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ABSTRACT. We consider the Iwahori—-Hecke algebra of the symmetric group on 2n+1r letters with parameter q.
Let e be the smallest positive integer such that the g-number [e}q =0, or set e = ¢ if none exist. We modify
Khovanov’s crossingless matchings to include 2n “nodes” and r “anchors,” and prove in the case e > n+r+1
that the associated module is isomorphic to the Specht module S("+7™7) which corresponds to the partition
(n+7r,n) F 2n+r. We then give heuristics in support of the general case, including explicit composition series
fore=n+r+1 and for 2n + r < 7. Lastly, when e = 5, we prove an isomorphism between the irreducible
quotient D +77) with r < 3 and some subrepresentations of Jordan—Shor’s Fibonacci representation. We
provide explicit transition matrices between this representation and the crossingless matchings representation

for 2n +r < 6.
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1. INTRODUCTION

Let Son4r be the symmetric group on 2n + r letters with 2n +r > 2. Let J€ := 4, 4(S2n+r) be the
corresponding Iwahori-Hecke algebra (henceforth simply Hecke algebra) over a field k& with parameter g € k*
having a fixed square root ¢*/2. Let {Ty,...,Tanir_1} be the simple reflections generating 7.

Let [m] g=1+taqg+---+ g™~ ! be the g-number of the positive integer m. Let e be the smallest positive
integer such that [e}q = 0, and set e = oo if no such integer exists. Note that either ¢ = 1 and e is the
characteristic of k (with 0 replaced by c0), or ¢ # 1 and ¢ is a primitive eth root of unity.

When ¢ = 1, the Hecke algebra S is isomorphic to the group algebra k [Sa,,1]; hence the representation
theory of 7 generalizes the representation theory of the symmetric group. The Hecke algebra is also
well-known to be connected to the representation theory of the general linear group over a finite field [19]. It is
a classical result that J# is semisimple precisely when e > 2n +r, in which case the irreducible representations
of # are given by Specht modules S*, which are indexed by the partitions A of 2n + r [19].

For all e, s admits a cellular basis with cell modules given by S*. In particular, these admit quotients
D> such that the modules {D’\ | D} #0,\ F n} are a pairwise-nonisomorphic list of all irreducible 57-
modules. This set is indexed by the partitions A - n which are e-regular [21, 22]. These representations
D> have explicit constructions, but many of their properties are unknown. For instance, the dimension of
D? is unknown outside of some special cases [19]. However, there does exist an algorithm due to Lascoux—
Leclerc—Thibon—Ariki which computes the decomposition matrices of the Specht modules of the Hecke algebra
HE,q(S2n+r) for ¢ an eth root of unity [4, 18].

The cellular basis for S* and associated basis for D* are complicated and often computationally
intractable. We aim to give simple graphical realizations of S* and D* in some cases that A = (n +r,n) is a
partition of two parts (henceforth called two-row partitions; These realizations behave in an intuitive and
computationally simple way.

Remark. We follow the convention of Murphy—Kleshchev concerning the correspondence A «» S*, which is
dual to the conventions of Dipper—James—Mathas; one may translate our results to the latter convention by

transposing all partitions [17, 19, 21]. For instance, we refer to the sign representation as S,

We will use the crossingless matchings representation, first defined by Khovanov [14-16], to realize the
Specht modules of two-row partitions. These crossingless matchings representations have found applications
in both knot theory not geometric representation theory.

In the seminal paper [14], Khovanov constructs a categorification of the crossingless matchings represen-
tation as modules over a certain arc algebra given by applying a certain 2-dimensional topological quantum
field theory (specified via the cohomology of the 2-sphere) to all possible concatenations of crossingless
matchings in the plane. Khovanov then uses this to categorify the Jones polynomial of a tangle by associating
to any tangle the chain homotopy class of a certain complex of bimodules over the arc algebra. A generalization
of the arc algebra was further studied by Brundan—Stroppel in [7-10], yielding similar results to the original
case. For a survey of abelian categorification, including the Khovanov’s categorification of the crossingless
matchings representation, see [16].

Further, in [15] Khovanov proves that the center of the arc algebra is isomorphic as a graded ring
to the cohomology of the Springer fiber of complete flags in C?" stabilized by a fixed nilpotent operator
with two Jordan blocks of size n (corresponding to the two rows of the partition (n,n)). Moreover, this
isomorphism is equivariant with respect to the natural actions of the symmetric group Ss, on each ring. In
[24], Stroppel extended this to an isomorphism between the entire arc algebra and the endomorphism ring of
a full projective-injective module in the principal block of the parabolic category O corresponding to the
same two-part partition (n,n) F 2n. Stroppel also showed in [24] that the crossingles matchings on 2n points
and no anchors naturally label label indecomposable self-dual projective modules in the principal block of the
parabolic category O corresponding to (n,n).

Additionally, in [2, 3], Anno—Nandakumar proved that the irreducible objects of the heart of the exotic
t-structure on the derived category of coherent sheaves on a two-block springer fiber are naturally inexed
by crossingless matchings on an Annulus. The authors conjecture an “annular” analog of Khovanov’s arc
algebra as a description of the Ext-algebra between these irreducible objects.

Remark. Khovanov considers only the partition (n,n) b 2n in his categorification above. We will consider
the general two-row partition (n + r,n) in this paper. A possible extension of our and Khovanov’s work
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Figure 1. The basis for M3.

INNVANANS

Figure 2. Illustration of the actions (1 + Ti)w|M2|. In general, we act by deleting loops, taking an
6

isotopy onto a new crossingless matching, and scaling by either q'/?, (g+1), or 0.

is to categorify the r > 0 case of our crossingless matchings representations as in [14] and study whether
Khovanov’s work generalizes to the cohomology of the Springer fiber of complete flags in C2"*" stabilized by
an analogous operator with Jordan blocks of size n + r and n.

Definition 1.1. Define a crossingless matching on 2n 4+ r nodes and r anchors to be an isotopy class of
n + r non-intersecting paths in the slice R x [0, 1] connecting 2n + r distinct points of R x {0} and r points
of R x {1} such that none of the latter points are connected. Let M3, . be the k-vector space with a basis
given by these matchings. This is illustrated in Figure 1.

Order the points on R x {0} via the order < on R, and refer to these as nodes. Refer to a path connecting
the ath and bth node as an arc (a,b), and refer to a path connecting node a to a point in R x {1} as an
anchor. Let the length of an arc (i,j) be j — i+ 1.

We endow M3, ., with an J#-action by specifying (1 + T;)w; for any basis element w; of M, ., as
illustrated in Figure 2. We do so by concatenating in “vertical lines” below each point other than the ith and
(i + 1)st, concatenating paths between the ith and (i + 1)st points as well as points below them, removing
any “loops” this forms, and taking the isotopy class of the resultant diagram:; if this is not the isotopy class
of a crossingless matching, then there are anchors at 7,7+ 1 and we set (1 + T;)w; := 0; if this is the isotopy
class of a crossingless matching w; and there is a “loop,” set (1 + T;)w; := (1 4+ ¢)w,; and otherwise set
(1 + T))w; := ¢" ;.

A more explicit definition for M3, . is given in Appendix A.1 and we verify that this is well-defined in
Appendix A.2. In Section 3, we will prove the following theorem on irreducibility of M3, , .

Theorem 3.10. Suppose e > n and ST+ is irreducible. Then M3, ., is irreducible.

Note that the representations My, . and S() are both isomorphic to the sign representation. This and
Theorem 3.10 are suggestive; in fact, we will prove the following.

Theorem 3.13. If r =0, suppose e > 2. Suppose e > n+r + 1. Then, M3, . = Sntrn)

Each of these are powerful characterizations of the module M3, . in the case that it and S+ are
irrducible. We will prove the following theorem which characterizes My, , . in the reducible case:

Theorem 4.12. Suppose e =n +1r+ 1. Then, Mg, , . contains a subrepresentation isomorphic to the sign
representation.

We will go on to prove Corollary 4.15, which specifies a composition series for Mg, ., for the case
e=n+r+1.

This proves a graphical characterization of S* 2 D* in many cases. However, when S* is reducible, the
crossingless matchings representations cannot provide a graphical realization of the irreducible quotients D?;
our next goal is to provide a similar graphical realization of the modules D("*"") with r < 3 when e = 5,
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using a modification of Shor—Jordan’s Fibonacci representation of the braid group [23]. It is possible that
similar graphical representations can be constructed for other r and e, but we do not attempt to do so here.

Henceforth assume that e = 5 and k contains the algebraic number /¢ + ¢* (for reasons which will be
apparent soon). For convenience set m := 2n + 7.

n [23], Shor—Jordan originally defined a rescaled version of the following representation, called the
Fibonacci representation, and showed that the trace of a subrepresentation of this is the Jones polynomial
of the trace closure of a braid on m strands evaluated at a fifth root of unity; they used this to show that
evaluating a certain approximation of this polynomial is a complete problem for the “cone clean quibit”
complexity class of quantum computers. The Shor-Jordan fibonacci representation is itself a rescaling of a
more general representation of the braid group, named the path model representation, defined in [1].

Remark. The path model representation of [1] is defined for ¢th any primitive root of unity exp (27i/¢) € C.
This gives a potential extension of our work to include realizations of D) at more general e and r.

Definition 1.2. Let V™ be the k-vector space with basis given by the strings {*,O}erl such that the

character * never appears twice consecutively. We will refer to V™ as the Fibonacci representation.

We endow V™ with an J#-action which acts on a basis vector in a manner depending only on characters
i,7 + 1,7 + 2, sending each basis vector to a combination of other basis vectors agreeing on characters
1,...,4,i+2,...,n+ 1 as follows:

Ty (*00) := ay (*00),
T) (00%) := v (00%),
(1.1) T1 (*¥0%) := g (¥0%),
T1 (0%0) := €1 (0%0) + § (000),
T (000) := & (0%0) + £ (000) .
for constants
Ti=q+q"
ap = —1,
Qg 1= (¢,
(1.2) g1 :=7(qr — 1),
§:=7(q+1),
gg:=7(q—71).

with T; acting analogously on a basis element dependent on the substring i,7 + 1,7 + 2. We verify that V" is
a representation of J# in Appendix A.3

Note that the action T; does not modify characters 7,7 + 2, so characters 1 and n 4+ 1 are preserved by
€. Hence the representation V" contains four subrepresentations spanned by strings beginning and ending
with specified characters. Label the subrepresentation spanned by strings (... *) by Vi, and similar for Vi,
Vox, and Voo. We prove the following theorem.

Theorem 5.7. We have the following isomorphisms:
V;Q*n ~ D(n,n)7
V2n71 o~ D(n+1,n72)
V;Qon o~ D(n+1,n—1)’

‘/*2077,—1 o~ D(n7n71) .

This provides a graphical characterization of D™+ for e = 5, < 3, as well as a combinatorial
characterization of the Fibonacci representation in [23].

Overview of paper.
In Section 2 we give corollaries to standard theorems concerning Specht modules. First, James-Mathas
provide a sharp characterization of the irreducibility S* for A F 2n +r an e-regular partition, called the Carter



4 MILES JOHNSON AND NATALIE STEWART

criterion [19, Thm. 5.42]. We specialize this to the case that A = (n + r,n) to give a combinatorial condition
for irreducibility of S We note that this irreducibility depends only on e when e > n; otherwise it
depends on both e and the characteristic of k. Further, we use Kleshchev—Brundan’s modular branching
rules to prove our first significant statement: if S* = D* and e > n, then a particular length-2 composition
series uniquely determines \; further, an irreducible restriction to D(™"~1) determines \ as well [6, 17].

In Section 3, we begin by proving Proposition 3.8 concerning sign subrepresentations of M3, .. when
e{n+r+ 1; this allows us to prove Theorem 3.10. Following this, we prove the existence of a particular
filtration with factors isomorphic to other crossingless matchings representations; using irreducibility, this
becomes a composition series. This combined with an inductive argument and the branching of Section 2
allow us to prove Theorem 3.13.

In Section 4, we begin by determining an explicit basis for the direct sum K3, . of all sign subrepre-
sentations of Mg, . in the case e = n +r + 1. We prove in Theorem 4.12 that such K3, . is nontrivial
when e = n + r + 1, and thereby provide an explicit composition series for such M in Corollary 4.15. We
finish the section by providing several corollaries concerning the structure of M3, , . at irreducible cases with
e<n+r-+1

In Section 5, we begin by establishing the 2n = 2 case of Theorem 5.7, as well as irreducibility of V,3.
We then use these cases to prove that V' and V' are irreducible for all m. From this, we inductively prove
Theorem 5.7.

In Appendix A, we begin by giving a precise definition of Mj, .. Then, we verify that the crossingless
matchings and Fibonacci representations are compatible with the Hecke algebra relations. In Appendix B, we
prove a lemma concerning restrictions to various subalgebras of the Hecke algebra. In Appendix C, we give
explicit data both supporting the conjectures laid out in Section 4.3 and giving explicit transitions between
M3, ., and V*"*" and composition series of M3, | in the case that 2n +r < 7.

Acknowledgements. The authors thank Prof. Roman Bezrukavnikov for suggesting this project, as well
as Dr. Slava Gerovitch for organizing the SPUR+ program. We would also like to thank Profs. David Jerison
and Ankur Moitra for their role in SPUR+ as well as their general advice. We would also like to thank
Professor Alexander Kleshchev for helpful conversations concerning branching theorems. Lastly, we would
like to express our gratitude to our mentor Oron Propp for his help and advice in both acquiring background
knowledge and in executing the mathematics in this paper, as well as his comments on early drafts of this
paper; this project would not be possible without him.

