? on RN .

The § matrix model with potential V' on the set B is defined as the probability
measure on RV given by

N
. 1 _NB )
duF N = —p5 [[ane = V1500 [ =17 (@)

N,B i=1 1<i<j<N

where ZJ‘\/,;? is the partition function

N
ijl?:/R"'/RHd)\ie_NTﬁv()‘i)lB()\i) H ‘)\i_)\j‘b’_ (1‘2)
i=1

1<i<j<N

If 8 is equal to 1, 2, or 4, ,uX,H; is the probability measure induced on the eigen-

values of Q by the probability measure dQe=FT(V(2) on a vector space of real

symmetric, Hermitian, and self-dual quaternionic N x N matrices respectively,
see[Meh04].

Therefore, the 5 ensemble can be viewed as the natural generalization of these
matrix models and we will refer to \; as “eigenvalues” of a "matrix model". For a
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quadratic potential, the 5 ensemble can also be realized as the eigenvalues of tridi-
agonal matrices [DE02]. Eventhough such a construction is not known for general
potentials, 8 matrix models are natural Coulomb interaction probability measures
which appear in many different settings. These laws have been intensively studied,
both in physics and in mathematics. In particular, the convergence of the em-
pirical measure of the A;’s was proved [ST97, Dei99, AGZ10], and its fluctuations
analyzed [Joh98, Pas06, Shc13]. Moreover, the partition functions as well as the
mean Stieltjes transforms can be expanded as a function of the dimension to all
orders [BIPZ78, ACKM93, ACM92, Ake96, CE06, Che06, BG11, BG13|. It turns
out that both central limit theorems and all order expansions depend heavily on
whether the limiting spectral measure has a connected support. Indeed, when the
limiting spectral measure has a disconnected support, it turns out that even though
most eigenvalues will stick into one of its connected components, some eigenvalues
will randomly switch from one to the other connected components of the support
even at the large dimension limit. This phenomenon can invalidate the central limit
theorem in [Pas06, Shc13] and result with the presence of a Theta function in the
large dimension expansion of the partition function. In the case where the limiting
measure has a connected support S, and that the eigenvalues are assumed to belong
asymptotically to S, even more refined information could be derived. Indeed, in
this case, local fluctuations of the A;’s could first be established in the case corre-
sponding to Gaussian random matrices, 3 = 1,2 or 4 and V (x) = 2% [Meh04], then
to tridiagonal ensembles (all 3 > 0 but V(z) = 2?) [RRV06] and more recently
for general potentials and 5 > 0 [BEY12, BEY, Shc13, FB]. However, local fluc-
tuations have not yet been studied in the case where the limiting measure has a
disconnected support nor when it is critical. We shall below define more precisely
the later case but let us say already that a non-critical potential prevents the eigen-
values to deviate from the support of the limiting spectral measure as the dimension
goes to infinity. In fact, the later property is one of the most fundamental question
when one wants to study the local fluctuations of the eigenvalues. We study in this
article S models with critical potentials and whether the eigenvalues stay confined
in the limiting support. In fact, we exhibit an interesting phase transition; we show
that if 6 > 1 the eigenvalues stay confined whereas if 5 < 1 some deviate towards
the critical point with probability one. We postpone the study of the critical case
B =1 to further research. Let us finally point out that the case where the poten-
tial is critical, but with critical parameters tuned with the dimension so that new
phenomena occur, was studied in [Cla, Eyn06]. We restrict ourselves to potentials
independent of the dimension.

We next describe more precisely some of the results stated above, the definition
of criticality and our results.

Consider the spectral measure Ly := % Zf\il 0x,;, where 6y, is the Dirac measure
centered on \;. Ly belongs to the set M;(B) of probability measures on the real
line. We endow this space with the weak topology. Then, Ly converges almost
surely. This convergence can be derived from the following large deviation result
(see [BAGI7], and [AGZ10, Theorem 2.6.1]) :

Theorem 1.1. Assume thatV is continuous and goes to infinity faster than 2log |z|
(if B is not bounded). The law of Ly under MX,? satisfies a large deviation prin-
ciple with speed N? and good rate function £, where & = & —inf{E(u), u € My (B)}
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with
Elpl = g// (V&) +V(n) —log|§ —nl) du(§)du(n) . (1.3)

In other words,

(1) £ : Mi(R) — [0,00] possesses compact level sets {v : E(v) < M} for all
M e R*.
(2) for any open set O C M;(B),

. . 1 V;B . )4
hmlnfmlogu]v,ﬁ (Ly €0) > fucl)fE.

N—o00

(3) for any closed set F C M;(B),
.. 1 V:B . 5
%\%&fﬁlog%’ﬁ (Ly € F) < 71%f5.
The minimizers of £ are described as follows (see [AGZ10, Lemma 2.6.2]):

Theorem 1.2. £ achieves its minimal value at a unique minimizer Leq. Moreover,
leq has a compact support S. In addition, there exists a constant Cg v such that:

{for r €S 2fR dﬂeq(f) Injz —¢l-V(z) = Csv

14
for 2 almost everywhere in 8¢ 2 [, dpeq(&) In |z — & — V(x) < Cpy. (1.4)

Here the almost everywhere means almost everywhere with respect to Lebesgue mea-
sure.

