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ABSTRACT. In this paper we compute the orbits of the symplectic group Sp,,, on partial flag
varieties GLa, /P and on partial flag varieties enhanced by a vector space, C?" x GLa, /P.
This extends analogous results proved by Matsuki on full flags. The general technique used
in this paper is to take the orbits in the full flag case and determine which orbits remain
distinct when the full flag variety GLs,/B is projected down to the partial flag variety
GLo,/P.

The recent discovery of a connection between abstract algebra and the classical com-
binatorial Robinson-Schensted (RS) correspondence has sparked research on related alge-
braic structures and relationships to new combinatorial bijections, such as the Robinson-
Schensted-Knuth (RSK) correspondence, the “mirabolic” RSK correspondence, and the
“exotic” RS correspondence. We conjecture an exotic RSK correspondence between the or-
bits described in this paper and semistandard bi-tableaux, which would yield an extension

to the exotic RS correspondence found in a paper of Henderson and Trapa.



1. INTRODUCTION

1.1. Background. Group actions are fundamental to representation theory. The group
action of a group G on a set X is a homomorphism from G to the symmetric group of X,
i.e. any element of G corresponds to a permutation of the elements of X. An important
property of a group action is the orbits into which the group action of G divides X. Two
elements x1, x5 € X are in the same orbit iff there exists some g € G such that gx; = xs.
The relation of x1, x5 being in the same orbit is an equivalence relation; thus, the orbits of
G on X partition X into finitely or infinitely many orbits. In this paper we classify orbits
of Sp,,, on GLs,/P and orbits of a fixed-point subgroup of Sp,, on GLg,/P, where Sp,,

denotes the symplectic group and GLs,/P denotes a partial flag variety of type A.

A major motivation for the results of this paper is the classical Robinson-Schensted (RS)
correspondence, which is a combinatorial bijection between the symmetric group S, (per-
mutations on n elements) and pairs of standard Young tableaux on n boxes of the same
shape. This was discovered independently in different forms by Robinson in 1938 (see [2])
and Schensted in 1961 (see [7]).

Moreover, the Robinson-Schensted correspondence runs much deeper than a simple com-
binatorial bijection. The Bruhat decomposition of a connected reductive group G is the
decomposition of G into double cosets BwB where B is a Borel subgroup of G, W is the
Weyl group of G, and w € W. Alternatively, the orbits of B on G/B are in bijection with
W. In the case where G is GL,, W = S,, and B can be taken as the subgroup of invertible
upper triangular matrices; then the Bruhat decomposition states that every g € GL,, can be
written as g = bywby where by, by are invertible and upper triangular and w is a permutation

matrix. In this way the RS correspondence has a natural bijection with the orbits of B on

GL,/B.

The Robinson-Schensted-Knuth (RSK) correspondence is a generalization of the RS cor-

respondence. It extends the RS correspondence to a bijection between non-negative integer
3



matrices with entries summing to n and pairs of semistandard Young tableaux on n boxes
of the same shape, where the column sums of the matrix must equal the weight of the first
tableau, and the row sums of the matrix must equal the weight of the second tableau. Note
that this reduces to the standard RS correspondence when the matrices are permutation
matrices, corresponding to S,, and the semistandard Young tableaux are standard Young
tableaux, corresponding to weights of (1,1,...,1). Whereas the RS correspondence param-
eterizes B-orbits on GL, /B, the RSK correspondence parameterizes P-orbits on GL, /P,

where P is a parabolic subgroup of GL,,.

Spaltenstein discovered that one can recover the RS correspondence by classifying the
irreducible components of the Steinberg variety. The Steinberg variety is a certain subset of
the product of two copies of the flag variety with the cone of nilpotent elements of the Lie
algebra sl,, and its irreducible components can be naturally parametrized in two different
ways. A concise treatment is given in Chapter 3 of |1]. Furthermore, this geometric corre-
spondence was generalized by Rosso (2010, see [6]) to the partial flag variety to recover the

full RSK correspondence.

Travkin (2011, see [8]) computed the orbits of B on C*" x GL,,/B and from this found
the mirabolic RSK correspondence, a bijection between decorated permutations (w, 5) where
w € S, and [ is a subset of {1,...,n} restricted by w, and triples (T}, 7%, ) consisting of a

pair of standard Young tableaux and an extra partition restricted by 717 and T5.