2. PRELIMINARIES ON SPECHT MODULES

For this section and the rest of the paper, assume n > 0 unless stated otherwise. Throughout the rest
of the paper, it will be useful to have precise notation for partitions; identify each partition A F 2n + r with a
tuple X := (A{*,..., \/") having A; > Xi41, a; > 0, and ), a;\; = 2n +r. Identify each of these with a subset
[A] € N? as in [17], and define A(7) = (A{",..., A7 ST N — LA, ... A) to be the partition with
the ith row removed. Say that \ is e-regular if \; — A\;11 < e for all 7 and A\; < e.

In the following subsection, we cite a theorem of James—Mathas which precisely characterizes the
irreducibility of S* in the case that A is e-regular, and we specialize this result to the case of two-row Specht
modules. This falls into two cases: either e > n, where S("17") is irreducible iff e tr+2,...,n+r+1, or
e < n where the irreducibility of S*"™) is more complicated and depends also on the characteristic of k.
We will focus primarily on the former case.

Following this, we reproduce the branching theorems of Kleshchev—Brundan, which allow us to fully
characterize the socle of Res D*. This and some combinatorial arguments yield the main result of this section,
which allows us to determine certain D" via their composition series. This will be instrumental later for
characterizing the crossingless matchings representation M3, . as a Specht module, and it will extend to all
cases with e > n+r + 1.

2.1. Irreducibility of Specht modules. Let ¢ be the characteristic of k; then, set

e ite>o,
" oo ifl=0.
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n+r—+1| n+r r4+2 T r—1 1

Figure 3. The young diagram corresponding to the partition (n + r,n). The hook lengths are in
the center of the corresponding cells.

Note that p = e when ¢ = 1. For h a natural number, let v, (k) be the p-adic valuation of h. By convention,
set Voo (h) = 0 for all h. Define the function v, , : N = {-1} UN by

vy(h) ifelh
ep(R) =37 ’
Ven(h) {—1 it eth.

Lastly, let 2, be the hook length of node (a,b) in [A] as defined in [17]. With this language, we may express
the following theorem, parts (ii)-(iii) of which are known as the Carter criterion in the symmetric group case,
due to James-Mathas [19].

Theorem 2.1 (James—Mathas). The following are equivalent:
(i) S* = DX
(ii) X is e-reqular and S is irreducible.

(iti) Ve (hy) = Ve, (ho.) for all nodes (a,b) and (a,c) in [A].
Proof. See [19, Thm 5.42]. O

This result gives information solely on e-regular partitions, and the general irreducibility of S* away
from p = 2 is not well understood. We will henceforth specialize slightly to the case that (n+r,n) is e-regular.

Corollary 2.2. If r =0, assume e > 2.
(i) Suppose e > n. Then, S is irreducible iff efr + 2,7 +3,...,n+ 7+ 1.
(ii) Suppose e < n. If S+ s irreducible, then e | 7+ 1.

Note that the condition e tr + 2,7+ 3,...,n +r + 1 implies that e > n.

Proof. Our initial assumption on e implies that A is e-regular, which enables us to use Theorem 2.1 below.
(i) Note that v,(h) # —1 for all natural numbers i and only hook lengths in the top row may vanish
mod e by Figure 3; hence we may equivalently prove that e divides no hook lengths in the leftmost n columns
of the top row by Theorem 2.1. These hook lengths are precisely r +2,...,n 4+ 7+ 1.
(ii) Suppose that e {r + 1. Then,

Ve,p (hinfeJrl) =Vep (hé\,nfeJrl +r+ 1) = _17

giving S("*+"7) reducible by Theorem 2.1. O

From part (i) we see that irreducibility at e > n is not dependent on p, and we may cover many modular
cases without reference to the characteristic of k. We will finish our discussion of irreducibility of S* via
sharp characterization of the e < n case for large p.

Corollary 2.3. If r = 0, assume e > 2. Suppose e < n, and suppose p > n + 1+ 1. Then, S+ s
irreducible if and only if e | 7+ 1.

Proof. This follows from the proof of Corollary 2.2 part (ii) and the fact that v,(h) = v, (k') for all natural
numbers h, h'. |
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2.2. Branching theorems for Specht modules. In this section as well as later sections, we will consider
the restriction of representations of .7 to particular subalgebras isomorphic to 4 4 (S2n+r—1). We verify in
Appendix B that any two subalgebras of J# generated by 2n 4+ r — 2 simple transpositions are canonically
isomorphic, and the corresponding restrictions are canonically isomorphic via this isomorphism of algebras. We
will hence abuse notation, pick one such subalgebra %', and notate Resﬁ, W by Res W for any #-module
w.

Fixing some partition A F 2n 4 r, for 1 <4 < j <1, let 8x(4,) and 7, be the quantities

J
Bali,7) =X —Aj + Zat’
=i

J
’y)\(i,j) =\ — )\j + Z Q.
t=it1
Note that £x(Z,7) is the hook length of cell (a1 + -+ a;—1 + 1, Aj).
Results due to Kleshchev and Brundan refer to normal and good numbers; for these, we will use the
facts that 1 is always normal and that j is normal when £(%,7) Z 0 (mod e) for all i < j. Further, we will
use the definition that j is good if and only if j is normal and v, (j,7’) £ 0 (mod e) for all j > j normal

normal

[6, 17]. When A(i) = p for ¢ normal, write y ——— A, and similar in the good case.

The following statements, collectively known as modular branching rules of D*, were originally written
by Kleshchev for Specht modules of the group algebra k [S,,], then generalized to the Hecke algebra case by
Brundan [6, 17]. They combinatorially characterize the socle and semisimplicity of Res D*.

Theorem 2.4 (Kleshchev-Brundan). We have the following isomorphisms of vector spaces

. l
Zf " norma )\7

k
A\ ~
Hom. e (S“,ResD ) - {0 otherwise.

Eoif p 2% A,

Hom y (D", Res D*) = { ‘
0 otherwise.
and Res D* is semisimple if and only if every normal number in X is good. |
Using this, we immediately see that, for any rectangular partition (m’), we have
Res D(M") = p(m"~.m=1)
The non-rectangular two-row case is more complicated, but we may still describe it fully as follows.

Corollary 2.5. Suppose r > 0. Then, we may characterize the socle of Res D* as follows:
Dvtr=1n) ife|r+2
soc (Res D("+T’”)) &= ¢ plntrn-1) eifefr+2,el|r
DUr=1) g Dtrn=1) e fr 2y
Further, when etr or e |r+ 2, Res D™ s semisimple.
Proof. This amounts to computations of the hook lengths 8(1,2) and ~(1, 2):
Br(1,2) =r+2

’}/)\(1, 2) =T
Since 2 is the largest removable number, D("t77=1) < D(+7n) if and only if e tr + 2. Further, if e { r 4+ 2,
then D(+7=1n) ¢ D471 if and only if 1 is good; this is equivalent to e f 7. ]

Now that we’ve characterized how D> restrict, we can describe how strongly these restrictions characterize
irreducibles. Namely, we will prove that some D* having the same composition series as D("1t7") is sufficient
to determine that A = (n + r,n) in a slightly more restricted case than (i) of Corollary 2.2.
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Proposition 2.6. Let A be an e-regular partition of 2n + r.
(i) Suppose r > 0, suppose etr +1,r+2,...,n+r+ 1, and suppose either e | v or efr — 2. If D* has
the composition series

(2.1) 0 c D+7=Ln)  Res D*

with factor Res D /D +r=1n) o= pndrn) then X = (n +r,n).
(ii) Suppose r = 0, suppose e {4, and suppose D"~V = Res D*. Then A = (n,n).

Proof. Note that e > n. Further, note that the above characterizations are necessary regardless of e-regularity;
in the case that u below fails too be e-regular, this proposition will prove that A does not satisfy 2.1, a
contradiction.

(i) Let @ := (n+r—1,n,1),let ¢ := (n4+r—1,n+1), and let p := (n+r,n). Since D*+7=17)  Res D*,
we have (n +7r —1,n) — A, implying X € {w, ¢, u}. We will show that w,¢ do not have socle compatible
with (2.1), allowing us to conclude A = p.

If @ or ¢ are not e-regular, then D® = 0 or D* = 0, and we may immediately rule these out; henceforth
assume that these are each e-regular. First suppose that that A = w. We will break into cases with r.

Case 1. Suppose that r > 1. Note that etr + 1 = 55(1,2), so 2 is normal. Further,
Y=(2,3) =n#£0 (mod e),
so 2 is good and D(*+7=1Ln=L1) « D@ which is not a composition factor in (2.1). Hence, by the
Jordan-Holder theorem [12, Thm. 3.7.1], we have \ # w.
Case 2. Suppose that r = 1. Then, w = (n,n, 1) has
Y=(1,2) =n#0 (mod e),
giving D~ 11) © D% and hence A # w as in the previous case.

Now suppose that A = ¢. Note that ¢ is not a partition when r < 2, so we may assume that r > 2. We
further break into cases with r:

Case 1. Suppose r > 2. Then, by Corollary 2.5, we require that e { r and e | r — 2; these are not satisfied, so

A#s.

Case 2. Suppose r = 2. Then, we have the restriction
Res DS & pn+in),

as ¢ = (n+1,n+ 1) has two rows of the same length. This contradicts (2.1).
Hence A\ = u, completing the proof.
(ii) Since the socle of D? is irreducible, we require that 1 is the only normal number and A(1) = (n,n—1).
This reduces to the cases of ¢ := (n+ 1,n — 1) and u := (n,n); if A =, then we have that

B:(1,2)=4=0 (mod e),
a contradiction. Hence A = u, completing the proof. O

This will be an important technical tool in proving the correspondence between the crossingless matchings
representation M3, . and the Specht module S"*™™) in the following section.

3. CROSSINGLESS MATCHINGS AND SPECHT MODULES

In this section, we analyze the crossingless matchings representation M := Mg, ., with the goal of
proving M3, = S (n+7.7) ynder certain conditions in e. We begin by proving that Mj, 4, contains no
subrepresentations isomorphic to the sign representation (henceforth referred to as sign subrepresentations)
when e t n +r+ 1. Using this, we prove irreducibility of M3, . whenever e{r 42,7 +3,...,n+r+ 1; when
e > n, this is true if and only if S+ is irreducible by Corollary 2.2.

We will use the following base case to the correspondence throughout:
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L =

Figure 4. The rainbow element R € M2 is pictured on the left, o € MY is pictured on the
right. The nodes R(4) = 7, R(5) = 6, so R(4,7) defines a sub-matching. Specifically, R(4,7) is
a rainbow sub-matching, and R(4,7) = o. Alternatively, R(3) = 8, so, for instance R(2,7) is not
a sub-matching, and refers to the ordered set (2,8,7,6,5,4). R(2,1) is an element of the zero
representation since 2 > 1.

Lemma 3.1. Note that SU") is the sign representation and S™ the trivial representation. We have the
following isomorphisms

(i) M =53,

(i) Mr =807,
Each of these are 1-dimensional, so they are irreducible.

Proof. Note that, for any w € MY, we have (1 + T1)w = (1 + ¢)w, implying Tyw = qw and proving (i).
Similarly, for any w € M2, we have (1 + T})w = 0, implying Thw = —w and proving (ii). O

In particular, Lemma 3.1 is the base case in an inductive proof that Mgz, . = Sntrn) whenever
e > n+r + 1. Before arguing this, we begin by analyzing sign subrepresentations of Mg, . .

3.1. Sign subrepresentations when e{n+r+ 1.

Define K3, := (""" ker(1+T;) = ker @>"7""'(1 4 T;). When the limits are clear, we will simply
denote this kernel by K. Note that K is the direct sum of all sign subrepresentations of My, , .. In this
section, we prove K is trivial for e { n 4+ + 1, thus M3, , . has no sign subrepresentations.

For compactness, in this section we use ~ to denote “proportional to.” For convenience, define M{ and
M7} to be the zero representation. Note that in this subsection, as well as section 4, we do not assume n > 0.

Definition 3.2. We will use the following notation extensively while exploring the structure of the kernel.
Examples are given in figure 4. Fix some basis element ¢ € M3, ..

e For 1 <a,b < 2n+r define ¥(a) := b if @ and b are matched in 1, and ¥ (a) := a if a is an anchor in
.

e Let 7’ be the number of anchors in ¢ in the range a,...,b. Suppose 1 < a < b < 2n + r and
¥(i) € {a,...,b} for all i € {a,...,b}. Define a sub-matching 1(a,b) of 1) to be the basis element
o€ Mbrl—a+1 specified by (i) =¢(i +a—1) — (a — 1).

e For a,b satisfying 1 < a < b < 2n+r, if ¢(a,b) is not a sub-matching, define it to be the ordered
set of nodes (¢(a),...,¥(b)). For any other a,b, we define ¢(a,b) to be an element of the zero
representation M.

e Define the rainbow element R € M3, . to be the basis element specified by R(i) = 2n+2r —i+1
for i > r, R(i) =i for i <r. In other words, the basis element with all anchors to the left followed by
a “rainbow” to the right.

e Define a rainbow sub-matching to be a sub-matching v (a, b) corresponding to some rainbow element
and satisfying the following property: if a is an anchor then b = 2n + r. This definition is motivated
by the isotopy mentioned illustrated in diagram 3.4.

The following proposition lets us begin to characterize the coordinate vector of any element in K, and
will serve as the starting point for all following characterizations.

Proposition 3.3. Let w € M3, .. If w € K is nonzero, then the coordinate of the rainbow element R in w
1S NOMZEro.

Proof. Let W be the set of basis elements with nonzero coordinate in w. First, we will prove that W contains
an element with all anchors to the far left. Then we will apply the same argument to prove W contains the
rainbow element.
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Let z be the maximal number of anchors to the far left in any element o € W. Formally, z is the
greatest positive integer such that there exists some element o € W satisfying (1) — 1= ... = 0(2) — 2 = 0.
For any positive integer j define W7 C W to be the set of all basis elements in W with j anchors to the far
left.