We will refer to jieq, which is compactly supported, as the equilibrium measure.

Remark 1.3. Theorem 1.1 and Theorem 1.2 imply that under ,ux,ig, Ly converges
to (in weak topology) to the equilibrium measure [loq almost surely.

Once the existence of the equilibrium measure is established, one may explore
the convergence of the eigenvalues to the support of the equilibrium measure ficq.
It is shown in [BG11, BG13](also see Theorem 1.4 below) that the probability that
eigenvalues escape this limiting support is governed by a large deviation principle
with rate function given by

FVB(@) = 7V () - Cpv (15)
with
V(x)
FViB(z) {52 — B[ dpeq(§) |z —¢| x€B\S (16)

Csv otherwise.

The large deviation states as follows:
Theorem 1.4. Assume V continuous and going to infinity faster than 2log |x| (in
the case where B is infinite).
(1) JY:B is a good rate function .
(2) We have large deviation estimates: for any F C B\S closed and O C B\S
open,

1 . SV
limsupﬁ ln,uj‘(ﬂg [F X eFl < —é inf jV’B(IL‘),

N—oo 2 zeF
B 1 ViB 1o, B . 7V;B
1}\%};{ N Inpyg[E A €0l > 5 ;relgj (x).
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The last theorem shows that the support of the spectrum is governed by the
minimizers of JV:B .

Definition 1.5. Assume V is continuous. We say that V is non-critical iff VB
is positive everywhere outside of the support of picq-

A consequence of the second part of the aforementioned theorem is the following;:

Corollary 1.6. Let the assumptions in Theorem 1.4 hold. Assume that V is non-
critical. Then

. VB ) _
A}gnoo MN,B (EIAZ ¢ A) 07 (17)
where A == U{_, [a; ,a)] with min{|z —y|,z € A%,y € S} > 0.

Remark 1.7. Since the law of the eigenvalues satisfies a large deviation principle
with rate N, the eigenvalues actually converges to the support exponentially fast (or
be more precisely, ' > 0, s.t, :LLN,H (AN ¢ A) <e TN

Remark 1.8. By the definition of the partition function, 1 — M?? 3N ¢ A) =
ZV A
W’ thUS

ViA
. INp
(1.7) & A}l_r)r})o ng =1 (1.8)

In the rest of this article we investigate what happens in the case where V is
critical. This investigation will require the uses of precise estimates on § models
partitions functions derived in [BG11, BG13] and to apply their results we shall
make the following assumption :

Assumption 1. e V: B — R is a continuous function independent of V.
e If 700 € B,

lim inf Viz) > 1. (1.9)

z—T100 21In |gg‘

o supp (feq) is a finite union of disjoint intervals, i.e. supp (fteq) of the form
S = UJ_, Si, where Sy, = [, , .
e S(x) > 0 whenever x € S, where

= d'ueq \/‘ H-,— eHard —ap)

TE Soft 047—)

and where 7 € Hard (resp. 7 € Soft) iff b, = a, (resp. 7(b; — a;) > 0).
e V extends to a holomorphic function in some open neighborhood of S.

We want to investigate whether (1.7) still holds when the restriction on JV3B is
weakened so that it vanishes outside the support S. Our working hypothesis will
be the following:

Assumption 2. 7V*B vanishes only on the support of the equilibrium measure S
and at one point ¢y outside S. We also require 927" (cy) > 0, and for technical
reason we require 0V > o > 0 on A.
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1.2. Main Results.

Theorem 1.9. Given Assumptions 1 and 2, we have the following alternative:

e when > 1,
. VB . _
J\}gnoo /J'N,ﬁ (El)‘z ¢ A) 07 (110)
e when <1,
limsup 1’5 (3N ¢ A) = 1. (1.11)
N—oc0 ’

The behavior below g = 1 can be illustrated with the case 5 = 0 where one
would consider a potential V' vanishing on a support S and at a point ¢y (where its
second derivative is positive), being strictly positive everywhere else. This corre-
sponds to N independent variables with probability of order N~/2 to belong to a
small neighborhood of ¢y (where the latter probability can be estimated by Laplace
method). In this case, it is clear that some eigenvalues will lie in the neighborhood
of ¢y with positive probability. The existence of a phase transition for this phe-
nomenon at S = 1 is however new to our knowledge. It suggests that the support
of the eigenvalues of matrices with real coefficients corresponding to 8 = 1 matrix
models might be more sensible to perturbations of the potential than matrices with
complex coefficients (corresponding to f = 2). This is however apparently not
supported by finite dimensional perturbations since the BBP transition [BBAP05]
does not vary much between these two cases. Let us observe that our arguments
could be carried similarly with several critical points similar to ¢y without changing
the phase transition. However, if the second derivative of 7 at these critical points
could vanish so that JViB behaves as |z — c|? for some ¢ > 2 in the vicinity of

¢o, the phase transition would occur at a threshold 5, depending on ¢ (see remark
5.17).