Matsuki (2010, see [5]) gave a characterization of the orbits of the symplectic group Sps,,
on C?" x GLy,/B, where GLs, /B is the complete flag variety in C*". Henderson and Trapa
(2011, see [3]) use this to find an exotic version of the RS correspondence. They give a
bijection between pairs (w, #) as in mirabolic RSK but with w restricted to fixed point-free

involutions, and standard Young bi-tableaux for certain bi-partitions.



A major inspiration of this work is Rosso’s program [6] to extend Robinson-Schensted-type
correspondences using partial flags. Hence we would like to generalize the exotic Robinson-
Schensted above to one involving semistandard bi-tableaux by extending the work of Matsuki

and Henderson and Trapa to partial flags.

A special case of one of our results is contained in Magyar (see [4]) using the theory of
quiver representations. The results of this paper can be applied to studying certain categories

of representations.

1.2. Main results. In Section [2| we lay out the preliminary definitions and concepts and
state several results of Matsuki, which are heavily used throughout the rest of the paper. In
Section (3| we compute Sp,,,-orbits on GLy, /P, the main result being Theorem m Finally,
in Section , we compute @Q-orbits on GLs, /P (where @ is a fixed-point subgroup of Sp,,,),
the main result being Theorem , and the orbits of Sp,,, on C?" x GLy, /P obtained as a

corollary (Corollary [4.7).
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Elias, Pavel Etingof, and Slava Gerovitch for supervising the MIT-PRIMES program; and
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2. PRELIMINARIES

2.1. Basics. The vector space V = V,, = C" is the n-dimensional complex vector space. The
general linear group GL,, referred to as GG, is the group of invertible linear transformations
on C". The span of a set of vectors {vy,...,v;} is denoted (v1,...,vr). A complete flag is a
sequence of subspaces {0 C Vi C ... C V,,} such that dim(V;) =i for each i. A complete flag
variety is the space of all complete flags. For a fixed basis, the Borel subgroup B C G is
the group of all invertible linear transformations leaving a chosen complete flag fixed. The

complete flag variety is isomorphic to G/B.

A partial flag of signature (dy,...,dy), dy > 0, d, = n, is a sequence of subspaces {0 C
Vi, C ... C Vg }, dim(V;) = i for each i. Sometimes we refer to dp, which is 0. A partial
flag variety of signature (dy, ..., dy) is the space of all partial flags with that signature. For a
fixed basis, a parabolic subgroup P of signature (dy, ..., dy) is the group of all invertible linear
transformations leaving a chosen partial flag fixed. Thus B C P for all parabolics P. The

partial flag variety of signature (dy, ..., dy) is isomorphic to G/ P.

The relative position of two flags F' = {V; C ... C V,,} and F' = {V/ C ... C V/!} is defined
as the matrix {dim(V; N V})}7;_o. The action of G on a pair of flags leaves their relative

position fixed, since invertible matrices do not change the dimensions of subspaces.

From here V' will be assumed to be even-dimensional, and its dimension will be denoted

2n instead of n.

The symplectic form w : V xV — F is a bilinear form on V' that satisfies three properties:

o Skew-symmetric: w(u,v) = —w(v,u) for all u,v € V.
e Totally isotropic: w(v,v) =0 for all v € V.

e Nondegenerate: For all nonzero u € V', w(u,v) # 0 for some v € V.



Two vectors u, v are called a symplectic pair if w(u,v) # 0. Otherwise, they are called

perpendicular, and we write u L v.

For a subspace U C V, its perpendicular U+ C V is defined as U+ : v € V | u L v
for all w € U. For a flag ' = {0 C V,, C ... C Vg }, its perpendicular is defined as
Fr={0cVy c..cVycV}

It is possible to find a symplectic basis on all even-dimensional vector spaces V; we find
such a basis (ey, ..., €2,) such that w(e;, ean11-;) = 1 for i < n, and we call it the standard
basis for V. The symplectic group Sp,,,, referred to as K, is the group of invertible linear
transformations that preserve the symplectic form, that is, the set of all & € GLg, such that

w(u,v) = w(ku, kv) for all u,v € V.

Define )2, = @ as the subgroup of K consisting of symplectic vectors leaving e, fixed,

Le. Q = {q €K | q€on = €2n}'
Define W as (eg,)t = {ea, €3, ..., €2, }.