Suppose z < r. Then for each v € W#, exactly z anchors are positioned to the far left, so we may define
iy to be the position of the next leftmost anchor in 1. In other words, i, is the position of the z 4 1st anchor

from the left in 9. Fix some zZ € W# such that iq; < iy for all 9.

Define the basis element ¢’ := q’1/2(1 +TZ—$,1)QZ. First, note that iy, > z+1, so iy — 1 is not an anchor
and 1)’ # 0. This follows from the definition of z and W#, which require that the node z + 1 is not an anchor.
We will prove that ¢’ has nonzero coordinate in (1 + T-Iz,l)w7 implying w ¢ K.

It suffices to show that zZ is the only basis element in W brought to ¢’ by the action of (1 + Tkrl)‘

Formally, we will show that if o € W and (1 + Tia_l)a ~ 1/, then o = 1.
Immediately, we may intuit a few properties of 1’:

(i) ¢’ still has z anchors on the left.
(ii) Defining i, to be the position of the next leftmost anchor, iy < Un

Together, (i) and (i) imply ¢ ¢ W. So, if (1 +T; —1)o ~ ¢, g 21+ Ti;—1)o =9’
Define ¢’ := q_1/2(1 + Tia_l)o. Note that the action of (1 + Tia_l) changes exactly two matches in o,
and these matches must involve the nodes ¢ 2~ Lig It follows that if o ¢ W#, ¢’ will have z anchors at the

far left only if o/ € W*~! and the zth leftmost anchor is at position i 7 But then the position of the z + 1st
anchor is unchanged by the action, and must be at position greater than i~ so from (ii) ¢’ #¢'. If 0 € W=,

o~

o’ will have anchor at iy if and only if i, = ij and o(i; — 1) = ¢(ij; — 1). Since these are the only three

indices altered by action of (1 + Tia—l) on o, if (1+ Tia_l)a ~ 1)’ this implies o = zZ as desired. So, if z < r,
w is not in the desired kernel.

We have proven that there exists an element in W with all anchors to the far left, or equivalently that
W7 is nonempty. Now we must prove that R € W". The proof is analogous to the previous case. First we
define subsets W} C W" that have the top j arcs of the rainbow, and define ¢ to be the most arcs any element
has. Previously, we showed that if we move the next left-most anchor further left, the image of w under that
transposition will be nonzero. Now, we will show that if we expand the next-largest arc, the image of w under
that transposition will be nonzero.

Suppose z =1 but R ¢ W" (so R &€ W). Let us define a sequence of subsets Wi C W' to be the set of
elements in W" with the top j arcs of the rainbow. Formally, W¢ := W", Wl :=={v e Wl|v(r+j+1)=
2n 41 —j}. Since R ¢ W7, there exists some positive integer ¢ less than n — 1 such that W/, = @; t is the
largest number of contiguous top level rainbow arcs that any element in W has.

Choose v € W} such that U(r +t+1) > v(r +¢t+ 1) for all v € W]. Define the basis element
v o= q71/2(1 + Tﬁ(r—i—t—i—l))ﬁ-

First, note that 0(r +t+ 1) < 2n+r —t, so:

] o'(r+t+1)>0(r+t+1)

[ii] For0<j<t,v'(r+j)=0(r+j)=2n+r—j+1.

These properties are analogous to properties (i) and (ii) used earlier in this proof. As before, these
imply that v' ¢ W, so, for o € W, if (1 + T5(,4441))0 ~ V', g Y21+ To(rqt41))0 = V',

We will prove that v’ has nonzero coordinate in (1 + T5(r+t41))w, implying w ¢ K. Again, it is sufficient
to show that, for o € W, ¢~ /2(1 + T5(r4t4+1))0 = v’ implies 0 = ¥.

Define o’ := ¢~ Y/?(1 + T5(r4+¢+1))0. Suppose o & W/'. To satisfy [ii], we must have o € W/ ; and
o(r+t) =v(r +t+1). But then o(r +¢+ 1) < ¥(r 4t + 1) is unchanged by action of (1 + T5(4441)),
and ¢’ does not satisty [i], so o/ # v'. If 0 € W/, to satisfy o'(r +¢t+ 1) = v'(r + ¢ + 1), we must have
or+t+1)=0(r+t+1)and o(O(r+t+1)+1) =0(0(r+t+1)+1). Since these are the only two
matchings altered by the transposition, if ¢=1/2(1 + T5(r44+1))0 = v’ we must have that o = ¥ as desired.
Thus, if w € K is nonzero, R has nonzero coordinate in w. (Il
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Figure 5. Ryr0,..., Rr 4 pictured from left to right. If w € Ké and R = R has coordinate c in
w, then proposition 3.6 claims Ry, 1 has coordinate @1, Rz 2 has coordinate @2, etc.

Definition 3.4. Given a rainbow element R, define the shifted rainbow elements Rg ;, Ry ; to be those where
you “move the ’length two middle arc’ across ¢ lines to the right or left, respectively.” This is made clear in
figure 5. Formally:

Rpi=q "?(1+ Trynsi) - 1+ Trpni1)R

RL,i = q_i/z(l + Tr+nfi) e (1 + TrJrnfl)R

Definition 3.5. The following g-number deformation will be integral to this subsection and section 4:

1
Qn = (- )”% for n a nonnegative integer

The following proposition applies to any basis element y with a rainbow sub-matching. It says that if y
has coordinate ¢ in w € K, then those elements 6;, ¢;, where you replace the rainbow sub-matching with a
“shifted rainbow sub-matching” Rp; or Ry ;, have coordinate @;c in w. An example is given in figure 5

Proposition 3.6. Let w € K3, ,,.. Let y be a basis element with coordinate c in w. Suppose that there exist
a,b such that y(a,b) is a rainbow sub-matching. Define the basis elements 0;, ¢; to be those elements where
we replace the rainbow sub-matching with a shifted rainbow sub-matching. Formally:

0;(l,a—1):=¢(l,a—1):=y(l,a—1),
0;(b+1,2n) :==¢(b+1,2n) :=y(b+1,2n) ,
Hi(a, b) = RR,i B
gb,;(a,b) = RLJ'.
We restrict i in 0;, ¢; to be such that Rr;, Ry ; are defined, respectively.
Then the coordinates of ¢; and 0; in w are both Q;c.

We will use the following algebraic lemma to prove this proposition. The lemma will also be useful in
section 4.

Lemma 3.7. Q1Q,, — Qn_1 = Qny1 forn > 0.

Proof of lemma. We compute:

010~ Qs = (LED) ((ap D) g @)

q(n—l)/2
@2 24D (@t g)
q(n+1)/2 q(n+1)/2
(@ 4D
gn+1)/2
:Q7L+1

O
Now let us prove the proposition.

Note: This proof relies on the simple fact that the action of a transposition (1 + T;), assuming it does
not send an element to zero, will update exactly two matches if it is changes the element. This follows directly
from our definition of the representation, and will be integral to many proofs in this document.



SOME GRAPHICAL REALIZATIONS OF TWO-ROW SPECHT MODULES OF HECKE ALGEBRAS 11

Proof. First, we will show that if we act by the transposition corresponding to the moved arc in ¢;, the only
basis elements sent to ¢; are ¢;_1, ¢;, and ¢; 1. We will show that the analogous statement is true for 6;,
and use this to finish the proof by induction. Formally:

Claim. Suppose @ € My, . is a basis element. Take i such that ¢;, ¢;—1, and ¢;11 are all defined. Let
2n' + 7', 1" be the number of nodes and anchors in y(a,b), respectively. Then (14 Ty_1 4 ynrj2—i) ~ ¢;
implies VY = ¢i, i—1, OT Pit1.

Similarly, taking i such that 0;, 0;_1, and 0,11 are all defined, (1 + Ty_1 1 yn j24i) ~ ¢; implies
Y= @i, Gi—1, OT Git1.

Note that a — 1 4+ ' +n'/2 — i is simply the starting node of the moved arc in ¢;.

For the entirety of the proof of this claim, it will be instructive to reference Figure 6 as an example.

It is easy to see that the action of (147,144 /2—;) Will bring ¢; 1, @i, di41 to ¢. Suppose there exists
another basis element 1) sent to ¢; by the given transposition. Consider the arcs (or anchors) starting just inside
and just outside of the moved arc in ¢;: these are the arcs (a—14+r"4+n'/2—i—1,¢;(a—14+r"+n'/2—i—1))
and (a—1+7"+n/2—i+2,¢ila—1+7"+n'/2—i+2)).

If ¢ contains both of these arcs, it must contain the arc (a —1+7' +n'/2 —d,a— 1+ +n'/2—i+1)
to be a crossingless matching. This follows from our definition of rainbow sub-matching in definition 3.2.
Thus 1) is fixed by the action of (1 4 T,_14p4n//2—i), 50 ¥ = ¢;.

If 4 does not contain the left arc/anchor and (147144 4n/ j2—i )¢ ~ ¢, the action of (1+T, 14/ /2—:)
must create that arc/anchor. Thus ¢(a—14r'+n'/2—i—1) = a—1+r+n/2—iand Y (a—14+r"+n'/2—i+1) =
¢pi(a—14+71"4+n'/2—14i—1) in the case of an arc or a — 1 +r+n/2 — i+ 1 is an anchor. These matchings are
identical to those of ¢;;1, and no other matchings are changed by the action, so ¢ = ¢;41. Likewise, if ¢
does not contain the right arc/anchor, that arc/anchor must be created by the action of (1+T,_1 4/ ynr/2—i),
S0 ¢ = i—1.

Lastly, note that the above argument was completely symmetric with respect to the parity of 7, and
hence an analogous argument without anchors handles the 6; case. Thus the claim is proved.

As an edge case related to the claim, note that the only basis element sent to y = ¢g = 6y other than
itself by the transposition acting on the middle of the rainbow is 67 = ¢ if they both exist. Otherwise, just
¢1 exists and is sent to y, or the rainbow element has two nodes and neither exist.

We finish the proof of the proposition through induction:

Acting by (14 Ty—11r4n/2) o0 w, the new coordinate of ¢ = y is (g + 1)c + ¢'/%cy, where cy, is the
coordinate of ¢ in w. Since w is in the kernel, we have (¢ + 1)c + q1/20¢1 =0=> ¢4, = Q1c. Since ¢, = 04,
this gives us all our base cases.

Acting by (1+ T,—14r4n/2—;) on w, the new coordinate of ¢; is ¢*/%cq,,, +q"/%cy,_, + (¢ + 1)cg, = 0.
By the inductive hypothesis, ql/chﬁi+1 +qY2Q;_1c + (g+1)Qic=0s0cy,., = Q1Qic — Qi—1c= Qitr1c by
lemma 3.7. The case of §; is an identical proof, so the proposition follows.

O

We are now ready to prove the central proposition of this section.

Proposition 3.8. Let W3, |, be a generalized crossingless matchings representation. Suppose e does not
dividen+1r+ 1. Then K = 0.

Proof. Suppose K # 0. Take nonzero w € K. By Proposition 3.3, the coordinate of the rainbow vector R is
nonzero; suppose the coordinate is c¢. By proposition 3.6, the coordinates of the basis elements Ry, 4 r—1 and
Rp nir—2 are Qpir—1c and Qp4r—2c respectively.

Consider the coordinate of Ry, ,+r—1 in (14 T1)w. By the exact same logic as in the proof of proposition
3.6, we note that the only basis elements sent to Ry, n4r—1 by action of (1 + T7) are itself and Ry nqr—2.
Thus the desired coordinate is equal to (1 + ¢)Qnyr—1¢+ ql/QQnJrr,gc = —ql/an+rc by lemma 3.7.

Since w € K, we must have —¢'/2Q,,;.c = 0. We have that ¢ is nonzero, and we assume g nonzero,
and Q4 is zero iff ¢ is a root of ¢"*" + ... + 1, implying e|n + r + 1. Thus we have arrived at contradiction,
and K = 0. O

3.2. Irreducibility of the crossingless matchings representation. In this subsection, we will first give
a lemma on cyclic vectors. Then, we will use triviality of K to “project down” onto a copy of M := Mg, . .
with strictly fewer nodes; this will prove inductively that M is irreducible when e > n + r+.
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T @, m H(1+q)@_4_®

N

™ Q — q1/2@_4_®
N

e ) q1/2@L®
M

Figure 6. The action of (1+T4_14r4n/2-:) O0 Pi, di—1,¢ip1 (ordered from top to bottom), shown
as the case where y(3,10) is the rainbow vector in M2 and i = 2. When both the first anchor and
top level rainbow arc are intact, the arc of the transposition must also exist. When one of these is
broken, there is only one way to fix it.

We refer to a vector w € M satisfying 57w = M as cyclic. Tt is a classical result that a representation
M is irreducible if and only if every nonzero element of M is cyclic [12]. We will prove irreducibility by
showing that every nonzero w € M is cyclic; the following lemma is plays a key role in showing this.

Lemma 3.9. Every basis vector in M3, ., is cyclic.

Proof. Take some basis vector w; € M3, ,,.. We will first prove that w; is cyclic in the case r = 0, then move
on to the case r > 0.

Suppose r = 0 and w has arcs (1,b) and (a,b— 1). Then, ¢~ '/2(1 + Ty—1)w; is a basis vector containing
arc (1,a) with a < b as by the left mapping as follows:

O - e (] @

Similarly, if w has arc (b + 1,¢), ¢~ /2(1 + Ty)w; is a basis vector containing (1, c) with ¢ > b by the right
mapping above. Using these, we may iteratively “reduce” each arc to have length 2 and thus generate the
vector with all length-2 arcs. Then, we may “expand” each arc to generate an arbitrary crossingless matching;
this generates the basis of M3, | ., so it generates all of Mg, .

Now, suppose r > 0. Note that, between anchors at indices a < a’ having no anchor at index b with
a<b<d,the MY, case allows us to generate the basis vector with all length-2 arcs between a,a’ and
identical arcs/anchors outside of this sub-matching. At the ends, we apply the M? case or the MY, Lr_q Case
in the same way for the first a or last 2n + r — a indices.