1.3. Structure of the paper. In Section 2 we reduce the problem to the analysis
of (2.2). (2.2) relies heavily on the estimate for the probability that M eigenval-
ues are contained in a small neighborhood of ¢y while the rest of the N-M of the
eigenvalues are contained in A. The entirety of section 5 is devoted to the proof of
proposition 2.1, which gives the desired estimate for @xﬁ L Section 3 deals with
the case § > 1 and Section 4 with the case § < 1. The Appendix contains some
useful results for our problem.

1.4. Notation. We use the notation A < B (resp. A 2 B) to denote A < CB +
e 9N" (resp. A > CB — eN") for some universal constant C' and some § > 0
independent of N. A ~ B when both A < B and A 2 B hold. Moreover, we use
A Sg B to denote A < CgB, i.e, the constant C' may depend on Q. c usually
denotes a small constant while C denotes a large constant. The values of these
constants may change line by line. We sometimes use ¢ < 1 to denote that a is
smaller than any universal constant involved in the proof.

2. PRELIMINARY AND BASIC ANALYSIS

The probability that a specific subset of M eigenvalues are contained in a small
neighborhood of ¢y while the other N — M of the eigenvalues are contained in A
shall be denoted as @x;ﬁ Pt

@Xiﬁ,@ = MX? (AN-—M41,-AN € [co —€,co+ €, A1, .. A €A). (2.1)
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where € > 0 is a small fixed constant. The key to prove our main result is calculating
the speed at which (I)xiﬁfﬁ approaches 0 as N approaches +oo.
Note that

Hxis GA# A) = E GN ¢ (AU [ = o+ )

+ Z MX? (M eigenvalues are in [co — €,¢o + €], N — M eigenvalues are in A)

M
W>6

N VB
* 2, Ui ) o

1I<M<6N
=: Pl + PQ + Pg. (22)

Here § > 0 is a small fixed constant.

Since J is a good rate function which is positive outside A U [co — €,¢o + €] ,
Theorem 1.4 implies that for any fixed € > 0, P; approaches 0 exponentially fast.
In other words, it is controlled by e~V¢ for some ¢, > 0.

By the large deviation principle for the law of the empirical measure Ly described
in Theorem 1.1, P is controlled by e~V *. Therefore we deduce that for any § >0
there exists ¢(d) > 0 such that

B (BN ¢ A) = Py + O(e OV, (2.3)

Our goal, therefore, is to control the third term Ps.

Since J goes to infinity at infinity, Theorem 1.4 also shows that the probability
to have an eigenvalue above some finite threehold M goes to zero exponentially
fast. Therefore, we may assume without loss of generality that B is a bounded set.

VB
Thus, we are left to analyze @y .
We prove the following upper bound in section 5:

Proposition 2.1. Let Assumption 1 and 2 hold. Then, there exists a 6 > 0 such
that when % < 6, we have uniformly in M < §N

: 1
VB
Py S e, (2.4)
On the other hand,
1 ZV;A
N,B < V;B (25)

N(B‘gl) Z]‘\//"BB ~ N?LB.

The calculation is based on the precise estimate derived in [BG13] for the par-
tition function and correlators for fixed filling fraction measure, that is with given
number of eigenvalues in each connected part of the support S. The proof of this
proposition will be the subject of section 5. We next give the proof of our main
result.

3. CONVERGENCE OF THE EIGENVALUES TO THE LIMITING SUPPORT S WHEN
8>1

Now, we return to the estimate in (2.3) and use the upper bound provided by
Proposition 2.1 to find

N . @+ \ N
P; < Z <M>¢JY7:]1\34,55<1+N_%1) — 1. (3.1)
1<M<SN
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where we finally noted that any error of order e=eN? in @x;ﬁ gl <M< ON is
neglectable in the above sum . Hence, when 5 > 1, P53 goes to 0 as N approaches
+o00. This finishes the proof of the first half of our main Theorem 1.9.

4. ESCAPING EIGENVALUES WHEN (8 < 1

We prove that when 8 < 1 the probability that no eigenvalues lies in the neigh-
borhood of ¢y goes o zero, that is by Remark 1.8, that we have:

V;A
lim —N£ — . 4.1
NDeo 705 (4.1)

This is done by lower bounding the probability p% ;5 that one eigenvalue exactly
lies in the neighborhood of ¢o. Indeed, as A; = {\; € [co —€,co+€|,A; € A, j # i}
are disjoint as soon as [co — €,¢o + €] N A = (), we have
VB
PR = NOY .