Often we will refer to the relative position of a flag F' with its perpendicular flag F*, i.e.
{dim(V; N V]L) ?3:0. We may refer to this simply as the relative position of F'.
2.2. Prior results. We adopt Matsuki’s notation (see [5]) {d;;};7_, for the relative position
of a full flag (with its perpendicular), and the derived matrix {c;;};%_, defined by ¢;; =

dij—1 — dij — dim1j—1 + dimnj.
Definition 2.1. Define Cy, as the set of 2n by 2n symmetric permutation matrices with
zeros along the main diagonal.

These matrices may be viewed as ways to fully pair 2n elements. They may also be called

fixed point-free involutions.

The following results about K-orbits on G/B were determined by Matsuki (see [9]):



Proposition 2.2. For every flag F = {0 C Vi C ... C Va,}, there exists an ordered basis
(1, ooy V2,) Of V' such that V; = (vy, ...,v;) for 1 < i < 2n, which has the additional property
{wvi,v;)}3m_, € Cap.

,j=1

Theorem 2.3. The orbits of K on G/B are in bijection with Cy,.

The following results about Q-orbits on G/B were also determined by Matsuki (see [5]):

Proposition 2.4. For every flag F = {0 C Vi C ... C Va,}, there exists an ordered basis
(U1, ey V2,) Of V' such that V; = (vy, ..., v;) for 1 < i < 2n, which has the additional properties:

{w(vi,v;)}7_) € Cop and {w(vi, e20)}7% comprises s ones and 2n — s zeros, 1 < s < n.

Theorem 2.5. The orbits of Q on G/B are in bijection with |_| I_lC’(I(A)), where C(1(ay)
s=1 =«
is the set of I )| by [I(a)| symmetric permutation matrices {c; j}ijer ., with zeros along the

main diagonal, and the disjoint union * is taken for all partitions {1, ...,2n} = I 4Ll x) Uy

such that |Iix)| = |Iyy| = s.

Corollary 2.6. The orbits of Q on G/B are in bijection with sequences Zy...Zs, of “AXY”
symbols: X symbols, X1...Xs; Y symbols, Y1...Yy; and pairs of A symbols, Asi1, Asi1, ..., An, A,
such that:

o 1 <s<n.

The symbol X; appears before the symbol X; 1 for all1 <1< s—1.

The symbol Y; appears before the symbol Y1 for all1 <i < s—1.

The first A; symbol appears before the first A;r1 symbol for all s +1 <1i <n—1.

Moreover, any flag in the orbit corresponding to the sequence Zy...Zs,, when represented by

a basis (vy, ..., vay,) described in Proposition has the following properties:

o w(v;,vj) = 1 iff the “AXY” symbols Z; and Z; have the same index; w(v;,v;) = 0
otherwise.

o w(v;,ex,) =1 iff “AXY” symbol Z; is an X symbol; w(v;, es,) = 0 otherwise.



Proposition 2.7. For every orbit of Q on G/B, take from Theorem the corresponding
s, partition Iay U Ixy U Iiyy of {1,...,2n}, and matriz {c;;}ijer - There exist unique
subsequences 1y < ... <ip_s and J1 < ... < Jp_s of Iay with iy < j fort =1,...,n —s. We

may take the following to be the standard basis of the orbit:

uil = €Cst1y vy Uinis = €n,

uj1 = €Eon—sy ey U]’n_s = €n+1;,

Uy, = €1+ €2, Uy, = €1+ €3, ooy Uy, , = €1 + €5, Uz, = €1,
Uy, = E1€2n—1, Uy, = E2€2p—2, ...y, Uy, | = Es—1€2n—s+1,

Uys = 85(€2n — €1 — ... T 62n—s+1)

where e, = 1 if z; < 1y, or —1 otherwise. The standard flag corresponding to this basis is

deried in the natural way, V; = uy & ... D u;.

3. K-ORBITS ON G/P

For a parabolic of signature (dy,...,d;) where dy = 0 and d, = 2n, define the matrix

{d;;};,—o (analogously to the full flag case) by
dij = dim(Vg, N V)

as the relative position of a partial flag with its perpendicular. (Note that d; has a very

different meaning from d; ;.) Then let {Cw}f j—1 be the matrix defined by

Cij = dij1 —dij —dioyj1+di

So every flag F' has a {d; ;} matrix and a {¢; ;} matrix associated with it. For convenience,

we will call these matrices d(F') and c(F) respectively.