Applying this between each arc gives us a vector with anchors and length-2 arcs, and we may use the
appropriate (1 + T;) to move anchors to any positions. Then, we may use the reverse process from above to
generate the correct matchings between arcs and generate any other basis vector. O

Now we will prove irreducibility.
Theorem 3.10. Suppose that e{r+2,7+3,...,n+r+ 1. Then the representation My, . is irreducible.

Proof. We proceed by induction on n. The base cases n = 0,7 # 0 and n = 1,7 = 0 follow from Lemma 3.1.
Take an arbitrary vector w € M. By Proposition 3.8 there exists some (1 + T;) € 4 such that
(14 T;)w # 0. Note that

im(1 + T;) = Span {w; | w; contains the arc (¢,i+1)}.

Hence, as vector spaces, there is an isomorphism ¢ : im(1 + T;) — M§(n—1)+r “deleting” the arc (i,i+ 1).
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Figure 7. The correspondence between the action of (1 + T%) on wj € M@ and the action of
¢ (1 + T3)(1 + T4)(1 + T2) on the corresponding vector in Mg having arc (3,4) first, then on
wh € MJ. This demonstrates that the action works with or without creating a loop.

We will show that, for every element (1 + T}) € J#(Sy(—1)4,), there is some element h; € S (San )
such that the following commutes:

im(1+17) —2 M, ).,

(3.1) lhj J{l*‘rT]{

lm(l +Tl) %} Mg(n71)+r
Indeed, when i + 1 # j this is given by h; = 1+ T}, and we have h;11 = ¢ (1 + T3)(1 4+ Ty41) (1 + T5—1).
This is illustrated by Figure 7, and can alternately be seen as a consequence of the following isotopy.

ST,
AT

This may be intuitively viewed as a “large” version of the action connecting nodes ¢ — 1 and ¢ + 2; it preserves
the arc (i,4 + 1) and the factor ¢ in h;+1 gives the correct scaling.

Note that, by the hypothesis of the proposition, e { » + 2,...,n + r and hence (n +7 — 1,n — 1)
satisfies the hypotheses of the proposition as well. Then, by the inductive hypothesis, there is some element
h' € H(Sa(n—1)+r) sending ¢((1 + T;)w) to the image of a basis vector of M3, | via ¢; then, by (3.1) the
action # generates the endomorphism ¢~ '’y of M, which sends (1+T;)w to a basis vector in M3, , .. This
implies that w is cyclic, and hence M3, . ,. is irreducible.

3.3. Correspondence with Specht modules. The following theorem due to Mathas [20, Thm. 5.5
generalizes the classical branching theorem of the symmetric group. This result is not be necessary for our
proof of the correspondence in the case e > n + r + 1, but the analogy with M is suggestive.

Theorem 3.11 (Characteristic-free classical branching theorem). Let A be a partition of m with ¢ removable
nodes. Then, Res S* has an I, q(Sm—1)-module filtration

0=28% c st c...c 8% =ResS*
such that St /St=1A = GO for qll 1 <t < 4. O

In particular, this holds in cases where S* fails to be irreducible. If we replace S* with the appropriate
M3, ., above, we find the statement of the following proposition.
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Proposition 3.12. Suppose that n > 0.
(i) Suppose that r > 0. Then, a filtration of Res M3, . is given by

(32) 0C M.}y CResM;, .,
with Res M3, /Mg L,y = MEHL .
(ii) We have the following isomorphism of representations:
(3.3) Mj, | = Res MJ,.
In the case thatetr+1,...,n+r+1, (3.2) and (3.3) are composition series.

Proof. (i) Note that the span of the matchings having an anchor at index 2n + r is a subrepresentation of
Res M3, . ,.; this subrepresentation is easily verified to be isomorphic to My, jrfl, and we will henceforth
refer to it as such.

Let U := Res MQTnJr,«/MQTanl7 and let 7 : Res M3, ., — U be the associated projection to U. Let
¢: U — Myl | be the k-linear map which regards the arc (i,2n +r) in U as an anchor at 4 in M31! .
It is not hard to verify that this is a well-defined isomorphism of vector spaces, so we must show that it is
F¢-linear.

We begin by showing commutativity of the following diagram:

1+7T;
T T
M2n+'r‘ M2n+t

(3.4) ym ym

r+1 1+T; r+1
M2(n—l)+r+l M2(n—l)+r+1

We illustrate this compatibility in the following graphic.

e el

e — (A — o=

N N

In both the left and right square, we see that ¢ may be treated as an isotopy which “unfolds” the last node
into an anchor. This isotopy may equivalently be pre- or post-composed with the isotopy defining the action
of 1+ T;, implying commutativity of (3.4).

Now, using (3.4), we have

d(T w;) = p(—w; + (1 + Tj)w)
= —¢(w;) + (1 + T;)p(w;)
= Tjp(w;).
Hence ¢ is an isomorphism of representations, and the statement is proven.

(ii) This follows from an analogous proof: now, ¢ : Res MY — M21(n_1) 41 is an isomorphism of
representations, which is proven to be J#-linear by the same logic. (]

We’ve now assembled the basic pieces necessary to prove our correspondence in the case e > n +1r + 1.
Theorem 3.13. If r = 0 then suppose e > 2. Suppose e > n+r+ 1. Then, M3, . = S(ntrm),

Proof. The case n = 0 is already proven via lemma 3.1, so suppose n > 0. In order to use Proposition 2.6,
suppose for now that either e { 4 or r > 0.

We will prove this inductively; the base case 2n 4+ r = 2 is implied by Lemma 3.1, so suppose that
M, = S(m+s:5) whenever 2m + s < 2n 4 7 and m 4+ s < n + r. Note that e > m + s + 1.
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Suppose 7 > 0. By Theorem 3.10, we know that M3, . = D for some e-regular partition \. By the
inductive hypothesis and Corollary 2.2, we have a composition series given by the short exact sequence

(35) 0 — Dtr=1n) __, Reg D» —s Dntrn=1) __

Hence the theorem is given by Proposition 2.6 (i).

Now suppose r = 0 and e # 4. Similarly, by Theorem 3.10, we know that Mg, , = D* for some
e-regular partition A, and by the inductive hypothesis and Corollary 2.2, we have the irreducible restriction
Res D* = D(""=1)_ Then, the theorem is given by Proposition 2.6 (ii).

Now, suppose e =4 and r = 0; then 4 > n + 1, so n < 2. We've already proven the n = 1 case via the
trivial representation, so suppose n = 2. Then, from the proof of Proposition 2.6, we know that M? = D?*,
where X € {(n,n), (n+ 1,n — 1)}. We have already proven that M7 = D(*+12=1 and we may verify that
dim M = 2 # 3 = dim M2, so we have that A = (n,n) and the theorem is proven for e = 4. ]

This entirely characterizes M3, . ,. in the case that e > n+r+1. Next, we will give weaker characterizations
of M3, . in the case e = n +r + 1, where the representations M3, . and S(n+rn) are reducible.

4. SIGN SUBREPRESENTATIONS AND POSSIBLE EXTENSIONS

Recall K := K3, ., defined in section 3.1, is the direct sum of all sign subrepresentations. In the
previous section, we were not able to prove M3, . ~ S (n+7m) for e = n + 7 + 1 because we could not assume
K = 0. In particular, our proof of irreducibility failed.

In this section, we prove that there is exactly one sign subrepresentation when e = n + r + 1, thus
M3, ., is reducible. We give an explicit basis for K, and explore how our approach may generalize to finding
subrepresentations for other e.

Note that we will use notation from section 3.1 freely.

4.1. Kernel basis. Here we determine an explicit basis for K when e = n + r + 1, assuming K # 0. In the
next section, we prove K # 0.

First let us formalize a useful property of sub-matchings. Namely, acting on sub-matchings is the same
as acting on the corresponding matching.

Definition 4.1. Given a basis element ¢ € M3, . ., specify some sub-matching ¢(a, b). Let Resﬁ’j;g%) Mg, .,

%n+r(‘1) r
Hy—at1(q) 7 2ntT

to be the subrepresentation generated by the set of basis elements {o|o(1,a—1) = ¥(1,a—1), o(b+1,2n+r) =
v(b+1,2n+7)}.

Lemma 4.2. Take a basis element ¢ € M3, .. Suppose 1) has some sub-matching 1 (a,b) with r' anchors.
Define Yy, with respect to this sub-matching.

The map p: Yy — MbTLGH defined by

be the restriction to the sub-algebra generated by transpositions 7y, ..., Tp—1. Define Yy, C Res

p() = o(a,b)

18 an isomorphism of representations.

Proof. The map is clearly bijective. Thus it is sufficient to prove the following:

p((1+ Tia—1)o) = (1 + T;)p(o)

As mentioned in the previous section, the action of a transposition T; can change at most 4 nodes, so
we need to show that the transpositions end up changing the same nodes in the same way in p((1+ Tj1q—1)0)
and (1+ T;)p(o).

Suppose o(i+a—1) =s,0(i+a) =t. Then (1 + Ti4q-1)0)(i+a—1)=i+a, (14 Tira—1)o)(s) =1,
50 p((1 4+ Tiya-1)0)(i) =i+ 1, p((Tiga—1)0)(s —a+ 1) =t —a + 1. Separately, p(o)(i) = s —a+ 1 and
plo)i+1l)=t—a+1,s0 (1+T;)p(o)(i) =i+ 1and (1 +T;)p(o)(s—a+1) =t —a+1 as desired. So the
map is an isomorphism and the lemma is proved. O

The lemma above motivates a recursive characterization of the kernel. To do this, it will be convenient
to define some notation.
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Figure 8. Suppose the second and third elements have coordinates x2(¢q1) and x3(g2) in their

respective kernel elements, where for q1, e = 3 and for g2 e = 4. The coordinate of the first element

is z(q) = z2(q)x3(q QQ?éQ3 where for g, e =7

e~/ =N\

Figure 9. In order, the rainbow element, R;, and R2. The coordinate of the rainbow element is
1. The coordinate of R; is Q4. The coordinate of R2 is Q4Q3. Generally, R; is the element with ¢
length two arcs then a rainbow element, and has coordinate Qn+4r—1...Qntr—i-

Definition 4.3. Recall Q; := (¢ + ... + ¢ + 1)/¢"/?>(~1)" (lemma 3.7). For b > 0, define QY := 1. For
b > a > 0 define
Qv—1---Qv—a

Qo---Qa—1

Definition 4.4. For ¢ € M, define the function z,(g) := 1.
For all other basis elements ¢ € Mg, , ., we define z recursively:

Qp =

a/2
2y (q) = Ty2,0-1) (D) Ty (at1,2n4+r) (¢ )QLF/TJ

I will refer to x4 as the coordinate function of 1.

The following proposition states the forward direction of our characterization.

Proposition 4.5. Let M3, ,,. be a crossingless matchings representation, and suppose Q1,...Qnyr—1,7 0.
Let w € K. WLOG the rainbow element R has coordinate 1 in w (by proposition 3.3). Then the coordinate
of any basis element 1 € M3, . in w is x4(q).

An illustration of this proposition is shown in figure 8.

Proof. Suppose ¥(1) = a. The proof is structured as follows: use proposition 3.6 to find the coefficient of the
basis element with |a/2] length two arcs then a rainbow element; use the same proposition in a reversed
manner to find the coefficient of the basis element consisting of the rainbow for the first a nodes, then the
rainbow for the final 2n 4+ r — a nodes; finally, we finish the proof through induction using lemma 4.2.

By proposition 3.6 the element Ry := Rp 54r—1 has coordinate Qp4+,-—1 in w. Then R;(3,2n+r) defines
a rainbow sub-matching, and is the rainbow element in MJ Yn—1)4r Thus we may define the element Ry by
R(1,2) := Ry(1,2), Ra(3,2n+ 1) := R pyr—2 € MZ(n Dtr By the same proposition, Ry has coordinate
Qn-1Qn—2 in w. Generally, define R; by R;(1,2(i —1)) := R;—1(1,2(: — 1)), Ri(2i —1,2n+7) := Rp ntr—i €
Mg(n7i+1)+r. Then the coefficient of R; is Qn4r—1...Qntr—i- These elements are shown in figure 9.

Now define the basis elements F; to be those basis elements that can be split into two rainbow sub-
representations between nodes 2i 2¢ 4+ 1, the first of which has no anchors. Formally, they are defined
by Ei(2i +1,2n +7) := R;j(2i + 1,2n + 1), E;(1,2i) := R € MJ,. By the same argument as above, if E;
has coordinate ¢ in w, R; has coordinate @;_1...Q1c. To see this, note that F; by definition has rainbow
sub-matchings F;(1,2i), so we may apply proposition 3.6 to that sub-matching and, as above, sequentially
move middle arcs out of the rainbow. We will eventually reach the point where our rainbow sub-matching
only has two nodes, and the basis element that we arrive at has all length two arcs and then a rainbow
element starting at node 2i + 1. This basis element is R;. It is easiest to see this in figure 10.

Since we assume @Q; # 0 for i < n+ r, this implies the coefficient of F; is % =0

In particular, returning to our desired basis element 1, the coordinate of E|, /| is Q,LL_F/TJ =TE |, -

% —
n+r — TE;-
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YA W

Figure 10. The figure on the left has sub-matching R ignoring the first two nodes. The middle
figure has submatching R3 ignoring the first two nodes. The figure on the right has sub-matching Fs
also ignoring the first two nodes. Since the first two nodes have the same structure for all elements, if
the coordinate of the first element is ¢, the coordinate of the second is QsQ5Q4c, and the coordinate

s i Q6Q5Qa
of the third is oot

Note that the above logic only uses proposition 3.6, which requires only that the basis element has
a rainbow sub-matching. So, suppose some basis element o has rainbow sub-matching o(s,t) = R with n’
nodes and r’ anchors, and that the coordinate of o in w is ¢. Then it follows that the basis element 19; defined
by 9i(1,s —1) :==0(1,s — 1), 9;(t + 1,2n+r) := o(t + 1,2n +r), and 9;(s,t) := E; has coefficient Q% ,c.
In other words, defining Y, with respect to the rainbow sub-matching o(s,t), the operation of finding the
coordinate of E; given the coordinate of R = o(s,t) commutes with the isomorphism to Y,. An example is
given in figure 10.