Since p]\/,ﬁ <1, we deduce from (2.5) that there exists a finite constant C' such that

V;A
N Znj
Gih) VB <C,
2 N.3
which results with
ZV;A .
NE <CONT,
ZV;B —
N,B

so that (2.5) follows.

5. PROOF OF THE MAIN PROPOSITION 2.1

Our proof is based on estimates from [BG13] on the fixed filling fraction measure
which will allow us to estimate precisely the probability that N — M eigenvalues
stay in A, whereas Laplace methods will be used to control the probability that M
eigenvalues are close to cg. Let us introduce some extra notations to describe these
estimates. Let &, := {(e1, - ,€5)| D €n =1,€1,...,€4 > 0} denote the interior of
the standard g — 1 simplex. Let

€ 1= (Heq(51), "+, feq(Sg)) (5.1)
be the g-tuple denoting the value of the equilibrium measure on each of the intervals
that comprise the support of the equilibrium measure.

Definition 5.1. Let the fized filling fraction probability measure dux;’:ﬂ be given

by:
ViA 1 G BN (A
dun'e sN) ==y ] [Hd)\h,i 1a,(ni)e 2 VO TT s —Ah,j|ﬁ]
ZN,G,B h=1 =1 1<i<j<N

X H H A — Mg,

1<h<h/<g 1<i<Ny
1< SNy,

where Z]‘\/,‘?ﬁ is the partition function. The fized filling fraction measure du?fﬁ

can be viewed as the probability measure induced by dux,;? conditioned on that the
number of the eigenvalues in [ap—, ap+] is fized as N, = [Nep], 1 < h < g-—1,
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N, =N — Y"1 N),. We alternatively denote by 1" 1_\? 5= ,uNE 5 for Np = [Nep),
N =(Ni,....N,).

The following precise estimate from [BG13, Theorem 1.4] will be essential in our
proof (up to corrections of order K = 0):

Theorem 5.2. If V satisfies Assumption 1 and 2 on A, there exists t > 0 such
that, uniformly for € € £, that satisfies |e — €,| < t, we have:

K
N! B)Nte —k ik -
h=1\""h k=—2
Here Nj, := [Ney]. e is a constant depending only whether each edge is soft or

hard. Fe{l;} is a smooth function for € close enough to €., and at the value € = €,,
the derivative of FE{ABQ} vanishes and its Hessian is negative definite. Moreover, the
law of the empirical measure Ly under ,uxi‘:ﬁ satisfies a large deviation principle

with speed N2 and good rate function & which is minimized at a unique probability
Measure [leq,c. In particular Ly converges '“1‘(7;,26 almost surely to fieq,c-

One can also estimate precisely the correlators of the fixed fraction measure:

Definition 5.3. The correlators of the fized filling fraction measure are given for
zeC\A :

Welo) = XA oo b W @) = e ) (63)

A consequence of [BG13, Theorem 1.3] also gives us the following theorem re-
garding the correlators:

Theorem 5.4. [BG13] If V satisfies Hypotheses 1 and 2 on A, there exists t > 0
such that, uniformly for € € £, and |e — €,| < t, we have an expansion for the
correlators:

We(z) = NWiH(z) + 0(1). (5.4)

(5.4) holds uniformly for x in compact regions outside A(in our case in particular
near the critical point cg). We{_l} is smooth for € close enough to €,

Remark 5.5. Alternatively, we can view [co — 6, co+ 9] as a degenerate, additional
cut of the support of peq. However, even if we can achieve an analogue of Theorem
5.2, taking this alternate viewpoint into account, which is likely to be a difficult task,
we still cannot exclude the possibility that finite eigenvalues are concentrated near
the critical point co. Thus, we do not apply this alternate strategy.

Our goal is to split <I> B into components and estimate the value of each

component. Then, we comblne the values of the components to estimate oY N, M B
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We start with the explicit formula for @‘1\/,’?4 5
1 N N
viB = — -2 V(A _
Pymp = VB / ; H drje~ 2 V) H A — Ni|?
N,8 [co—€,co+e€] j=N—M+1 NeM+1<k<I<N
N BIN-M)(_N_yx N
></ H d)\ie—f(m (M) H |/\i_/\j|/3
NEA =1 J=N—M+1
X I =7 (5.5)

1<i<j<N—-M

. N _V;A .
We want to rewrite @X:ﬁ”@ in terms of yﬁ:z}f/]ﬁ , the law of the N — M eigenvalues

. N _V;A R
in A. Note that @X’ﬁ’ﬁ is equal to py"y 5 multiplied by the law of the M
eigenvalues in [cy — €, ¢o + €] conditioned on the values of the N — M eigenvalues in
A. Also, note that the [Ty _ /41 <pci<n [Ae—Ai|? term is controlled by (2¢) B
Thus, let: S