The definition of ¢(F') relies on d(F'). The following lemma proves the process is reversible,

giving a formula for obtaining d(F') from ¢(F).



Lemma 3.1. For a partial flag, d; ; = Z Z Crs-

r=1 s=j5+1

Proof.

% 2n 7 2n
Z Z Crs = Z Z (dr,s—l - dr,s - dr—l,s—l + dr—Ls)

r=1 s=j+1 r=1 s=j5+1

i 2n—1 % i—1 2n—1 i—1 2n

B 3D IS 3B SRIES 3 SYAES 3B SES
r=1 s=j r=1 s=j+1 r=0 s=j r=0 s=j+1
7 2n A 2n i—1 2n i—1  2n

DD NTED DD I LD DD DD DR
r=1 s=j r=1 s=j+1 r=1 s=j r=1 s=j+1
A i—1

=Y dy— Y dn;
r=1 r=1

- diJ'.

The following lemma provides a formula for obtaining ¢(Fp) from ¢(Fp) where Fp € G/B

projects down to Fp € G/P.

Lemma 3.2. For Fp € G/P, extend it to any full flag Fg € G/B. Let ¢ = ¢(Fp) and

v =c(Fg). Then

d; dj
> 2 e

T:di_l-‘rl S:dj_1+1
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Proof.

Cij = (di,jfl - difl,jfl) - (di,j - difl,j)

d; 2n di—1 2n d; 2n i
— Z Z '77",5 - Z Z ’Yr,s Z dz ’77«75

r=1 8:dj71+1 r=1 SZdj,]_-‘rl

d; 2n d; 2n
S VD SRTE ol bt

r=d; _1+1 s=d]',1+1 r=d;_1+1 dj+1

d;

d;
=Y Y

r=d;_1+1 Sidj,1+1

Due to this lemma, a natural way of thinking about the ¢; ; for partial flags is as the number
of symplectic pairs between two partitions, or more rigorously, the number of symplectic pairs
between the basis vectors in two partitions when the partial flag is extended to a full flag

and given a basis.

Define {01, ...,0;} as 6; = d; and §; = d; — d;_; for i > 1. These can be thought of as the

sizes of the partitions.

Definition 3.3. Let C} be the set of symmetric matrices {Ci,j}ﬁjzl such that for all 1,
k k

Z Ci,j = Z Cjﬂ' = 51 CL?’Ld 2 | Ciﬂ'.

j=1

J=1

Proposition 3.4. For every partial flag Fp, ¢(Fp) € C.

Jj=1

k
Proof. We first prove ) ¢;; = §;. By Lemma letting 7 = 0, we get d;o = Z Z Crs-

But we know d,;y = dim(V;) = d;. Hence d; = Z Z ¢ s and thus d; — d;—y = Z Cise A
r=1s= s=1

similar argument holds for the other sum. Finally, let Fg be any extension of Fp to G/B,

and let v = ¢(Fp). Since v is symmetric and its diagonal elements are 0, by Lemma , it

is clear that ¢; ; = ¢;; and ¢;; must be even. O

Proposition 3.5. For every c € Cy, there exists a partial flag F such that ¢(F') = c.
11



Proof. Suppose we have a matrix ¢ € Cy. Let the matrix p’ be a k% by k? matrix defined
by: for i,7 = {1,...,k}, p}+k(i_1)7i+k(j_1) = ¢;;, and all other elements of p’ are 0. Thus,
p’ is a generalized permutation matrix (i.e. it contains exactly one nonzero entry in each
row and each column), and if p’ is partitioned into &% submatrices, each submatrix size k by
k, then the (7, 7) submatrix contains exactly one nonzero entry, which has value ¢; ;. Now
define the exchange matrix F,, as the m by m matrix with 1s along the skew diagonal and
Os elsewhere. Finally, let the matrix p be the block matrix that results when the nonzero
entries of p’ are replaced by blocks such that an entry with value m is replaced by FE,,. Then
p € Oy, as described in Proposition[2.2] i.e. it is the permutation matrix of a fixed-point-free
involution corresponding to an orbit of K on G/B. Now take any flag Fz in this orbit and
project it down to Fp € G/P. By Lemma[3.2] we have that ¢(Fp) = ¢. An example of these

operations is detailed in the subsequent diagram.

