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Abstract

The Bar-Natan homology is a perturbation of the Khovanov homology of a knot. Previous work has
shown that Khovanov homology remains unchanged under Conway mutation of the knot diagram.
We give an exact triangle with three different resolutions of a link and prove several lemmas relating
the dimensions of different Bar-Natan chain complexes and homologies. These allow us to prove

that the dimension of the Bar-Natan homology BN* (L;Z/27) is invariant under Conway mutation.



1 Introduction

Knots are perhaps some of the least abstract mathematical objects, as they are commonly found
in real life. Mathematically, however, a knot is simply an embedding of a circle in R3. Knot theory,
the study of such knots, remains an active field of mathematical research to date. Knot theory has
many applications in fields of science, including the chemistry of DNA and molecular knots. [I]

A knot diagram is a projection of a knot onto a plane. A knot diagram can contain crossings,
or places where the knot crosses itself. Mathematicians consider two knots to be essentially the
same knot if one can continuously deform one knot into the other. Hence the natural definition of
a knot invariant: some quantity that is the same for identical knots (up to deformation). In 1984,
mathematician Vaughan Jones discovered a knot invariant, the Jones polynomial [5], that brought
forth a rush of new interest in knot theory, where many mathematicians attempted to generalize
or apply the Jones polynomial. In the year 2000, mathematician Mikhail Khovanov succeeded
in categorizing the Jones polynomial with the introduction of a new knot invariant, Khovanov
homology [6]. The Khovanov homology has the property that its graded Euler characteristic is
the Jones Polynomial. In 2002, mathematician Dror Bar-Natan defined a variant of Khovanov
homology and proved that this Bar-Natan homology was also a knot invariant [3].

Conway mutations are one of many ways to transform knots. A Conway mutation takes a tangle
of the knot and rotates it 180 degrees, then glues it back into the knot. We note that all mutant

pairs can be drawn in the form shown in Figure [} as proved in [7].
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Figure 1: Mutant knots in standard form. Picture from [7].

Recent work from Bloom and Wehrli has shown that the Khovanov Homology is invariant under
Conway mutation (up to isomorphism) [4]. Lambert-Cole even more recently outlined a simpler
argument for the mutation invariance of Khovanov Homology in [7].

In this paper, we focus on the behavior of Bar-Natan homology over F' = Z /27 under Conway
mutation. Specifically, we construct an exact triangle relating various resolutions of a link in
Lemma [4, By proving several relations on the dimensions of the Bar-Natan chain complexes and
homologies, we are able to use the exact triangle in succession to prove our main result, Theorem

for any k > 1, dim(BN*(L)) is invariant under Conway mutation.



2 Notation

For precise definitions of the Khovanov homology and the Bar-Natan homology, refer to [9] and
[8]. The field we use is F' = Z /27, so we may eliminate sign issues.

Throughout this paper we notate BN(L) as the unreduced Bar-Natan homology, and ﬁN(L)
as the reduced homology for a link L. The reduced version of the Bar-Natan homology is defined
as follows: we place a point (known as the basepoint) on any part of the knot; in a complete
resolution of the knot, we only choose one of the two generators (specifically, v ) from the circle
which contains the basepoint.

Recall that we create the Khovanov homology by taking the homology of the Khovanov chain
complex, which is constructed from a resolution cube, using specific merge and split formulas for the
differential ([9]). We now alter the complex by tensoring it with F[U], and then change the merge
and split formulas as shown in []], to make the Bar-Natan chain complex, which we can take the
homology of to make the Bar-Natan homology. We denote Cpn(L), ChN (L) as the unreduced and
reduced Bar-Natan chain complexes, respectively. BN¥, ﬁﬁk, C’QN, and 5’]’§N are defined similarly,
but the ring is F[U]/U* instead of F[U] (so that the superscript k& simply denotes a change in the
ring). For each of the following results, unless otherwise stated, the result holds true for all £ > 1.

Finally, in regards to mutation of links, L; U Lo denotes the disjoint union of links L; and Lo,

considered as one link; see Figure 2al L1# Ly denotes the connected sum of Ly and Ls as in Figure

2E

3 Extending the Argument

We follow Lambert-Cole’s proof in [7] with a few modifications that render the argument suitable
for Bar-Natan Homology. To do so, we prove the many preliminary results below. Throughout this
section, L is a link.