The above technique specifies an algorithm for determining the coordinate of .

As a base case, for the zero element have the algorithm return 1.

Suppose inductively that the algorithm returns the coordinate for any o € MQT;L, yp 20 < 2n 4,
and that that coordinate is equal to the coordinate function z,. Also suppose that the algorithm commutes
with any isomorphism defined by lemma 4.2. These statements are clearly true for the base case.

Given ¢ € M3, .., if ¥(1) = a, we may find the coordinate of E|,/2| as before. Note that this operation
commutes with any isomorphism defined by lemma 4.2. We may define Yg , , with respect to the rainbow
sub-matching F|,/2|(2,a —1). By the inductive hypothesis, we may apply the algorithm to this sub-matching
and commute with the isomorphism with Yg , , . In this way, we find that the coordinate of zZ)\ defined by
15(1, a) :=¥(1,a) and @(a +1,2n+4+71) = Ris Ty2,0-1)(q )Qm_/fJ mq;(q) Similarly, define Y@ with respect

to the rainbow sub-matching @(a + 1,2n+ r), and commute the algorithm with the isomorphism. In the
same way, we obtain that the coordinate of 1 € Yy is @y (2,a-1) (@) Ty (a+1,204r) (4 )QL‘:{?J = 24(q) as desired.
Note that we only added a single operation to the algorithm in the inductive step, which also commutes

with any isomorphism defined by lemma 4.2. Thus the inductive step holds and the proposition is proved.
|

The following few corollaries will help to simplify some later arguments.

Corollary 4.6. Let w € K, w # 0. Suppose ¥(1,a) is a sub-matching with no anchors. Then:

a/2
Loy = $¢(1,a)(q>xw(a+l,2n+r) (q)QniLr

Proof. Define a1 = 9(1), a; = ¥(a;—1 + 1). Then for some j we have a; = a. If j = 1, the statement is the
same as the proposition. Suppose that the statement is true for any matching with a, = a, v < j. Then the
statement holds for the sub-matching ¥ (a1 + 1,2n + r), and we have:

ay/2
Ty(q) =Ty 1,a1) (D Tp(ar+1,2n4r) (Q)Qnﬂr/r

a1/2n~a/2—a1/2
=Te)(1,a1) (q)xw(a1+1,a) (q)xw(a+1,2n+r) (Q)inJr/r Qn{i_r_all//g

- Qa/2—1~~~Qa/2—a /2
=T a Lyp(a a Lyp(a n+r QZl/an/2 01/2( :
v @uaria @DTve 2 Ol a2\ Q7 Qua s

a1 /2~a/2
=$¢(1,a1)(Q)xw(a1+1,a) (Q)xw(a+1 2n+r) (Q)Qa}é Qn{i-r

=Ty(1,a) (q)xw(a+1,2n+r)( )Qn{H
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Corollary 4.7. If+ € M3, ., then x4(q) #0 ife > n+r.

Proof. For our base cases, if 2n 4+ r = 2 all coeflicients are 1, which is nonzero for any gq.
Assume the statement is true for all 2n’ + 1’ < 2n + r. Given (1) = a we have

a/2
Lo ((I) = m¢(2,a71)(q)m¢(a+1,2n+r) (q)QrtzlrJ

If e > n 4+ 7, non of the Q; term appearing in Q,ﬁ/fj are zero, and n’ + 1’ < n +r < e for any of the

sub-matchings that appear, so those coordinates are nonzero and the corollary holds. O

The proposition fully characterizes any possible kernel element when Q;...Qp4-—1 7 0. In particular,
the following corollary holds:

Corollary 4.8. When Q1..Qn1r—1 # 0 and the kernel is nontrivial, the kernel is one dimensional.

This corollary follows from the fact that we may write the coordinate of any basis element as proportional
to the coordinate of the rainbow basis element.

4.2. Nontrivial kernel. Now we must verify that the kernel element defined in proposition 4.5 is indeed an
element of the kernel when e = n + r + 1. To do this, we will need to know exactly which basis elements o
are mapped to a specific basis element ¢ by a given (1 + T;) for all ¢b. The next two lemmas help address
this question.

Lemma 4.9. Take some basis element ¢ € Mg, ..

(i) Suppose ¥(a) =b for some b > a+ 1, and that (14 T;)v = (14 q) for some a < i <b—1. We then
have a subrepresentation ¥ (a,b) and may define Y,, with respect to this subrepresentation. Then for
all basis elements o such that (1 + T;)o = ¢/, we have that

O'GYw

(i) Suppose ¥ has some anchor at position u, and (1 + T;) = (1 + q)yp for some i > u. We again have
a subrepresentation (u,2n + ) and may define Yy, with respect to this subrepresentation. Then for
all basis elements o such that (14 T;)o = q'/*4, we have that o € Yy again.

Proof. This lemma follows from a note I made in section 3.1: a transposition can only alter two existing
matchings.

(i) If o ¢ Yy either o(1,a—1) #¥(l,a—1) or o(b+ 1,2n+ 1) # (b+1,2n + ). Suppose it is the
first case. Then for some s, € [I,a — 1], s < t, we have (s) = t and o(s) # t. To have (1 + T;)o = ¢'/%¢
we must have o(t) =i+ 1, o(s) = i. But then o(a) # b and o(a) #ior i+ 1, so ((1+ T;)o)(a) # b and
(14 T;)o # q'/?¢). The same argument proves the o(b+ 1,2n + 1) # (b +1,2n + ) case.

(ii) An analogous argument proves the anchor case. Specifically, the anchor cannot exist at position u
and is not created by action of (1+T;) if o(s) =i and o(t) =i+ 1.

(|

It is important to note that lemma 4.9 only references cases where a transposition acts under an arc or
to the right of an anchor. An example is given in figure 11.

The next lemma characterizes cases where the transposition is not under any arcs and all anchors are
to the right.

Essentially, this lemma states that the only elements sent to the same element are those which break
at most one of the top level arcs to the left of the leftmost anchor, or that break the leftmost anchor. An
illustration is given in figure 12.
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Lemma 4.10. Take a basis element 1 € M, .. Suppose the leftmost anchor in 1) is at index b, or let
b=2n+1r+ 1 if there is no anchor. Define a; such that ¥(a;) = aj—1 + 1 and (a1) =1 for all j such that
a; < b.

Suppose (1 +T;)p = (14 q)1p for some i < b — 1 where s, t such that (s) =t and s < i,t > i+ 1.
Suppose there is some basis element o such that (14 T;)o = q/24. Then:

(i) ¥(aj—1+2,a; — 1) =0o(aj—1+2,a; — 1) for all j.
(i) v(b+1,2n+7r)=0c(b+1,2n+7)
(iii) If b is not an anchor in o, Y(a;) = o(a;) for all j such that aj # i+ 1.
() If b is an anchor in o, there exists exactly one value of j such that o(a;) # ¥(a;) and a; #i+ 1

Proof. (i) Suppose that, for some j there exists s,t € [a;_1 + 2, a; — 1] such that ¢(s) =t but o(s) # t. Then
if (1+7;)0 = ¢*/?y we must have o(i) = s or t and o(i+1) = s or t. But, by definition, 4,i+1 & [a;_1 + 1, a;],
so this implies o'(a;) # a;—1 + 1,4,i+ 1, so (1 +T})0)(a;) # aj—1 + 1 and (1 +T;)o # ¢'/?. So (i) is proved.

(i) The proof of (ii) is analogous to the proof of (i). We cannot have ¥(b+ 1,2n+7r) #o(b+1,2n+1r)
and Y(b+1,2n+7r) = ((1+T;)o)(b+ 1,2n+ 1) if ((1 +T;)0)(b) = b.

(iii) If b is not an anchor in o and (1 + T})o = ¢*/?%, we must have i an anchor in o, and o(i + 1) = b.
No other nodes in o are changed, so this proves (iii).

(iiii) From (i)-(iii) we have that the only remaining matchings that can differ are the (aj_1 + 1, qa;)
matchings. If one of them differs, by the same argument as before it must be fixed by the action of (1 + T;),
and no other nodes are changed, so (iiii) is proved.

O

Lastly, we will need a small combinatorial result.

— (1+4q)

= (¢"?)

(1+4q)

= (¢"?)

0NN\

)22
HED

Figure 11. In the first line we act under an arc, so if another element without that arc is sent to
that element, it must fix the arc as shown in the second line. In the third line we act to the right of
an anchor, so if another element without that anchor is sent to that element, it must fix the anchor
as shown in the fourth line.



20 MILES JOHNSON AND NATALIE STEWART

Lemma 4.11. Supposen >b>a >0 and e >n. Then

anaQb - anbleafl = QnQbfa

Proof. If b =1, the only possibility for a is 1, in which reduces to lemma 3.7.
Suppose the lemma is true for all b < b+ 1. Then for a < b we have

Qn—aQb - Qn—b—lQa—l :QnQb—a
QlQn—aQb - QlQn—b—lQa—l :QlQnQb—a
from lemma 3.7, we have
Qn—a(Qbr1+Qp—1) = (Qnb+Qnb-2)Qa1=Qn(Qv—a—1+Qbar1)

and from the inductive hypothesis we have

Qn—aQb—i—l - Qn—bQu—l = QnQb—a-‘,—l
as desired.
For a = b we have

Qn-vQp — Qr-p—1Qv—1 =Qn
Qlanbe - Qlanblebfl :QlQn

from lemma 3.7, we have

Qn—v(Qvs1 + Qv—1) — (Qn-b + Qn_t—2)Qp—1 =Q1Qn,
Qn-vQv+1 — Qn-v—2Qv—1 =Q1Qn

as desired.

(A e Y ~ew
AN

Figure 12. The action of (1 + T%) fixes the first basis element. Shown are all the basis vectors sent
to the same element by the same transposition. Note that in all of them nodes 2-5 and 12-15 are
the same. This illustrates (i) and (ii) in lemma 4.10. Note that in the last case where the anchor is
in a different place, 1,6 and 9,10 are still matched. This illustrates (iii). In the middle two cases
where the anchor is in the same place, only one of 1,6 or 9,10 are not paired. This illustrates (iiii).
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For a = b+ 1, we continue:

Q1Qn—Qby1 — Q1Qn—p—2Qp—1 =Q1Q1Qr
(Qn—-b—1+ Qn-ss1)Qv+1 — Qn-p—2(Qp + Qp—2) =(1+ Q2)Q»,

So by the inductive hypothesis

Qrn-v—1Qv41 — Qn-p—2Qs = Qn

as desired, and the proof is finished by induction.

We are now ready to prove existence of a kernel element. To prove this, we will show that if w € Mg, , .
is as characterized in proposition 4.5, the coordinate of any basis element in (1 + T;)w is zero. This will split
into various cases related to the previous lemmas.

Theorem 4.12. Suppose e =n+r+ 1. Then K # 0.

Proof. As a base case, when 2n’ + 1’ < 2, the representation is at most one dimensional. If the one basis
element has only anchors, it is sent to zero by any (1+T;), and is in the kernel. If the single basis element is a
single arc, it is sent to (1 4 ¢) times itself, and we take e =n+r+1=2s0 1+ ¢ = 0 and the base case holds.

Assume inductively that the statement holds for all Mg;b, 4o where 2n' + 17" < 2n + 7. Take w as defined
by proposition 4.5.

Given ¢ € (1+T;)M3, ., let Ey C M;, . be the pre-image of ¢) under the action of (14 T;). To prove
w is in the kernel, we must show the following:

(4.1) (1+q)zy(q) + Z q*%x4(q) = 0 for all basis elements 1)
ocEEy,0#Y

Inductively, we assume this equation holds for basis elements in smaller representations Mg;ﬂ L, but only
for ¢ such that e = n’ + 7' + 1. Clearly this is true in the base case. For the following proof we will need a
slightly stronger inductive assumption. Take 1)’ € M{;,H,, and suppose either that ¢'(1) = 2n/ + 7/, and
that (1 +T;)¢" = (1+@)¢', 1 <i < 2n' +7r —1, or that 1 is an anchor in ¢’ and (1 + T3)¢' = (1 + ¢)¢/,
1 < i. Defining Fy as before, we assume

(4.2) (1+q)zy + Z q**z, = 0 for any q with e > n/ + 7/
CEE o

Note that 4.2 does not apply in the base case. Our proof of the inductive step will be split into cases,
and each case will only depend on sub-cases in which certain inductive hypotheses apply, so this will not lead
to any problems.

Before exploring the cases, let us formally define E; to be the pre-image of ¢ under the action of
(1+T;), and, given some sub-matching ¢ (a,b) where a < i < b, Ey(4) to be the pre-image of ¥)(a,b) under
action of (14 T;—441):

Case 1. Suppose ¢ € (1 + T;)Ms,, ., for some i, and that there exist s, such that s <7 <t—1,s>1or
t < 2n+r, and ¢(s) = t. Also suppose the leftmost anchor is at some index u > t, or that there are
no anchors. Then we have a sub-matching (s, ), and by lemma 4.9 E,;, C Y,,. Then, using corollary
4.6, the following equality holds:
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A+Qze@+ Y. 4" z.(q)

o€Ey, 07y

s—1)/2
= (-/I:d)(l,sfl) <Q)Q$L+r 2 ) (1 + Q)xw(s,2n+'r) <Q) + Z q1/2I0(5,2n+T) (q)

ocEEy,0#Y

s—1)/2 —s+1)/2
Z(%(qu)(qmg”)/ ) (%(t+1,2n+r)(Q)QS+T_+(S)£1)/2) I+ Qrpen@+ D> ¢ P2en(q)

Case 2.