[EEN
N
[
[EEN
[

O

Definition 3.6. For each matrixz ¢ € Cy, define the corresponding standard flag S(c) using
the following algorithm. Take only the upper triangular half of ¢, and halve all the diagonal
elements; call the new matriz ¢. Let the row sums of ¢ be {ay,...,ax}. Sets si,..., s, with
sizes 01, ..., 0, such that | Js; = {1,...,2n}, will be constructed (starting from empty sets) as
follows. Let I = {1,...,2n}; elements will be continually removed from I as they are added
to various s;. Fori from 1 to k, move the a; smallest elements of I to s; (moving n elements

in total). Then, for i from 1 tok, for j from i to k, move the c; ; greatest elements of 1 1tg



s; (which moves the remaining n elements). Finally, the standard flag S(c) is given by the

7
subspaces Vg, = @ P es.

j=1s€s;

An example of this process is shown below.

ci,j Ci,j S1 52 53
113 3 12345(678

141 —> <} — 16 15 |14 13 12
1]0 N 11101 9

The flag S(c) produced is:

‘/6 = <617€2763>647657 616>
Vig = (61762763764765, €6, €7, €8, €10, €11, €15, 616>

Vie = (61762763764765, €6, €7, €8, €9, €10, €11, €12, €13, 61476157616>

Proposition 3.7. ¢(S(c)) = ¢ for all c.

Proof. By inspection of the construction process in Definition [3.6, We want the number of
symplectic pairs between partitions ¢ and j to match ¢;; so that we can use Lemma .
Consider the ith row of ¢’. The first elements of a; symplectic pairs are placed in s;. The

second elements of these pairs are placed in s;, ..., s, with frequencies given by ¢ ;. 0

Proposition 3.8. The projection Fp of any standard full flag Fg to G/P is in the same
K -orbit as the standard partial flag Sp = S(c(Fp)).

Proof. Let v = ¢(Fp), and let ¢ = ¢(Fp). Define {ay,...,ar} and sq,...,s; from ¢ as in
Definition 3.6 Let I = {1,...,2n} to begin. Now consider the basis vectors corresponding

to the smallest a; elements of I, i.e. eq,...,e,,. These vectors go to the subspace Vg in

L
Fp. Then consider the basis vectors corresponding to the largest a; elements of I. These

vectors go to various subspaces Vg, in Fp depending on . The number of vectors going to



the subspace Vg, corresponds exactly to C,Lj due to Lemma . Then it is possible, through
a permutation of {2n, ..., 2n — a; + 1}, to rearrange these vectors so they correspond to their
standard locations in F5. This permutation can be composed with an identical permutation
of {1,...,a1} (which would not alter Fp) to create a symplectic permutation. Repeating this
process with as, ..., a; we obtain a final symplectic permutation matrix that would take Fp

to Fp. O

Proposition 3.9. For any Fy,F» € G/P, c(Fy) = c¢(Fy) iff F1 and Fy are in the same
K -orbit.

Proof. Suppose ¢(Fy) = ¢(F,). Extend Fy and F» to any full flags and use Theorem [2.3] to
send these to standard full flags by a symplectic transformation. Then by Proposition 3.8 the
projection of these back down to G/P can be sent to the standard partial flag constructed

from {¢;;} by symplectic transformations. Hence F} and F} are in the same K-orbit.

Now we show the reverse. Suppose that for some k € K, kF} = F5. But K preserves d(F)
and thus preserves ¢(F'). Hence, ¢(Fy) = c(kFy). O

Theorem 3.10. The orbits of K on G/P are in bijection with Cj,.

Proof. By Proposition , the orbits of K on G/P are in bijection with the possible values
of ¢(F) where F ranges over GG/P. But by Propositions and [3.5] we know that this is

precisely C',. Hence we are done. 0

4. Q-ORBITS ON G/P

Keep the definitions of k£ and §; from before, as parameters of the partial flag variety G/ P.
The following will define C}, whose elements parameterize standard partial flags, which we

will eventually show to correspond exactly to Q-orbits on G/P.
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Definition 4.1. Define byes as 1 if x € S and 0 if x ¢ S. Define I, = {1,...,k}. Then
define C} as

k

uy |_| Cr

s=11x)Clx Iy Cl
where |1 x)| = [Iiyy| = s and C is the set of k by k nonnegative symmetric matrices such

k k
that for alli, Y c; ;= > cj; =0 — bier y, — bier, and 2 | ci
j=1 j=1

Note that the standard flags in this section are different from the standard flags in Sec-

tion [3] The following will give an algorithm to construct these standard flags.