N
N _v.oa (N-M)  w-m VA
. B Z;}tﬁ;’ - EN1+-~~+Ng:N7M NN, ZN_MyNN—’i%B
NMo T VB ZV:B
N,B N,
= VA TT 8585 g -A— N2V (ny)
E(m, - ,nm) = KN_Mp (He =t T2 ), (5.6)
Jj=1
N M
Lnm = / EAn-ms 5 n) [ e Ydy,
[co—€,cot+e]M j=N—-M+1
where N — M := (Ny,---, N,) with 3" N; = N — M.
Then, we have:
. BM(M—1)
Oy s < (20 7 YyuLnw (5.7)
When M=1, the inequality (5.7) becomes an equality:
T =YniLya (5.8)

(5.8) will be applied when we prove (2.5). We wish to split Y s into components
for further analysis. We make the decomposition;

V.A
N o _
YN = TQYN,M, Ynu =FnmGn M, (5.9)
ZN g
where Y
~om VA VA
Z A%
—M,B N—-M,B8
FN,M = ZVT, GN7M = W. (5-10)
N—-M,B N,B

By estimating Fiya Ly, o and Gy ar, we end up with an estimate of f’N,M, which
is an upper bound on Yy s as ZX’? < Z]‘\/,’g . It will also provide a lower bound for
®; pr to prove (2.5). Thus one rewrites formula (5.7) as:

BM(M—1)

(bx:?/[,ﬂ < (26) 2 GN,]VIFN,MLN,M . (511)
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Remark 5.6. We always consider % < § < 1.The § should be chosen to be smaller
than the constant t in Theorem 5.2, and in practice we need to make it even smaller
s.t we can use Taylor expansions near the €, (see Theorem 5.2 and (5.1)).

We next estimate Gy v, Fvovr and Ly .
5.1. step 1: Estimating Gy /.
Proposition 5.7. There ezists small § > 0, s.t when M < 6N, we have

1 ; ;
Grou = CMWENM(IHQGB TV 5 [V (n)dueq(n)) (5.12)
2

Furthermore, there exists a finite constant C such that for all1 < M < {N, Cy
satisfy the control

C < CeCM° (5.13)

Proof. Proposition 5.7 follows directly from the Lemma 5.9 and Corollary 5.12
below. 0

Remark 5.8. The term ¢“M° does not affect the final estimate due to the presence

of (2e)w in (5.11). Also, M is always much smaller than N, even though M
is not fized for all N.

To prove Proposition 5.7 we first show the following Lemma.

Lemma 5.9.

1
GN,M ~ eMNAB NMﬁ CM, (514)
2

where Ag does not depend on N or M and Cpr S eCM?

The value of Ag will be given by Corollary 5.12.

Proof. By the partition function estimate from Theorem 5.2, for a sufficiently small
9,

N — M)! N_V,A
N-M,p N1+...+;9_N—M Nyl-- Nyl N—mN=M g
~ Y (V- M@t gy, ((N ~MPFEL (N - M>FL%>V,) :
N-—M N—M

Ni+-+Ng=N-M,
|g75*|<5

(5.15)

In the last step we applied the large deviation principle for the empirical measure

e
L ; in other words, the sum over all N — M such that \JIVV%M —€,| > 0 is negligible.
Similarly,
N — M)' Ny A
it Y ARl
B ... N N g
Nyt Ny=N Nl. Ng. N, %8
~ Z (N)(g)(NHC exp ((N)ZFI{T;Q} + (N)Fg}> )
Ni+4--4Ng=N, N N
§75*|<6

(5.16)
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We point out by large deviation of the empirical measure Ly, we need only consider

N N-
N’» N-M

F11} and F{2} are smooth, and because the Hessian of F{?} is negative definite,
Fe{2} — Fe{f} ~ —|e — €, ]2.
All that is left to do is to analyze the limiting behavior of :

sufficiently close to €4. By Theorem 5.2, for % sufficiently close to €.,

Lx= Y exp((K)?FY + ) FL). (5.17)
Ni+-+Ny=K, K K
|§7e* <8

Here K = (Ny,---,Ny) with > N; = K. The following lemma suffices to complete
the proof.

Lemma 5.10.
Ly ~ exp(K2F + KF{D) (5.18)

Clearly, Lemma 5.10 plus (5.15), (5.16) imply (5.14). O
Now we give the proof of the lemma.

Proof of lemma 5.10. According to Theorem 5.2, we can find constant ¢, C s.t

[F — Fl < Cle — e, (5.19)
Fe{2} _ Fe{f} S _c‘e — €*|27 (520)
|F{% — FI2| < Ole — e (5.21)

—
By the smoothness of F{'} and F{2} and because there exists at least one K7,

RN
st [ KL —€,| < L, we can easily get the lower bound(using (5.19), (5.21):

Ly 2 exp(K2F + KFD). (5.22)

Next, we calculate the upper bound. Actually, since we only sum over |§ —6] K
1 we only need to establish by (5.19) and (5.20) that

K

> exp(—cK2|F — &2+ CK| —el) S 1. (5.23)
1K —e,|<1

Clearly, (5.23) plus (5.19) and (5.20) will give the upper bound:

Lz Sexp(K2F2 + KFDD). (5.24)
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To prove (5.23), let Q be a large constant such that cQ>100C, then

K K
Y. exp(—eK’| 5 — e + CK| 7 — &)

K—E*|<<1
K

< Y ep(eK’ — el + CK| 2 —el),

1B-c.l<$
74 74 (5.25)
+ Y exp(—cK2|?—e*|2+CK\?—e*|),
E_ Q
|5 —ex|>F

1 K
Sel+ Z eXP(—§CK2|?—€*|2)7
K—5*|>
<1

which proves the Lemma. (I

Having established Lemma 5.9, we complete the proof of Proposition 5.7 by
computing Ag. As Ag does not depend on M it is enough to prove the following
lemma:

Lemma 5.11. Given n/,n" > 0 and N large enough,
Gy > eNn'Hinfeea T(©+5 [V)duea ()

1" . [—} (5-26)
Gyi1 < N +infeea T()+5 [ V(Mdpeq(n))

Proof of the lemma almost exactly follows the same computation in the appendix
A of [BG11]; For completeness, we include the proof in our Appendix, see lemma
A.3.

Thus, we simply take M=1 in Lemma 5.9. By Lemma 5.9, for each n’',n” > 0,
and for large N,

N(—n'+ gingj ﬁ / n)dpeq(n)) < NAg + Cln(N + 1),
(S

(5.27)
N+ jut 7O + 5 [ V() = N - Cla(x +1)
since we can choose ', n"” > 0 arbitrarily and also note
inf 7 = inf J. (5.28)
ceA ¢eB
Thus we get the value of Ag:
Corollary 5.12.
: 5 /
= f 1) d e . 5.29
p={inf T(¢ Jdiea( (5.29)

Thus we get the value of Ag,which completes with Lemma 5.9, the proof of
Proposition 5.7.
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5.2. step 2: Estimating the product F a X Ly a. To bound Fiy pr and Ly ar
from above uniformly on |M| < JN, we wish to use concentration inequalities
under u‘[\/,’i; This is the point where we will use the strict convexity of V' on each
connected components of A, see Assumption 2. However, when A is not connected,
the density of this measure is not strictly log-concave and standard concentration
of measure results do not apply. To remedy this point, we will expand the product
Fn,m X Ly in terms of the fixed filing fractions uxi’:ﬁ which have a strictly
log-concave density under Assumption 2. Indeed we then have, see [[2.3.2], [4.4.17],
[4.4.26] | in [AGZ10] for more details,

Lemma 5.13 (Concentration Inequality). Let € be given. Let V be a smooth func-
tion such that V"(x) > C > 0 for all v € A. Let f be a function that is class C*
on RY. Then

A, [e(f—ftXifgs(f))} < enelflz, (5.30)
where
N
I£lle =\ D l10x fl1%-
=1

Remark 5.14. In practice, we only need the information of f on A, in other words
we only require f to be smooth near A and ||f||z in the above lemma can be replaced

by (| fllzca-

To use this lemma, we write the decomposition over the feeling fractions. By
the large deviation principle for the empirical measure Theorem 1.1 it is possible
to restrict ourselves to the case where the feeling fractions are closed to that of
the equilibrium, up to an error of order e~V . Moreover, we first work with fixed
(AN—M+1,--,An). We shall prove the following upper bound

Proposition 5.15. There exists € > 0 so that for any AN—_pr+1,- -+, AN belong to

[co — €, ¢co + €], we have the following uniform estimate:

Fn By An—pgts s n) < CeCM? o] =25V () dpeq(n) ;=N 30y _pr1 TV E (V)
(5.31)

Proof. From the above considerations, we can write up to this small error

FnmEAN-M41,  AN) & > Oy ey ] (5.32)

N—M=N;+-+N,,

—_—
N—M
| F=ar —€x <8

where
[ ]
1 (N-M)! _va
°N—M T ZJ‘G;—AM,[B Nyl N, 'ZN—M,%,L/ (5.33)
[ ]
N
dgmmy =1V | H eZin M (VO N —NI=EVON)) - (5.34)

N-M
TN G=N-M+1
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We shall use Lemma 5.13 with f(A1,..., An_nm) = Zi\;N_M_H an. (A, S AN—M)
with
N

A A ) = Y (—gvm + BIn|A = Aj).
j=N—-M+1
Note that g, is smooth for A close to ¢y and A\;,7 < N — M in A, and such that
lgrl|% is of order N. As a consequence, || f||% is of order NM? for AN_ar41, .-, AN
close to cg.