Case 3.

o€Ey, 07y

We have that e > j for any @Q; term appearing in the equation above, and e > n’ 4 r’ for any
sub-matching coordinate appearing above, so by corollary 4.7:

L+Qze@+ Y. ¢ z.(g) =0
oc€Ey 0%

if and only if

I+ Qrpen@+ D, ¢ 2op(e) =0.
oc€Ey,0#Y

Note that (¢(s,t))(1) =t — s+ 1. So by our inductive hypothesis (ii), we have

(14 @)y (s (q) + > ¢"25(q) =0
TEE y(s,t),0 7Y (8,t)

By lemma 4.2, if o € Yy, (1 +T})o = ¢"/?% if and only if (1 4 Ti—sy1)0(s,t) = ¢"/?(s,t), so the
previous equation implies

I+ Qrpen@+ D ¢ 2en(e) =0
o€EEy 0%

as desired, and this case is proved.

Again take ¢ € (1 + T;)M3, . for some i, but suppose the leftmost anchor is at some position u
where 1 < u < 4. Then, as before, we have a sub-matching ¢ (u,2n + r) and by lemma 4.9 E,;, C Y.

Note that both corollary 4.6 and our inductive hypothesis 4.2 still apply in this case, where we
consider a left anchor instead of a matching. The algebra is identical, and an analogous argument
proves Case 2. This illustrates the isotopy shown in diagram 3.4.

It is important to note that, for both Case 1 and Case 2, the inductive hypothesis depends only on
cases in which 4.2 holds. Thus, if we show these cases rely on valid base cases, Case 1 and Case 2
follow. This will be done in Case 4.

Suppose ¢ € (14 T;)M3,, ., for some 7, the leftmost anchor is at a position « > i 4 1 or there are no
anchors, and s, ¢ such that 1(s) =t and s <4 <t — 1. Lemma 4.10 characterizes all o € E,,. We
would like to prove the following for arbitrary ¢ where e > n + r:

i+1)/2
(1+q)zy(q) + Z q"?x,(q) = _q1/2xw(l,i—1)(Q)mw(i+2,2n+r)(q)ngiri/l

oc€Ey 07

See figure 13 for an example of this equality. Note that if e =n +r 4+ 1, @, is the only zero
component in the right side of this equation, so proving this equation is sufficient to prove Case 3.

We will prove this equality through yet another inductive proof, this time inducting on the number
of top level arcs, including the leftmost anchor.
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Formally, as we have in earlier lemmas, we will define a; by a1 := ¢(1), a; := 9(a;—1 +1). Then
define by, such that ap L, = U if there is an anchor or a , = 2n + 1 otherwise. We induct on by.

If by, = 1, we must be in M3 to be in case 3 (otherwise s < i < ¢ — 1 for some s, ¢ where ¥(s) = t),
which is trivially satisfied. Thus the base case holds.

Suppose for all basis elements o such that b, < by, the equality holds. Suppose ¢ # 1. Then a; < ¢
and lemma 4.10 gives that there is a unique v € Ey such that v(1) # a;. Thus we have the following
equality:

A+ gyl + Y. ¢?z.(q)
0EEy,0#Y,v

ay/2
= (wl/’(l,al)(Q)inJr/r) (1 + q)xw(a1+1,2n+r) (q> + Z q1/2$a(a1+1,2n+r) (Q)
oc€Ey,0#Y,v

Define Yy, with respect to the sub-matching ¢ (a; +1,2n +r). Then o € Ey, 0 # v implies o € Y.
By our inductive hypothesis, we have that

(14 Q)p(ar 41,2040 (@) + > ¢'25(q)
0€E y(ay +1,2n+r):07Y(a1+1,2n+7)

(i+1—a1)/2

/Qxl/’(al +1,i—1) (Q)xlp(i+2,2n+7») (q)Qn+7'—a1 /2+1

:—ql

By lemma 4.2, ¢ C Yy, 0 € Ey if and only if o(a1 4+ 1,2n +7) € Ey(q,+1,2n4r)- This implies:

(14 @) y(ar+1,2n4+r) (@) + Z q1/2$a(a1+1,2n+r)(Q)
cEBy oAb

i+1—a 2
= q1/2x¢(a1+l,i—l)(Q)Il/)(i+2,2n+r) (Q)Q,&L_J%H

YO — (1+q) @_@l;
/4

Q = —s @U%&A
/4

P @ —s @Uﬂ&@k
/4

m o — (q'/2) Q_@k
/4

Figure 13. The four elements sent to the first element by (1 + T3) are listed. The coordinate
of the first element is @3Q2Q1. The coordinate of the second is Q3Q2. The coordinate of the
third is Q3Q2. The coordinate of the fourth is Q3. Call the first element 1. Then 1 2) = 1,
Ty(5,7) = Q1,80 —q1/2$w(1,i71)(q)xw(i+2,2n+r)(q)foi}.i/f = —¢2Q4Qs. We also have (14¢)zy(q)+
S oeryore 4 20(@) = (+1)(Q3Q2Q1) +¢"2(Q3Q2 + Q3Q2 + Qs) = —¢"(Q3Q2Q1 — 2Q3Q2 +
Q3) = —¢'2Q4Qs as desired (one can verify the last equality by hand or simplify using lemma
4.11).
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So, combining with the aforementioned equality, we have

A+Qze(@+ > ¢ z.(q)
oc€Ey,0#Y,v

i+1—aq1)/2 i+1—aq1)/2
= <I¢(1,a1)(qm,(f+r,51%+1> (*ql/zﬂﬂw(aﬁu—l)(Q)%(i+2,2n+r)(Q)QSH,Z%H)

i+1—a 2 i+1—a 2
= <x¢(1,a1)(Q)Q,(JT,af%+1) (—q1/2%(a1+1,¢_1)(Q)xw(i+2,2n+r) (Q)Q,&L,af%ﬂ) (

i Qntr—ar/2Q(i-1)/2
= ql/zxw(l,i—l)(q)x¢(i+2,2n+r) (q)Q’ELI:?‘r/IQ ( L al( e
QnrQi-1-ay)/2

Q(i—l)/Q—lmQ(i—l—al)/Z>
Q(ifl)/271~-~Q(i—lfa1)/2

Separately, note that v is defined by v(2,a; — 1) =¥(2,a1 — 1), v(a1 + 1,i — 1) =¥(a1 + 1,7 — 1),
v +2,2n+71)=9v({E+2,2n+r), and v(1) =i+ 1, v(a;) = ¢. Thus we may determine z,,, again
utilizing corollary 4.6:

i+1)/2
Ty =Top(i+2,2n+1)Lv(2,4) Q’E:_Hﬂ )/

(a1-2)/2 i+1)/2

=Top(i+2,2n+r) (fw(zal—l)ifv(al7i)Q(iil)/)2/ ) QSL-H- /
a1—2)/2 i+1)/2
=Ly (i+2,2n+r) (xﬁb(lyal)‘rll’(al+17i*1)QEii1)/)2/ )ng)/

(i+1)/2 Qn+r(i+1)/2Qa1/21>
=Top(4 n4r)L i—1){2
Pl Te i) et ( Qn+rQ(i—1—a1)/2

Adding this into our previous equation, we have:

A+Qze@+ Y. ¢ z.(q)
oc€Ey 0%

i Qntr—a,/2Q(i-1)/2 = @nir—(i+1)/2@ar /21
:_q1/2xw(1,i—1)(Q)xw(i+2,2n+r)(Q)Q;i:i/lz( pm e o asGE AL LY
QnirQi—1—ay)/2

Applying lemma 4.11 to the portion of the equation above in parenthesis, the above is equivalent
to

i+1)/2
+aas@)+ Y. a%2.(q) = a2y, 0@ Tpir2.20en (@QT

oc€Ey,07#

as desired. Note that if e > n + r + 1 the only term above that can be zero is Q4. (by corollary
4.7). Thus we have proved the inductive step for the case where i # 1.

If i = 1, we instead look at the sub-matchings ¥(1,a, 1)), ¥(aw, 1) +1,2n + 7). Again lemma
4.10 gives that there is a unique v € Ey such that v(ag, 1) + 1) # ¥(ap, 1) + 1). Taking Yy, with
respect to the sub-matching w(a(bw,l) +1,ap,) again we have that o € Ey, 0 # v implies 0 € Y.
Thus, following the same logic as before, we arrive at the following equality:

A+ qzel@)+ . ¢Px.(q)
UGEwJ#%U

aw,, —1)/2
= (xw(a(bwn-ﬁ-lﬂ"-ﬁ-?") (q)Qn#ﬁ ) (_q1/2mw(3va(bd,71))(q)Qa(bwA)/Q)

Q7L+7'—1Qa(b¢_1)/2

= q1/2m1/)(3,2n+r) Q
a(bw —1)/2*1

Again, we know the structure of v from lemma 4.10. Suppose for now that a;,, is not an anchor,
so it is 2n + r. Then v is defined by v(3,a(,-1)) = ¥(3,a4,-1)); v(awp,—1) +2,2n+r —1) =



SOME GRAPHICAL REALIZATIONS OF TWO-ROW SPECHT MODULES OF HECKE ALGEBRAS

Y(aw,—1) +2,2n+r —1), and v(1) = 2n +r, v(2) = ap, 1) + 1. So we may again find z,,:

a(b —
— — ¥
Lo = Ty(2,2ntr—1) TLy(3,a0, 1) T(ag, —1)+2.2n4r—1)nyr

/2
1

by, —1)/2

:xw(&a(%—1))'r1b(a(bw_1)+1,2ﬂ+7‘)Qn+r—1

anrflfau,w,l)/Q

=T (3,2n+7)
Qa(bw—l)/271

Alternatively, if ap, is an anchor, the definition of v is now v(3,as,

- 1) = 1/’(3761%

v(ap, +1,2n+7) =YP(ap, +1,2n +7), and v(1) = 1, v(2) = ap,,, so we have:

by, —1)/2

Qn—r—l—a(bw,D/Q

Lo = Tou(2,2n+r) = %(B,awwn)%(a%+1,2n+r>9n+r—1 = Ty(3,2n+r)

so for our purposes z,, is the same in either case.
Incorporating into the above equation, we have:

>, ¢ =

(1+q)zy(q) +

oEEy 0%y
1/2 Qn+r71Qa(%,1>/2 - Qn—r—l—a(bw,l)/Q
—q " Typ(3,2n4r) 9]
by, —1)/2-1

Qa(bw,l)/2—1

25

- 1))

By lemma 4.11, this is simply —q'/ 224(3,2n+1)@n+r as desired, and we have finished proving case

3.

Case 4. The only cases we have not yet dealt with are those where either 1 is an anchor or (1) = 2n + 7.

These are those cases related to our inductive hypothesis (ii).

To not be in case 1 or 2, we must have that there are no anchors between index 1 and 4, and that
there is no integer s such that 1 < s < i < (s) — 1. It follows from the same argument that proved
lemma 4.9 that there exists exactly one v € Ey, such that v(1) # ¢(1). Define N to be 2n+r if 1 is
an anchor, or 2n +r — 1 if 1 is not an anchor. Then, defining Y, with respect to the sub-matching
¥(2, N), we have that o € Ey,0 # v if and only if 0(2, N) € Ey (2 n). Note that for Ey ;) we may

apply the inductive hypothesis from case 3, so we have:

I+Qze@)+ >, a" (g
oc€Ey,0#Y,v
=1+ q)zy2,n)(9) + Z q"*(q)
UGEw(zyN),U;éT,D(Q,N)

/2
=— ql/zxw(Z,i—l)xq/;(i+2,N)QiL/+r

As in case 3, we can also determine x,,. v is defined by v(2,i — 1) = ¥(2,i — 1), v(i + 2,N) =
Y +2,N),v(l) =i, and v(i + 1) = 2n+ r if 1 is not an anchor or ¢ 4+ 1 if 1 is an anchor, and we

have:

i/2
Ty = xw(27i71)xv(i+2,N)Qn/+r
Thus we have

(1 +q)zy(q) +
o€EEy,0#Y

—ql/Qﬂfw(Q,iq)ww(iH,N)Qiﬁr (1-1)=0

as desired, and the last case is proved. Note that this only relies on the inductive hypothesis from

case 3, for which we showed the base case holds.



26 MILES JOHNSON AND NATALIE STEWART

Thus our inductive hypotheses have all been proven, and those that apply in the base case hold in the
base case, so by induction the theorem is proved.
|

Corollary 4.13. Ife=mn+r+1, Mg, . is reducible, and has a unique sign subrepresentation.

Due to the argument present in Theorem 3.10, sign subrepresentations provide a surprisingly strong
characterization of some Mg, , . as follows.

Proposition 4.14. Fiz some M := M3, .. Suppose there is some natural number n' with n' < n such that
K3y #0. Let w: Mg, . — Mg, . be the linear map

D (R AT R R
' id ifn=mn,

where idys is the identity map on Mg, .. Then, 77_1(K§'n,+r) contains any proper subrepresentations of
Mgn—i-r'

Proof. Set M := M,y and K := K5, . It suffices to show that any vector w € M — n~*(K) is cyclic;
then, any subrepresentation containing w also contains all of M, implying the proposition.

In fact, since m(w) ¢ K, there is some (1 + T;) € 4 such that (1 + T;)w(w) # 0. Note that
e>(n'—1)+r+1,s0 My, , . isirreducible; then, we may use diagram (3.1) and an analogous argument
to Theorem 3.10 to argue that (1 + T;)m(w) is cyclic, and hence w is cyclic. O

Corollary 4.15. Suppose e =n+r + 1. Then My, . has a composition series given by
0cC K5n+r - Mgn—&-r'
]

Remark. In the case n < n/, we may replace 7 with a product of n —n' elements (1+77,)--- (141, ) € A

such that |z; — z;| > 2 for each 1 < ¢ < j <n —n'. Then, an analogous statement to Proposition 4.14 follows
from an analogous proof.