To start, we note that the reduced version of the Bar-Natan homology has some nice properties,

as in this result from [g]:

Lemma 1. ]gl\\I/k(L) does not depend on the choice of basepoint.

This fact allows us to relate the reduced and unreduced versions of the Bar-Natan homology:
Lemma 2. dim(BN*(L)) = 2 dim(BN*(L)).

Proof. Let N denote the unknot. We consider égN (LUN). We can put the basepoint on N or L,

leading to the following, respectively:

CEN(LUN) = CE\(L),



and
CN’]’%N(L UN) = 51]§N(L) D égN(L)-

When taking homology, we obtain:
& —k —k
BN*(L) =BN (L) @ BN (L),
which implies the result. ]
Lemma 3. Given any two disjoint links L1 and Lo, we have:

Cin(L1U L) 2 Cfin(L1)  ®  Chx(La).
FlU]/U*

CEn(Li#Ls) = CEx(L1)  ®  Chy(La).
F[U]/U*

Proof. (1): For the module structure, we readily see that the generators for both sides are the

same. Leibniz’ rule is used for the differential (9) of Chy(L1) ® CE\(La2):
FlUj/U*

Y (2,y) = (0% z,y) + (z,0y),

where X = CE\(L1), Y = Ck\(L2), and = and y are respective elements.
(2): By Lemma [l we may consider the following basepoint placement on L, Lo, and Li#Lo
(basepoints are bolded dots, and the left side of L; and the right side of Lo are not represented):

(a) L1 U Lg (b) Ll#Lg

Figure 2: Disjoint union and connected sum

Now, because we essentially omit the circles in the final resolution that contain the basepoint,
we again have a correspondence between the generators for the two sides, and the argument is
similar to the previous.

O

Let —L be the link L but with all of the orientations reversed ([7]):



Li#Lsy LyULsy
Figure 3: The exact triangle

Lemma 4. There exists an exact triangle

.. = BNF(Li#Ly) — BN*(L1#—Ly) — BN¥(L; U Ly) — BN¥(L1#Lo) —

Proof. Consider the resolution cube of the link Li#— Lo, which we will write as L. All resolutions
of L contain either Ly or Li, which denote L with a 0 and 1 resolution at the intersecting crossing,
respectively (we abuse notation: Lp is not the same as in the statement of the lemma). The
resolution cube can be divided accordingly into two parts, which we will call the resolution cube
of Lo and L1, respectively. Note that all arrows in the resolution cube of L that go between the
resolution cubes of Ly and L; point from the resolutions in the cube of Ly to resolutions in the
cube of Li. Thus the Bar-Natan chain complex of L is a subcomplex of C’EN(L), and the chain
complex of Ly is the quotient complex CE\ (Lo) = CE\(L)/CE\(L1). This gives us a short exact
sequence:

0 — CEN(L1) — CEN(L) = Cn(Lo) — 0.
Theorem 2.1 from [2] shows that the above induces the desired exact triangle in homologies.  [J
Lemma 5. Given an exact triangle of vector spaces:
sAasBLolas

we have the following:
dim(A) = dim(B) + dim(C) — 2dim(im(f)).
Proof. By the rank-nullity formula and exactness, we have:
dim(A) = dim(im g) + dim(ker g)
= dim(ker f) 4 dim(im h)
= dim(B) — dim(im f) + dim(C) — dim(ker h)
= dim(B) + dim(C) — 2dim(im(f)).



O]

Recall that different orientations of different components on links results in many different

choices of connected sum. However, the following is true:
Lemma 6. BN(L;#Ls) is independent of the choice of L1# Lo, up to isomorphism.

Proof. Part two of Lemma [3| states that ééN(Ll#Lg) & 6§N(L1) ® 5}I§N(L2). The Kunneth
F[U]/U*

formula implies that the Bar-Natan homology of the right side is determined by ]gl\\T/k(Ll) and
I;N/I‘:(Lg). Thus, };N/’“(Ll#Lg) does not depend on the choice of connected sum. This result is
extended to the unreduced Bar-Natan homology by Lemma [2] which implies that the dimension of
the unreduced Bar-Natan homology as a vector space does not depend on the choice of connected

sum. ]

Lemma 7. The map in the evact triangle in Lemma |4 for BN¥(Ly U Ly) — BNF(Li#Ls) is

surjective.