Definition 4.2. From an element (s, Ix), Iyy,c;) € Cyr, define a standard (full or par-
k

tial) flag as follows. Use Deﬁm’tion to construct sets sy, ..., S from ¢, , so that |J s; =

i=1
k

{1,...,2(n—s)}. Then add s to all the elements in the s;, so that |J s; = {s+1,...,2n — s}.
i=1

Next, for i from 1 to s, where j is the ith smallest element of I xy, place i in s;; then for i

rom 1 to s again, where j 1s the ith smallest element of Iy, place 2n+1—1 in s;. Finally,
(Y) J

define the following basis (similarly to Proposition :

Us+1 = €541y +-+y U2n—s = €2p—s,

Uy =e1+ez, Ug=¢€1+e3, ..., Us—1 = €] T €, Us= €y,
Ugp = €2n—1, U2pn—1 = €2p—2, ..., Up—s4+2 = €2n—s41,
Ugn—s+1 = €2n — €2p—1 — -+ — E2n—s541

Then the flag is given by Vg, = @ P us.

j=1s€s;

The projection of a standard full flag from Proposition onto G/P can be written by
partitioning the symbols according to the signature of P. For example, let 2n = 4 and
take the standard flag of the G/B orbit A3Y; A5 X7, or written with partitions, As|Y1|As|Xq].

Projecting this to G/ P with signature (2,4), we obtain AyY7|A2X1].
15



Clearly the order of symbols within a partition does not matter, since the flags are the same
up to permutation of basis vectors in a partition. Using the current example, A5Y7|A>X] is
p p p g pie,

the same flag as Y; Ay A2 X7.

Theorem 4.3. Any standard full flag projected to G /P with more than one X symbol in
a partition remains in the same QQ-orbit when the first X, and the Y it corresponds to, are
replaced by As. Similarly, any standard full flag projected to G/P with more than one Y
symbol in a partition can be written such that the second Y, and the X it corresponds to, are

replaced by As.

Proof. Take a projection of a standard full flag to G/P where two Y symbols are in one
partition. Let the first symbol be Y,, corresponding to the standard basis vector ey, _,. The

second symbol is Y, 1 and corresponds to eg, ,_1. Then X, is e; +e,41 and X 11 is 1 +e449:

Uy, = €1 + €a+1
uxa+1 - 61 + ea+2

Uy, = €2n—a

Uy, 1 = €2n—a—1

Now consider the transformation ¢:

4€a+1 = €41
g€a+2 = €q+1 + €a+2
4€2n—aq—1 = €2n—a—1

4€o2n—a = €2n—a — €2n—a—1

and ge; = e; for the rest. It is clear that ¢ € Q.
16



Then under this transformation, u,, = e; + €441 remains the same, u,,,, becomes Uyt | =
€1+ €qr1+€q12. However, since Uy | appears later than u,, in the sequence, it is equivalent

to say uy, = €qy2 as an alternative basis of the same partial flag.

1

Similarly u, = ez,_, becomes ez,_4 — €2,_q—1 and Uy, = €mn—a-1 remains unchanged,
but since u,, and Uy, are in the same partition, it is equivalent to say u, = ea,_, as an

alternative basis of the same partial flag.

So now we have

Uyt = €1 + €a+1
ua:’a_H = €442
Uy = €2n—q

uyt’lJrl = €2n—a—1

and a symplectic permutation matrix will transform this into a standard basis, with X ; and

Y, ., replaced by an A pair. A similar argument holds for two X in the same partition. [

Proposition 4.4. The projection Fp of any standard full flag Fp to G/P is in the same
Q-orbit as some standard partial flag F}, constructed by Definition [{.4

Proof. Remove the XY pairs from the symbolic representation of Fi; this reduces (s, I(xy, Iy, ¢3,)
to (0,9, 9, ¢5,). Then we are left with a standard flag for K-orbits (from Definition[3.6). By
application of Theorem , when we project this to G/P we can multiply by a symplectic
permutation matrix to get a standard partial flag for K-orbits. When the XY pairs are
reinserted and Fp is projected into G/P, we may use Theorem to transform Fp until
there is at most one X and one Y symbol in each partition. Then we can construct I(x) and

I(yy with no repeated elements within each set. 0

Let the partitions of a partial flag be numbered (indexed) as (1,2, ..., k).
17



Define the W-position of a partial flag as the boolean matrix
?
relposy (F) = {Va, NV, C Whi;.