Proposition 4.14 and Corollary 4.15 are suggestive; the preimage 7~ !(K) may play a key role in
characterizing the representation Mj, ., in other reducible cases. The following section poses several
conjectures involving this structure.

4.3. Conjectures on sign subrepresentations. If 77 !(K) is itself a subrepresentation of M, then we will
have identified the radical of M3, ., via Proposition 4.14. Observing decomposition matrices for S, ) for

small e and n, we note that S+ appears to have composition series of length at-most two [19, Appendix BJ;
we give heuristic support for an analogous statement on M3, ., in Appendix C. This motivates our first
conjecture:

Conjecture 4.16. In Proposition 4.1/, W*I(Kgn/_‘_r) is an irreducible subrepresentation of Mg, . ..

This has been verified for 7 : M — M. In general, this is surprising; 7 is a-priori only a linear map,
so we do not expect a-priori that the preimage of a subrepresentation via 7 is a subrepresentation of Mg, ..

Remark. As a corollary to 4.16, the quotient My, ., /m~ (K3, ) is irreducible [11, Thm. 10.4].

We can posit more structure than this; by observing Figure 17, we note that the kernel is nontrivial in
more cases than e = n + r + 1, and appears to follow a pattern:

Conjecture 4.17. Suppose p = oo. Then, K3, . C M3, . is nontrivial if and only if e | n+r + 1 and
e > n, in which case it is one-dimensional.

Then, assuming that Conjectures 4.16 and 4.17 are true, we reach the following corollary.

Corollary 4.18. Assume Conjectures 4.16 and /4.17. Suppose e,n,r are such that M3, , . is irreducible and
e|n' +r+1 for somee<n' <n. Then, M := M3, , . has a composition series given by

(4.3) 0Ca " (KS,,,) C Mg, ..
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Proof. By Conjecture 4.17, we have the filtration (4.3). By Conjecture 4.16, the first factor is irreducible,
and by 4.14, the second factor is irreducible. (|

These conjectures would characterize much of the structure of M3, ... We will pose a final conjecture
as follows.

Conjecture 4.19. For any e,n,r, we have M3, = Sr+rn),

The support for this includes the special case e > n +r + 1 case proven in Theorem 3.13, as well as the
previous contents of this section. Further, note that the basis of Mg, , . is defined analogously for all e; it is
well-known that a basis for S* is indexed by the standard young tableaux of \, which is also independent of
e [19, Prop. 3.22]. Hence Theorem 3.13 implies that M3, and S+ have the same dimension. These
facts give heuristic support for Conjecture 4.19

5. FIBONACCI REPRESENTATIONS AND QUOTIENTS OF SPECHT MODULES

Irreducibility of S("*™") plays a central role in the arguments of Section 3; without irreducibility of
M3, ., (which is conjecturally equivalent to irreducibility of S (””7”)), M is not necessarily isomorphic to
any Specht module S* or quotient D?, preventing the arguments of Section 2 from being used. Further,
when S+ ig reducible, we have e | I for some r +2 <1 <mn+r+ 1, and hence the filtration provided in
Proposition 3.2 fails to be a composition series. In summary, for S*+7™) nearly every argument in Sections
2 and 3 break down, and hence it is difficult to characterize the Specht module S*"™) via crossingless
matchings.

Due to these difficulties, we additionally seek a graphical realization of the irreducible quotient D(+77).
In doing so, we may study their branching via Corollary 2.5, which gives an interesting recurrence in their
dimension.

Ezample. Suppose e = 5. If m is even, let ¢t be such that 2t = m; if m is odd, let ¢’ be such that 2¢t' +3 = m.
Then, we may define the following quantity:

205 dim D®?) if m is even,
™ dim DE )i s odd.

Define d’;? similarly. Then, by Corollary 2.5, we have

0,3 _ 41,2
dm - dm—l’

1,2 _ 41,2 0,3
dm - dmfl + dmfl
1,2 1,2
= dm—l =+ dm—2'

Further, by Lemma 3.1, we have that d(2),3 = dé’z = 1; hence d};% = dg;gﬂ = fm, where f,, is the nth Fibonacci
number.

In this section, we henceforth restrict to the case e = 5 and r < 3. We note that Shor—Jordan [23] have
conveniently used complex representations of the braid group on m strands in [23] having dimensions f,, and
fm—1. In fact, the Fibonacci representation of Definition 1.2 with k = C and ¢ = e 37/% is a rescaling of
Shor—Jordan’s Fibonacci representation.

Note that Shor—Jordan does not characterize this representation any more than the definition and
decomposition into four subrepresentations; we will give a characterization of this representation which is
stronger than presented in [23] or its generalization in [1].

We will start our study of the Fibonacci representation V := V™ by studying low-dimensional cases.
Recall that we have decomposed V into a direct sum of the subrepresentations Viu, Vio, Vox, and V4o, indexed
by the first and last character of the strings in V.

Proposition 5.1. We have the following isomorphisms of representations:
Vi =D
Vo= D®
Voo =2 V& ® Vao.
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Proof. The first isomorphism follows via identification with the trivial representation, and the second with
the sign representation.

Further, V2 is a 2-dimensional representation of a semisimple commutative algebra, and hence decom-
poses into a direct sum of two 1-dimensional subrepresentations. In particular, we may fix basis {(0%0), (000)}
for V2 and note that T} acts by the matrix

e 1)
T = |:5 82:| )

)\2 — (61 + 52))\ + (5152 — (52)

which has characteristic polynomial

We may verify that, for A = —1, this evaluates to

~(14q+ )1+ +¢" +¢° +2¢° +¢) [5], = 0,
and for A = ¢ this evaluates to

—(P(-1+q+ )1 +q+ 7+ +2¢" +¢°) 5], = 0.

Hence p7, has eigenvalues —1 and gq.
The eigenspaces with eigenvalues —1 and ¢ are subrepresentations isomorphic to the sign and trivial
representation, hence Vyo is isomorphic to a direct sum of the trivial and sign representations, as required. [

We may further study the low-dimensional Fibonacci representations with the following proposition:
Proposition 5.2. The representation Vi is irreducible.

Proof. Fix the basis {(*0%0), (¥000)} for V,3. Then, T} and T act by the following matrices:

_ |o2 0 . €1 1)
Ty = 0 apl’ T, = 5 eol”
A proper nontrivial subrepresentation of V.3 must be one-dimensional, and hence an eigenspace of each of

these matrices; since oy # a1, the pr, has two independent eigenspaces given by the spans each basis element;
since § # 0, neither basis element is an eigenvector of pr,. Hence V.3 is irreducible. |

These propositions establish the low-dimensional behavior of V™ that we will use in our analysis of
general V™ below. We will proceed first by proving that V. and V' are irreducible; then, we will use
combinatorial arguments to prove that these are isomorphic to the desired irreducible quotients two-row
Specht modules.

Proposition 5.3. The representation V' is irreducible.

Proof. We will prove this inductively in m. We've already proven irreducibility of V.3 and V.3 via Propositions
5.1 and 5.2, so suppose that V72 is irreducible.

Let {v;} be the basis for Vi. Then each v; is cyclic; indeed, we can transform every basis vector into
(%0...0) via action by the appropriate $(7; — 1), and we can transform (*0...0) into any basis vector via
action by the appropriate %(T,- — &9). Hence it is sufficient to show that each v € Vi generates some basis
element.

Let v; be the basis element (¥0%0...0), which is many copies of *0, followed by an extra 0 if m is odd.
We will show that each v € Vi generates v;. Then, each v will be cyclic, implying the proposition.

Suppose that no basis elements beginning (*0%0) have nonzero coefficient in v; then, there is some basis
element v; beginning (*000) having nonzero coefficient in v, and the basis element having all other characters
identical to v; except for the beginning (*0%0) has nonzero coefficient in T3v. Hence we may assume that at
least one element beginning (*0*0) has nonzero coefficient in v.

Note that

im (7T} — a1) = Span {Basis vectors beginning (*0+%0)}
and (T; — aq)v # 0. Further, note that we may consider im(77 — o) to be a subrepresentation of

%(Snz)
Res (5"

implies that v; is generated by (T4 — a1)v, and v is cyclic, as desired. O

,) Vio's this yields that im(T), — o) = Vj72 as representations. Hence irreducibility of V2
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Note that the structure of this proof is parallel to the structure of Theorem 3.10: we project down
to the analogous representation on fewer letters, and we inductively lift irreducibility from this smaller
representation to our original one.

Now we may begin considering restrictions of Fibonacci representations as follows.

Lemma 5.4. The following branching rules hold:

Vil 2 Res Vi 2 VI Lo VIl

Vor Tt = Res VI = VT
Proof. By the results of Appendix B, any two restrictions to distinct subalgebras of J# generated each by
m — 2 characters are isomorphic. Using this fact, the leftmost isomorphism on each line follows by considering

the restrictions to the subalgebra of # generated by {T3,...,T;,—1}. Further, the rightmost isomorphism
on each line follows by considering the restrictions to the subalgebra of 5 generated by {T1,...,Tn—2}. O

Corollary 5.5. The representation V.}} is irreducible. O
Proof. By Lemma 5.4 and Proposition 5.3, we have Res V" & *7(;’_1 is irreducible, implying that V.7 is also
irreducible. O

Recall that we have the decomposition
VT EVIe Ve & Vel & Vo
Using this, we may now decompose V into a direct sum of irreducible representations.
Corollary 5.6. The representation V™ decomposes into a direct sum of irreducible representations as follows:
V3V @ 2V
|

Remark. As in [23], we may be consider a representation V™ of the braid group on m strands via Definition
1.2. In fact, Proposition 5.3, Lemma 5.4, and Corollaries 5.5 and 5.6 hold in reference to V™ by analogous
arguments.

Now we may use these in order to characterize V' via irreducible quotients of Specht modules.

Theorem 5.7. We have the following isomorphisms:
V*Q*n ~ l)(n,n)7
V*2*n—1 ~ D(n+1,n—2)’
V*Qon ~ D(n+1,n—1)’

2n—1 ~ n—1
Vi prn=1),
Proof. We will prove this by induction on m = 2n; we have already proven the base case V2 via Propoition
5.1, so suppose that we have proven these isomorphisms for V27~2. We will prove the isomorphisms for
V2n=1 and V2,

By Proposition 5.3, V2! 2 D* and V2"~ 2 D# for some partitions X, u F 2n — 1. We will show that
A=(n+1,n—2)and p = (n,n—1).

First, by Lemma 5.4 and the inductive hypothesis, we have

Res D = pD(mn=2) o Reg p(ntln—2)
and
Res DH = D(”’"*Q) @D(nfl,nfl) =~ Res D(n,n—l)'

By irreducibility of Res D, the only normal number in A is 1 [6, 17]. Further, the only diagrams which
can be transformed into (n,n — 2) by removing a cell are (n + 1,n — 2), (n,n — 1), and (n,n — 2,1) as
illustrated in Figure 14; we have already seen that D"~ does not have irreducible restriction via Corollary
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1] | N -

{ \}H [ ]

Figure 14. Illustration of the partitions of 9 which can, via removal of cells, yield (n,n — 2) alone,
or both (n,n —2) and (n —1,n —1).

2.5, so we are left with (n+ 1,n —2) and ¢ := (n,n — 2,1). We may directly check that ¢ doesn’t satisfy this,
as we have

Be(1,2) =32+ (n—2) =n—1,
B:(1,3)=3—-14+n=n+2,
B(2,3) =2—1+3=4.

At least one of 5.(1,2) and S.(1,3) is nonzero, since B.(1,3) — B.(1,2) =3 #Z 0 (mod e). Hence at least one
of 2 or 3 is normal in ¢, and A = (n + 1,n — 2).

For p, we immediately see from Figure 14 that the only option is (n,n — 1).

We can perform a similar argument for the V2" case; for V,2" = DN and V2n = DM’ we have

Res DY = p(nn=1) = Reg p(nn)

and
Res D“l ~ D(mn—l) @D(n-‘rl,n—Q) 2~ Res D(n—&—l,n—l).

Through a similar process, we see that ' = (n 4+ 1,n — 1). We narrow down A to one of (n,n) or
w = (n,n — 1,1), and note that

fe(1,2)=3-2+(n—1)=n,

Bw(1,3)=3—-14+n=n+2,

Bw(2,3)=2—-14+2=23.
and hence at least one of 2 or 3 is normal, Res D% is not irreducible, and A’ = (n,n), finishing our proof. O
Corollary 5.8. We have the following isomorphisms of representations:

ven e 3plnttn=l) g opln),

y2n=1 o 3pnn=1) o o p(ntln-2).

Proof. This follows from Corollary 5.6 and Theorem 5.7. O

Hence we have entirely characterized Shor-Jordan’s Fibonacci representation [23] as a direct sum of
irreducible quotients of Specht modules, and we have given graphical realizations of D("*t"") for e = 5 and
r<3.
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APPENDIX A. COMPATIBILITY OF REPRESENTATIONS WITH THE RELATIONS

In general, we defined the representations V := V2"*" and M := My, , for the free algebra on
generators {71,...,Tontr—1}. Recall that we may give a presentation of J# having generators T; and
relations
(A.1) (Ti —q)(Ti+1) =0
(A.2) LT =TT

We call (A.1) the quadratic relation and (A.2), (A.3) the braid relations. It is easily seen that a representation
of JZ is equivalent to a representation of the free algebra k(T;) which is compatible with the relations. We
will begin this appendix by proving a more careful definition of the representation Mg, , .. We will prove in
the following sections that V' and M are compatible with the Hecke algebra relations.

A.1. Explicit definition of crossingless matchings. We will give a more careful definition of the cross-
ingless matchings representation here.