We first estimate d;—3; and then substitute the estimate into (5.32). By the
concentration inequality,

N
B . . N—-M
- —5(N=M)V(Aj) VA s f()
dn=i= [ > oy w6 ),
j=N—M+1 P N—M *
N EN M ()\) N-M 1%_} (Eﬁ\i—l\i f()\z))
_ H e~ s (N=M)V(Nj) ,ViA e “non, N=M, =
j=N—-M+1 N-M, % o8
V;A N—-M
[ N=M (Zizl F(X)
xe NTMONTAL
N pA L (SNAMFOW)
<CeOM ([ e ENVOD)e v R '
j=N—-M+1

(5.35)
The last step is a consequence of concentration inequality, Lemma 5.13. We remark
here in the following estimate the constant C may change line by line.

Now we use the estimate of Lemma A.1, which is derived from Theorem 5.4.
Indeed, since we assumed V' analytic in a neighborhood of A, f is also analytic in
a neighborhood of A (for [co — €, ¢o + €] at positive distance of A), so that we can
use Lemma A.1 to deduce that

u

i Z FO)) = (N = M) g (fO) +O(M). (5.36)

N- M% 2 e, N

Next, we want to substitute 4 g—=3; by tteq By Appendix A.1in [BG13|(i.e the
€4 N=™M
smooth dependence), it is not hard to see(we point out here pleq = peq,e, ):

|Meq{f}—ﬂeq’ﬂ{f}\ lbeq.e AT —n W{f}|<CM|W €x|. (5.37)

Combining (5.35), (5.32), (5.36), (5.37) gives us

N
FymE (Av-aran, o Ay) SCeOM (T e 88V

J=N—M+1
S cmexp<<N—M><uqu{g}+cM|N MM e*|>+0<M>>.

N-—M
| =57 —€x|<d

(5.38)
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Now in order to establish our desired estimate:
N

FrnuEAN—prs1, -, An) S CeCM( H e ENVOD) exp (N — M)peq{f})
j=N—M+1

S CeCMz ef - BI\;AI V(n)dlteq(n)e_N E;y:N—IVI+1 JV"B(/\J-)-

(5.39)
We need only establish the inequality:
Z CmeCM(NfMﬂi%j% —el < CeC’MQ’ (5.40)
| N=ar —ex <6
which is straightforward since c;—; has a sub-Gaussian tail
g < Co—cK 1B e P+oK| B —c,| (5.41)
(5.41) follows from Theorem 5.4 and (5.19), (5.20), (5.21).
O

From Proposition 5.15, we can easily obtain an upper bound on Fx Ly by
using classical Laplace method:
Proposition 5.16. Under Assumptions 1 and 2,
1

2 _B _ ; VB
FN,MLN,M S C’eCM e~ 2 NM [V(n)dpeq(n)—NM inf J NM
2

Proof. The proof is straightforward since by Proposition 5.15

) co+e . M
FnwmLna S CeCM? (=5 NM [V (n)duea(n)—NM inf "5 </ eNJV‘B(w)eMgV(w)dx>
co

—€

where we can bound V from below, providing a term e¢“™”, and use Laplace method

(recall we assume J"(co) > 0, see [AGZ10, section 3.5.3] for details) to get

cote .
_NJV:B()\)d)\ -
6 ~ .
/.. 7

O

Remark 5.17. Note that if we would have assumed instead of j”(co) > 0 that for
some ¢ >0 J"(x) ~ |x — ¢ol? in a neighborhood of ¢y, we would have obtained

1
Fy Ly < CeCM e 8NM [V (n)dueg(m) _—_
N a
and criticality would have occurred at = 2/q.

Propositions 5.16 and 5.7 give (2.4) since

VB BM(M—1)
Py < (200 7 GNmENmINm

pMa—1) 1 1

T NENE >4
for some finite constant C’. Hence, if € is chosen small enough, the result is proved.
This concludes the proof.

< C'(Ce)
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5.3. Proof of (2.5). Simply recall that in this case we have equality:

VB

@iqy‘gﬁﬁ YNJ/ E(An)e 2V gy, (5.43)
Z [CU 6C0+E]

When M = 1, we combine the estimate of (5.14) and apply central limit theorem
Lemma A.2. Then we get:

FniE(An) ~el = SNV (n)dpeq(n) g=T (AN) (5.44)

The estimate for Gy 1 given in Proposition (5.7) holds. Thus,we get

VB
N.B 1 NI
ZVA(I) 55 Né/ Oy
N.j 2 Jleomecote (5.45)
> —r
NI
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APPENDIX A. SUPPLEMENTARY LEMMAS

A.1. How to make use of the correlator estimate. Here we prove the following
lemma by using the estimate for correlator.This technique is standard, we include
the proof for completeness.It also shows the reason why sometimes we need the
assumption that a function is analytic analytic (near the A); it guarantees that we
can use Stieltjes transform estimates.