Proof. Consider the exact triangle in Lemma By Lemma@ we know that dim (BN (L #—Ly)) =
dim(BN¥(L1#L5)), and from Lemmawe can deduce dim(BN¥(L; U Ly)) = 2dim(BN¥ (L, #Ly)).
Now, by Lemma [5| applied to the exact triangle, dimension of the image of the considered map is
dim(BN*(L1#L5)), as desired. O

Now we are ready to prove our main result:
Theorem 8. For all k> 1, dim(BN*(L)) is invariant under Conway mutation.

Proof. We have the following diagram corresponding to the links in Figure [4 by Lemma [4] so that

each of the three vertical columns and the three horizontal rows are exact sequences.

f
—> BN(Log) —— BN(Lg1) — BN(Lg o0) —
k‘o kl

f
——>BN(Ly9) —= BN(L; 1) —= BN(Lj o) ——

— BN(LOO’O) — BN(LOOJ) —— BN(Loo,0c0) —

)

Note that Lo, and Lj o are Conway mutants written in standard form (see Figure 1), and
it suffices to prove that dim(BN¥(Ley 1)) = dim(BN¥(L;)). Lemma [7| implies fo and ko are
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Figure 4: Links obtained from resolving two crossings in L. o on the bottom right. Picture taken

from [7].

surjective, and commutativity of the quotient map with merges and splits implies fi0ky = k10 fo (See
[9]). We then have im(k;) = im(kj o fy) = im(f10ko) = im(f1). Lemma@implies dim(BN*(Lg 1)) =
dim(BN*(L1)), so by Lemma

dim(BN¥(L; o)) = dim(BN*(L; 1)) + dim(BN*(L; o)) — 2 dim(im(f;))
= dim(BN*(Ly 1)) + dim(BN¥(Lg 1)) — 2 dim(im(k;))
= dim(BN* (Lo 1))

At this point, it is natural to propose the following conjecture:

Conjecture 9. The Bar-Natan homology BN (L), as a module over F[U], is invariant under Con-
way Mutation. Similarly, the Bar-Natan homology BN™ (L), as a module over F[U]/U™, is invari-

ant under Conway Mutation.

The main difficulty on the conjecture is due to a lack of Lemma [5| when working with modules
(instead of vector spaces). Therefore, just controlling the dimension of the image of maps in the
exact triangle is not enough to prove Conjecture [9) one needs to better understand these maps as

maps between modules.



4

Acknowledgements

I am grateful to my mentor Dr. Jianfeng Lin, MIT, who guided me throughout the entire

research process and for proposing this project. Moreover, I would like to thank the MIT Math

Department and the MIT PRIMES-USA program for giving me this opportunity to experience

research as a high school student.

References

1]

Colin C. Adams. The knot book. American Mathematical Society, Providence, RI, 2004. An
elementary introduction to the mathematical theory of knots, Revised reprint of the 1994 orig-

inal.

Andrew Baker. Notes on chain complexes. Preprint, hittp://www.maths.gla.ac.uk/ ajb/dvi-
ps/Homologicalalgebra.pdf, 2009.

Dror Bar-Natan. On Khovanov’s categorification of the Jones polynomial. Algebr. Geom. Topol.,
2:337-370, 2002.

Jonathan M. Bloom. Odd Khovanov homology is mutation invariant. Math. Res. Lett., 17(1):1-
10, 2010.

Vaughan F. R. Jones. A polynomial invariant for knots via von Neumann algebras [ MR0766964
(86€:57006)]. In Fields Medallists’ lectures, volume 5 of World Sci. Ser. 20th Century Math.,
pages 448-458. World Sci. Publ., River Edge, NJ, 1997.

Mikhail Khovanov. A categorification of the Jones polynomial. Duke Math. J., 101(3):359-426,
2000.

Peter Lambert-Cole. On conway mutation and link homology. arXiv preprint, 2017.

Francesco Lin. Khovanov homology in characteristic two and involutive monopole Floer homol-
ogy. arXiv preprint arXiw:1610.08866, 2016.

Paul Turner. Five lectures on Khovanov homology. J. Knot Theory Ramifications,
26(3):1741009, 41, 2017.



	Introduction
	Notation
	Extending the Argument
	Acknowledgements