Definition A.1. A crossingless matching on 2n + r indices with r anchors is a partition of {1,...,2n + r}
into n parts of size 2 and r of size 1 such that no two parts (a,a’) and (b,b") satisfy a < b < a’ < ¥, and no
parts (c), (a,a’) satisfy a < ¢ < a’. We will call these arcs and anchors, respectively. Then, define M3, ., to
be the k-vector space with basis the set of crossingless matchings on 2n + r indices with r anchors. If basis
element w; contains arc (a,b), say w;(a) := b and w(b) := a.

In order to endow M3, , . with an J#-action, consider some basis element w; and some element (1 4 T5;)
of 7. The elements {1} U{1l + T;|1 < i < 2n + r} generate ., so it is sufficient to define the action of 1+ T;
on w;j.

If w; has arc (¢, +1), define (14 T;)w; := (14 ¢)w;. If w; has anchors w; (i) = ¢ and w;(i +1) =i +1,
define (1 + T;)w; := 0. If w; has anchor w;(i) = i and arc w;(i + 1) = b, define (1 + T;)w; := ¢*/%w;, where
wy(i) =1+ 1, w(b) = b, and all other arcs agree with w;. If w; has arcs w;(i) = a and w;(i + 1) = b, then
define (1 + T;)w; := q'/?w;, where w;(i) = i + 1,w(a) = b, and all other acts agree with w;. We verify that
this is well-defined in Appendix A.2.

We may alternately sharpen our topological definition;

Definition A.2. Fix 2n + r distinct points ay,...,az,4, points along R x {0} C R? and r distinct points
bi,...,b, along R x {1}. Then, define M3, . to have basis given by the isotopy classes of n + r paths
connecting the points ai,...,a2n4r, b1,. .., b, such that no distinct b;,b; are connected by a path.

We will take some basis element w; € M3, . and define the action (1+7;)w;. To do so, map w; through
the natural embedding R x [0,1] < R x [4,1], and form the figure w} by adjoining the lines connecting a;
and a; + (O, %) for all [ # 4,7+ 1 as well as paths from a; to a;,+1 and a; + (O, %) to a;41 + (O, %) This has
either 0 or 1 path components which do not intersect R x {0, 1}; these form “loops.”

Take the figure ﬁ); without this component. If u?; is not isotopic to some wy, then define (14 T;)w; := 0.

1/2

If @’ is isotopic to some wy, define (1+T;)w; := (14 q)wy if w} has a loop and (1 +T;)w; := ¢"/*w; otherwise.

This process is illustrated in Figure 2.

Let the length of an arc (¢,j) be j — i+ 1. Note that the crossingless matchings on 2n indices with no
anchors can all be identified with a list of n integers describing the lengths of the arcs from left to right; The
basis on M3 induced by the quotient MY — M3 is illustrated in Figure 1, and we call this the increasing
lexicographic basis.

Remark. This definition gives a graphical calculus for working with our module. It should be clear that, if w§
has a loop, then w;(i) =i+ 1 and w; = w;. Further, this easily defines an arbitrary composition:

(L4 T) - (L4 T wy = g5 (1 + ) 'wn
if the figure we make via (14 T3,)--- (1 + T;,) is isotopic to w; after removing ¢ loops.

We now verify that this is well-defined as a representation of 2.



32 MILES JOHNSON AND NATALIE STEWART
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Figure 15. The above give visual intuition for isotopies giving rise to equalities between (1+7;)(1+
Ti—1)(1 + T3)w; and ¢(1 + T3), and between (1 + T341)(1 + T3)(1 + Ti+1)w; and q(1 + T3).

=

N N

Figure 16. The above give visual intuition for isotopies giving rise to equalities between (1+753)(1+
Tj)wl and (1 + Tj)(l + Ti)wl.

A.2. Compatibility for the crossingless matchings representations. We verify the relations on the
crossingless matchings representation M. Take some basis vector w; € M. We will first check (A.1) by case
work:

e Suppose there is an arc (4,4 + 1). Then,
(Ti —)(Ti + Dw = (14¢) (1 + T3)w - (1 + gw) =0,
giving (A.1).
e Suppose there is no arc (i,i+ 1) and indices 7,7 + 1 do not both have anchors; then (T; + 1)w = ¢'/?w’

for some basis vector w’ having arc (4,7 4+ 1), and the computation follows as above for (A.1).
e Suppose i, + 1 are anchors; then (T; + 1)w = 0, giving (A.1).

Now we verify (A.2). Let h:= (1+T;)(1 + Ti41)(1 + T;), and let g := (1 + T;41) (1 + T3)(1 + Ti41).
Note the following expansion:

hw =1+2T; + T} + Ty + TyTi1 + T Ti + TiTi T
=14+ A+ Ti + Tig1 + T;Ti1 + Tia Ty + TiT 1 T
This equality, with ¢ and ¢ + 1 interchanged, holds for g. Hence we have
(h—9)w=q(T; — Tit1) + T,Ti:1Ti — T Ti i1

Hence we may equivalently check that (h — g)w = ¢(T; — Ti4+1). In fact, hw = ¢(1 4+ T;) and gw = q(1 + Tj41)
by Figure 15, giving compatibility.
Lastly, we have the equation

A+ T)A+Ty) - A+ 1)1+ T) = LT, - T,;T;
and hence we simply need to verify that (1 + T;) and (1 + T;) commute, as shown in Figure 16
A.3. Compatibility for the fibonacci representations. We verify the relations on the Fibonacci repre-
sentation V. Note that (A.3) follows easily from the “local” nature of V, and the others may be verified

explicitly on strings of length 3 and 4. By considering the coefficients in order of (1.1), the quadratic relation
(A.1) gives the following polynomials in ¢:

(1 —q)(a1 +1) =0,
(g —q)(az +1) =0,
(A.4) €10 +dea = (¢ — 1)4,
€1+ 0% = (¢ —De1 +q,
e +02=(g—1ea+g
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The first two of these are easily verified. Since § # 0, the third is equivalently given by
(g—1)=e1+ea=7(qr—14+qg—17) = (7'2+7')(q—1)
or that (72 +7 —1) (¢ — 1) = 0. One may verify that
AT -1=+2+¢"+ ¢+ —1=(-1+q+¢")[5],=0.
The fourth is given by the quadratic
™ [lgr =17 —r(g+ D] =7(—D(e7 — 1) +¢
or equivalently,
(TP 4+7—1)[q(qt* +1) +t] =0.
The fifth is similarly given by
(T*+7-1)[q(gt +1)+¢*] =0.
All of these vanish for e = 5, giving compatibility with (A.1).
We now verify (A.2). We may order the basis for V4 as follows:
{(0000), (x00%), (000%), (¥000), (¥0%0), (0%0%), (00%0), (0x00)}

Then, in verifying the braid relation (A.2) in this order, we encounter the following quadratics (with tautologies
and repetitions omitted):

aleg + apd? = a%z—:g

1069 + (a1 = apaad

agef + 16?2 = a%al

alef + 6%y = a%el

563 + 1610 = a10eq
Substituting in 7 and dividing by § whenever possible, these are equivalent to the vanishing of the following
polynomials in g:

—q(1+ )1+ ¢ +¢*)2+q+3¢° +2¢°) [5], =
(1+2¢+¢*+4¢")[5],=0
1+ +¢+¢)(1+3¢ —¢* +¢°) [5],=0
A+ +F +@) 1 +5¢+5¢* +3¢3 +3¢* +3¢° +¢°)[5] =0
) [B]

A+ +¢"+¢*)(-1+2¢+¢* +¢° +¢*
Notably, each of these vanish when e = 5, giving compatibility with (A.2).

APPENDIX B. RESTRICTIONS TO CONJUGATE SUBALGEBRAS

Throughout the text, for some representation V', we refer to Res‘;i(g ) V' without specifying exactly

which subalgebra #(S;). For instance, in section 5, we explicitly state that the subrepresentations Vig @ Vi
and Vg are isomorphic because they both may be characterized by such a restriction. We will verify that
this is justified, using a more general fact about resctrictions to conjugate subalgebras.

Proposition B.1. Suppose B, B’ are subalgebras of a k-algebra A with B = uB'u™! for some unit u € A*,
and let V' be a left A-module. Let ¢ : V. — V be the linear automorphism specified by v — uv. Then, the
following commutes for any b € B:

VL

=
<7<

V—>V

Hence, through the identification of B and B’ via conjugation by u, we have Res’g V= Resg, 1%
Proof. Tt suffices to note that (ubu=1)uv = ubv. O
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0 12

Figure 17. Illustration of the modules M3, ., having sign submodules for p = oo and e = 3,4
respectively. The value n + r + 1 is filled in the squares, and modules having sign submodules
are colored magenta. For p = co and 2n + r < 14, it has been verified, through a combination of
theorems here and empirical computations, that K3, , is nontrivial if and only if e|n 4+ r + 1 and
e>n.

Corollary B.2. Suppose 7', 7" are two subalgebras of F(Sy,) generated by | simple reflections and V is
a representation of 7. Then, Resﬁ, V= Resﬁgu V.

Proof. Let ' and " be the subalgebras of J(S,,) generated by the reflections {T;,,...,T;,} and
{Tip--~7ﬂj,1aﬂj+1,nj+17--~7Tz‘l} for 1 <ip <--- <1 <ij+1<ij41 <--- <g <n. It is sufficient to
prove that s#’ and " are conjugate; then transitivity gives conjugacy of any S; C S,,, and the previous
proposition gives isomorphisms of the representations.

We will show that 2" = T;, %/121. It suffices to show that T;, TwTi;1 € " for w a word generated
by simple transpositions s;,,...,s; € Sp. First, note that I(w) < I(s;;w), implying T;, T, = Ts,;jw by [19,

Leb. 1.12]. Further, by the same lemma, we have
-1 _ 1
Tsij wTij =4q (Tsiijij + (1 - q)T's,',j w)

= q_l (quij wsij + (q - l)Tsijw + (1 - q)Ts,ijw)

= Ls; ws;,
i WS

which is in #". 0

APPENDIX C. HEURISTICS

In this section we aim both to support Conjectures 4.14 and 4.17 and to provide transition matrices
wherever possible between our two graphical representations [13]. The computations were made via a
combination of the Python [25] and Magma [5] languages.
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Remark. The data on composition series and transition matrices M/K — V were computed using our
implementation [13] of the Hecke algebra in the Magma language. This stores the algebra via basis elements
and structure constants, and hence the memory required for the structure grows with (m!)3. This is
prohibitively large when m > 7. An implementation of the Hecke algebra as a quotient of a free algebra is
possible, but potentially difficult to work with via the Magma language.

For M, the data throughout this section are specified with respect to the basis on Mg, . induced by
the increasing lexicographic basis on M, and the quotient M3, ,. — M3, . as defined in Appendix A.1.
For V', the data are specified with respect to the basis on V" given by increasing lexicographic order * < O.
For the following data, set e := 5. The following data define the isomorphisms

: ~12
ngnJrr . M£n+r/K£n+r — V; n+7*7
where s = ** if r € {0,3} and s = *0 otherwise. All of such computations use g a primitive 5th root of unity

in the algebraic extension of the Cyclotomic field Q(¢10) by /7 [13]. This data covers all cases 2n + r < 6,
and they include the cases n =1 =2 and n = 1,7 = 3 where K3, . # 0.

0 0 —¢*? +1 0 0
0 —¢*? +1 [4],1/2 0 0
eee5=1| O 0 [4],1/2 0 —¢*2 +1
— Ay Mpae (P +1) 0 4] 1/2
[4] 1/2 0 [4] /2 — 4,1/ 0
[0 0 —q—1 0 0 0 0 0 ]
0 —qg—1 —q'/2 0 0 0 0 0
0 g+1 0 q'? 0 0 0 0
) 0 0 —q'/? 0 0 0 —?-1 0
Yo = | gt/2  _4l/2 (3] 12 0 0 0 —q/? 0
_q1/2 q1/2 0 [3}(11/2 0 0 0 q1/2
_q1/2 0 _q1/2 0 q1/2 0 0 0
| q'/? 0 0 0 —¢ —Blar 0 —¢'/?
_,1/2 1/2 +1 4 L 1/2
o = ! (5(11/2 ) [q]??/é qo o0 — [_01 - [41](11/2}
0 —q—1
o[ o e 1 - 0 W 0
3 q'/? (q1/2 + 1) —q'/? (q1/2 + 1) Pa . . |

We give in Figure 17 some data supporting a conjecture concerning sign subrepresentations of Mg, , .
The computations to support this were done over C with ¢ a primitive 5th root of unity [13].

It is known that, for small e and 2n + r, each Specht module S(™*+™™) has a composition series of length
at most 2 [19, Appendix B]. Heuristically, M3, . satisfies this as well; when M3, . has such a composition
series, denote the series by

(C.1) 0C U, C My

In the following data, we specify the inclusion maps map ¢y 5,4, : Us, 1, <> M3, ., which conjecturally
illustrates the inclusion of the first composition factor of S (n+r1) into S+ for all 2n + 7 < 7. We begin
by defining the following constants.

xi=q" (¢ - 1),
0:=¢"?+q+1,
0:=4q"%(a4-2),
0 =0+ 4+ +q+1,
V=" +q+1.
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Remark. From this data, we may explicitly characterize the subrepresentation im¢g ,,,, C Mg, this in
turn explicitly characterizes the quotient map M3, . — M3, . /im.

r fully determining the data of the
composition series specified by the short exact sequence

e,n+r’

T

: s
0 — im¢ entr

e,n+r

— M3, — Moy /ime — 0,

ie. C.1.

A potential extension of this work is to implement a standard basis for the Specht module (e.g. the
Murphy basis [21, 22]) in order to draw explicit isomorphisms between the Specht module and crossingless
matchings representation, rather than the implicit isomorphisms proven in 3.13.
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