Lemma A.1. Under the assumption in Theorem 5.4, let uNe ﬁbe the fized filling
fractions measure, [ioq. be its limiting measure, let h be a functwn that is holomor-
phic near A. Then,

ines(D_ 1) = Nieg.e(h)| < C. (A.1)

Proof. Using Cauchy’s integral and the assumption h is holomorphic near A, we
find a contour I' s.t h(A) = 7= . fhf Thus

Neﬁ Zh — Nipteq,e(h)|
< T sup((1(€) M(Z5 L) -Mmen ag
S |r|§gg{\h< IIW.(&) — NW )1

Our desired estimate follows from the expansion of the correlators given in Theorem
5.4. O
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A.2. Central limit for analytic functions. We want to establish estimate (sim-
ilar to the fixed fractals central limit theorem in section 5.5 of [BG13]). It is
essentially contained in[BG13], but we write down the proof to be self-contained.
we remark this h must be homomorphic near the neighborhood of A(since we want
to use the correlator estimate).Then we have:

Lemma A.2. Let Assumption 1 and 2 hold, and h be holomorphic near the neigh-
borhood of A, then:

i xS B} ~ exp(N [ h(n)dnea(m)) (A3)
Proof. By the large deviation principle of the limiting measure:
nia{eQohOD} D0 egu S {exp(Y ] h(A)}- (A.4)
R .
\%—e*|<5

First, we calculate a lower bound. Let ]4\/z be such that |§ — €] < % and ¢y > cq,
by Jensen’s Inequality'

{ep(Qd_pO} = e 5 D (A (A.5)
N,
Next, by Lemma A.1, we can deduce the estlmate:
ﬁ ﬁ O h(n) ~ N w ()| SC. (A.6)

Using that pteq e (k) depends smoothly on € (see appendix A.1 of [BG13]) and pleq,e, is
exactly fioq, we have:

g 5 (W) = Htea(W)] S €l = €l (A7)
Now , combing (A.4), (A.5), (A.6), (A.7), we get:
HHep(Y MO} 2 eV [ n)dua(n)) (A58)
The upper bound is based on the concentration equality for (fixed fractals mea-
sure) and the explicit estimate for the partition functlon% Z V .Basically,
N, N )

concentration inequality gives the inverse direction of Jensen’s inequality.
First from concentration inequality,

M ﬁ {exp Zh N} Sexp(p {Zh (A.9)

Now, combine (A.4), (A. ), (A.7), (A.9), and the estimate for the partition function,
we get :

1 5 {exp(> " h(A)} (A.10)

§ X eweNy -l 4 ONI e exp(Nin(h).
| R —€x]<d

Thus, we finally conclude by

N

N
> exp(—cN2|ﬁ —e?+ CN|; -l St (A.11)

‘%,e*‘<5
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O

A.3. lemma for Gy,;. We remark the following lemma is follows almost exactly
the same argument as the analysis for Y in the appendx A.3 in[BG11].
We include the proof for completeness.

Lemma A.3. Givenn >0 and N large enough, support set A =Uj_ Ay,

Gu1 > NCtinfeca TEOF5 [V dica(m),

. s (A.12)
Gni1< eNtinfeea T(€)+5 [V (n)dieq(n)

Proof. Let § > 0. By Theorem 1.1, the probability that Ly_; is of distance greater
or equal to 6 from e is smaller than e~Ts(N=1) for some I's > 0. Therefore, when
N is large enough,

N-1

1 / dAye T VON) H Ay — AifPe=2V 00
A i=1

GnN1 ZI‘\/,;A1 8

x H de” TTEV00 T -l

1<i<j<N-1

(N 1B _B _,
— WA </ dye- V) =2V On) H Dy — Aile >>

i=1

< T +/ dee= BV (O PNV ey <o (= 52+ In le=nl=§V (n)]an(n))
A
As in [[BG11], Appendix 3|, note that for all probability measures p on A:

/MKWWULﬁmmMWMW)

while the function on the righthand side is continuous in g and &, and thus

¢—0

lim mmmmmfnuouumw:[gnmfnu%am.

Therefore,

imsupsup sup 5 [nle—al = Jvautn - L) < - ur 7R
)<d

6—0 E€A d(p,pteq EEA

B Vydpes)

Thus, for any ' > 0 and N large enough,

1 < eN( n —infeea J(€)— fV(77 dﬂeq(n)) (A]_3)
Gn.1
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As for the upper bound, let ¢ > 0. For any [a; — €,a} — €], there exists §. > 0
such that the following holds by Jensen’s inequality:

Since

N—-1

. = vA / d/\N€7¥V(>‘N) H (AN —z\i|ﬁ€7§v()‘i) )
A

> i=1

T+e€ N-1

VA _Ng _By(a,

> A / dAye FVON TT Py = Al V00 )
r—€ i=1

> 2ee~ BV (@) =Nb VA , (ezfizl 2 o 1n|5—A1:\d5—§V(Ai>) .

A — 2% fc In |€ — X\;|d€ is bounded continuous on A, by convergence of

Ln_1 = peq, for any given n > 0, when N large enough,

> 9ee= TV @) =2No ((N=1) [ 5 ([727 In|E=nldg = §V (n) ) dpica(n)

Gy
> ¢~ N(ntinfeea T(E)+5 [ V(n)dpeq(n))
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