Proposition 4.5. For a standard partial flag, let I xy = {1 < ... < 2.} and Iryy = {y1 <
.. <ys}. Then the W-position of the partial flag is given by: Vi N Vdil C Wiiffi > x, and

7 <y for some t.

Proof. We induct by starting with G/B and projecting down to G/P in small increments.
Construct sets si,...,sx from Definition [£.2] Then sort each set and concatenate them,
creating an ordered 2n-tuple (s, ..., $5,) (so the smallest element of s is s}, the next smallest

is s5; the smallest element of s is s/,

\+1- and so on). Construct a full flag Fiz by Vi = D us
j=1

(the vectors (ui, ..., us,) also given by [£.2). Thus the projection of F to G/P is Fp. The

result of the proposition for the full flag Fjp is shown in Matsuki (see [5], Equation 3.1).

Suppose the signature of the final parabolic P is (di,...,dy), and let (d},...,d,, ) be
the complement in {1,...,2n} (such that d} < ... < d}, ,). Let P, be the parabolic with
signature {1,...,2n}\{d}, ...,d;}. By inductive hypothesis P,_; has W-position given by the
proposition. Let p; be the index of the partition containing d; (as its highest dimension)
in G/P,_1. When projecting down from P,_; to P, the row and the column indexed p;
in relposy, (Fp_,) are deleted, and thus relposy, (Fp) can be described by the same (z¢, y;)
except that all z; > p; and y, > p; are decremented by 1. But notice that due to the
re-indexing of partitions, all X and Y symbols that appeared in a partition higher than p,
have their partition indexed decremented by 1 when projected. Thus the X and Y symbols’
partition indices still correspond to the z; and y; when projected down. Finally, note that we
always have r1 < ... < x5 and y; < ... < ys, since Fg was constructed so that its projection

into G/ P had at most one X and one Y in each partition. The induction is complete. [

This leads us to the main result of this section.

Theorem 4.6. The orbits of Q on G/P are in bijection with C; (as defined by .



Proof. First we prove injectivity. It suffices to show that every F' € G/P is in the same
Q-orbit as some standard partial flag. Extend F' to a full flag, use Proposition to send
it to a standard full flag, project this down to G /P, and use Proposition to send the

projection to a standard partial flag.

Next we prove surjectivity. It suffices to show that no two standard partial flags are in the
same Q-orbit. Standard partial flags are parameterized by (s, I(xy, I(v), ¢, ), but Theorem
shows that different I(x) or I(y) implies different W-positions, implying different Q-orbits
(since @ preserves the property of a subspace being in W). If ¢, is different then that implies

different K-orbits, implying different (Q-orbits. O

Note that if P = B, we recover Theorem [2.5] In this case 0 = ... = 03, = 1. Then

for some i, if i € I(x) and ¢ € I(y) simultaneously, C} becomes the null set; otherwise, for
k k

i€ IxyUlyy, >, cij= >, cj; =0 and those rows and columns of the matrix may simply
j=1 =1

be removed, leaving us with an element of C'({(4)).

Finally, the orbits of ) on G/P are equivalent to the orbits of K on V* x G/P, where V*
denotes C?*"\{0}; and the orbits of K on G/P are equivalent to the orbits of K on {0} x G/P.
Thus the orbits of K on V' x G/P consist of the orbits of @) on G/P, plus the orbits of K
on G/P. Combining Theorem and Theorem we obtain:

Corollary 4.7. The orbits of K on'V x G/P are in bijection with

Oy Ue

s=01Ix)CIx I(y)Cly

where we retain all definitions from Theorem [/.6

5. CONCLUSION

We have computed the orbits of K on G/ P and the orbits of K on V' x G/P. The bijections

for these results take the form of a nonnegative integer matrix for each orbit, reminiscent of
19



the left hand side of the classical RSK correspondence; thus the next step would be to relate
these orbits to semistandard Young bi-tableaux. It is not necessarily true that the orbits
biject directly to semistandard bi-tableaux, and it remains to be explored what modifications,
if any, must be made. Another direction would be to compute the closure order for these
orbits, i.e. the orbits that are contained in the closure of other orbits, which admits a partial

order akin to the Bruhat order.
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